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Abstract. Non-standard Einstein extensions of �ve-dimensional nilpo-
tent metric Lie algebras are studied in the article. The main result is the
following: if there exists a non-standard Einstein extension of a given �ve-
dimensional nilpotent metric Lie algebra (n, Q), then n has the following
non-trivial bracket relations: [X1, X2] = X3, [X1, X4] = X5, [X2, X3] =
X5 in a basis {X1, X2, X3, X4, X5}.

1. Ââåäåíèå

Õîðîøî èçâåñòíà ïðîáëåìà ñóùåñòâîâàíèÿ íåñòàíäàðòíûõ ðàçðåøèìûõ ýéíøòåé-
íîâûõ ìåòðè÷åñêèõ àëãåáð Ëè (èëè, ÷òî ýêâèâàëåíòíî, íåñòàíäàðòíûõ ýéíøòåéíîâûõ
ñîëâìíîãîîáðàçèé), ïîñòàâëåííàÿ É. Õåáåðîì â [11]. Èç ðåçóëüòàòîâ ðàáîòû [9] ñëåäó-
åò, ÷òî ìèíèìàëüíàÿ ðàçìåðíîñòü äëÿ ãèïîòåòè÷åñêîé íåñòàíäàðòíîé ýéíøòåéíîâîé
ìåòðè÷åñêîé àëãåáðû Ëè ðàâíà 7, ïðè÷åì ïðîèçâîäíàÿ àëãåáðà Ëè òàêîé ìåòðè÷å-
ñêîé àëãåáðû äîëæíà èìåòü ðàçìåðíîñòü 5. Èçó÷åíèþ ýéíøòåéíîâûõ ðàñøèðåíèé
ïÿòèìåðíûõ ìåòðè÷åñêèõ íèëüïîòåíòíûõ àëãåáð Ëè è ïîñâÿùåíà äàííàÿ ñòàòüÿ.

Íàïîìíèì îïèñàíèå íåêîìïàêòíûõ îäíîðîäíûõ ýéíøòåéíîâûõ ìíîãîîáðàçèé ìà-
ëîé ðàçìåðíîñòè, ÷àñòíûì ñëó÷àåì êîòîðûõ ÿâëÿþòñÿ ýéíøòåéíîâû ñîëâìíîãîîáðà-
çèÿ. Ðèìàíîâî ìíîãîîáðàçèå (M,ρ) íàçûâàåòñÿ ýéíøòåéíîâûì åñëè êðèâèçíà Ðè÷÷è
ìåòðèêè ρ ñâÿçàíà ñ íåé ñîîòíîøåíèåì

Ric(ρ) = C · ρ

Nikitenko E.V., On non-standard Einstein extensions of five dimensional nilpotent
metric Lie algebras.
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äëÿ íåêîòîðîé êîíñòàíòû C â êàæäîé òî÷êå ìíîãîîáðàçèÿ. Âñå èçâåñòíûå íà ñå-
ãîäíÿøíèé äåíü íåêîìïàêòíûå îäíîðîäíûå ìíîãîîáðàçèÿ Ýéíøòåéíà èçîìåòðè÷íû
ñòàíäàðòíûì ýéíøòåéíîâûì ñîëâìíîãîîáðàçèÿì. Íàïðèìåð, âñå ìíîãîîáðàçèÿ Ýéí-
øòåéíà â ðàçìåðíîñòÿõ 2 è 3 èçîìåòðè÷íû ïðîñòðàíñòâàì ïîñòîÿííîé êðèâèçíû.
Ã. Éåíñåí â ðàáîòå [12] ïîêàçàë, ÷òî êàæäîå ÷åòûðåõìåðíîå îäíîðîäíîå îäíîñâÿç-
íîå ìíîãîîáðàçèå Ýéíøòåéíà èçîìåòðè÷íî ñèììåòðè÷åñêîìó ïðîñòðàíñòâó. Ïîëíàÿ
êëàññèôèêàöèÿ ïÿòèìåðíûõ îäíîðîäíûõ íåêîìïàêòíûõ ýéíøòåéíîâûõ ìíîãîîáðà-
çèé ïîëó÷åíà Þ.Ã. Íèêîíîðîâûì â [14] (ðàíåå â ðàáîòå [10] áûëè íàéäåíû âñå ïÿòè-
ìåðíûå ýéíøòåéíîâû ñîëâìíîãîîáðàçèÿ). Â ðàçìåðíîñòè 6 è âûøå êëàññèôèêàöèÿ îä-
íîðîäíûõ íåêîìïàêòíûõ ýéíøòåéíîâûõ ìíîãîîáðàçèé â íàñòîÿùåå âðåìÿ íå èçâåñò-
íà. Â ñâÿçè ñ ýòèì îòìåòèì òîëüêî, ÷òî â ðàáîòå [9] êëàññèôèöèðîâàíû øåñòèìåðíûå
ýéíøòåéíîâû ñîëâìíîãîîáðàçèÿ, à Ñ. Óèëë ïîëó÷èëà êëàññèôèêàöèþ ýéíøòåéíîâûõ
ñîëâìíîãîîáðàçèé ðàíãà 1 â ñåìèìåðíîì ñëó÷àå [15].

Îòìåòèì òàêæå, ÷òî øåñòèìåðíûå ýéíøòåéíîâû ìåòðè÷åñêèå àëãåáðû Ëè, ñ ïÿ-
òèìåðíûìè íèëüðàäèêàëàìè áûëè êëàññèôèöèðîâàíû â [13]. Ýòè ìåòðè÷åñêèå àë-
ãåáðû ÿâëÿþòñÿ ñòàíäàðòíûìè ýéíøòåéíîâûìè ðàñøèðåíèÿìè ðàíãà 1 ïÿòèìåðíûõ
íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè. Â ðàáîòå [11] îïèñàíà ïðîöåäóðà ïîñòðîåíèÿ
ñòàíäàðòíûõ ýéíøòåéíîâûõ ðàñøèðåíèé (ïðîèçâîëüíîãî ðàíãà) äëÿ íèëüïîòåíòíûõ
ìåòðè÷åñêèõ àëãåáð Ëè, îïèðàþùàÿñÿ íà çíàíèå ðàñøèðåíèé ðàíãà 1. Òàêèì îáðàçîì,
îñîáûé èíòåðåñ ïðåäñòàâëÿåò âîïðîñ î ñóùåñòâîâàíèè íåñòàíäàðòíûõ ýéíøòåéíîâûõ
ðàñøèðåíèé ïÿòèìåðíûõ íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè, ñðåäè êîòîðûõ ìî-
ãóò ñóùåñòâîâàòü è ñåìèìåðíûå ïðèìåðû.

Äëÿ èçó÷åíèÿ ñôîðìóëèðîâàííîãî âûøå âîïðîñà íàì ïîíàäîáèòñÿ êëàññèôèêàöèÿ
íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè ðàçìåðíîñòè 5 íàä ïîëåì âåùåñòâåííûõ ÷èñåë
R , êîòîðóþ ìû ïðèâîäèì â �3. Ïðè ïîëó÷åíèè ýòîé êëàññèôèêàöèè íàìè ñóùåñòâåííî
èñïîëüçóåòñÿ êëàññèôèêàöèÿ íèëüïîòåíòíûõ íåêîììóòàòèâíûõ ìåòðè÷åñêèõ àëãåáð
Ëè ðàçìåðíîñòè ≤ 4, ïîëó÷åííàÿ Ä.Â. Àëåêñååâñêèì â [2]. Èç ïîëó÷åííîé êëàññèôè-
êàöèè ñëåäóåò õîðîøî èçâåñòíàÿ êëàññèôèêàöèÿ ïÿòèìåðíûõ âåùåñòâåííûõ (íåìå-
òðè÷åñêèõ) àëãåáð Ëè [6, 8]. Îòìåòèì, ÷òî ìíîæåñòâî ïÿòèìåðíûõ íåêîììóòàòèâíûõ
íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè åñòåñòâåííî ïðåäñòàâëÿåòñÿ â âèäå îáúåäè-
íåíèÿ âîñüìè íåïåðåñåêàþùèõñÿ êëàññîâ, êàæäûé èç êîòîðûõ ñîñòîèò èç ïîïàðíî
èçîìîðôíûõ â íåìåòðè÷åñêîì ñìûñëå àëãåáð Ëè.

Ïðè èçó÷åíèè ýéíøòåéíîâûõ ðàñøèðåíèé ìåòðè÷åñêèõ íèëüïîòåíòíûõ àëãåáð Ëè
áóäóò èñïîëüçîâàòüñÿ íàéäåííûå ðàíåå â ðàáîòå [9] äîñòàòî÷íûå óñëîâèÿ ñòàíäàðòíî-
ñòè ýéíøòåéíîâûõ ðàñøèðåíèé íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè.

Îñîáîå çíà÷åíèå â äàëüíåéøåì èçëîæåíèè èìååò ïÿòèìåðíàÿ íèëüïîòåíòíàÿ âå-
ùåñòâåííàÿ àëãåáðà Ëè, çàäàííàÿ ñëåäóþùèìè íåòðèâèàëüíûìè êîììóòàöèîííûìè
ñîîòíîøåíèÿìè:

(1) ñ = {X1,X2, X3,X4, X5}, [X1,X2] = X3, [X1, X4] = X5, [X2, X3] = X5.

Îòêëàäûâàÿ äî ñëåäóþùåãî ðàçäåëà îïðåäåëåíèÿ íåêîòîðûõ ïîíÿòèé, ñôîðìóëè-
ðóåì îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû.

Òåîðåìà 1. Ïóñòü n � ïÿòèìåðíàÿ âåùåñòâåííàÿ íèëüïîòåíòíàÿ àëãåáðà Ëè, íå
èçîìîðôíàÿ àëãåáðå Ëè (1), è Q � íåêîòîðîå ñêàëÿðíîå ïðîèçâåäåíèå íà n. Òîãäà ëþ-
áîå ýéíøòåéíîâî ðàñøèðåíèå íèëüïîòåíòíîé ìåòðè÷åñêîé àëãåáðû Ëè (n, Q) ÿâëÿ-
åòñÿ ñòàíäàðòíûì.

Èç ýòîé òåîðåìû íåïîñðåäñòâåííî ïîëó÷àåì

Ñëåäñòâèå 1. Ïóñòü (s, Q) � ñåìèìåðíàÿ íåñòàíäàðòíàÿ ðàçðåøèìàÿ ìåòðè÷åñêàÿ
ýéíøòåéíîâà àëãåáðà Ëè. Òîãäà s èìååò ïðîèçâîäíóþ àëãåáðó [s, s], èçîìîðôíóþ àë-
ãåáðå Ëè (1).
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Ñòðóêòóðà íàñòîÿùåé ðàáîòû òàêîâà. Â ïåðâîì ðàçäåëå ïðèâîäÿòñÿ íåîáõîäèìûå
ñïðàâî÷íûå ñâåäåíèÿ î ìåòðè÷åñêèõ àëãåáðàõ Ëè. Âî âòîðîì ðàçäåëå êëàññèôèöèðó-
þòñÿ íèëüïîòåíòíûå ìåòðè÷åñêèå àëãåáðû Ëè ðàçìåðíîñòè 5 íàä ïîëåì âåùåñòâåí-
íûõ ÷èñåë R . Òðåòèé ðàçäåë ïîñâÿùåí èññëåäîâàíèþ ýéíøòåéíîâûõ ðàñøèðåíèé
ïÿòèìåðíûõ íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â ýòîì ðàçäåëå ïðèâîäÿòñÿ íåîáõîäèìûå ñïðàâî÷íûå ñâåäåíèÿ î ìåòðè÷åñêèõ àë-
ãåáðàõ Ëè.
Îïðåäåëåíèå 1. Îäíîñâÿçíàÿ ðàçðåøèìàÿ ãðóïïà Ëè S, ñíàáæåííàÿ ëåâîèíâàðè-
àíòíîé ðèìàíîâîé ìåòðèêîé ρ, íàçûâàåòñÿ ñîëâìíîãîîáðàçèåì.
Îïðåäåëåíèå 2. Ðàçðåøèìîé ìåòðè÷åñêîé àëãåáðîé íàçûâàåòñÿ ïàðà (s, Q), ãäå
s � ðàçðåøèìàÿ àëãåáðà Ëè, Q � íåêîòîðîå ñêàëÿðíîå ïðîèçâåäåíèå íà s.

Ïðîèçâîëüíîå ñîëâìíîãîîáðàçèå (S, ρ) îïðåäåëÿåò ñêàëÿðíîå ïðîèçâåäåíèå Q íà
àëãåáðå Ëè s ãðóïïû S, è íàîáîðîò, êàæäîå ñêàëÿðíîå ïðîèçâåäåíèÿ Q íà s èíäóöè-
ðóåò ëåâîèíâàðèàíòíóþ ìåòðèêó ρ íà ãðóïïå S. Ìåòðè÷åñêóþ ðàçðåøèìóþ àëãåáðó
Ëè, ñîîòâåòñòâóþùóþ ýéíøòåéíîâîìó ñîëâìíîãîîáðàçèþ, áóäåì òàêæå íàçûâàòü ýéí-
øòåéíîâîé.
Îïðåäåëåíèå 3. Äâå ìåòðè÷åñêèå àëãåáðû (s, Q) è (s′, Q′) áóäåì íàçûâàòü èçîìå-
òðè÷íûìè, åñëè ñîîòâåòñòâóþùèå èì ñîëâìíîãîîáðàçèÿ (S, ρ) è (S ′, ρ′) ÿâëÿþòñÿ
èçîìåòðè÷íûìè êàê ðèìàíîâû ìíîãîîáðàçèÿ.
Îïðåäåëåíèå 4. Äâå ìåòðè÷åñêèå àëãåáðû (s, Q) è (s′, Q′) áóäåì íàçûâàòü èçî-
ìîðôíûìè, åñëè ñóùåñòâóåò ëèíåéíîå îòîáðàæåíèå L : s → s′, êîòîðîå ÿâëÿåòñÿ
îäíîâðåìåííî è èçîìåòðèåé åâêëèäîâûõ ïðîñòðàíñòâ è èçîìîðôèçìîì àëãåáð Ëè.
Çàìå÷àíèå 1. Òàêèì îáðàçîì, äëÿ èçîìîðôíîñòè ìåòðè÷åñêèõ àëãåáð Ëè òðåáó-
åòñÿ íàëè÷èå áèåêòèâíîãî ëèíåéíîãî îòîáðàæåíèÿ Q : s1 → s2, îáëàäàþùåãî ñëåäó-
þùèìè ñâîéñòâàìè:

1)Q([X,Y ]1) = [Q(X), Q(Y )]2 ,

2)‖X‖1 = 1 =⇒ ‖Q(X)‖2 = 1,

ãäå [·, ·]1 è ‖·‖1 ([·, ·]2 è ‖·‖2) ñêîáêà Ëè è íîðìà âåêòîðà â ìåòðè÷åñêîé àëãåáðå Ëè s1

(s2). Îòìåòèì, ÷òî ïðè èçîìîðôèçìå èäåàëû îäíîé àëãåáðû äîëæíû ïåðåõîäèòü â
ñîîòâåòñòâóþùèå èäåàëû äðóãîé àëãåáðû è, êðîìå òîãî, îðòîãîíàëüíûå äîïîëíåíèÿ
ê èäåàëàì äîëæíû ïåðåõîäèòü â ñîîòâåòñòâóþùèå îðòîãîíàëüíûå äîïîëíåíèÿ.

Ïîíÿòíî, ÷òî èçîìîðôíûå ìåòðè÷åñêèå àëãåáðû ÿâëÿþòñÿ èçîìåòðè÷íûìè. Îáðàò-
íîå, âîîáùå ãîâîðÿ, íåâåðíî [2, 11].

