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.ruÒîì 3, ñòð. 393�401 (2006) ÓÄÊ 517.98MSC 46J20, 46J40ON UNIFORMLY CONTINUOUS OPERATORS AND SOMEWEIGHT-HYPERBOLIC FUNCTION BANACH ALGEBRAANA L. BARRENECHEA, CARLOS C. PE�NAAbstra
t. We 
onsider an abelian non-unitary Bana
h algebra A, ruledby an hyperboli
 weight, de�ned on 
ertain spa
e of Lebesgue measurable
omplex valued fun
tions on the positive axis. Sin
e the non-
onvolutionBana
h algebra A has its own interest by its appli
ations to the represen-tation theory of some Lie groups, we sear
h on various of its properties.As a Bana
h spa
e, A does not have the Radon-Nikod�ym property. So,it 
ould be exist not representable linear bounded operators on A (
f.[6℄). However, we prove that the 
lass of lo
ally absolutely 
ontinuousbounded operators are representable and we determine their kernels.1. Introdu
tionLet A = L1
C

(sinh (2t) dt) , i.e. A 
ontains those Lebesgue 
omplex measurablefun
tions x on R
+ so that ∞∫

0

|x(t)| sinh(2t)dt < ∞. If ‖x‖ denotes the former integral
(A, ‖◦‖) be
omes a Bana
h spa
e. Indeed, it is a Bana
h algebra if for x, y ∈ A andfor u > 0 we set(1) (x ⊙ y) (u) =

∞∫

0

x(t)

u+t∫

|u−t|

y(s)dsdt.For, if x, y ∈ A we write R for the unbounded solid of points (u, t, s) so that
u > 0, t > 0 and |u − t| < s < u + t. There exist Borel fun
tions x0, y0 so that
x = x0 a.e. and y = y0 a.e.. So, it is no lose of generality in assuming that both xand y are Borel fun
tions. The fun
tions β, γ : R →R

+ so that β(u, t, s) = t andBarrene
hea A.L., Pe�na C.C., On uniformly 
ontinuous operators and someweight-hyperboli
 fun
tion Bana
h algebra.
© 2006 Barrene
hea A.L., Pe�na C.C.Re
eived De
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394 ANA L. BARRENECHEA, CARLOS C. PE�NA
γ(u, t, s) = s are Borel fun
tions. Thus x◦β, y ◦γ and also (x ◦ β) · (y ◦ γ) are Borelfun
tions. Next, by Fubini-Tonnelli theorem we obtain

∫∫∫

R

|(x ◦ β) · (y ◦ γ)| du × dt × ds =

∞∫

0

∞∫

0

|x(t)|

u+t∫

|u−t|

|y(s)| ds dt sinh(2u)du

=

∞∫

0

∞∫

0

|x(t)y(s)|

t+s∫

|t−s|

sinh (2u) du dt ds

=

∞∫

0

∞∫

0

|x(t)y(s)| sinh (2t) sinh(2s)dt ds

= ‖x‖ ‖y‖ < ∞.Therefore, by the Fubini-Tonelli theorem (1) de�nes an almost everywhere 
omplexmeasurable fun
tion x⊙y and ‖x ⊙ y‖ ≤ ‖x‖ ‖y‖ , i.e. A be
omes a Bana
h algebra.It is straightforward to see that A is an abelian algebra. Moreover, A ⊆ L1 (a,∞)if a > 0. For, if x ∈ A and 0 < a then
∞∫

a

|x(t)| dt ≤ ‖x‖ / sinh(2a) < ∞.Consequently, A has no unity. For, let us suppose that there is a unit µ of A, i.e. if
x ∈ A then(2) x(ε) =

∞∫

0

x(t)

t+ε∫

|t−ε|

µ(s)dsdt a.e. ε > 0.So, let 0 < a < b and let x ∈ A so that x(t) = 0 a.e. 0 < t < a. By (2) we have(3) b∫

a

x(t)
1

2ε

t+ε∫

t−ε

µ(s)dsdt = 0 a.e. 0 < ε < a.Observe that x and µ be
ome lo
ally integrable fun
tions on R
+. Moreover, if

0 < ε < a/2 then
∣∣∣∣∣∣
x(t)

1

2ε

t+ε∫

t−ε

µ(s)ds

∣∣∣∣∣∣
≤

|x(t)|

2

1∫

−1

|µ(t + σε)| dσ ≤
|x(t)|

2

a+b∫

a/2

|µ| .But x(t) 1
2ε

t+ε∫
t−ε

µ(s)ds → x(t)µ(t) a.e. a < t < b. So, letting ε → 0+ in (3) theLebesgue dominated 
onvergen
e theorem gives b∫
a

x(t)µ(t)dt = 0. If we 
hoose x =

µ |(a,b)then b∫
a

|µ(t)|
2
dt = 0, i.e. µ = 0 a.e. a < t < b. Sin
e a and b are arbitraryrelation (2) be
omes 
learly absurd and our 
laim holds.



