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ON UNIFORMLY CONTINUOUS OPERATORS AND SOME
WEIGHT-HYPERBOLIC FUNCTION BANACH ALGEBRA

ANA L. BARRENECHEA, CARLOS C. PENA

ABsTRACT. We consider an abelian non-unitary Banach algebra 2, ruled
by an hyperbolic weight, defined on certain space of Lebesgue measurable
complex valued functions on the positive axis. Since the non-convolution
Banach algebra 2 has its own interest by its applications to the represen-
tation theory of some Lie groups, we search on various of its properties.
As a Banach space, 2 does not have the Radon-Nikodym property. So,
it could be exist not representable linear bounded operators on 2 (cf.
[6]). However, we prove that the class of locally absolutely continuous
bounded operators are representable and we determine their kernels.

1. INTRODUCTION
Let 2 = L{ (sinh (2t) dt), i.e. A contains those Lebesgue complex measurable
(o)
functions z on R™ so that [ |z(¢)|sinh(2t)dt < co. If || z|| denotes the former integral
0

(2, |lo]]) becomes a Banach space. Indeed, it is a Banach algebra if for z,y € 2 and
for u > 0 we set

fe%e] u-+t
(1) (zOy) () = / (1) / y(s)dsdt.
0 st

For, if z,y € 2A we write R for the unbounded solid of points (u,t,s) so that
u > 0,t >0 and |[u—t| < s < u+ t. There exist Borel functions xg,yo so that
T = xg a.e. and y = yp a.e.. So, it is no lose of generality in assuming that both z
and y are Borel functions. The functions 3,7 : B -RT so that 8(u,t,s) = ¢ and

BARRENECHEA A.L., PERA C.C., ON UNIFORMLY CONTINUOUS OPERATORS AND SOME
WEIGHT-HYPERBOLIC FUNCTION BANACH ALGEBRA.

© 2006 BARRENECHEA A.L., PEna C.C.

Received December 19, 2005, published December 18, 2006.

393



394 ANA L. BARRENECHEA, CARLOS C. PENA

v(u,t,s) = s are Borel functions. Thus 2o 3, yo~y and also (x o 3) - (y o) are Borel
functions. Next, by Fubini-Tonnelli theorem we obtain

///Kxom'(yoﬁ’ﬂduxdtxds
R

u+t
() / ly(s)| ds dt sinh(2u)du

[u—t|

Il
St g O —g “~—3

t+s
|z(t)y(s)] / sinh (2u) du dt ds

[

\8 0\8 0\8

|z(t)y(s)| sinh (2t) sinh(2s)dt ds

0
2] [yl < oc.

Therefore, by the Fubini-Tonelli theorem (1) defines an almost everywhere complex
measurable function 2 ©y and ||z © y|| < ||z]| ||y , i.e. 2 becomes a Banach algebra.
It is straightforward to see that 2 is an abelian algebra. Moreover, 2 C L' (a, c0)
if a > 0. For, if x € 2 and 0 < a then

/|a:(t)\ dt < ||z|| / sinh(2a) < oo

Consequently, 2 has no unity. For, let us suppose that there is a unit p of 2, i.e. if
x € A then

[os] t+e
(2) x(e) = /x(t) / p(s)dsdt a.e. e > 0.
0 el

So, let 0 < a < b and let x € 2 so that (¢t) = 0 a.e. 0 < t < a. By (2) we have

t+e
(3) / / s)dsdt =0 a.e. 0<e<a.

Observe that = and p become locally integrable functions on R*. Moreover, if
0 < e < a/2 then

S LCLE x“)'/lm(tmw < '/\ P

a/2

t+e
But z(t)5 [ u(s)ds — x(t)u(t) ae. a < t < b. So, letting e — 0T in (3) the
t—e

b
Lebesgue dominated convergence theorem gives [ x(t)u(t)dt = 0. If we choose z =