Ïîñêîëüêó íèëüïîòåíòíûå àëãåáðû ÿâëÿþòñÿ óíèìîäóëÿðíûìè, òî äëÿ âû÷èñëå-
íèÿ êðèâèçíû Ðè÷÷è ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà:

(2) Ric(X,X) = −1
2

X
i

|[X,Xi]|2 − 1
2
B(X,X) +

1
4

X
i,j

([Xi, Xj ], X)2,

ãäå ÷åðåç B îáîçíà÷åíà ôîðìà Êèëëèíãà àëãåáðû Ëè s, à {Xi} � îðòîíîðìèðîâàííûé
îòíîñèòåëüíî çàäàííîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ áàçèñ â s [3].

Èíîãäà áîëåå óäîáíîé ÿâëÿåòñÿ ôîðìóëà äëÿ îïåðàòîðà Ðè÷÷è

(3) Ric = −1
2

X
i

ad′XiadXi +
1
4

X
i

adXiad′Xi −
1
2
B,

ãäå ÷åðåç ad′Xi îáîçíà÷àåòñÿ îïåðàòîð, ñîïðÿæåííûé îïåðàòîðó adXi îòíîñèòåëüíî
(·, ·) [2].

Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùåå îïðåäåëåíèå.
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Îïðåäåëåíèå 5. Ðàçðåøèìàÿ àëãåáðà Ëè s íàçûâàåòñÿ âïîëíå ðàçðåøèìîé, åñëè
âñå îïåðàòîðû ad(Z), Z ∈ s, èìåþò òîëüêî âåùåñòâåííûå ñîáñòâåííûå çíà÷åíèÿ.
Ýòî ýêâèâàëåíòíî òîìó, ÷òî ñóùåñòâóåò áàçèñ â s, â êîòîðîì ad(Z) îäíîâðåìåííî
ïðåäñòàâëÿþòñÿ â âèäå âåðõíèõ òðåóãîëüíûõ ìàòðèö.

Ñëåäóåò îòìåòèòü, ÷òî íèëüïîòåíòíûå ìåòðè÷åñêèå àëãåáðû Ëè ÿâëÿþòñÿ âïîëíå
ðàçðåøèìûìè. Çíà÷åíèå ââåäåííîãî âûøå ïîíÿòèÿ âèäíî èç ñëåäóþùåãî ïðåäëîæå-
íèÿ.

Ïðåäëîæåíèå 1 (Ä. Â. Àëåêñååâñêèé, [1]). Äâå ìåòðè÷åñêèå âïîëíå ðàçðåøèìûå
àëãåáðû Ëè (s, Q) è (s̃, Q̃) èçîìåòðè÷íû òîãäà è òîëüêî òîãäà, êîãäà îíè èçîìîðôíû.

Îïèñàíèå âñåõ íåêîììóòàòèâíûõ íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè ðàçìåð-
íîñòè ≤ 4 ïîëó÷åíî â [2].

Ïðåäëîæåíèå 2 (Ä. Â. Àëåêñååâñêèé, [2]). Ñëåäóþùèé ñïèñîê ñîäåðæèò âñå, ñ
òî÷íîñòüþ äî èçîìîðôèçìà, íèëüïîòåíòíûå íåêîììóòàòèâíûå ìåòðè÷åñêèå àë-
ãåáðû N ðàçìåðíîñòè, íå áîëüøåé 4. Äëÿ êàæäîé àëãåáðû N óêàçàí êàíîíè÷åñêèé
îðòîíîðìèðîâàííûé áàçèñ è öåíòð Z(N ), à òàêæå ïðèâåäåíû âèä îïåðàòîðà Ðè÷÷è
Ric è àëãåáðà Ëè Der(N ) âñåõ äèôôåðåíöèðîâàíèé â êàíîíè÷åñêîì áàçèñå.

1) N 3(ε) = {X,Y, Z}, Z(N 3(ε)) = {Z}, [X,Y ] = εZ, ε > 0,
Ric = diag

�− 1
2ε

2,− 1
2ε

2, 1
2ε

2
�
,

Der(N 3(ε)) =

8
<
:T =

0
@
λ a 0
b µ 0
c d ν

1
A , ν = λ+ µ

9
=
; .

2) N 4(ε) = N 3(ε) ⊕ R = {X,Y, Z, U}, Z(N 4(ε)) = {Z,U}, [X,Y ] = εZ, ε > 0,
Ric = diag

�− 1
2ε

2,− 1
2ε

2, 1
2ε

2, 0
�
,

Der(N 4(ε)) =

8
>><
>>:
T =

0
BB@

λ a 0 0
b µ 0 0
c d ν g
e f 0 κ

1
CCA , ν = λ+ µ

9
>>=
>>;
.

3) N 4(ε, δ, τ) = {X,Y, U, Z}, Z(N 4(ε, δ, τ)) = {Z}, [X,Y ] = εU + τZ, [X,U ] = δZ,
[Y,U ] = 0 ε > 0, δ > 0, τ ≥ 0,

Ric = −1
2

0
BB@

ε2 + δ2 + τ2 0 0 0
0 ε2 + τ2 τδ 0
0 τδ δ2 − ε2 −ετ
0 0 −ετ −τ2 − δ2

1
CCA ,

Der(N 4(ε, δ, τ)) =

8
>><
>>:
T =

0
BB@

λ 0 0 0
a µ 0 0
b c ν 0
d e f κ

1
CCA ,

ν = λ+ µ,
κ = 2λ+ µ,
λτ + εf − cδ = 0

9
>>=
>>;
.

Îïðåäåëåíèå 6. Ìåòðè÷åñêàÿ ðàçðåøèìàÿ àëãåáðà Ëè (s, Q) íàçûâàåòñÿ
ñòàíäàðòíîé, åñëè îðòîãîíàëüíîå äîïîëíåíèå a ê [s, s] îòíîñèòåëüíî Q ÿâëÿåòñÿ
àáåëåâîé ïîäàëãåáðîé àëãåáðû s.

Îïðåäåëåíèå 7 ([9]). Ìåòðè÷åñêàÿ íåóíèìîäóëÿðíàÿ ðàçðåøèìàÿ àëãåáðà Ëè (s, Q)
íàçûâàåòñÿ ðàñøèðåíèåì ìåòðè÷åñêîé íèëüïîòåíòíîé àëãåáðû Ëè (ñ, Q̃), åñëè (ñ, Q̃)
èçîìåòðè÷íà ìåòðè÷åñêîé àëãåáðå Ëè (n, Q|n), ãäå n = [s, s]. Ðàñøèðåíèå íàçûâàåòñÿ
(ñòàíäàðòíûì) ýéíøòåéíîâûì, åñëè (s, Q) ÿâëÿåòñÿ (ñòàíäàðòíîé) ýéíøòåéíîâîé
ìåòðè÷åñêîé àëãåáðîé Ëè.
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Äëÿ äîêàçàòåëüñòâà îñíîâíîé òåîðåìû íàì ïîíàäîáÿòñÿ, íàéäåííûå â ðàáîòå [9],
äîñòàòî÷íûå óñëîâèÿ ñòàíäàðòíîñòè ýéíøòåéíîâûõ ðàñøèðåíèé ðàçðåøèìûõ ìåòðè-
÷åñêèõ àëãåáð Ëè.

Äëÿ ìåòðè÷åñêîé íèëüïîòåíòíîé àëãåáðû Ëè (n, Q) è ïðîèçâîëüíîãî îïåðàòîðà
A : n → n ÷åðåç A′ áóäåì îáîçíà÷àòü îïåðàòîð, ñîïðÿæåííûé ê A îòíîñèòåëüíî
ñêàëÿðíîãî ïðîèçâåäåíèÿ Q.
Òåîðåìà 2 ([9]). Ïóñòü (n, Q) � ìåòðè÷åñêàÿ íèëüïîòåíòíàÿ àëãåáðà Ëè, Ricn �
ñîîòâåòñòâóþùèé åé îïåðàòîð êðèâèçíû Ðè÷÷è. Äîïóñòèì, ÷òî ñóùåñòâóåò ñèì-
ìåòðè÷íûé (îòíîñèòåëüíî Q) ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð S : n → n

òàêîé, ÷òî äëÿ êàæäîãî äèôôåðåíöèðîâàíèÿ A : n → n àëãåáðû n âûïîëíÿþòñÿ
íåðàâåíñòâà
(4) trace(S · [A,A′]) = trace(S · (A ·A′ −A′ ·A)) ≥ 0,

(5) trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) ≥ 0,

ãäå As = 1/2(A′ + A). Òîãäà ëþáîå ýéíøòåéíîâî ðàñøèðåíèå (n, Q) ÿâëÿåòñÿ ñòàí-
äàðòíûì. Åñëè ê òîìó æå â (5) âûïîëíÿåòñÿ ñòðîãîå íåðàâåíñòâî äëÿ âñåõ äèôôå-
ðåíöèðîâàíèé A, òî (n, Q) íå äîïóñêàåò ýéíøòåéíîâûõ ðàñøèðåíèé.

Â ñëåäóþùåé ëåììå ìû óêàæåì äîñòàòî÷íûå óñëîâèÿ âûïîëíåíèÿ íåðàâåíñòâà (4).
Ëåììà 1 ([9]). Ïóñòü (e1, . . . , el) îðòîíîðìèðîâàííûé áàçèñ â (n, Q), â êîòîðîì
ñèììåòðè÷íûé ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð S èìååò äèàãîíàëüíûé âèä,
S = diag(s1, . . . , sl). Äîïóñòèì, ÷òî ìàòðèöà (aij) îïåðàòîðà äèôôåðåíöèðîâàíèÿ A
àëãåáðû n â ýòîì áàçèñå îáëàäàåò ñëåäóþùèì ñâîéñòâîì: åñëè aij 6= 0, òî si ≥ sj.
Òîãäà trace(S · [A,A′]) ≥ 0.

Çàìå÷àòåëüíîå ñâîéñòâî ñòàíäàðòíûõ ýéíøòåéíîâûõ ìåòðè÷åñêèõ àëãåáð Ëè âû-
ðàæàåòñÿ ñëåäóþùèì óòâåðæäåíèåì.
Ïðåäëîæåíèå 3 (É. Õåáåð, [11]). Ïóñòü s � íåóíèìîäóëÿðíàÿ ðàçðåøèìàÿ àëãå-
áðà Ëè, ñíàáæåííàÿ ñòàíäàðòíûì ýéíøòåéíîâîé ñêàëÿðíûì ïðîèçâåäåíèåì Q, a �
àáåëåâî îðòîãîíàëüíîå äîïîëíåíèå ê n = [s, s] îòíîñèòåëüíî Q, âåêòîð H ∈ a òàêîé,
÷òî Q(H,X) = trace(ad(X)) äëÿ âñåõ X ∈ s. Òîãäà äëÿ íåêîòîðîãî ïîëîæèòåëüíî-
ãî λ îïåðàòîð ad(λH)|n èìååò ñîáñòâåííûå çíà÷åíèÿ, âåùåñòâåííûå ÷àñòè êîòîðûõ
µ1 < . . . < µm ÿâëÿþòñÿ íàòóðàëüíûìè ÷èñëàìè ñ íàèáîëüøèì îáùèì äåëèòåëåì 1.

Åñëè îáîçíà÷èòü ÷åðåç di êðàòíîñòü ñîîòâåòñòâóþùåãî ñîáñòâåííîãî çíà÷åíèÿ, òî
ìîæíî îïðåäåëèòü ñïåêòðàëüíûé òèï ñòàíäàðòíîãî ýéíøòåéíîâà ñîëâìíîãîîáðàçèÿ
êàê íàáîð

(µ1 < . . . < µm; d1, . . . , dm).

Â ðàáîòå [11] É. Õåáåð ïîêàçàë, ÷òî ñïåêòðàëüíûé òèï ÿâëÿåòñÿ èíâàðèàíòîì îòíîñè-
òåëüíî èçîìåòðèé è ïîäîáèé. Êðîìå òîãî, â êàæäîé ðàçìåðíîñòè ðåàëèçóþòñÿ ëèøü
êîíå÷íîå ÷èñëî ñïåêòðàëüíûõ òèïîâ.

Äîïîëíèòåëüíûå ñâåäåíèÿ îá ýéíøòåéíîâûõ ðàçðåøèìûõ ìåòðè÷åñêèõ àëãåáðàõ
Ëè ìîæíî ïîëó÷èòü èç ðàáîò [2, 9, 11].

3. Êëàññèôèêàöèÿ ïÿòèìåðíûõ íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè

Äëÿ èçó÷åíèÿ ýéíøòåéíîâûõ ðàñøèðåíèé ïÿòèìåðíûõ âåùåñòâåííûõ ìåòðè÷åñêèõ
íèëüïîòåíòíûõ àëãåáð Ëè íàì ïîíàäîáèòñÿ êëàññèôèêàöèÿ ñîîòâåòñòâóþùèõ ìåòðè-
÷åñêèõ àëãåáð Ëè. Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 3. Ñëåäóþùèé ñïèñîê ñîäåðæèò âñå ñ òî÷íîñòüþ äî èçîìîðôèçìà íèëü-
ïîòåíòíûå íåêîììóòàòèâíûå ìåòðè÷åñêèå àëãåáðû Ëè N ðàçìåðíîñòè 5. Äëÿ êà-
æäîé àëãåáðû N óêàçàí êàíîíè÷åñêèé îðòîíîðìèðîâàííûé áàçèñ, íåòðèâèàëüíûå
êîììóòàòîðû áàçèñíûõ âåêòîðîâ è öåíòð Z(N ), êðîìå òîãî, â òàáëèöå 1 ïðèâåäåí
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âèä îïåðàòîðà Ðè÷÷è Ric, à â òàáëèöå 2 � àëãåáðà Ëè Der(N ) âñåõ äèôôåðåíöèðîâà-
íèé â êàíîíè÷åñêîì áàçèñå.

1) N 5
1 (ε, σ) = {X1, X2,X3, X4, X5}, Z(N 5

1 (ε, σ)) = {X5}, [X1, X2] = εX5, [X3, X4] =
σX5, ε ≥ σ > 0,

2) N 5
1 (ε, σ, υ, γ, ρ) = {X1, X2, X3, X4, X5}, Z(N 5

1 (ε, σ, υ, γ, ρ)) = {X5},
[X1,X2] = εX3 + υX5, [X1, X3] = γX5, [X1,X4] = σX5, [X2, X3] = ρX5, ε > 0, σ > 0,
ρ > 0, υ ≥ 0, γ ≥ 0,

3) N 5
1 (ε, δ, τ, σ, υ, γ) = {X1, X2, X3, X4, X5}, Z(N 5

1 (ε, δ, τ, σ, υ, γ)) = {X5},
[X1,X2] = εX3 + τX4 + υX5, [X1, X3] = δX4 + γX5, [X1, X4] = σX5, ε > 0, δ > 0,
τ ≥ 0, σ > 0 (åñëè τ = 0, òî γ ≥ 0),

4) N 5
1 (ε, δ, τ, σ, υ, γ, ρ) = {X1, X2,X3, X4, X5}, Z(N 5

1 (ε, δ, τ, σ, υ, γ, ρ)) = {X5},
[X1,X2] = εX3 + τX4 + υX5, [X1, X3] = δX4 + γX5, [X1, X4] = σX5, [X2, X3] = ρX5,
ε > 0, δ > 0, τ ≥ 0, σ > 0, ρ > 0 (åñëè τ = 0, òî γ ≥ 0),

5) N 5
2 (δ, σ) = {X1,X2, X3, X4, X5}, Z(N 5

2 (δ, σ)) = {X4, X5}, [X1,X2] = δX4, [X1, X3] =
σX5, δ ≥ σ > 0,

6) N 5
2 (ε, τ, υ, γ) = {X1, X2,X3, X4,X5}, Z(N 5

2 (ε, τ, υ, γ)) = {X4, X5},
[X1,X2] = εX3 + τX4 + υX5, [X1, X3] = γX4, ε > 0, τ ≥ 0, υ ≥ 0, γ > 0,

7a) N 5
2 (ε, τ, γ) = {X1, X2,X3, X4, X5}, Z(N 5

2 (ε, τ, γ)) = {X4, X5}, [X1, X2] = εX3 +
τX4, [X1, X3] = γX4, [X2, X3] = γX5, ε > 0, τ ≥ 0, γ > 0,

7b) N 5
2 (ε, τ, υ, γ, ρ) = {X1,X2, X3,X4, X5}, Z(N 5

2 (ε, τ, υ, γ, ρ)) = {X4, X5}, [X1, X2] =
εX3 + τX4 + υX5, [X1,X3] = γX4, [X2,X3] = ρX5, ε > 0, τ ≥ 0, υ ≥ 0, γ > ρ > 0,

8) N 5
3 (ε) = {X1,X2, X3,X4, X5}, Z(N 5

3 (ε)) = {X3, X4, X5}, [X1, X2] = εX3, ε > 0.
Âñå ïåðå÷èñëåííûå ìåòðè÷åñêèå àëãåáðû Ëè ÿâëÿþòñÿ ïîïàðíî íåèçîìîðôíûìè

ìåæäó ñîáîé, áîëåå òîãî, àëãåáðû èç ðàçíûõ ïóíêòîâ íåèçîìîðôíû äàæå êàê íå-
ìåòðè÷åñêèå. Ïàðàìåòðû, êîòîðûå ôèãóðèðóþò â îïðåäåëåíèè âûøåïðèâåäåííûõ
ìåòðè÷åñêèõ àëãåáð Ëè, ÿâëÿþòñÿ âåùåñòâåííûìè. Åñëè â îïèñàíèè íå óêàçàíî äî-
ïîëíèòåëüíûõ îãðàíè÷åíèé, òî îíè ìîãóò ïðèíèìàòü ëþáûå çíà÷åíèÿ.