ON UNIFORMLY CONTINUOUS OPERATORS... 395Re
ently, the authors 
onsidered questions 
on
erning to the existen
e and thestru
ture of bounded derivations within 
ertain Bana
h algebras (
f. [2℄, [3℄). In theframe of formal weighted 
onvolution Bana
h algebras of power series the reader
an see [1℄. The Bana
h algebra A is not a 
onvolution algebra, i.e. it 
an not beidenti�ed with any subalgebra of the Fr�e
het algebra of formal power series (
f. [7℄).The dis
rete version of A is related to the study of irredu
ible linear representationsof the Lie group SU(2) (see [5℄, Ch. XXI, �9, p. 71). So, the analysis of the stru
tureof this algebra has its own interest. In Se
tion 2 we�ll des
ribe the maximal idealspa
e and the Gelfand transform of A. In Se
tion 3 we sear
h on the stru
ture oflo
ally absolutely 
ontinuous operators on A, i.e. bounded operators A on A so that
E → A (χE) is realized as the inde�nite integral of a Bo
hner integrable A - valuedfun
tion on R

+ if E is any Lebesgue measurable subset of �nite measure of R
+.2. The maximal ideal spa
e X (A)Theorem 1. The maximal ideal spa
e X (A) is homeomorphi
 to the one-point
ompa
ti�
ation of the strip S = {υ ∈ C : |Re (υ)| ≤ 2} . Moreover, for x ∈ A and

υ ∈ X(A) the Gelfand transform G : A →CC(X(A)) 
an be written as(4) G(x) (υ) =





2
∞∫
0

x(t)tdt if υ = 0,

2/υ
∞∫
0

sinh (υt)x(t)dt if |Re (υ)| ≤ 2, υ 6= 0,

0 if υ = ∞.Proof. Given x ∈ A the fun
tion Λx(t) = x(t) sinh (2t) is well de�ned a.e. t > 0.Hen
e it is de�ned a linear operator Λ : A → L1
C

(R+) . It is easy to see that Λ is anisometri
 isomorphism between A and L1
C

(R+) . Sin
e L1
C

(R+)
∗
≃ L∞

C
(R+) given

h ∈ A∗ there is a unique ω̃h ∈ L∞
C

(R+) so that h(x) =
∞∫
0

x(a)ω̃h(a) sinh(2a)da if
x ∈ A. Thus, if h ∈ X(A), x, y ∈ A and we write ωh(a) = ω̃h(a) sinh(2a) if a > 0 byFubini�s theorem we have

∞∫

0

x(a)ωh(a)da

∞∫

0

y(b)ωh(b)db =

∞∫

0




∞∫

0

x(a)

a+c∫

|a−c|

y(b)dbda


 ωh(c)dc(5)

=

∞∫

0

∞∫

0

x(a)y(b)

a+b∫

|a−b|

ωh(c)dc db dabe
ause h(x ⊙ y) = h(x)h(y). Let us �x s > 0, t > 0 and for ea
h positive integer nlet x = χ(s−1/n,s+1/n), y = χ(t−1/n,t+1/n). Now (5) reads(6) s+1/n∫

s−1/n

ωh(a)da

t+1/n∫

t−1/n

ωh(b)db =

s+1/n∫

s−1/n

t+1/n∫

t−1/n

a+b∫

|a−b|

ωh(c)dc db da



396 ANA L. BARRENECHEA, CARLOS C. PE�NAMultiplying both sides in (6) by 4/n2 and noting that ωh ∈ L1
C

(0, η) for all η > 0we dedu
e that
ωh (s) · ωh (t) =

s+t∫

|s−t|

ωh(c)dc a.e. s, t > 0.A

ordingly,(7) ωh (s) · ωh (t) =

s∫

−s

ωh (t + c) dc a.e. 0 < s < t.Thus, as ωh is �nite almost everywhere and ωh ∈ L1
loc (R+) then it be
omes a lo
allyabsolutely 
ontinuous fun
tion on R