u|(abthenf\,u )P dt = 0,ie p=0ae a<t<b Since a and b are arbitrary

relation (2) becomes clearly absurd and our claim holds.
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Recently, the authors considered questions concerning to the existence and the
structure of bounded derivations within certain Banach algebras (cf. [2], [3]). In the
frame of formal weighted convolution Banach algebras of power series the reader
can see [1]. The Banach algebra 2 is not a convolution algebra, i.e. it can not be
identified with any subalgebra of the Fréchet algebra of formal power series (cf. [7]).
The discrete version of 2 is related to the study of irreducible linear representations
of the Lie group SU(2) (see [5], Ch. XXI, §9, p. 71). So, the analysis of the structure
of this algebra has its own interest. In Section 2 we ‘1l describe the maximal ideal
space and the Gelfand transform of 2. In Section 3 we search on the structure of
locally absolutely continuous operators on 2L, i.e. bounded operators A on 2 so that
E — A(xg) is realized as the indefinite integral of a Bochner integrable 2 - valued
function on R* if E is any Lebesgue measurable subset of finite measure of R*.

2. THE MAXIMAL IDEAL SPACE X ()

Theorem 1. The mazimal ideal space X () is homeomorphic to the one-point
compactification of the strip S = {v € C: |Re (v)| < 2}. Moreover, for x € A and
v € X(2) the Gelfand transform & : A —Cc(X(2A)) can be written as

2 ?x(t)tdt if v=0,
0
@ S@ ) =9 2 Fsinh (vt) e(t)dt if |Re(v)] <2 v#£0,
0
0 if v = 00.

Proof. Given x € 2 the function Ax(t) = x(¢)sinh (2¢) is well defined a.e. ¢ > 0.
Hence it is defined a linear operator A : 2 — L£{ (RT). It is easy to see that A is an
isometric isomorphism between 2 and £} (RT). Since EC (R )* ~ L¥ (RT) given

h € A" there is a unique &y € L (RT) so that h(z) = [ z( a) sinh(2a)da if
0

x(a
x € A. Thus, if h € X(A), z,y € A and we write wy(a ) wy(a )s1nh(2a) if a > 0 by
Fubini s theorem we have

(5) 7w(a)wh(a)da7y(b)wh(b)db = 7 7010((1) 7Cy(b)dbda wy (c)de
0 0 0 \0 la—c|
= 77m(a)y(b) 7bwh(c)dc db da
00 la=b|

because h(z © y) = h(x)h(y). Let us fix s > 0,¢ > 0 and for each positive integer n
let @ = X(s—1/n,s+1/n)s Y = X(t—1/n,t+1/n)- NOW (5) reads

s+1/n t+1/n s+1/nt+1/n a+b

(6) / wy(a)da / wy (b)db = / / / wy(¢)de db da

s—1/n t—1/n s—1/nt—1/n|a—b|
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Multiplying both sides in (6) by 4/n? and noting that wy € L& (0,7) for all n > 0
we deduce that

s+t
wyp (8) - wp () = / wp(c)de a.e. s, t > 0.
[s—t
Accordingly,
(7) wb(s)~wb(t):/wh(t+c)dca.e.O<s<t.

—S
Thus, as wy is finite almost everywhere and wy € Clloc (R™) then it becomes a locally
absolutely continuous function on R* and lim, .o+ wy (s) = 0. Now, from (7) we
have that

(8) Wil (5) - wy () = wy (t+5) +wy(t —5) ae. 0 < s <.
By (8) we may suppose that wy is infinitely differentiable. Indeed, if n € N then

9) Wi (s) wp () = w4 s) + () eV (- s) if0< s <.

So, we can write wén) (07) = lim,_ o+ w'™ (s) and all right derivatives of even order

of wy vanish at zero. Moreover, wgl) (0F) - wy (t) = 2wy (t) if t > 0. If wy # 0 then
w,gl) (0T) = 2. By means of (9) and by continuity we get

(10) wé?’) (s)-wy (t) = wi(f) (t+s)+ wx(f)(t —s)if0<s<t.
So,
(11) W (0F) - wy (1) = 207 (2) if ¢ > 0.