Çàìå÷àíèå 2. Õîðîøî èçâåñòíà êëàññèôèêàöèÿ íåìåòðè÷åñêèõ âåùåñòâåííûõ àë-
ãåáð Ëè ðàçìåðíîñòè 5. Äëÿ êàæäîé àëãåáðû èç ôîðìóëèðîâêè òåîðåìû 3 ìû â
òàáëèöå 3 óêàçûâàåì ÿâíûé âèä åå èçîìîðôèçìà íà êàíîíè÷åñêóþ àëãåáðó Ëè òîãî
æå òèïà. Òî÷íåå, â ïîñëåäíåì ñòîëáöå òàáëèöû 3 ïðèâåäåíà ìàòðèöà (aij) òàêàÿ,
÷òî íóæíûé èçîìîðôèçì ïîëó÷àåòñÿ ïåðåõîäîì îò áàçèñà {ei} ê áàçèñó {Xi} âèäà
Xi =

P5
j=1 aijej.

Çàìå÷àíèå 3. Â ïóíêòå 2 òåîðåìû 3 ïðèâåäåíû ìåòðè÷åñêèå àëãåáðû Ëè, çàäàâà-
åìûå ïîäõîäÿùèìè ñêàëÿðíûìè ïðîèçâåäåíèÿìè íà àëãåáðå Ëè ñ (ñì. (1)).

Îñíîâíàÿ èäåÿ äîêàçàòåëüñòâà òåîðåìû çàêëþ÷àåòñÿ â ñëåäóþùåì: öåíòð íèëü-
ïîòåíòíîé àëãåáðû Ëè íå òðèâèàëåí, à ôàêòîð-àëãåáðà íèëüïîòåíòíîé àëãåáðû Ëè
ïî åå öåíòðó áóäåò íèëüïîòåíòíîé àëãåáðîé Ëè ìåíüøåé ðàçìåðíîñòè. Îñíîâûâàÿñü
íà ýòîì íàáëþäåíèè è âûøåïðèâåäåííîé êëàññèôèêàöèè Ä.Â. Àëåêñååâñêîãî íèëüïî-
òåíòíûõ íåêîììóòàòèâíûõ ìåòðè÷åñêèõ àëãåáð Ëè ðàçìåðíîñòè ≤ 4, ìû ïîëó÷èì
îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû, äëÿ ÷åãî ïðåäâàðèòåëüíî äîêàçûâàåì ðÿä
âñïîìîãàòåëüíûõ óòâåðæäåíèé. Íåòðóäíî ïîêàçàòü, ÷òî öåíòð ïÿòèìåðíîé íåêîì-
ìóòàòèâíîé íèëüïîòåíòíîé ìåòðè÷åñêîé àëãåáðû Ëè ìîæåò áûòü îäíî-, äâóõ- èëè
òðåõìåðíûì.

Åñëè dimZ(N ) = 1, òî ôàêòîð-àëãåáðà N/Z(N ) (ðàññìàòðèâàåìàÿ êàê ìåòðè÷å-
ñêàÿ àëãåáðà Ëè) ìîæåò áûòü ëèáî êîììóòàòèâíîé àëãåáðîé, ëèáî îíà èçîìîðôíà
N 4(ε), ëèáî èçîìîðôíà N 4(ε, δ, τ).

Åñëè N/Z(N ) - êîììóòàòèâíàÿ àëãåáðà, òî ñïðàâåäëèâà ñëåäóþùàÿ
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Òàáëèöà 1
� Îïåðàòîð Ðè÷÷è
1 − 1

2 diag
�
ε2, ε2, σ2, σ2,−ε2 − σ2�

2
− 1

2

0
BBBBB@

A γρ −υρ 0 0
γρ B υγ υσ 0
−υρ υγ C γσ −ευ

0 υσ γσ D 0
0 0 −ευ 0 −E

1
CCCCCA

A = ε2 + υ2 + γ2 + σ2, B = ε2 + υ2 + ρ2,

C = γ2 + ρ2 − ε2, D = σ2, E = υ2 + γ2 + σ2 + ρ2

3
− 1

2

0
BBBBB@

A 0 0 0 0
0 B F υσ 0
0 F C G −ευ
0 υσ G D −H
0 0 −ευ −H −E

1
CCCCCA

A = ε2 + τ2 + υ2 + δ2 + γ2 + σ2, B = ε2 + τ2 + υ2, C = δ2 + γ2 − ε2,
D = σ2 − τ2 − δ2, E = υ2 + γ2 + σ2, F = τδ + υγ,G = γσ − ετ,H = τυ + δγ

4
− 1

2

0
BBBBB@

A γρ −υρ 0 0
γρ B F υσ 0
−υρ F C G −ευ

0 υσ G D −H
0 0 −ευ −H −E

1
CCCCCA

A = ε2 + τ2 + υ2 + δ2 + γ2 + σ2, B = ε2 + τ2 + υ2 + ρ2, C = δ2 + γ2 + ρ2 − ε2,
D = σ2 − τ2 − δ2, E = υ2 + γ2 + σ2 + ρ2, F = τδ + υγ,G = γσ − ετ,H = τυ + δγ

5 − 1
2 diag

�
σ2 + δ2, δ2, σ2,−δ2,−σ2�

6
− 1

2

0
BBBBB@

A 0 0 0 0
0 B τγ 0 0
0 τγ C −ετ −ευ
0 0 −ετ −D −τυ
0 0 −ευ −τυ −E

1
CCCCCA

A = ε2 + τ2 + υ2 + γ2, B = ε2 + τ2 + υ2,

C = γ2 − ε2, D = τ2 + γ2, E = υ2

7a
− 1

2

0
BBBBB@

A 0 0 0 0
0 A τγ 0 0
0 τγ B −ετ 0
0 0 −ετ −C 0
0 0 0 0 −D

1
CCCCCA

A = ε2 + τ2 + γ2, B = 2γ2 − ε2,
C = τ2 + γ2, D = γ2

7b
− 1

2

0
BBBBB@

A 0 −υρ 0 0
0 B τγ 0 0
−υρ τγ C −ετ −ευ

0 0 −ετ −D −τυ
0 0 −ευ −τυ −E

1
CCCCCA

A = ε2 + τ2 + υ2 + γ2, B = ε2 + τ2 + υ2 + ρ2,

C = γ2 + ρ2 − ε2, D = τ2 + γ2, E = υ2 + ρ2

8 − 1
2 diag

�
ε2, ε2,−ε2, 0, 0�

Ëåììà 2. Ïóñòü dimN = 5, dimZ(N ) = 1 è N/Z(N ) - êîììóòàòèâíàÿ àëãåáðà,
òîãäà N èçîìîðôíà ìåòðè÷åñêîé àëãåáðå Ëè N 5

1 (ε, σ), çàäàþùåéñÿ ñëåäóþùèìè êîì-
ìóòàöèîííûìè ñîîòíîøåíèÿìè â îðòîíîðìèðîâàííîì áàçèñå {X1, X2, X3,X4, X5}:
[X1,X2] = εX5, [X3, X4] = σX5, ε ≥ σ > 0, ãäå Z(N 5

1 (ε, σ)) = {X5}.
Îïåðàòîð Ðè÷÷è Ric èìååò âèä

Ric = −1
2

diag
�
ε2, ε2, σ2, σ2,−ε2 − σ2� .
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Òàáëèöà 2
� Àëãåáðà Äîïîëíèòåëüíûå óñëîâèÿ

äèôôåðåíöèðîâàíèé äëÿ äèôôåðåíöèðîâàíèé

1

0
BBBBB@

λ a n p 0
b µ q r 0
c d ν s 0
e f g κ 0
h k l m η

1
CCCCCA

η = λ+ µ, η = ν + κ,

rε+ cσ = 0, qε− eσ = 0,
nε+ fσ = 0, pε− dσ = 0

2

0
BBBBB@

λ a 0 0 0
b µ 0 0 0
c d ν m 0
e f 0 κ 0
g h k l η

1
CCCCCA

ν = λ+ µ,

κ = 2(η − ν),
aσ +mρ = 0,
(µ+ ν − η)ρ+ aγ = 0,
(λ+ ν − η)γ + bρ = 0,
(ν − η)υ + dγ − cρ− kε+ fσ = 0

3

0
BBBBB@

λ 0 0 0 0
a µ 0 0 0
b c ν 0 0
d e f κ 0
g h k l η

1
CCCCCA

ν = λ+ µ,

κ = 2λ+ µ,

η = 3λ+ µ,

fε+ λτ − cδ = 0,
lδ − fσ + λγ = 0,
kε− eσ + 2λυ + lτ − cγ = 0

4

0
BBBBB@

λ 0 0 0 0
a 2λ 0 0 0
b c 3λ 0 0
d e f 4λ 0
g h k l 5λ

1
CCCCCA

fε+ λτ − cδ = 0,
lδ − fσ + λγ − aρ = 0,
kε− eσ + 2λυ + lτ − cγ + bρ = 0

5

0
BBBBB@

λ 0 0 0 0
a µ b 0 0
c d ν 0 0
e f g κ n

h k l m η

1
CCCCCA

κ = λ+ µ,

η = λ+ ν,

mδ − dσ = 0,
nσ − bδ = 0

6

0
BBBBB@

λ 0 0 0 0
b µ 0 0 0
c d ν 0 0
e f g κ n

h k l 0 η

1
CCCCCA

ν = λ+ µ,

κ = 2λ+ µ = 0,
gε+ λτ + nυ − dγ = 0,
lε+ υ(η − ν) = 0

7a

0
BBBBB@

λ a 0 0 0
b µ 0 0 0
c d ν 0 0
e f g κ a

h k l b η

1
CCCCCA

ν = λ+ µ,

κ = 2λ+ µ,

η = λ+ 2µ,
gε+ λτ − dγ = 0,
lε+ bτ + cγ = 0

7b

0
BBBBB@

λ a 0 0 0
b µ 0 0 0
c d ν 0 0
e f g κ n

h k l m η

1
CCCCCA

ν = λ+ µ,

κ = 2λ+ µ, nρ− aγ = 0,
η = λ+ 2µ,mγ − bρ = 0,
gε+ λτ + nυ − dγ = 0,
lε+ µυ +mτ + cρ = 0

8

0
BBBBB@

λ a 0 0 0
b µ 0 0 0
c d ν k l

e f 0 κ m

g h 0 n η

1
CCCCCA

ν = λ+ µ

Àëãåáðà âñåõ äèôôåðåíöèðîâàíèé èìååò âèä

Der(N 5
1 (ε, σ)) =

8
>>>>>><
>>>>>>:

T =

0
BBBB@

λ a n p 0
b µ q r 0
c d ν s 0
e f g κ 0
h k l m η

1
CCCCA
,

η = λ+ µ,
η = ν + κ,
rε+ cσ = 0,
qε− eσ = 0,
nε+ fσ = 0,
pε− dσ = 0

9
>>>>>>=
>>>>>>;

.
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Òàáëèöà 3

� Íàçâàíèå Ñòàíäàðòíûé Èçîìîðôèçì
ïðåäñòàâèòåëü

1 N 5
1 (ε, σ) [e1, e2] = e5, [e3, e4] = e5

0
BBBBB@

1 0 0 0 0
0 1 0 0 0
0 0 σ

ε 0 0
0 0 0 1 0
0 0 0 0 1

ε

1
CCCCCA

2 N 5
1 (ε, σ, υ, γ, ρ)

[e1, e2] = e3, [e1, e4] = e5,

[e2, e3] = e5

0
BBBBB@

ε 0 0 0 0
γ
ρ 1 0 0 0

0 0 1 0 0
0 0 0 σ

ρε 0

0 0 − υ
ρε 0 1

ρ

1
CCCCCA

3 N 5
1 (ε, δ, τ, σ, υ, γ)

[e1, e2] = e3, [e1, e3] = e4,

[e1, e4] = e5

0
BBBBB@

1 0 0 0 0
0 1 0 0 0
0 0 1

ε 0 0
0 0 − τ

ε2δ
1
δε 0

0 0 A −B 1
δεσ

1
CCCCCA
,

A = τγε+τ2σ−υδε
σδ2ε2

, B = γε+τσ
δ2σε2

4 N 5
1 (ε, δ, τ, σ, υ, γ, ρ)

[e1, e2] = e3, [e1, e3] = e4,

[e1, e4] = e5, [e2, e3] = e5

0
BBBBB@

1 0 0 0 0
0 ρ

σδ 0 0 0
0 0 ρ

σδε 0 0
0 0 − ρτ

σε2δ2
ρ

σεδ2
0

0 0 A −B ρ

σ2δ2ε

1
CCCCCA
,

A = ρ(τγε+τ2σ−υδε)
σ2δ3ε3

, B = ρ(γε+τσ)
ε2δ3σ2

5 N 5
2 (δ, σ) [e1, e2] = e4, [e1, e3] = e5

0
BBBBB@

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1

δ 0
0 0 0 0 1

σ

1
CCCCCA

6 N 5
2 (ε, τ, υ, γ) [e1, e2] = e3, [e1, e3] = e4

0
BBBBB@

1 0 0 0 0
0 1 0 0 0
0 τ

γε
1
ε 0 0

0 0 0 1
γε 0

0 0 − υε 0 1

1
CCCCCA

7a N 5
2 (ε, τ, γ)

[e1, e2] = e3, [e1, e3] = e4,

[e2, e3] = e5

0
BBBBB@

1 0 0 0 0
0 1 0 0 0
0 0 1

ε 0 0
0 0 − τ

ε2γ
1
εγ 0

0 0 0 0 1
εγ

1
CCCCCA

7b N 5
2 (ε, τ, υ, γ, ρ)

[e1, e2] = e3, [e1, e3] = e4,

[e2, e3] = e5

0
BBBBB@

1 0 0 0 0
0 1 0 0 0
0 0 1

ε 0 0
0 0 − τ

ε2γ
1
εγ 0

0 0 − υ
ε2ρ

0 1
ερ

1
CCCCCA

8 N 5
3 (ε) [e1, e2] = e3

0
BBBBB@

1 0 0 0 0
0 1 0 0 0
0 0 1

ε 0 0
0 0 0 1 0
0 0 0 0 1

1
CCCCCA

Äàííûå ìåòðè÷åñêèå àëãåáðû Ëè ÿâëÿþòñÿ ïîïàðíî íåèçîìåòðè÷íûìè.