+ and lims→0+ ωh (s) = 0. Now, from (7) wehave that(8) ω
(1)
h (s) · ωh (t) = ωh (t + s) + ωh(t − s) a.e. 0 < s < t.By (8) we may suppose that ωh is in�nitely di�erentiable. Indeed, if n ∈ N then(9) ω

(n)
h (s) · ωh (t) = ω

(n−1)
h (t + s) + (−1)n−1ω

(n−1)
h (t − s) if 0 < s < t.So, we 
an write ω

(n)
h (0+) = lims→0+ ω

(n)
h (s) and all right derivatives of even orderof ωh vanish at zero. Moreover, ω

(1)
h (0+) · ωh (t) = 2ωh (t) if t > 0. If ωh 6= 0 then

ω
(1)
h (0+) = 2. By means of (9) and by 
ontinuity we get(10) ω

(3)
h (s) · ωh (t) = ω

(2)
h (t + s) + ω

(2)
h (t − s) if 0 < s ≤ t.So,(11) ω

(3)
h

(
0+

)
· ωh (t) = 2ω

(2)
h (t) if t > 0.Hen
e, if ω

(3)
h (0+) = 0 we dedu
e that ω

(2)
h ≡ 0. Consequently, ω

(1)
h ≡ 2 andso ωh(t) = 2t. Then, we�ll seek for the in�nitely di�erentiable solutions ωh of(11) whose all right limits at zero exist, their derivatives of even order vanish at

0+, ωh(0+) = 0 and ω
(1)
h (0+) = 2. On �xing a bran
h of the 
omplex squareroot fun
tion, the unique solution with a pres
ribed non-zero 
omplex value γ =

ω
(3)
h (0+) is 
omputed as

ωh(t) = 2
√

2/γ sinh
(
t
√

γ/2
)

,i.e. ωh must be a fun
tion on R
+ of the form ωh (t) = 2 sinh (υt) /υ. Sin
e thequotient

∣∣∣∣
sinh (υt)

sinh(2t)

∣∣∣∣
2

=
sinh2(tRe(υ)) + sin2(tIm(υ))

sinh2(2t)was required to be bounded on R
+ then |Re(υ)| ≤ 2.



ON UNIFORMLY CONTINUOUS OPERATORS... 397Remark 2. We just proved that all 
omplex homomorphisms on U are of the form(4). In parti
ular, given x, y ∈ U we have
G(x ⊙ y) (0) = 2

∞∫

0

u

∞∫

0

x(t)

u+t∫

|u−t|

y(s)ds dt du

= 2

∞∫

0

u




u∫

0

x(t)

u+t∫

u−t

y(s)dsdt +

∞∫

u

x(t)

u+t∫

t−u

y(s)dsdt


 du

=

∫∫

R+×R+

(
x(t)y(s)

[
u2

]s+t

max{t,s−t}

)
ds × dt +

+

∞∫

0

x(t)




2t∫

0

y(s)
[
u2

]t

|s−t|


 ds dt

=

∞∫

0

x(t)




2t∫

0

y(s)
(
s2 + 2st

)
ds +

∞∫

2t

y(s)4st ds


 dt +

+

∞∫

0

x(t)

2t∫

0

y(s)
(
2st − s2

)
ds dt

= 2

∞∫

0

x(t)tdt 2

∞∫

0

y(s)sds = G(x) (0) · G(y) (0) .Indeed, if |Re (υ)| ≤ 2, υ 6= 0 then
G(x ⊙ y) (υ) = 2/υ

∞∫

0

sinh (υu)

∞∫

0

x(t)

u+t∫

|u−t|

y(s)ds dt du

= 2/υ

∞∫

0

x(t)

2t∫

0

y(s)

t∫

|s−t|

sinh (υu) du ds dt +

+2/υ

∞∫

0

x(t)

∞∫

0

y(s)

s+t∫

max{s−t,t}

sinh (υu) du ds dt

= 2/υ

∞∫

0

x(t)

t∫

0

y(s)




t∫

|s−t|

+

s+t∫

t


 sinh (υu) du ds dt +

+2/υ

∞∫

0

x(t)

2t∫

t

y(s)




t∫

|s−t|

+

s+t∫

t


 sinh (υu) du ds dt +

+2/υ

∞∫

0

x(t)

∞∫

2t

y(s)

s+t∫

s−t

sinh (υu) du ds dt
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= 2/υ

∞∫

0

∞∫

0

x(t)y(s)

[
cosh (υu)

