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BRAIDS: GENERALIZATIONS, PRESENTATIONS AND
ALGORITHMIC PROPERTIES

V. VERSHININ

ABsTRACT. Classical braid groups admit several types of presentations.
The analogues of these presentations are obtained for the genralizations
of braid groups. Garside algorithm for the word problem also works for
the singular braid monoid.

We consider various generalizations of braids: surface braid groups [16, 17, 9],
Artin - Brieskorn groups [5, 8|, complex braid groups [6], braid groups in
handlebodies [12, 13], singular braid monoids [2, 3], braid-permutation groups [10],
virtual briads [14].

First of all we study several kinds of presentations for these generalizations of
braids.

In the initial paper [1] Artin gave the canonical presentation of the braid group
on n strings with n — 1 generators o1, ..., 0,—1. In the same article he gave also
a presentation of the braid group, with two generators, say o; and o, and the
following relations:

o10to107t = olojo oy for 2 <i<n/2,
o = (ooy)" L.
The connection with the canonical generators is given by the formulae:

0 =0102...0p-1,

Oip1 =0'o0 ", i=1,...n—2.

We call this presentation the second Artin presentation. It is also described in [7]
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J.S. Birman, K. H. Ko and S. J. Lee [4] introduced a presentation with generators
ays with 1 < s <t <n, and relations

UtsQrqg = QrqQts for (t - ’I“)(t - Q)(S - T)(S - Q) >0,
AsUsr = QprQis = AgrQpr for 1 <r<s<t<n.

The generators a;s are expressed by canonical generators o; in the following form:
-1 -1 _—1
ats = (0t-10t—2+ - 0s41)0s(0, 11 - 0; 50, ) for 1<s<t<n.

For every planar graph Vlad Sergiescu [11] constructed a presentation of the
classical braid group group Br,, where n is the number of vertices of the graph,
with generators corresponding to edges and relations reflecting the geometry of the
graph.

We give the analogous the second Artin presentation for various generalizations
of braids. For example for the complex braid group B(2e, e, r) it has the generators
T2, T, 0,74 and relations

ToT o ! =Tinr7ir for 2<i<r/2,
T = (TTQ)rila
ol ! =7inr 0, for 1<i<r—2,
oTHTY = T)To0,
o) =TT iThTTeT 1,
T YT i = tnrnr it
TQUTéTQTéTQTé... :JTéTQTéTQTéTQ... .

e+1 factors e+1 factors

The Birman — Ko — Lee presentation for the singular braid monoid SB,, has the
generators a;s, a;sl for 1 < s <t <mnand by for 1 <p < ¢ <n and relations

AtsGrq = Qpqays for (t—r)(t—q)(s—7r)(s—q) >0,
Atssr = QppQts = Qsrlyr for 1 <7 < s <t <,
atsat_sl = at_slats =1 for 1<s<t<n,

atsbrqg = brqars for (t—71)(t—q)(s—1)(s —q) >0,
atsbrs = bsaps for 1 <s <t <n,

atsbsy = byags for 1 <r<s<t<n,

Asrbyr = bisag, for 1 <r<s<t<n,

atrbis = bgray for 1<r<s<t<n,

bisbrq = brgbes for (t—71)(t—q)(s—7)(s—q) > 0.

As an example of the Sergiescu graph presentation we give the following one for
the singular braid monoid.

Theorem 1. Let T' be a planar graph with n vertices. The singular braid monoid
SB,, has the presentation (Xr, Rr) where Xr = {04,0, ", 24| a is an edge of T}
and Ry is formed by the following six types of relations:

e disjointedness: if the edges a and b are disjoint, then

0q0p = 0p0q, Tqlp = TpLg, OqTp = TpOq,
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o commutativity:
O0qTaq = TaO0a,
o invertibility:

-1
a

1

04,0, =0, 0,=1,

e adjacency: if the edges a and b have a common vertex, then
0a0p0q = 0b0a0b, LaO0bhO0aq = Op0alb,

e nodal: if the edges a, b and ¢ have a common vertex and are placed clockwise,
then

0q0b0c0q = 0p0c0q0h = 0c0q0b0¢,

TqO0p0cOq = 0q0p0cla, 0aq0bTc0q = OpLc0q0b,; TaObTcOq = OpLcOalh,

e pseudocycle: if the edges a1, ..., a, form an irreducible pseudocycle and if
a1 is not the starting edge nor a, is the end edge of a reverse, then

Oa++-0ap_y =0ay.--Oayy La10as---0a,_ 1 = Oay-+-0a,_Ta,-

Garside’s results and the existense of the greedy normal form for braids are

shown to be true for the singular braid monoid in the canonical presentation. For
the Birman — Ko — Lee presentation it was done by V. Chaynikov.
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