Äîêàçàòåëüñòâî. Ïóñòü N � ïðîèçâîëüíàÿ ìåòðè÷åñêàÿ àëãåáðà Ëè, óäîâëåòâî-
ðÿþùàÿ óñëîâèþ ëåììû. Ðàññìîòðèì òåïåðü ìåòðè÷åñêóþ àëãåáðó Ëè
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N (c1, c2, c3, c4, c5, c6), çàäàþùóþñÿ ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â
îðòîíîðìèðîâàííîì áàçèñå {X1, X2,X3, X4,X5}: [X1, X2] = c1X5, [X1, X3] = c2X5,
[X1,X4] = c3X5, [X1, X5] = 0, [X2, X3] = c4X5, [X2, X4] = c5X5, [X2, X5] = 0,
[X3,X4] = c6X5, [X3, X5] = 0, [X4, X5] = 0. Ïîíÿòíî, ÷òî â ýòîì êëàññå ñîäåðæàò-
ñÿ âñå èíòåðåñóþùèå íàñ ìåòðè÷åñêèå àëãåáðû Ëè N .

Îáîçíà÷èì îðòîãîíàëüíîå äîïîëíåíèå ê öåíòðó Z ÷åðåç A. Êàæäûé âåêòîð x èç A
ìû åñòåñòâåííûì îáðàçîì îòîæäåñòâèì ñ ñîîòâåòñòâóþùèì êëàññîì ýêâèâàëåíòíîñòè
â ôàêòîð-àëãåáðå. Òàêîå ñîîòâåòñòâèå î÷åâèäíî ÿâëÿåòñÿ âçàèìíî-îäíîçíà÷íûì. Ðàñ-
ñìîòðèì ôóíêöèþ f : A×A×Z → R, f(x, y, z) = ([x, y], z). Íàéäåì åå ìàêñèìóì ïðè
ñëåäóþùèõ îãðàíè÷åíèÿõ: x, y ∈ A, z ∈ Z, ‖x‖ = ‖y‖ = ‖z‖ = 1, (x, y) = 0. Ïîñêîëüêó
îáëàñòüþ îïðåäåëåíèÿ ÿâëÿåòñÿ êîìïàêò, òî ôóíêöèÿ äîñòèãàåò ñâîåãî íàèáîëüøåãî
çíà÷åíèÿ. Ïóñòü ìàêñèìóì ôóíêöèè äîñòèãàåòñÿ ïðè x = e1, y = e2, z = e5, è ïðè ýòîì
ìàêñèìàëüíîå çíà÷åíèå f ðàâíî ε = ([e1, e2], e5) > 0. Ðàññìîòðèì âåêòîð e3, îðòîãî-
íàëüíûé e1 è e2. Ïðåäïîëîæèì, ÷òî ([e3, e2], e5) = c 6= 0. Ðàññìîòðèì ẽ1, îïðåäåëåí-
íûé ñëåäóþùèì îáðàçîì: ẽ1 = cos(α)e1 + sin(α)e3. Òîãäà f(ẽ1, e2, e5)=([ẽ1, e2], e5)=
cos(α)ε + sin(α)c = g(α). Òàêèì îáðàçîì, g′ = − sin(α)a + cos(α)c, è â òî÷êå α = 0
(òî÷êå ìàêñèìóìà) g′(0) = 0. Ñëåäîâàòåëüíî, c = 0. Ðàññìîòðèì äâà âçàèìíî îðòî-
ãîíàëüíûõ âåêòîðà åäèíè÷íîé äëèíû e3 è e4, êàæäûé èç êîòîðûõ, â ñâîþ î÷åðåäü,
îðòîãîíàëåí âåêòîðàì e1 è e2. Ïóñòü ([e3, e4], e5) = σ. Áåç îãðàíè÷åíèÿ îáùíîñòè
ìîæíî ñ÷èòàòü, ÷òî σ > 0 (â ñëó÷àå σ < 0 ìîæíî ïîìåíÿòü ìåñòàìè e3 è e4, åñëè
æå σ = 0, òî âåêòîðà e3 è e4 ïîïàäàþò â öåíòð). Ìîæíî îòìåòèòü, ÷òî ε ≥ σ > 0.
Ñëåäîâàòåëüíî, ëþáàÿ àëãåáðà òèïà s(c1, c2, c3, c4, c5, c6) èçîìåòðè÷íà îäíîé èç àëãåáð
âèäà N 5

1 (ε, σ), çàäàííîé ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â îðòîíîð-
ìèðîâàííîì áàçèñå {X1,X2, X3, X4, X5}: [X1, X2] = εX5, [X1, X3] = 0, [X1, X4] = 0,
[X1,X5] = 0, [X2, X3] = 0, [X2, X4] = 0, [X2,X5] = 0, [X3, X4] = σX5, [X3, X5] = 0,
[X4,X5] = 0, ãäå ε ≥ σ > 0. Îïåðàòîð Ðè÷÷è âû÷èñëÿåòñÿ ïî ôîðìóëå (3). Àëãåáðà
äèôôåðåíöèðîâàíèé íàõîäèòñÿ íåïîñðåäñòâåííî.

Ïî ñàìîìó âûáîðó ε è σ ÿâëÿþòñÿ èíâàðèàíòàìè ìåòðè÷åñêîé àëãåáðû Ëè. Ñëå-
äîâàòåëüíî, ðàçíûå çíà÷åíèÿ ε è σ ñîîòâåòñòâóþò íåèçîìåòðè÷íûì ìåòðè÷åñêèì àë-
ãåáðàì Ëè.

Åñëè N/Z(N ) èçîìîðôíà N 4(ε), òî ñïðàâåäëèâà ñëåäóþùàÿ

Ëåììà 3. Ïóñòü dimN = 5 è N/Z(N ) èçîìîðôíà N 4(ε), òîãäà N èçîìîðôíà
ìåòðè÷åñêîé àëãåáðå Ëè N 5

1 (ε, σ, υ, γ, ρ), çàäàþùåéñÿ ñëåäóþùèìè êîììóòàöèîííû-
ìè ñîîòíîøåíèÿìè â îðòîíîðìèðîâàííîì áàçèñå {X1, X2, X3,X4, X5}: [X1, X2] =
εX3 + υX5, [X1,X3] = γX5, [X1, X4] = σX5, [X2, X3] = ρX5, ε > 0, σ > 0, υ ≥ 0,
γ ≥ 0, ρ > 0, ãäå Z(N 5

1 (ε, σ, υ, γ, ρ)) = {X5}.
Îïåðàòîð Ðè÷÷è Ric èìååò âèä

Ric = −1
2

0
BBBB@

A γρ −υρ 0 0
γρ B υγ υσ 0
−υρ υγ C γσ −ευ

0 υσ γσ D 0
0 0 −ευ 0 −E

1
CCCCA
,

ãäå A = ε2+υ2+γ2+σ2, B = ε2+υ2+ρ2, C = γ2+ρ2−ε2, D = σ2, E = υ2+γ2+σ2+ρ2.
Àëãåáðà âñåõ äèôôåðåíöèðîâàíèé èìååò âèä Der(N 5

1 (ε, σ, υ, γ, ρ)) =

=

8
>>>>>><
>>>>>>:

T =

0
BBBB@

λ a 0 0 0
b µ 0 0 0
c d ν m 0
e f 0 κ 0
g h k l η

1
CCCCA
,

ν = λ+ µ,
aσ +mρ = 0,
κ = 2(η − ν),
(µ+ ν − η)ρ+ aγ = 0,
(λ+ ν − η)γ + bρ = 0,
(ν − η)υ + dγ − cρ− kε+ fσ = 0

9
>>>>>>=
>>>>>>;

.
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Äîêàçàòåëüñòâî. Ïóñòü N � ïðîèçâîëüíàÿ ìåòðè÷åñêàÿ àëãåáðà Ëè, óäîâëåòâî-
ðÿþùàÿ óñëîâèþ ëåììû. Ðàññìîòðèì òåïåðü ìåòðè÷åñêóþ àëãåáðó Ëè
N (ε, c1, c2, c3, c4, c5) çàäàþùóþñÿ ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â
îðòîíîðìèðîâàííîì áàçèñå {X1, X2, X3,X4, X5}: [X1, X2] = εX3 + c1X5, [X1, X3] =
c2X5, [X1, X4] = c3X5, [X1, X5] = 0, [X2,X3] = c4X5, [X2, X4] = c5X5, [X2, X5] = 0,
[X3,X4] = 0, [X3, X5] = 0, [X4, X5] = 0. Ïîíÿòíî, ÷òî N èçîìîðôíà îäíîé èç ìåòðè-
÷åñêèõ àëãåáð Ëè òàêîãî òèïà.

Áåç îãðàíè÷åíèÿ îáùíîñòè ìû ìîæåì çàìåíèòü áàçèñíûå âåêòîðû X1 è X2 íà
âåêòîðû X1(ϕ) = cos(ϕ)X1 + sin(ϕ)X2, X2(ϕ) = − sin(ϕ)X1 + cos(ϕ)X2. Ìû âûáåðåì
ϕ òàêèì îáðàçîì, ÷òîáû c5 = 0 â íîâîì áàçèñå. Äëÿ ýòîãî äîñòàòî÷íî âûáðàòü ϕ,
óäîâëåòâîðÿþùåå óðàâíåíèþ −c3 sin(ϕ) + c5 cos(ϕ) = 0. Òàêæå ìîæíî ñ÷èòàòü, ÷òî
c1 ≥ 0, c2 ≥ 0, c3 > 0, c4 > 0. Äåéñòâèòåëüíî, åñëè c1 < 0, òî ìîæíî çàìåíèòü áà-
çèñ {X1, X2, X3, X4, X5} íà áàçèñ {−X1,−X2,X3, X4,−X5}. Åñëè c2 < 0, òî ìîæíî
çàìåíèòü áàçèñ {X1, X2,X3, X4,X5} íà áàçèñ {−X1, X2,−X3, X4,−X5}. Çàìåòèì, ÷òî
åñëè c3 = 0, òî âåêòîð X4 ïîïàäàåò â öåíòð, òàê êàê [X1, X4] = 0. Åñëè æå c3 < 0, òî
ìîæíî çàìåíèòü áàçèñ {X1, X2, X3, X4, X5} íà áàçèñ {X1, X2, X3,−X4,X5}. Îòìåòèì,
÷òî åñëè c4 = 0, òî âåêòîð X̃ = c2X4 − c3X3 ïîïàäàåò â öåíòð, ïîñêîëüêó [X1, X̃] = 0,
[X2, X̃] = 0, [X3, X̃] = 0, [X4, X̃] = 0. Åñëè æå c4 < 0, òî ìîæíî çàìåíèòü áàçèñ
{X1, X2, X3, X4,X5} íà áàçèñ {X1,−X2,−X3,−X4,−X5}.

Ñëåäîâàòåëüíî, ëþáàÿ àëãåáðà òèïà N (ε, c1, c2, c3, c4, c5) èçîìåòðè÷íà îäíîé èç àë-
ãåáð òèïà N 5

1 (ε, σ, υ, γ, ρ), çàäàííîé ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè
â îðòîíîðìèðîâàííîì áàçèñå {X1, X2,X3, X4,X5}: [X1, X2] = εX3 + υX5, [X1,X3] =
γX5, [X1, X4] = σX5, [X1, X5] = 0, [X2,X3] = ρX5, [X2, X4] = 0, [X2,X5] = 0,
[X3,X4] = 0, [X3, X5] = 0, [X4, X5] = 0, ãäå ε > 0, σ > 0, υ ≥ 0, γ ≥ 0, ρ > 0. Îïå-
ðàòîð Ðè÷÷è âû÷èñëÿåòñÿ ïî ôîðìóëå (3). Àëãåáðà äèôôåðåíöèðîâàíèé íàõîäèòñÿ
íåïîñðåäñòâåííî.
Ëåììà 4. (Êðèòåðèé èçîìåòðè÷íîñòè äâóõ àëãåáð òèïà N 5

1 (ε, σ, υ, γ, ρ)) Äâå àë-
ãåáðû N 5

1 (ε, σ, υ, γ, ρ)) è N 5
1 (ε̃, σ̃, υ̃, γ̃, ρ̃) èçîìåòðè÷íû, åñëè è òîëüêî åñëè, âûïîëíÿ-

åòñÿ ðàâåíñòâî (ε, σ, υ, γ, ρ) = (ε̃, σ̃, υ̃, γ̃, ρ̃).

Äîêàçàòåëüñòâî. ÏóñòüN 5
1 (ε, σ, υ, γ, ρ)) èN 5

1 (ε̃, σ̃, υ̃, γ̃, ρ̃) èçîìåòðè÷íû, òîãäà îíè
èçîìîðôíû ñîãëàñíî ïðåäëîæåíèþ 1. Ïîëüçóÿñü çàìå÷àíèåì 1, ïðåäñòàâèì èçîìîð-
ôèçì Q : N 5

1 (ε, σ, υ, γ, ρ) → N 5
1 (ε̃, σ̃, υ̃, γ̃, ρ̃) â ìàòðè÷íîì âèäå (ìû âûáèðàåì êàíî-

íè÷åñêèé áàçèñ {X1, X2, X3, X4,X5} àëãåáðû N 5
1 (ε, σ, υ, γ, ρ) è êàíîíè÷åñêèé áàçèñ

{X̃1, X̃2, X̃3, X̃4, X̃5} àëãåáðû N 5
1 (ε̃, σ̃, υ̃, γ̃, ρ̃)):

Q =

0
BBBB@

q11 q12 0 q14 0
q21 q22 0 q24 0
0 0 q33 0 0
q41 q42 0 q44 0
0 0 0 0 q55

1
CCCCA

Ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ èçîìîðôèçì Q, ëåãêî âûïèñûâàåòñÿ â ÿâíîì
âèäå. Âñå óðàâíåíèÿ ýòîé ñèñòåìû çàâèñÿò îò ñòðóêòóðíûõ êîíñòàíò ðàññìàòðèâàå-
ìûõ ìåòðè÷åñêèõ àëãåáð Ëè è ýëåìåíòîâ ìàòðèöû Q. Èç-çà ãðîìîçäêîñòè ôîðìóë ìû
ïåðå÷èñëèì òîëüêî òå, êîòîðûå íàì ïîíàäîáÿòñÿ.

Èç ðàâåíñòâ Q([X1, X4]1) = [Q(X1), Q(X4)]2 è Q([X2,X4]1) = [Q(X2), Q(X4)]2 ñëå-
äóåò, ÷òî
(6) q55σX̃5 = (q11q24 − q21q14)ε̃X̃3 + ((q11q24 − q21q14)υ̃ + (q11q44 − q41q14)σ̃)X̃5,

(7) 0 = (q12q24 − q22q14)ε̃X̃3 + ((q12q24 − q22q14)υ̃ + (q12q44 − q42q14)σ̃)X̃5

ñîîòâåòñòâåííî.
Òàê êàê ε̃ > 0, òî q11q24 − q21q14 = 0, q12q24 − q22q14 = 0. Ïîýòîìó, ëèáî âåê-

òîð (q14, q24) íóëåâîé, ëèáî ïðè íåêîòîðûõ α, β âûïîëíÿþòñÿ ðàâåíñòâà q11 = αq14,
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q21 = αq24, q12 = βq14, q22 = βq24. Â ñèëó îðòîãîíàëüíîñòè Q ïîëó÷àåì q11q21+q12q22+
q14q24 = q14q24(1 + α2 + β2) = 0. Òàêèì îáðàçîì, q14q24 = 0, îòêóäà ñ ó÷åòîì ïðåäû-
äóùèõ ðàâåíñòâ ñëåäóåò, ÷òî q14 = q24 = 0, à òàêæå è q41 = q42 = 0. Èç ðàâåíñòâà (7)
ïîëó÷àåì q12q44σ̃ = 0, ÷òî âëå÷åò q12 = 0, è, ñëåäîâàòåëüíî, q21 = 0. Îêîí÷àòåëüíî ïî-
ëó÷àåì, ÷òî ìàòðèöà Q äèàãîíàëüíàÿ. Ñëåäîâàòåëüíî, ñîîòâåòñòâóþùèå ïàðàìåòðû
àëãåáð ðàâíû ïî ìîäóëþ, à â ñèëó òîãî, ÷òî îíè èìåþò îäèíàêîâûé çíàê, îíè ïðîñòî
ïîïàðíî ñîâïàäàþò. Â îáðàòíóþ ñòîðîíó óòâåðæäåíèå ëåììû î÷åâèäíî.