υ

]s+t

|s−t|

ds × dt

= 2/υ

∞∫

0

sinh (υt) x(t)dt 2/υ

∞∫

0

sinh (υs) y(s)ds

= G(x) (υ) · G(y) (υ) .3. Lo
ally absolutely 
ontinuous operators on AA Bana
h spa
e X has the Radon-Nikod�ym property with respe
t to a �nite mea-sure spa
e (Ω,Σ, µ) if for ea
h µ− 
ontinuous ve
tor measure Σ G−→ X of boundedvariation there exists g ∈ L1 (µ, X) su
h that G(E) =
∫

E
gdµ for all E ∈ Σ. Fur-ther, X is said to have the Radon-Nikod�ym property if it has the Radon-Nikod�ymproperty with respe
t to any �nite measure spa
e. In parti
ular, if L denotes the

σ-algebra of measurable subsets of R
+ the measure spa
e (R+,L, sinh(2t)dt) has noatoms. In fa
t, if E ∈ L and ∫

E
sinh(2t)dt > 0 then E must have positive Lebesguemeasure. So, there exists a Lebesgue measurable subset F of E whose measure ispositive and smaller than that of E. So, 0 <

∫
F

sinh(2t)dt <
∫

E
sinh(2t)dt and ourassertion follows. By ([4℄, Ch. II, �1, p. 61) we 
on
lude that the Radon-Nikod�ymproperty is not ful�lled by the σ-�nite measure spa
e L1

C
(R+, sinh(2t)dt). Never-theless, we 
an still 
hara
terize the 
lass of lo
ally absolutely 
ontinuous operatorson A.Theorem 3. If A ∈ B (A) , A is a lo
ally absolutely 
ontinuous operator if and onlyif there is an a.e. uniquely determined A-valued fun
tion fA so that fA is Bo
hnerintegrable on (0, τ) for all τ > 0, the fun
tion t → fA(t)/ sinh (2t) is essentiallybounded and

Ax(s) =

∞∫

0

x(t)fA(t)sdtfor all x ∈ A and almost all s > 0.Proof. Let f be a Bo
hner integrable A - valued fun
tion on (0, τ) for all τ > 0.If we �x τ > 0, f and ‖f‖ be
ome Bo
hner measurables and ‖f‖ ∈ L1 (0, τ) (
f.[4℄, Ch. II, �2, Th. 2). Therefore, the fun
tion (t, s) → f(t)s sinh(2s) belongs to
L1

C
((0, τ) × R

+) and so it is Lebesgue measurable. Further, if the fun
tion t →
‖f(t)‖ / sinh (2t) is essentially bounded on R

+ and x ∈ A we apply the Fubini-Tonelli theorem to get
∞∫

0

∞∫

0

|x(t)f(t)s| dt sinh(2s)ds =

∞∫

0

|x(t)|

∞∫

0

|f(t)s| sinh (2s) dsdt(14)
≤ ‖x‖ esssupt>0 ‖f(t)‖ / sinh (2t) < ∞.
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0

|x(t)f(t)s| dt < ∞ a.e. s > 0, i.e. the fun
tion s →
∞∫
0

x(t)f(t)sdt is de-�ned and �nite almost everywhere on R
+. So, writting (Ax) s =

∞∫
0

x(t)f(t)sdtfor x ∈ A and for almost all s > 0 then Ax ∈ A. Indeed, A ∈ B (A), by (14) is
‖A‖ ≤ esssupt>0 ‖f(t)‖ / sinh (2t) and if E is a Lebesgue measurable subset of �nitemeasure of R

+ then(15) A (χE) =

∫

E

f(t)dt,i.e. A is a lo
ally absolutely 
ontinuous operator on A and the 
onditions are su�-
ient. Assume 
onversely that A is a lo
ally absolutely 
ontinuous linear operatoron A and let f : R
+ → A be a Bo
hner integrable fun
tion that satis�es (15) when-ever E is a measurable subset of �nite measure of R

+. In parti
ular, there exists asequen
e of simple fun
tions (fυ) su
h that(16) τ∫

0

‖f(t) − fυ(t)‖ dt → 0and A
(
χ(0,τ)

)
= limυ→∞

τ∫
0

fυ(t)dt for ea
h τ > 0. By (16) and as
τ∫

0

‖f(t) − fυ(t)‖ dt =

∞∫

0

τ∫

0

|f(t)s − fυ(t)s| dt sinh (2s) dsthere is an in
reasing sequen
e (υj) so that τ∫
0