Hence, if w,(f) (0T) = 0 we deduce that wéQ) = 0. Consequently, wél) = 2 and
so wy(t) = 2t. Then, we’ll seek for the infinitely differentiable solutions wy of
(11) whose all right limits at zero exist, their derivatives of even order vanish at

0%, wp(0T) = 0 and wgl) (07) = 2. On fixing a branch of the complex square
root function, the unique solution with a prescribed non-zero complex value v =
wg?’) (0T) is computed as

wy (t) = 24/2/ysinh (t\/w) ,

i.e. wy must be a function on RY of the form wy (t) = 2sinh (vt) /v. Since the
quotient

sinh (vt) ’2 _ sinh?(tRe(v)) + sin®(tIm(v))
sinh(2t) | sinh?(2t)

was required to be bounded on R* then |[Re(v)| < 2. m
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Remark 2. We just proved that all complex homomorphisms on A are of the form
(4). In particular, given x,y € {4 we have

Gxoy)(0) = 2/00u7x(t) U/H (s)ds dt du
0 lu—t|
27 (/u 715 (s)dsdt +7 (t) 7ty(5)dsdt) du
0 u=—t u tu
// (s) “2]:;&,54}) ds x dt +

xR+t
/ (/ uz]lts_ﬂ) ds dt
0
= /gg(t) (73,(5) (s + 2st) ds + 7y(s)4st ds) dt +

0 2t
2t

z(t) [ y(s) (25t — s*) ds dt

[-]

/a:(t)tdt 2/y(s)sds — () (0) - (1) (0).
0

0

= 2

Indeed, if |Re (v)| < 2, v # 0 then
u-+t

Gzoy)(v) = 2/U/smh (vu) / / s)ds dt du

lu—t|

= Q/U/ / / sinh (vu) du ds dt +

[s—t|

s+

+2/v / a(t / y(s / sinh (vu) du ds dt

0 max{s—t,t}
o0 ¢ t st
= 2/U/x(t)/y(s) / +/ sinh (vu) du ds dt +

0 0 s—t|

00 2t ¢ st
+2/U/x(t)/y(s) / —|—/ sinh (vu) du ds dt +

0 t s—t|
00 oo s+t

—|—2/U/x / /smh (vu) du ds dt
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— 2/U// {COShU( )]:_—tﬂ ds x dt

= 2/U/sinh (vt) (t)dt 2/v/sinh (vs)y(s)ds
0 0
&(x) (v) - &(y) (v).

3. LOCALLY ABSOLUTELY CONTINUOUS OPERATORS ON 2

A Banach space X has the Radon-Nikodym property with respect to a finite mea-
sure space ({2, %, u) if for each pu— continuous vector measure ¥ G X of bounded
variation there exists g € £ (1, X) such that G(E) = [}, gdu for all £ € ¥. Fur-
ther, X is said to have the Radon-Nikodym property if it has the Radon-Nikodym
property with respect to any finite measure space. In particular, if £ denotes the
o-algebra of measurable subsets of R™ the measure space (RT, £, sinh(2¢)dt) has no
atoms. In fact, if F € £ and [}, sinh(2t)dt > 0 then E must have positive Lebesgue
measure. So, there exists a Lebesgue measurable subset ' of F whose measure is
positive and smaller than that of E. So, 0 < [ sinh(2t)dt < [}, sinh(2t)dt and our
assertion follows. By ([4], Ch. II, §1, p. 61) we conclude that the Radon-Nikodym
property is not fulfilled by the o-finite measure space L& (RT,sinh(2¢)dt). Never-
theless, we can still characterize the class of locally absolutely continuous operators
on .

Theorem 3. If A € B(2), A is a locally absolutely continuous operator if and only
if there is an a.e. uniquely determined A-valued function fa so that f4 is Bochner
integrable on (0,7) for all T > 0, the function t — fa(t)/sinh (2t) is essentially
bounded and

oo

Ax(s) = /m(t)fA(t)sdt
0
for all x € A and almost all s > 0.

Proof. Let f be a Bochner integrable 2 - valued function on (0, 7) for all 7 > 0.
If we fix 7 > 0, f and ||f|| become Bochner measurables and ||f|| € £!(0,7) (cf.
[4], Ch. II, §2, Th. 2). Therefore, the function (¢,s) — f(t)ssinh(2s) belongs to
L ((0,7) x RT) and so it is Lebesgue measurable. Further, if the function ¢ —
[l £(#)|| / sinh (2¢) is essentially bounded on R™ and x € 2 we apply the Fubini-

Tonelli theorem to get
00 oo 0o oo
14) // |x(t) f(t)s| dt sinh(2s)ds /|x(t)| / |f(t)s] sinh (2s) dsdt
0 0 0 0
[ esssup, o |1/ (#)]] / sinh (2¢) < oo