Åñëè N/Z(N ) èçîìîðôíà N 4(ε, δ, τ), òî ñïðàâåäëèâà ñëåäóþùàÿ
Ëåììà 5. Ïóñòü dimN = 5 è N/Z(N ) èçîìîðôíà N 4(ε, δ, τ), òîãäà N èçîìîðô-
íà ìåòðè÷åñêîé àëãåáðå Ëè N (ε, δ, τ, σ, υ, γ, ρ), çàäàþùåéñÿ ñëåäóþùèìè êîììóòà-
öèîííûìè ñîîòíîøåíèÿìè â îðòîíîðìèðîâàííîì áàçèñå {X1, X2,X3, X4,X5}, ãäå
Z(N (ε, δ, τ, σ, υ, γ, ρ)) = {X5}: [X1, X2] = εX3 + τX4 + υX5, [X1, X3] = δX4 + γX5,
[X1,X4] = σX5, [X2, X3] = ρX5, ε > 0, δ > 0, τ ≥ 0, σ > 0, ρ ≥ 0. Åñëè ïðè ýòîì
τ = 0, òî γ ≥ 0.

Îïåðàòîð Ðè÷÷è Ric èìååò âèä

Ric = −1
2

0
BBBB@

A γρ −υρ 0 0
γρ B τδ + υγ υσ 0
−υρ τδ + υγ C γσ − ετ −ευ

0 −υσ γσ − ετ D −τυ − δγ
0 0 −ευ −τυ − δγ −E

1
CCCCA
,

ãäå A = ε2 + τ2 + υ2 + δ2 + γ2 + σ2, B = ε2 + τ2 + υ2 + ρ2, C = δ2 + γ2 + ρ2 − ε2,
D = σ2 − τ2 − δ2, E = υ2 + γ2 + σ2 + ρ2.

Àëãåáðà âñåõ äèôôåðåíöèðîâàíèé èìååò âèä Der(N (ε, δ, τ, σ, υ, γ, ρ)) =

=

8
>>>>>>>><
>>>>>>>>:

T =

0
BBBB@

λ 0 0 0 0
a µ 0 0 0
b c ν 0 0
d e f κ 0
g h k l η

1
CCCCA
,

ν = λ+ µ,
κ = 2λ+ µ,
η = 3λ+ µ,
ρ(2λ− µ) = 0,
fε+ λτ − cδ = 0,
lδ − fσ + λγ − aρ = 0,
kε− eσ + 2λυ + lτ − cγ + bρ = 0

9
>>>>>>>>=
>>>>>>>>;

.

Çàìå÷àíèå 4. Ïðè ρ = 0 àëãåáðà âèäà N (ε, δ, τ, σ, υ, γ, ρ) ñîîòâåòñòâóåò àëãåáðå
âèäà 3), à ïðè ρ > 0 àëãåáðå âèäà 4) èç ôîðìóëèðîâêè òåîðåìû 3.

Äîêàçàòåëüñòâî. Ïóñòü N � ïðîèçâîëüíàÿ ìåòðè÷åñêàÿ àëãåáðà Ëè, óäîâëåòâî-
ðÿþùàÿ óñëîâèþ ëåììû. Ðàññìîòðèì òåïåðü ìåòðè÷åñêóþ àëãåáðó Ëè
N (ε, δ, τ, c1, c2, c3, c4), çàäàþùóþñÿ ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â
îðòîíîðìèðîâàííîì áàçèñå {X1, X2,X3, X4, X5}: [X1, X2] = εX3 + τX4 + c1X5,
[X1,X3] = δX4 + c2X5, [X1,X4] = c3X5, [X1, X5] = 0, [X2, X3] = c4X5, [X2,X4] = 0,
[X2,X5] = 0, [X3, X4] = 0, [X3, X5] = 0, [X4, X5] = 0. Ïîíÿòíî, ÷òî â ýòîì êëàññå
ñîäåðæàòñÿ âñå èíòåðåñóþùèå íàñ àëãåáðû N .

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî c3 > 0, c4 ≥ 0. Äåéñòâèòåëüíî,
åñëè c3 < 0, òî ìîæíî çàìåíèòü áàçèñ {X1, X2,X3, X4, X5} íà áàçèñ {X1,−X2,−X3,
−X4, X5}. Åñëè c3 = 0, òî âåêòîð X4 ïîïàäàåò â öåíòð òàê êàê [X1, X4] = 0. Åñëè c4 <
0, òî ìîæíî çàìåíèòü áàçèñ {X1,X2, X3,X4, X5} íà áàçèñ {X1,−X2,−X3,−X4,−X5}.

Ñëåäîâàòåëüíî, ëþáàÿ àëãåáðà òèïà N (ε, δ, τ, c1, c2, c3, c4) èçîìåòðè÷íà îäíîé èç
àëãåáð òèïà N (ε, δ, τ, σ, υ, γ, ρ), çàäàííîé ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøå-
íèÿìè â îðòîíîðìèðîâàííîì áàçèñå {X1,X2, X3,X4, X5}: [X1,X2] = εX3 +τX4 +υX5,
[X1,X3] = δX4 + γX5, [X1, X4] = σX5, [X1, X5] = 0, [X2, X3] = ρX5, [X2, X4] = 0,
[X2,X5] = 0, [X3, X4] = 0, [X3, X5] = 0, [X4, X5] = 0, ãäå ε > 0, δ > 0, τ ≥ 0, σ > 0,
ρ ≥ 0.

Îòìåòèì òåïåðü, ÷òî ïðè τ = 0 ìîæíî ñ÷èòàòü âûïîëíåííûì íåðàâåíñòâî γ ≥ 0.
Äåéñòâèòåëüíî, â ýòîì ñëó÷àå ìîæíî ðàññìîòðåòü íîâûé áàçèñ àëãåáðû, çàäàâàåìîé
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ðàâåíñòâàìè X̃1 = −X1, X̃2 = X2, X̃3 = −X3, X̃4 = X4, X̃5 = −X5. Ëåãêî óáåäèòüñÿ
â òîì, ÷òî â ýòîì áàçèñå èç âñåõ ñòðóêòóðíûõ êîíñòàíò èçìåíèòñÿ ëèøü γ (ñòàíåò
ðàâíûì −γ). Ïîýòîìó ïðè τ = 0 ìîæíî ñ÷èòàòü âûïîëíåííûì íåðàâåíñòâî γ ≥ 0.

Îïåðàòîð Ðè÷÷è âû÷èñëÿåòñÿ ïî ôîðìóëå (3). Àëãåáðà äèôôåðåíöèðîâàíèé íàõî-
äèòñÿ íåïîñðåäñòâåííî.
Ëåììà 6. (Êðèòåðèé èçîìåòðè÷íîñòè äâóõ àëãåáð òèïà N (ε, δ, τ, σ, υ, γ, ρ)) Äâå
àëãåáðû N (ε, δ, τ, σ, υ, γ, ρ) è N (ε̃, δ̃, τ̃ , σ̃, υ̃, γ̃, ρ̃) èçîìåòðè÷íû, åñëè è òîëüêî åñëè,
âûïîëíÿþòñÿ ðàâåíñòâà (ε, δ, τ, σ, υ, γ, ρ) = (ε̃, δ̃, τ̃ , σ̃, υ̃, γ̃, ρ̃).

Çàìå÷àíèå 5. Ïî ñóùåñòâó â ëåììå 5 äîêàçûâàåòñÿ ïîïàðíàÿ íåèçîìåòðè÷íîñòü
àëãåáð òèïà 3) è 4) èç ôîðìóëèðîâêè òåîðåìû 3.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ çàìå÷àíèå 1, ïðåäñòàâèì ëèíåéíîå îòîáðàæåíèå Q :
N (ε, δ, τ, σ, υ, γ, ρ) → N (ε̃, δ̃, τ̃ , σ̃, υ̃, γ̃, ρ̃) â ìàòðè÷íîì âèäå (ìû âûáèðàåì êàíîíè-
÷åñêèé áàçèñ {X1,X2, X3, X4, X5} àëãåáðû N (ε, δ, τ, σ, υ, γ, ρ) è êàíîíè÷åñêèé áàçèñ
{X̃1, X̃2, X̃3, X̃4, X̃5} àëãåáðû N (ε̃, δ̃, τ̃ , σ̃, υ̃, γ̃, ρ̃)):

Q =

0
BBBB@

q11 q12 0 0 0
q21 q22 0 0 0
0 0 q33 0 0
0 0 0 q44 0
0 0 0 0 q55

1
CCCCA

Ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ èçîìîðôèçì Q àëãåáðû, ëåãêî âûïèñûâàåòñÿ
â ÿâíîì âèäå. Èç-çà ãðîìîçäêîñòè ôîðìóë ìû ïåðå÷èñëèì òîëüêî òå, êîòîðûå íàì
ïîíàäîáÿòñÿ.

Èç ðàâåíñòâà Q([X2, X3]1) = [Q(X2), Q(X3)]2 ñëåäóåò, ÷òî q55ρ− q12q33γ̃− q22q33ρ̃ =
0, q12q33δ̃ = 0. Èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò, ÷òî q12 = 0. Â ñèëó îðòîãîíàëüíîñòè
Q ïîëó÷àåì q21 = 0. Ìàòðèöà Q ÿâëÿåòñÿ îäíîâðåìåííî äèàãîíàëüíîé è îðòîãîíàëü-
íîé, òàêèì îáðàçîì, qii = ±1 ïðè 1 ≤ i ≤ 5. Êðîìå òîãî, q55ρ = q22q33ρ̃, ÷òî âëå÷åò
ðàâåíñòâî |ρ| = |ρ̃|.

Èç ðàâåíñòâ Q([X1, X2]1) = [Q(X1), Q(X2)]2, Q([X1, X3]1) = [Q(X1), Q(X3)]2 è
Q([X1,X4]1) = [Q(X1), Q(X4)]2 ñëåäóåò, ÷òî

(8) q33ε− q11q22ε̃ = 0, q44τ − q11q22τ̃ = 0, q55υ − q11q22υ̃ = 0,
q44δ − q11q33δ̃ = 0, q55γ − q11q33γ̃ = 0, q55σ − q11q44σ̃ = 0.

Ñ ó÷åòîì òîãî, ÷òî qii = ±1 ïðè 1 ≤ i ≤ 5, èç ðàâåíñòâ (8) âûòåêàþò ðàâåíñòâà
|ε| = |ε̃|, |τ | = |τ̃ |, |υ| = |υ̃|, |δ| = |δ̃|, |γ| = |γ̃| è |σ| = |σ̃|. Ó÷èòûâàÿ íåîòðèöàòåëüíîñòü
ïàðàìåòðîâ ρ, ρ̃, ε, ε̃, τ , τ̃ , δ, δ̃, σ è σ̃, ìû ïîëó÷àåì, ÷òî (ε, δ, τ, σ, ρ) = (ε̃, δ̃, τ̃ , σ̃, ρ̃).

Ïîñêîëüêó ε > 0, δ > 0 è σ > 0, òî èç (8) ñëåäóåò, ÷òî q33 = q11q22, q44 = q11q33

è q55 = q11q44. Èç ýòèõ ðàâåíñòâ íåòðóäíî ïîëó÷èòü q22 = q44 è q33 = q55. Çíà÷èò,
q55 = q11q44 = q11q22. Ïðèâëåêàÿ òåïåðü òðåòüå èç ðàâåíñòâ (8), ïîëó÷àåì υ = υ̃.

Åñëè òåïåðü ïðåäïîëîæèòü, ÷òî τ = τ̃ > 0, òî èç âòîðîãî ðàâåíñòâà (8) íàõîäèì,
÷òî q44 = q11q22. Íî òîãäà q22 = q33 = q44 = q55 è q11 = 1. Â ÷àñòíîñòè, q55 = q11q33,
÷òî ñ ó÷åòîì ïÿòîãî èç ðàâåíñòâ (8) ïðèâîäèò ê ðàâåíñòâó γ = γ̃.

Åñëè æå τ = τ̃ = 0, òî γ ≥ 0 è γ̃ ≥ 0. Ïîñêîëüêó ïðè ýòîì |γ| = |γ̃|, òî è â ýòîì
ñëó÷àå ïîëó÷àåì ðàâåíñòâî γ = γ̃.

Òàêèì îáðàçîì, íåîáõîäèìîñòü äîêàçàíà. Äîñòàòî÷íîñòü î÷åâèäíà.
Åñëè dimZ(N ) = 2, òî ôàêòîð-àëãåáðà N/Z(N ) (ðàññìàòðèâàåìàÿ êàê ìåòðè÷å-

ñêàÿ àëãåáðà Ëè) ìîæåò áûòü ëèáî êîììóòàòèâíîé, ëèáî èçîìîðôíîé N 3(ε).
Åñëè N/Z(N ) - êîììóòàòèâíàÿ àëãåáðà, òî ñïðàâåäëèâà ñëåäóþùàÿ

Ëåììà 7. Ïóñòü dimN = 5, dimZ(N ) = 2 è N/Z(N ) êîììóòàòèâíàÿ àëãåáðà,
òîãäà N èçîìîðôíà ìåòðè÷åñêîé àëãåáðå Ëè N 5

2 (δ, σ) çàäàþùåéñÿ ñëåäóþùèìè êîì-
ìóòàöèîííûìè ñîîòíîøåíèÿìè â îðòîíîðìèðîâàííîì áàçèñå {X1, X2, X3,X4, X5}:
[X1,X2] = δX4, [X1, X3] = σX5, δ ≥ σ > 0, ãäå Z(N 5

2 (δ, σ)) = {X4, X5}.
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Îïåðàòîð Ðè÷÷è Ric èìååò âèä

Ric = −1
2

diag
�
δ2 + σ2, δ2, σ2,−δ2,−σ2� .

Àëãåáðà âñåõ äèôôåðåíöèðîâàíèé èìååò âèä

Der(N 5
2 (δ, σ)) =

8
>>>><
>>>>:
T =

0
BBBB@

λ 0 0 0 0
a µ b 0 0
c d ν 0 0
e f g κ n
h k l m η

1
CCCCA
,

κ = λ+ µ,
η = λ+ ν,
mδ − dσ = 0,
nσ − bδ = 0

9
>>>>=
>>>>;
.

Äàííûå ìåòðè÷åñêèå àëãåáðû Ëè ÿâëÿþòñÿ ïîïàðíî íåèçîìåòðè÷íûìè.

Äîêàçàòåëüñòâî. Ïóñòü N � ïðîèçâîëüíàÿ ìåòðè÷åñêàÿ àëãåáðà Ëè, óäîâëåòâî-
ðÿþùàÿ óñëîâèþ ëåììû. Ðàññìîòðèì òåïåðü ìåòðè÷åñêóþ àëãåáðó Ëè
N (c1, c2, c3, d1, d2, d3) çàäàþùóþñÿ ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â
îðòîíîðìèðîâàííîì áàçèñå {X1, X2, X3, X4, X5}: [X1, X2] = d1X4 + c1X5, [X1, X3] =
d2X4 + c2X5, [X1,X4] = 0, [X1, X5] = 0, [X2, X3] = d3X4 + c3X5, [X2,X4] = 0,
[X2,X5] = 0, [X3,X4] = 0, [X3, X5] = 0, [X4, X5] = 0 Ïîíÿòíî, ÷òî N èçîìîðôíà
îäíîé èç ìåòðè÷åñêèõ àëãåáð Ëè òàêîãî òèïà.