∣∣f(t)s − fυj
(t)s

∣∣ dt → 0 a.e. s > 0.Let�s write fυ(t) =
h(υ)∑
h=1

xh
υχEh

υ
(t), with υ, h (υ) ∈ N, t ∈ R

+, xh
υ ∈ A and where the

Eh
υ�s are measurable subsets of R

+ of �nite Lebesgue measure for all pairs υ, h �s.Hen
e, if τ > 0 and m denotes the Lebesgue measure on R
+ we get

A
(
χ(0,τ)

)
= lim

j→∞

τ∫

0

fυj
(t)dt = lim

j→∞

h(υj)∑

h=1

xh
υj

m
(
Eh

υj

)in A. Thus there is a subsequen
e (υjl
) of (υj) so that(17) A

(
χ(0,τ)

)
s = lim

l→∞

h(υjl)∑

h=1

xh
υjl

(s)m
(
Eh

υjl

)
= lim

l→∞

τ∫

0

fυjl
(t)sdt a.e. s > 0.Sin
e (16) holds if we repla
e υ by υjl

we 
on
lude that A
(
χ(0,τ)

)
s =

τ∫
0

f(t)sdt a.e.
s > 0. The A - valued fun
tion τ → A

(
χ(0,τ)

) be
omes almost derivable and
∂A

(
χ(0,τ)

)

∂τ
= f (τ) a.e. τ > 0(see [4℄, Ch. II, �2, Th. 9). So, if limn→∞

∥∥f(τ) − nA(χ(τ,τ+1/n))
∥∥ = 0 we 
an
hoose an in
reasing sequen
e (nk) that depends on τ so that

f(τ)s = lim
k→∞

nkA(χ(τ,τ+1/nk))s a.e. s > 0.



400 ANA L. BARRENECHEA, CARLOS C. PE�NAThus, due to Fatou�s lemma we obtain
‖f(τ)‖ =

∞∫

0

∣∣∣∣∣
∂A

(
χ(0,τ)

)

∂τ
(s)

∣∣∣∣∣ sinh (2s) ds(18)
=

∞∫

0

lim
k→∞

nk

∣∣A(χ(τ,τ+1/nk))s
∣∣ sinh(2s)ds

≤ limk→∞nk

∞∫

0

∣∣A(χ(τ,τ+1/nk))s
∣∣ sinh(2s)ds

= limk→∞nk

∥∥A(χ(τ,τ+1/nk))
∥∥ ≤ ‖A‖ sinh (2τ) a.e. τ > 0,i.e. the fun
tion t → f(t)/ sinh (2t) be
omes essentially bounded on R

+. Final-ly, the 
lass SC (R+) of 
omplex valued simple fun
tions on R
+ is dense in A.For, if x ∈ A so that x ≥ 0 a.e. on R

+ there is an in
reasing sequen
e {xn} inSR+ (R+) bounded above by x so that x = limn→∞ xn almost-everywhere on R
+.So, 0 ≤ xn (t) sinh (2t) ≤ x (t) sinh (2t) a.e. t > 0 and by the dominated 
onvergen
etheorem is(19) lim

n→∞
‖x − xn‖ = lim

n→∞

∞∫

0

(x (t) − xn(t)) sinh (2t) dt = 0.The general 
ase follows by 
onsidering the positive and negative parts of Re (x)and Im (x) . Therefore, given x ∈ A let {xn} ⊆ SR+ (R+) so that (19) holds. Asabove, we 
an dedu
e that ea
h fun
tion (t, s) → (xn (t) − x(t))f(t)s sinh(2s) isLebesgue measurable on R
+ × R

+. Moreover, if n ∈ N by (18) we have
∥∥∥∥∥∥
A (xn) −

∞∫

0

x(t)f(t)dt

∥∥∥∥∥∥
=

∥∥∥∥∥∥

∞∫

0

(xn (t) − x(t))f(t)dt

∥∥∥∥∥∥

=

∞∫

0

∣∣∣∣∣∣

∞∫

0

(xn (t) − x(t))f(t)sdt

∣∣∣∣∣∣
sinh(2s)ds

≤

∞∫

0

∞∫

0

|f(t)s| ds sinh(2s)ds |xn (t) − x(t)| dt

=

∞∫

0

‖f(t)‖ |xn (t) − x(t)| dt ≤ ‖A‖ ‖x − xn‖ ,and by letting n → ∞ is Ax =
∞∫
0

x(t)f(t)dt as we 
laimed.Referen
es[1℄ A. Barrene
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