IN
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o0

Thus f lz(t) f(t)s|dt < oo a.e. s > 0, i.e. the function s — [ z(¢)f(t)sdt is de-
0
fined and finite almost everywhere on RT. So, writting (Az)s = [ x(t)f(t)sdt
0

for x € A and for almost all s > 0 then Az € 2. Indeed, A € B (), by (14) is
|A|| < esssup,q || f(t)| /sinh (2¢) and if E is a Lebesgue measurable subset of finite
measure of RT then

(15) Aumzéjwﬁ

i.e. A is a locally absolutely continuous operator on 2l and the conditions are suffi-
cient. Assume conversely that A is a locally absolutely continuous linear operator
on 2 and let f : RT — A be a Bochner integrable function that satisfies (15) when-
ever F is a measurable subset of finite measure of RT. In particular, there exists a
sequence of simple functions (f,) such that

(16) /Hf )| dt — 0

and A (X(O,T)) = lim, o0 ffv t)dt for each 7 > 0. By (16) and as

/w (t)) dt = //us—nomwmmm

there is an increasing sequence (v;) so that f |f(t)s — fu,(t)s|dt — 0 ae. s > 0.
0
h(v)
Let “s write f,(t) = xZXELL (t), with v, h (v) € N, t € Rt 2" € 2 and where the
h=1
E" s are measurable subsets of R* of finite Lebesgue measure for all pairs v, h s.
Hence, if 7 > 0 and m denotes the Lebesgue measure on R™ we get

h(v;)

A(x0.m) = jlingo/fvj (t)dt = jlggo Z xﬁjm (Efi)
0 h=1

in . Thus there is a subsequence (vj,) of (v;) so that

Ujl

(17) A(X(OT) s = hm Z ( ZJ = hm/fv t)sdt a.e. s > 0.

l—o0

Since (16) holds if we replace v by v;, we conclude that A (X(O,T)) s= f f(t)sdt a.e.
0

s > 0. The A - valued function 7 — A (X(O,T)) becomes almost derivable and

94 (X(0.r))
or
(see [4], Ch. II, §2, Th. 9). So, if lim, Hf(T) _nA(X(T,T+1/n))H = 0 we can
choose an increasing sequence (n) that depends on 7 so that

=f(r) ae.7>0

flr)s = klim e AX (r,741/np))5 a5 > 0.
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Thus, due to Fatou s lemma we obtain

94 (x(0,m))
or

(s)|sinh (2s) ds

18) f(nll =
[

lim ng ‘A(X(777+1/nk))s| sinh(2s)ds

k—o0

Il
o —y

<ty o [ JAQ(rr41/)s] sinh(25)ds
0

= lim,  nk ’|A(X(77T+1/nk))|| < ||A]| sinh (27) a.e. 7 > 0,

i.e. the function t — f(¢)/sinh (2t) becomes essentially bounded on R*. Final-
ly, the class Sc (RT) of complex valued simple functions on RT is dense in 2.
For, if z € 2 so that z > 0 a.e. on R* there is an increasing sequence {x,} in
Sr+ (RT) bounded above by z so that = lim,,_, . x,, almost-everywhere on R™T.
So, 0 < z,, (¢) sinh (2¢) < z (¢) sinh (2¢) a.e. t > 0 and by the dominated convergence
theorem is

o0

(19) lim ||z — x| = lim [ (x(t) — x,(t))sinh (2¢) dt = 0.

0
The general case follows by considering the positive and negative parts of Re ()
and Im (x). Therefore, given x € 2 let {x,} C Sg+ (R") so that (19) holds. As
above, we can deduce that each function (¢,s) — (x, (t) — z(t))f(t)ssinh(2s) is
Lebesgue measurable on RT x R*. Moreover, if n € N by (18) we have

Awn) = [sor@ar| = | [ © - so)r0a
0 0

_ / / (2 (£) — (1)) £ (t)sdt| sinh(25)ds
0 0

< // | f(t)s| dssinh(2s)ds |z, (t) — x(t)| dt
0 0

= [ 150l kew ® - s(0)] e < 4] | = ]
0

and by letting n — oo is Az = Tx(t)f(t)dt as we claimed. m
0
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