Îáîçíà÷èì îðòîãîíàëüíîå äîïîëíåíèå ê öåíòðó Z ÷åðåç A. Êàæäûé âåêòîð x èç
îðòîãîíàëüíîãî äîïîëíåíèÿ A ê öåíòðó ìû åñòåñòâåííûì îáðàçîì îòîæäåñòâèì ñ ñî-
îòâåòñòâóþùèì êëàññîì ýêâèâàëåíòíîñòè â ôàêòîð-àëãåáðå. Òàêîå ñîîòâåòñòâèå î÷å-
âèäíî ÿâëÿåòñÿ âçàèìíî-îäíîçíà÷íûì. Ðàññìîòðèì ôóíêöèþ f : A × A × Z → R,
f(x, y, z) = ([x, y], z). Íàéäåì åå ìàêñèìóì ïðè ñëåäóþùèõ îãðàíè÷åíèÿõ: x, y ∈ A,
z ∈ Z, ‖x‖ = ‖y‖ = ‖z‖ = 1, (x, y) = 0. Ïîñêîëüêó îáëàñòüþ îïðåäåëåíèÿ ÿâëÿåòñÿ
êîìïàêò, òî ôóíêöèÿ äîñòèãàåò ñâîåãî íàèáîëüøåãî çíà÷åíèÿ. Ïóñòü ìàêñèìóì ôóíê-
öèè äîñòèãàåòñÿ ïðè x = e1, y = e2, z = e4, è ïðè ýòîì ìàêñèìàëüíîå çíà÷åíèå f ðàâíî
δ = ([e1, e2], e4) > 0. Î÷åâèäíî, ÷òî [e1, e2] = δe4. Ðàññìîòðèì âåêòîð e3 ∈ A, îðòîãî-
íàëüíûé ê e1 è e2. Òàê êàê ôàêòîð-àëãåáðà êîììóòàòèâíà, òî [e1, e3] = αe4 + σe5.

Ðàññìîòðèì ẽ2(ϕ), îïðåäåëåííûé ñëåäóþùèì îáðàçîì: ẽ2(ϕ) = cos(ϕ)e2 + sin(ϕ)e3.
Òîãäà f(e1, ẽ2(ϕ), e4)=([e1, ẽ2(ϕ)], e4)=δ cos(ϕ) + α sin(ϕ) = g(ϕ). Ñëåäîâàòåëüíî g′ =
−δ sin(ϕ)+α cos(ϕ) è â òî÷êå ϕ = 0 (òî÷êå ìàêñèìóìà) g′(0) = 0. Òàêèì îáðàçîì α = 0,
è [e1, e3] = σe5 äëÿ íåêîòîðîãî σ ∈ R. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî
σ ≥ 0 (â ñëó÷àå σ ≤ 0 ìîæíî ïîìåíÿòü ìåñòàìè e1 è e3). Àíàëîãè÷íî äîêàçûâàåòñÿ,
÷òî [e2, e3] = γe5 äëÿ íåêîòîðîãî γ ∈ R.

Áåç îãðàíè÷åíèÿ îáùíîñòè ìû ìîæåì çàìåíèòü áàçèñíûå âåêòîðû e1 è e2 íà âåê-
òîðû e1(ψ) = cos(ψ)e1 + sin(ψ)e2, e2(ψ) = − sin(ψ)e1 + cos(ψ)e2. Ìû âûáåðåì ψ òàêèì
îáðàçîì, ÷òîáû γ = 0 â íîâîì áàçèñå. Äëÿ ýòîãî äîñòàòî÷íî âûáðàòü ψ, óäîâëå-
òâîðÿþùåå óðàâíåíèþ −σ sin(ψ) + γ cos(ψ) = 0. Ñëåäóåò îòìåòèòü, ÷òî δ ≥ σ > 0
(σ 6= 0 òàê êàê σ2 + γ2 6= 0, èíà÷å âåêòîð e3 ïîïàäàåò â öåíòð). Ñëåäîâàòåëüíî, ëþ-
áàÿ àëãåáðà òèïà N (c1, c2, c3, d1, d2, d3) èçîìåòðè÷íà îäíîé èç àëãåáð òèïà N 5

2 (δ, σ),
çàäàííîé ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â îðòîíîðìèðîâàííîì áà-
çèñå {X1, X2,X3, X4,X5}: [X1, X2] = δX4, [X1, X3] = σX5, [X1, X4] = 0, [X1, X5] = 0,
[X2,X3] = 0, [X2, X4] = 0, [X2, X5] = 0, [X3, X4] = 0, [X3, X5] = 0, [X4,X5] = 0, ãäå
δ ≥ σ > 0. Îïåðàòîð Ðè÷÷è âû÷èñëÿåòñÿ ïî ôîðìóëå (3). Àëãåáðà äèôôåðåíöèðîâà-
íèé íàõîäèòñÿ íåïîñðåäñòâåííî.

Ïî ñàìîìó âûáîðó δ è σ ÿâëÿþòñÿ èíâàðèàíòàìè ìåòðè÷åñêîé àëãåáðû Ëè. Ñëå-
äîâàòåëüíî, ðàçíûå çíà÷åíèÿ δ è σ ñîîòâåòñòâóþò íåèçîìåòðè÷íûì ìåòðè÷åñêèì àë-
ãåáðàì Ëè.

Åñëè N/Z(N ) èçîìîðôíà N 3(ε), òî ñïðàâåäëèâà ñëåäóþùàÿ

Ëåììà 8. Ïóñòü dimN = 5 è N/Z(N ) èçîìîðôíà N 3(ε), òîãäà N èçîìîðôíà
ìåòðè÷åñêîé àëãåáðå Ëè N (ε, τ, υ, γ, ρ), çàäàþùåéñÿ ñëåäóþùèìè êîììóòàöèîííû-
ìè ñîîòíîøåíèÿìè â îðòîíîðìèðîâàííîì áàçèñå {X1, X2, X3,X4, X5}: [X1, X2] =
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εX3 + τX4 + υX5, [X1, X3] = γX4, [X2,X3] = ρX5, ε > 0, τ ≥ 0,υ ≥ 0, γ > 0,
γ ≥ ρ ≥ 0, ãäå Z(N (ε, τ, υ, γ, ρ)) = {X4,X5}. Êðîìå òîãî, åñëè γ = ρ, òî υ = 0.

Îïåðàòîð Ðè÷÷è Ric èìååò âèä

Ric = −1
2

0
BBBB@

A 0 −υρ 0 0
0 B τγ 0 0
−υρ τγ C −ετ −ευ

0 0 −ετ −D −τυ
0 0 −ευ −τυ −E

1
CCCCA
,

ãäå A = ε2 + τ2 + υ2 + γ2, B = ε2 + τ2 + υ2 + ρ2, C = γ2 + ρ2 − ε2, D = τ2 + γ2,
E = υ2 + ρ2.

Àëãåáðà âñåõ äèôôåðåíöèðîâàíèé èìååò âèä Der(N (ε, τ, υ, γ, ρ)) =

=

8
>>>><
>>>>:
T =

0
BBBB@

λ a 0 0 0
b µ 0 0 0
c d ν 0 0
e f g κ n
h k l m η

1
CCCCA
,

ν = λ+ µ,
κ = 2λ+ µ = 0, nρ− aγ = 0,
ρ(η − λ− 2µ) = 0,mγ − bρ = 0,
gε+ λτ + nυ − dγ = 0,
lε+ υ(η − ν) +mτ + cρ = 0

9
>>>>=
>>>>;
.

Çàìå÷àíèå 6. Ïðè γ > 0 è ρ = 0 àëãåáðà âèäà N (ε, τ, υ, γ, ρ) ñîîòâåòñòâóåò àëãåáðå
âèäà 6, ïðè γ = ρ > 0 è υ = 0 àëãåáðå âèäà 7à), ïðè γ > ρ > 0 àëãåáðå âèäà 7á) èç
ôîðìóëèðîâêè òåîðåìû 3.

Äîêàçàòåëüñòâî. Ïóñòü N � ïðîèçâîëüíàÿ ìåòðè÷åñêàÿ àëãåáðà Ëè, óäîâëåòâî-
ðÿþùàÿ óñëîâèþ ëåììû. Ðàññìîòðèì òåïåðü ìåòðè÷åñêóþ àëãåáðó Ëè
N (ε, c1, c2, c3, d1, d2, d3), çàäàþùóþñÿ ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿ-
ìè â îðòîíîðìèðîâàííîì áàçèñå {X1, X2, X3, X4, X5}: [X1, X2] = εX3 + d1X4 + c1X5,
[X1,X3] = d2X4+c2X5, [X1, X4] = 0, [X1, X5] = 0, [X2,X3] = d3X4+c3X5, [X2, X4] = 0,
[X2,X5] = 0, [X3, X4] = 0, [X3, X5] = 0, [X4, X5] = 0. Ïîíÿòíî, ÷òî â ýòîì êëàññå ñî-
äåðæàòñÿ âñå èíòåðåñóþùèå íàñ àëãåáðû N .

Ñ ïîìîùüþ ïîâîðîòà îðòîíîðìèðîâàííîãî áàçèñà, ìîæíî äîáèòüñÿ çàíóëåíèÿ ñòðóê-
òóðíûõ êîíñòàíò c2 è d3. Ðàññìîòðèì ïîâîðîò, çàäàííûé ñëåäóþùåé ìàòðèöåé:

Q =

0
BBBB@

cos(ϕ) sin(ϕ) 0 0 0
− sin(ϕ) cos(ϕ) 0 0 0

0 0 1 0 0
0 0 0 cos(ψ) sin(ψ)
0 0 0 − sin(ψ) cos(ψ)

1
CCCCA
.

Ïðè ïîâîðîòå îðòîíîðìèðîâàííîãî áàçèñà {X1, X2,X3, X4, X5} ñòðóêòóðíûå êîí-
ñòàíòû c2 è d3 ïðèìóò ñëåäóþùèé âèä:

c2(ψ,ϕ) = cos(ϕ) sin(ψ)d2 + cos(ϕ) cos(ψ)c2 − sin(ϕ) sin(ψ)d3 − sin(ϕ) cos(ψ)c3,

d3(ψ,ϕ) = sin(ϕ) cos(ψ)d2 − sin(ϕ) sin(ψ)c2 + cos(ϕ) cos(ψ)d3 − cos(ϕ) sin(ψ)c3.

Äëÿ èõ ñóììû è ðàçíîñòè ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:
c2(ψ,ϕ) + d3(ψ,ϕ) = sin(ψ + ϕ)(d2 − c3) + cos(ψ + ϕ)(c2 + d3),

c2(ψ,ϕ)− d3(ψ,ϕ) = sin(ψ − ϕ)(d2 + c3) + cos(ψ − ϕ)(c2 − d3)

ñîîòâåòñòâåííî. Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó óðàâíåíèé
�

sin(ψ + ϕ)(d2 − c3) + cos(ψ + ϕ)(c2 + d3) = 0
sin(ψ − ϕ)(d2 + c3) + cos(ψ − ϕ)(c2 − d3) = 0.

Î÷åâèäíî, ÷òî ñèñòåìà èìååò ðåøåíèå (ψ0, ϕ0) ïðè ëþáûõ çàäàííûõ çíà÷åíèÿõ c2, d2,
c3 è d3. Ýòè ðàññóæäåíèÿ ïîêàçûâàþò, ÷òî áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü,
÷òî c2 è d3 ðàâíû íóëþ, ÷òî ìû è áóäåì â äàëüíåéøåì ïðåäïîëàãàòü âûïîëíåííûì.
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Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî d1 ≥ 0, c1 ≥ 0, d2 ≥ 0, c3 ≥ 0.
Äåéñòâèòåëüíî, åñëè ýòî íå òàê, òî ìîæíî çàìåíèòü áàçèñ {X1, X2, X3, X4,X5} íà áà-
çèñ {−X1, X2,−X3,X4,−X5}, {X1,−X2,−X3,−X4, X5}, {−X1, X2,−X3,−X4,−X5},
{X1,−X2,−X3,−X4,−X5}, ñîîòâåòñòâåííî. Ïðè ýòîì c3 è d2 íå ìîãóò áûòü îäíî-
âðåìåííî ðàâíûìè íóëþ, èíà÷å âåêòîð X3 ïîïàäàåò â öåíòð, òàê êàê [X1,X3] = 0 è
[X2,X3] = 0.

Ñëåäîâàòåëüíî, ëþáàÿ àëãåáðà òèïà N (ε, c1, c2, c3, d1, d2, d3) èçîìåòðè÷íà îäíîé èç
àëãåáð òèïà N (ε, τ, υ, γ, ρ), çàäàííîé ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿ-
ìè â îðòîíîðìèðîâàííîì áàçèñå {X1, X2, X3, X4, X5}: [X1, X2] = εX3 + τX4 + υX5,
[X1,X3] = γX4, [X1,X4] = 0, [X1, X5] = 0, [X2, X3] = ρX5, [X2, X4] = 0, [X2, X5] = 0,
[X3,X4] = 0, [X3, X5] = 0, [X4, X5] = 0, ãäå ε > 0, τ ≥ 0, υ ≥ 0, γ > 0, γ ≥ ρ ≥ 0.

Çàìåòèì òåïåðü, ÷òî ïðè γ = ρ ìû ìîæåì äîïîëíèòåëüíî óïðîñòèòü ñòðóêòóð-
íûå êîíñòàíòû. À èìåííî, âûáåðåì íîâûé áàçèñ {Xi(θ)}, ïîëàãàÿ X1(θ) = cos(θ)X1 +
sin(θ)X2, X2(θ) = − sin(θ)X1 + cos(θ)X2, X3(θ) = X3, X4(θ) = cos(θ)X4 + sin(θ)X5,
X5(θ) = − sin(θ)X4 + cos(θ)X5. Â ýòîì áàçèñå ñòðóêòóðíûå êîíñòàíòû ðàññìàòðèâà-
åìîé àëãåáðû Ëè îïðåäåëÿþòñÿ ðàâåíñòâàìè: [X1(θ), X2(θ)] = εX3(θ) + τ(θ)X4(θ) +
υ(θ)X5(θ), [X1(θ), X3(θ)] = γX4(θ), [X1(θ), X4(θ)] = 0, [X1(θ), X5(θ)] = 0,
[X2(θ), X3(θ)] = γX5(θ), [X2(θ), X4(θ)] = 0, [X2(θ), X5(θ)] = 0, [X3(θ),X4(θ)] = 0,
[X3(θ), X5(θ)] = 0, [X4(θ), X5(θ)] = 0, ãäå τ(θ) = τ cos(θ) + υ sin(θ), υ(θ) = υ cos(θ) −
τ sin(θ). Î÷åâèäíî, ìîæíî ïîäîáðàòü òàêîå âåùåñòâåííîå θ, ÷òî υ(θ) = 0. Ïîýòîìó,
ïðè γ = ρ ìîæíî ñ÷èòàòü, ÷òî υ = 0.

Îïåðàòîð Ðè÷÷è âû÷èñëÿåòñÿ ïî ôîðìóëå (3). Àëãåáðà äèôôåðåíöèðîâàíèé íàõî-
äèòñÿ íåïîñðåäñòâåííî.
Ëåììà 9. (Êðèòåðèé èçîìåòðè÷íîñòè äâóõ àëãåáð òèïà N (ε, τ, υ, γ, ρ)) Äâå àëãå-
áðû N (ε, τ, υ, γ, ρ) è N (ε̃, τ̃ , υ̃, γ̃, ρ̃) èçîìåòðè÷íû òîãäà è òîëüêî òîãäà, êîãäà:

1) ε = ε̃, τ = τ̃ , γ = ρ = γ̃ = ρ̃, υ = υ̃ = 0 ïðè γ = ρ;
2) (ε, τ, υ, γ, ρ) = (ε̃, τ̃ , υ̃, γ̃, ρ̃) ïðè γ > ρ.
Äîêàçàòåëüñòâî. Èñïîëüçóÿ çàìå÷àíèå 1, íåòðóäíî ïðåäñòàâèòü ëèíåéíîå îòî-

áðàæåíèå Q : N (ε, τ, υ, γ, ρ) → N (ε̃, τ̃ , υ̃, γ̃, ρ̃) â ìàòðè÷íîì âèäå (ìû âûáèðàåì êà-
íîíè÷åñêèé áàçèñ {X1, X2, X3, X4, X5} àëãåáðû N (ε, τ, υ, γ, ρ) è êàíîíè÷åñêèé áàçèñ
{X̃1, X̃2, X̃3, X̃4, X̃5} àëãåáðû N (ε̃, τ̃ , υ̃, γ̃, ρ̃)):

Q =

0
BBBB@

q11 q12 0 0 0
q21 q22 0 0 0
0 0 q33 0 0
0 0 0 q44 q45

0 0 0 q54 q55

1
CCCCA

Áåç îãðàíè÷åíèÿ îáùíîñòè ìû ìîæåì ñ÷èòàòü, ÷òî îïðåäåëèòåëè ìàòðèö
Q1 =

�
q11 q12

q21 q22

�
è Q2 =

�
q44 q45

q54 q55

�
ðàâíû 1, ïîñêîëüêó, â ñëó÷àå íåîáõîäè-

ìîñòè, ìû ìîæåì çàìåíèòü âåêòîð X1 íà −X1, à âåêòîð X4 íà −X4, ñîîòâåòñòâåííî.
Ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ èçîìîðôèçì Q ðàññìàòðèâàåìûõ àëãåáð, ëåãêî

âûïèñûâàåòñÿ â ÿâíîì âèäå. Âûïèøåì òîëüêî òå óðàâíåíèÿ, êîòîðûå íàì ïîíàäîáÿò-
ñÿ.

Èç ðàâåíñòâà Q([X1, X2]1) = [Q(X1), Q(X2)]2 ñëåäóåò, ÷òî q33ε = (q11q22 − q21q12)ε̃,
q44τ + q45υ − (q11q22 − q21q12)τ̃ = 0, q54τ + q55υ − (q11q22 − q21q12)υ̃ = 0. Òàê êàê ε > 0
è ε̃ > 0, òî

q33 = q11q22 − q21q12 = 1, ε = ε̃,

îòêóäà â ÷àñòíîñòè ïîëó÷àåì, ÷òî
q44τ + q45υ = τ̃ , q54τ + q55υ = υ̃.

Èç ðàâåíñòâ Q([X1, X3]1) = [Q(X1), Q(X3)]2 è Q([X2,X3]1) = [Q(X2), Q(X3)]2 ñëå-
äóåò, ÷òî
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(9) q44γ = q11γ̃, q54γ = q21ρ̃,
q45ρ = q12γ̃, q55ρ = q22ρ̃.

Òàê êàê Q1 è Q2 ÿâëÿþòñÿ ìàòðèöàìè ïîâîðîòà, òî Q1 =
�

cos(ϕ) sin(ϕ)
− sin(ϕ) cos(ϕ)

�
è

Q2 =
�

cos(ψ) sin(ψ)
− sin(ψ) cos(ψ)

�
ïðè ïîäõîäÿùèõ çíà÷åíèÿõ ϕ è ψ èç ïðîìåæóòêà [−π, π].

Ïåðåïèøåì äàííûå ñèñòåìû óðàâíåíèé â ìàòðè÷íîì âèäå:

(10)
�

cos(ψ) sin(ψ)
− sin(ψ) cos(ψ)

��
τ
υ

�
=
�
τ̃
υ̃

�
,

(11)

0
BB@

cos(ψ) − cos(ϕ) 0 0
0 − sin(ϕ) sin(ψ) 0
0 0 cos(ψ) − cos(ϕ)

− sin(ψ) 0 0 sin(ϕ)

1
CCA

0
BB@

γ
γ̃
ρ
ρ̃

1
CCA =

0
BB@

0
0
0
0

1
CCA .

Îïðåäåëèòåëü ìàòðèöû ñèñòåìû óðàâíåíèé (11) äîëæåí áûòü ðàâåí íóëþ, ñëåäî-
âàòåëüíî, cos2(ϕ) sin2(ψ)−sin2(ϕ) cos2(ψ) = (1−sin2(ϕ)) sin2(ψ)−sin2(ϕ)(1−sin2(ψ)) =
sin2(ψ)−sin2(ϕ) = 0. Òàêèì îáðàçîì, | sin(ψ)| = | sin(ϕ)| := α è | cos(ψ)| = | cos(ϕ)| := β.
Ó÷èòûâàÿ ââåäåííûå ðàíåå îáîçíà÷åíèÿ, ïîëó÷àåì, ÷òî α = |q12| = |q21| = |q45| = |q54|
è β = |q11| = |q22| = |q44| = |q55|.

Åñëè α 6= 0, òî (ó÷èòûâàÿ íåðàâåíñòâà γ ≥ ρ, γ̃ ≥ ρ̃) èç ðàâåíñòâ (9) ìû ïîëó÷àåì,
÷òî γ = γ̃ = ρ = ρ̃. Ïîýòîìó υ = υ̃ = 0. À èç ðàâåíñòâà (10) ñ ó÷åòîì íåîòðèöàòåëüíî-
ñòè τ è τ̃ íàõîäèì, ÷òî τ = τ̃ .

Åñëè α = 0, òî β = 1. Â ýòîì ñëó÷àå èç ðàâåíñòâ (9) ìû ïîëó÷àåì, ÷òî γ = γ̃ è
ρ = ρ̃. Èç ðàâåíñòâà (10) (ó÷èòûâàÿ íåîòðèöàòåëüíîñòü υ, υ̃, τ è τ̃) íàõîäèì, ÷òî τ = τ̃
è υ = υ̃. Ëåììà ïîëíîñòüþ äîêàçàíà.

Åñëè dimZ(N ) = 3, òî ôàêòîð-àëãåáðà N/Z(N ) (ðàññìàòðèâàåìàÿ êàê ìåòðè÷å-
ñêàÿ àëãåáðà Ëè) ÿâëÿåòñÿ êîììóòàòèâíîé àëãåáðîé è ñïðàâåäëèâà ñëåäóþùàÿ

Ëåììà 10. Ïóñòü dimN = 5, dimZ(N ) = 3, òîãäà N èçîìîðôíà ìåòðè÷åñêîé àë-
ãåáðå Ëè N 5

3 (ε), çàäàþùåéñÿ ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â îð-
òîíîðìèðîâàííîì áàçèñå {X1, X2, X3, X4, X5}: [X1, X2] = εX3, ε > 0, ãäå Z(N 5

3 (ε)) =
{X3, X4, X5}.

Îïåðàòîð Ðè÷÷è Ric èìååò âèä

Ric = −1
2

diag
�
ε2, ε2,−ε2, 0, 0

�
.

Àëãåáðà âñåõ äèôôåðåíöèðîâàíèé èìååò âèä

Der(N 5
3 (ε)) =

8
>>>><
>>>>:
T =

0
BBBB@

λ a 0 0 0
b µ 0 0 0
c d ν k l
e f 0 κ m
g h 0 n η

1
CCCCA
, ν = λ+ µ

9
>>>>=
>>>>;
.

Äàííûå ìåòðè÷åñêèå àëãåáðû Ëè ÿâëÿþòñÿ ïîïàðíî íåèçîìåòðè÷íûìè.

Äîêàçàòåëüñòâî. Ïóñòü N � ïðîèçâîëüíàÿ ìåòðè÷åñêàÿ àëãåáðà Ëè, óäîâëåòâî-
ðÿþùàÿ óñëîâèþ ëåììû. Ðàññìîòðèì òåïåðü ìåòðè÷åñêóþ àëãåáðó Ëè N (c1, c2, c3),
çàäàþùóþñÿ ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â îðòîíîðìèðîâàííîì
áàçèñå {X1,X2, X3, X4, X5}: [X1, X2] = c1X3 + c2X4 + c3X5, [X1, X3] = 0, [X1, X4] = 0,
[X1,X5] = 0, [X2, X3] = 0, [X2, X4] = 0, [X2, X5] = 0, [X3, X4] = 0, [X3,X5] = 0,
[X4,X5] = 0. Ïîíÿòíî, ÷òî N èçîìîðôíà îäíîé èç ìåòðè÷åñêèõ àëãåáð Ëè òàêîãî
òèïà.
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Ðàññìîòðèì íîâûé áàçèñ {X1, X2, X̃3, X̃4, X̃5}. Áàçèñíûé âåêòîð X̃3 âûáèðàåòñÿ
ñëåäóþùèì îáðàçîì: X̃3 = 1√

c21+c22+c23
(c1X3 + c2X4 + c3X5). Â íîâîì áàçèñå [X1, X2] =

p
c21 + c22 + c23X̃3. Âçàèìíî ïåðïåíäèêóëÿðíûå áàçèñíûå âåêòîðà X̃4 è X̃5 äîïîëíÿþò

áàçèñíûé âåêòîð X̃3 â öåíòðå.
Ñëåäîâàòåëüíî, ëþáàÿ àëãåáðà òèïà N (c1, c2, c3) èçîìåòðè÷íà îäíîé èç àëãåáð òè-

ïà N 5
3 (ε), çàäàííîé ñëåäóþùèìè êîììóòàöèîííûìè ñîîòíîøåíèÿìè â îðòîíîðìè-

ðîâàííîì áàçèñå {X1, X2, X3,X4, X5}: [X1, X2] = εX3, [X1, X3] = 0, [X1,X4] = 0,
[X1,X5] = 0, [X2, X3] = 0, [X2, X4] = 0, [X2, X5] = 0, [X3, X4] = 0, [X3,X5] = 0,
[X4,X5] = 0. Ìîæíî ñ÷èòàòü, ÷òî ε > 0 (â ñëó÷àå ε < 0 ïîìåíÿòü ìåñòàìè X1 è X2).
Îïåðàòîð Ðè÷÷è âû÷èñëÿåòñÿ ïî ôîðìóëå (3). Àëãåáðà äèôôåðåíöèðîâàíèé íàõîäèò-
ñÿ íåïîñðåäñòâåííî.

Ïî ñàìîìó âûáîðó ε ÿâëÿåòñÿ èíâàðèàíòîì ìåòðè÷åñêîé àëãåáðû Ëè. Ñëåäîâà-
òåëüíî, ðàçíûå çíà÷åíèÿ ε ñîîòâåòñòâóþò íåèçîìåòðè÷íûì ìåòðè÷åñêèì àëãåáðàì
Ëè.

Îñòàëîñü çàìåòèòü, ÷òî èç ñîâîêóïíîñòè äîêàçàííûõ âûøå ëåìì âûòåêàåò óòâåð-
æäåíèå òåîðåìû 3.

4. Ýéíøòåéíîâû ðàñøèðåíèÿ ïÿòèìåðíûõ íèëüïîòåíòíûõ ìåòðè÷åñêèõ
àëãåáð Ëè

Â ýòîì ðàçäåëå ìû äîêàæåì òåîðåìó 1. Êàê ïîêàçàíî â òåîðåìå 5 ðàáîòû [9],
äëÿ êîììóòàòèâíîé ìåòðè÷åñêîé àëãåáðû Ëè (n, Q) ïðîèçâîëüíîé ðàçìåðíîñòè âñå
ýéíøòåéíîâû ðàñøèðåíèÿ ñòàíäàðòíû. Ïîýòîìó äàëåå îãðàíè÷èìñÿ ðàññìîòðåíèåì
íåêîììóòàòèâíûõ íèëüïîòåíòíûõ ìåòðè÷åñêèõ àëãåáð Ëè.

Ñîãëàñíî äîêàçàííîé âûøå òåîðåìå 3, (n, Q) èçîìîðôíà ìåòðè÷åñêîé àëãåáðå îäíî-
ãî èç äåâÿòè òèïîâ: 1) N 5

1 (ε, σ), 2) N 5
1 (ε, σ, υ, γ, ρ), 3) N 5

1 (ε, δ, τ, σ, υ, γ),
4) N 5

1 (ε, δ, τ, σ, υ, γ, ρ), 5) N 5
2 (δ, σ), 6) N 5

2 (ε, τ, υ, γ), 7a) N 5
2 (ε, τ, γ),

7b) N 5
2 (ε, τ, υ, γ, ρ), 8) N 5

3 (ε). Ðàçáåðåì ýòè ñëó÷àè, çà èñêëþ÷åíèåì âòîðîãî, ïîñëå-
äîâàòåëüíî. Ïðè èññëåäîâàíèè êàæäîãî èç ýòèõ ñëó÷àåâ ìû èñïîëüçóåì ðåçóëüòàòû
òåîðåìû 2 è ëåììû 1, à òàêæå îáîçíà÷åíèÿ èç òåîðåìû 3.

1) Ïóñòü (n, Q) èçîìîðôíà N 5
1 (ε, σ). Ðàññìîòðèì îïåðàòîð S : N 5

1 (ε, σ)→ N 5
1 (ε, σ),

èìåþùèé â áàçèñå {X1, X2, X3, X4, X5} âèä S = diag(1, 1, 1, 1, 2). Èñïîëüçóÿ ëåììó
1 è òåîðåìó 3, íåòðóäíî óáåäèòüñÿ â òîì, ÷òî äëÿ ëþáîãî äèôôåðåíöèðîâàíèÿ A :
N 5

1 (ε, σ) → N 5
1 (ε, σ) âûïîëíÿåòñÿ íåðàâåíñòâî trace(S · [A,A′]) ≥ 0. Ñèììåòðè÷åñêàÿ

÷àñòü ëþáîãî äèôôåðåíöèðîâàíèÿ A èìååò âèä

As =

0
BBBB@

λ b c e h
b µ d f k
c d ν g l
e f g κ m
h k l m η

1
CCCCA
,

ãäå µ = η − λ, κ = η − ν. Îïåðàòîð Ðè÷÷è èìååò âèä Ricn =
− 1

2 diag
�
ε2, ε2, σ2, σ2,−ε2 − σ2

�
. Ñëåäîâàòåëüíî,

trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) =

= 6(λ− ν)2 + 6(η − λ− ν)2 + 12(b2 + c2 + d2 + e2 + f2 + g2 + h2 + k2 + l2 +m2) ≥ 0.

Ñîãëàñíî òåîðåìå 2 âñå ýéíøòåéíîâû ðàñøèðåíèÿ ìåòðè÷åñêîé àëãåáðû Ëè N 5
1 (ε, σ)

ÿâëÿþòñÿ ñòàíäàðòíûìè.
3) Ïóñòü òåïåðü (n, Q) èçîìîðôíà N 5

1 (ε, δ, τ, σ, υ, γ). Ðàññìîòðèì îïåðàòîð S :
N 5

1 (ε, δ, τ, σ, υ, γ)→ N 5
1 (ε, δ, τ, σ, υ, γ), êîòîðûé èìååò â áàçèñå {X1, X2, X3, X4, X5} âèä

S = diag(2, 9, 11, 13, 15). Èñïîëüçóÿ ëåììó 1 è òåîðåìó 3, íåòðóäíî ïðîâåðèòü, ÷òî äëÿ
ëþáîãî äèôôåðåíöèðîâàíèÿ A : N 5

1 (ε, δ, τ, σ, υ, γ) → N 5
1 (ε, δ, τ, σ, υ, γ) âûïîëíÿåòñÿ
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íåðàâåíñòâî trace(S · [A,A′]) ≥ 0. Äëÿ ëþáîãî äèôôåðåíöèðîâàíèÿ A ñèììåòðè÷å-
ñêàÿ ÷àñòü èìååò âèä

As =

0
BBBB@

λ a b d g
a µ c e h
b c ν f k
d e f κ l
g h k l η

1
CCCCA
,

ãäå ν = λ+ µ, κ = 2λ+ µ, η = 3λ+ µ. Îïåðàòîð Ðè÷÷è èìååò âèä

Ricn = −1
2

0
BBBB@

A 0 0 0 0
0 B τδ + υγ υσ 0
0 τδ + υγ C γσ − ετ −ευ
0 υσ γσ − ετ D −τυ − δγ
0 0 −ευ −τυ − δγ −E

1
CCCCA
,

ãäå A = ε2 + τ2 +υ2 + δ2 +γ2 +σ2, B = ε2 + τ2 +υ2, C = δ2 +γ2− ε2, D = σ2− τ2− δ2,
E = υ2 + γ2 + σ2. Òàêèì îáðàçîì,

trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) =

= τ2 + 2υ2 + γ2 + 2(9λ− 2µ)2 + 100(a2 + b2 + c2 + d2 + e2 + f2 + g2 + h2 + k2 + l2) ≥ 0.

Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå 2 âñå ýéíøòåéíîâû ðàñøèðåíèÿ ìåòðè÷åñêîé àëãå-
áðû Ëè N 5

1 (ε, δ, τ, σ, υ, γ) ÿâëÿþòñÿ ñòàíäàðòíûìè.
4) Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà (n, Q) èçîìîðôíà N 5

1 (ε, δ, τ, σ, υ, γ, ρ). Ðàñ-
ñìîòðèì îïåðàòîð S : N 5

1 (ε, δ, τ, σ, υ, γ, ρ) → N 5
1 (ε, δ, τ, σ, υ, γ, ρ), èìåþùèé â áàçèñå

{X1, X2, X3, X4,X5} âèä S = diag(1, 2, 3, 4, 5). Èç ëåììû 1 è òåîðåìû 3 ïîëó÷àåì
äëÿ ëþáîãî äèôôåðåíöèðîâàíèÿ A : N 5

1 (ε, δ, τ, σ, υ, γ, ρ) → N 5
1 (ε, δ, τ, σ, υ, γ, ρ) íåðà-

âåíñòâî trace(S · [A,A′]) ≥ 0. Ñèììåòðè÷åñêàÿ ÷àñòü ëþáîãî äèôôåðåíöèðîâàíèÿ A
èìååò âèä

As =

0
BBBB@

λ a b d g
a µ c e h
b c ν f k
d e f κ l
g h k l η

1
CCCCA
.

Îïåðàòîð Ðè÷÷è èìååò âèä

Ricn = −1
2

0
BBBB@

A γρ −υρ 0 0
γρ B τδ + υγ υσ 0
−υρ τδ + υγ C γσ − ετ −ευ

0 υσ γσ − ετ D −τυ − δγ
0 0 −ευ −τυ − δγ −E

1
CCCCA
,

ãäå A = ε2 + τ2 + υ2 + δ2 + γ2 + σ2, B = ε2 + τ2 + υ2 + ρ2, C = δ2 + γ2 + ρ2 − ε2,
D = σ2 − τ2 − δ2, E = υ2 + γ2 + σ2 + ρ2. Ñëåäîâàòåëüíî,

trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) =

=
1
2
τ2 + υ2 +

1
2
γ2 + 30(a2 + b2 + c2 + d2 + e2 + f2 + g2 + h2 + k2 + l2) ≥ 0.

Òàêèì îáðàçîì, ñîãëàñíî òåîðåìå 2 âñå ýéíøòåéíîâû ðàñøèðåíèÿ ìåòðè÷åñêîé àëãå-
áðû Ëè N 5

1 (ε, δ, τ, σ, υ, γ, ρ) ÿâëÿþòñÿ ñòàíäàðòíûìè.
5) Ðàçáåðåì òåïåðü ñëó÷àé, êîãäà (n, Q) èçîìîðôíà N 5

2 (δ, σ). Ðàññìîòðèì îïå-
ðàòîð S : N 5

2 (δ, σ) → N 5
2 (δ, σ), , êîòîðûé èìååò â áàçèñå {X1, X2,X3, X4,X5} âèä

S = diag(2, 3, 3, 5, 5). Èñïîëüçóÿ ëåììó 1 è òåîðåìó 3, íåòðóäíî óáåäèòüñÿ â òîì, ÷òî
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äëÿ ëþáîãî äèôôåðåíöèðîâàíèÿ A : N 5
2 (δ, σ) → N 5

2 (δ, σ) âûïîëíÿåòñÿ íåðàâåíñòâî
trace(S · [A,A′]) ≥ 0. Ñèììåòðè÷åñêàÿ ÷àñòü ëþáîãî äèôôåðåíöèðîâàíèÿ A èìååò âèä

As =

0
BBBB@

λ a c e h
a µ d f k
c d ν g l
e f g κ m
h k l m η

1
CCCCA
,

ãäå κ = λ + µ, η = λ + ν, Îïåðàòîð Ðè÷÷è èìååò âèä Ricn =
− 1

2 diag
�
δ2 + σ2, δ2, σ2,−δ2,−σ2

�
. Ñëåäîâàòåëüíî,

trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) =

= (3λ− 2µ)2 + (3λ− 2ν)2 + 16(µ− ν)2+

+36(a2 + c2 + d2 + e2 + f2 + g2 + h2 + k2 + l2 +m2) ≥ 0.

Òàêèì îáðàçîì, ó÷èòûâàÿ ðåçóëüòàò òåîðåìû 2 âñå ýéíøòåéíîâû ðàñøèðåíèÿ ìåòðè-
÷åñêîé àëãåáðû Ëè N 5

2 (δ, σ) ÿâëÿþòñÿ ñòàíäàðòíûìè.
6) Ïóñòü òåïåðü (n, Q) èçîìîðôíà N 5

2 (ε, τ, υ, γ). Ðàññìîòðèì îïåðàòîð
S : N 5

2 (ε, τ, υ, γ) → N 5
2 (ε, τ, υ, γ), èìåþùèé â áàçèñå {X1, X2, X3, X4, X5} âèä

S = diag(1, 2, 3, 4, 3). Ïðèìåíÿÿ ëåììó 1 è òåîðåìó 3, ëåãêî óáåäèòüñÿ â òîì, ÷òî
äëÿ ëþáîãî äèôôåðåíöèðîâàíèÿ A : N 5

2 (ε, τ, υ, γ) → N 5
2 (ε, τ, υ, γ) âûïîëíÿåòñÿ íåðà-

âåíñòâî trace(S · [A,A′]) ≥ 0. Ñèììåòðè÷åñêàÿ ÷àñòü ëþáîãî äèôôåðåíöèðîâàíèÿ A
èìååò âèä

As =

0
BBBB@

λ b c e h
b µ d f k
c d ν g l
e f g κ n
h k l n η

1
CCCCA
,

ãäå ν = λ+ µ, κ = 2λ+ µ. Îïåðàòîð Ðè÷÷è èìååò âèä

Ricn = −1
2

0
BBBB@

ε2 + τ2 + υ2 + γ2 0 0 0 0
0 ε2 + τ2 + υ2 τγ 0 0
0 τγ γ2 − ε2 −ετ −ευ
0 0 −ετ −τ2 − γ2 −τυ
0 0 −ευ −τυ −υ2

1
CCCCA
.

Òàêèì îáðàçîì,
trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) =

=
1
2
τ2 +

3
4

(4µ+ λ− 3η)2 +
13
4

(η − 3λ)2+

+26(b2 + c2 + d2 + e2 + f2 + g2 + h2 + k2 + l2 + n2) ≥ 0.

Ñîãëàñíî òåîðåìå 2 âñå ýéíøòåéíîâû ðàñøèðåíèÿ ìåòðè÷åñêîé àëãåáðû Ëè
N 5

2 (ε, τ, υ, γ) ÿâëÿþòñÿ ñòàíäàðòíûìè.
7a) Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà (n, Q) èçîìîðôíà N 5

2 (ε, τ, γ). Ðàññìîòðèì
îïåðàòîð S : N 5

2 (ε, τ, γ) → N 5
2 (ε, τ, γ), èìåþùèé â áàçèñå {X1, X2,X3, X4, X5} âèä

S = diag(1, 1, 2, 3, 3). Èñïîëüçóÿ ëåììó 1 è òåîðåìó 3 ïîëó÷àåì, ÷òî äëÿ ëþáîãî
äèôôåðåíöèðîâàíèÿ A : N 5

2 (ε, τ, γ) → N 5
2 (ε, τ, γ) âûïîëíÿåòñÿ íåðàâåíñòâî trace(S ·

[A,A′]) ≥ 0. Ñèììåòðè÷åñêàÿ ÷àñòü ëþáîãî äèôôåðåíöèðîâàíèÿ A èìååò âèä

As =

0
BBBB@

λ b c e h
b µ d f k
c d ν g l
e f g κ b
h k l b η

1
CCCCA
,
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ãäå ν = λ+ µ, κ = 2λ+ µ, η = λ+ 2µ. Îïåðàòîð Ðè÷÷è èìååò âèä

Ricn = −1
2

0
BBBB@

ε2 + τ2 + γ2 0 0 0 0
0 ε2 + τ2 + γ2 τγ 0 0
0 τγ 2γ2 − ε2 −ετ 0
0 0 −ετ −τ2 − γ2 0
0 0 0 0 −γ2

1
CCCCA
.

Ñëåäîâàòåëüíî,
trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) =

=
1
2
τ2 + 10(λ− µ)2 + 20(2b2 + c2 + d2 + e2 + f2 + g2 + h2 + k2 + l2) ≥ 0.

Òàêèì îáðàçîì, ñîãëàñíî òåîðåìå 2 âñå ýéíøòåéíîâû ðàñøèðåíèÿ ìåòðè÷åñêîé àëãå-
áðû Ëè N 5

2 (ε, τ, γ) ÿâëÿþòñÿ ñòàíäàðòíûìè.
7b) Ïóñòü òåïåðü (n, Q) èçîìîðôíà N 5

2 (ε, τ, υ, γ, ρ). Ðàññìîòðèì îïåðàòîð S :
N 5

2 (ε, τ, υ, γ, ρ) → N 5
2 (ε, τ, υ, γ, ρ), èìåþùèé â áàçèñå {X1, X2, X3, X4, X5} âèä

S = diag(1, 1, 2, 3, 3). Èç ëåììû 1 è òåîðåìû 3 ïîëó÷àåì äëÿ ëþáîãî äèôôåðåíöè-
ðîâàíèÿ A : N 5

2 (ε, τ, υ, γ, ρ) → N 5
2 (ε, τ, υ, γ, ρ) íåðàâåíñòâî trace(S · [A,A′]) ≥ 0. Ñèì-

ìåòðè÷åñêàÿ ÷àñòü ëþáîãî äèôôåðåíöèðîâàíèÿ A èìååò âèä

As =

0
BBBB@

λ b c e h
b µ d f k
c d ν g l
e f g κ m
h k l m η

1
CCCCA
,

ãäå ν = λ+ µ, κ = 2λ+ µ, η = λ+ 2µ. Îïåðàòîð Ðè÷÷è èìååò âèä Ricn =

−1
2

0
BBBB@

ε2 + τ2 + υ2 + γ2 0 −υρ 0 0
0 ε2 + τ2 + υ2 + ρ2 τγ 0 0
−υρ τγ γ2 + ρ2 − ε2 −ετ −ευ

0 0 −ετ −τ2 − γ2 −τυ
0 0 −ευ −τυ −υ2 − ρ2

1
CCCCA
.

Ñëåäîâàòåëüíî,
trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) =

=
1
2
τ2 +

1
2
υ2 + 10(λ− µ)2 + 20(b2 + c2 + d2 + e2 + f2 + g2 + h2 + k2 + l2 +m2) ≥ 0.

Òàêèì îáðàçîì, ñîãëàñíî òåîðåìå 2 âñå ýéíøòåéíîâû ðàñøèðåíèÿ ìåòðè÷åñêîé àëãå-
áðû Ëè N 5

2 (ε, τ, υ, γ, ρ) ÿâëÿþòñÿ ñòàíäàðòíûìè.
8) Íàêîíåö, ðàññìîòðèì ñëó÷àé, êîãäà (n, Q) èçîìîðôíà N 5

3 (ε). Ðàññìîòðèì îïåðà-
òîð S : N 5

3 (ε)→ N 5
3 (ε), èìåþùèé â áàçèñå {X1, X2,X3, X4, X5} âèä S = diag(2, 2, 4, 3, 3).

Èñïîëüçóÿ ëåììó 1 è òåîðåìó 3, ëåãêî ïðîâåðèòü, ÷òî äëÿ ëþáîãî äèôôåðåíöèðîâà-
íèÿ A : N 5

3 (ε) → N 5
3 (ε) âûïîëíÿåòñÿ íåðàâåíñòâî trace(S · [A,A′]) ≥ 0. Ñèììåòðè÷å-

ñêàÿ ÷àñòü ëþáîãî äèôôåðåíöèðîâàíèÿ A èìååò âèä

As =

0
BBBB@

λ b c e g
b µ d f h
c d ν k l
e f k κ n
g h l n η

1
CCCCA
,

ãäå ν = λ + µ. Îïåðàòîð Ðè÷÷è èìååò âèä Ricn = − 1
2 diag

�
ε2, ε2,−ε2, 0, 0,

�
. Òàêèì

îáðàçîì,
trace(S · Ricn) + trace(S) · trace(As ·As)− trace(As) trace(S ·As) =

= 7(λ− µ)2 + 7(κ− η)2 + (2κ+ 2η − 3λ− 3µ)2+



136 Å.Â. Íèêèòåíêî

+28(b2 + c2 + d2 + e2 + f2 + g2 + h2 + k2 + l2 + n2) ≥ 0.

Ñîãëàñíî òåîðåìå 2 âñå ýéíøòåéíîâû ðàñøèðåíèÿ ìåòðè÷åñêîé àëãåáðû Ëè N 5
3 (ε)

ÿâëÿþòñÿ ñòàíäàðòíûìè. Òåîðåìà ïîëíîñòüþ äîêàçàíà.
Çàìå÷àíèå 7. Ñëåäóåò îòìåòèòü, ÷òî èñïîëüçîâàííûé âûøå ìåòîä äîêàçàòåëü-
ñòâà íå ðàáîòàåò íà ìåòðè÷åñêèõ àëãåáðàõ Ëè èç ïóíêòà 2 òåîðåìû 3. Ïîíÿòíî,
÷òî â ñëó÷àå ñóùåñòâîâàíèÿ ãèïîòåòè÷åñêèõ íåñòàíäàðòíûõ ñåìèìåðíûõ ðàçðå-
øèìûõ ýéíøòåéíîâûõ ìåòðè÷åñêèõ àëãåáð Ëè äîêàçàòü ñòàíäàðòíîñòü ýéíøòåé-
íîâûõ ðàñøèðåíèé äëÿ êàæäîé èç ñîîòâåòñòâóþùèõ íèëüïîòåíòíûõ ìåòðè÷åñêèõ
àëãåáð Ëè íåâîçìîæíî â ïðèíöèïå. Óêàæåì ëèøü íà òî, ÷òî èñïîëüçîâàííûé ìå-
òîä ïîçâîëÿåò äîêàçàòü ñòàíäàðòíîñòü ýéíøòåéíîâûõ ðàñøèðåíèé ýòèõ àëãåáð â
ñëó÷àå γ = 0.
Çàìå÷àíèå 8. Ëþáîïûòíî òî, ÷òî â êàæäîì èç ïîñëåäîâàòåëüíî ðàññìàòðèâàå-
ìûõ ñëó÷àåâ â äîêàçàòåëüñòâå òåîðåìû 1 âñïîìîãàòåëüíûé îïåðàòîð S ñòðîèòñÿ
ïî ñïåêòðàëüíîìó òèïó øåñòèìåðíîãî ýéíøòåéíîâà ðàñøèðåíèÿ ðàíãà 1 ñîîòâåò-
ñòâóþùåé ïÿòèìåðíîé íèëüïîòåíòíîé àëãåáðû Ëè (ñì. ïîäðîáíîñòè â ðàáîòå [13]).
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