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ℵ0-SPACES AND IMAGES OF SEPARABLE METRIC SPACES

YING GE

Abstract. A space X is an ℵ0-space if and only if X is a sequence-
covering and compact-covering image of a separable metric space. It
follows that a space X is a k-and-ℵ0-space if and only if X is a sequence-
covering and compact-covering, quotient image of a separable metric
space.

An investigation of relations between spaces with countable networks and images
of separable metric spaces is one of interesting questions on generalized metric
spaces. In the past, Michael proved in the past that the space is an ℵ0-space if and
only if it is a compact-covering image of a separable metric space [13]. Note that
sequence-covering mappings introduced by Siwiec in [14] and sequentially quotient
mappings introduced by Boone and Siwiec in [1] were powerful tools to characterize
spaces with countable networks. Recently Lin and Yan in [10] proved that a space
is an sn-second countable space if and only if it is a sequentially quotient, compact
image of a separable metric space, and they also raised the following question.

Question 1. ([10, Question 4.10]. Is a Fréchet ℵ0-space a closed and sequence-
covering image of a separable metric space?

However, Yan, Lin and Jiang proved that the metrizability is preserved by closed
and sequence-covering mappings [18]. Note that Sω is a Fréchet ℵ0-space, which
is not even first countable (see [6, Example 1.8.7], for example). So the answer to
Question 1 is negative. More precisely, Lin proved that a space is a Fréchet, ℵ0-
space if and only if it is a closed image of a separable metric space [8]. Considering
Question 1, it is natural to pose
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Question 2. Is an ℵ0-space a sequence-covering and compact-covering image of
a separable metric space?

On the other hand, a space X is a quotient (resp. quotient compact) image of
a separable metric space if and only if it is a k-and-ℵ0-space [13] (resp. g-second
countable [11]). In regard to these results, Tanaka [17] pointed out that we can
add "compact-covering"before "quotient"but it is impossible to add "sequence-
covering"before "quotient"for the parenthetic part. However, we do not know whe-
ther "sequence-covering"can be added before "quotient"for the nonparenthetic part.
That is, we have the following

Question 3. Is a k-and-ℵ0-space a sequence-covering and compact-covering quo-
tient image of a separable metric space?

In this paper, we prove that a space X is an ℵ0-space if and only if X is a
sequence-covering and compact-covering image of a separable metric space, which
give an affirmative answer to Question 2. As a corollary of this result, a space X
is a k-and-ℵ0-space if and only if X is a sequence-covering and compact-covering,
quotient image of a separable metric space, which answers Question 3 affirmatively.
Throughout this paper, all spaces are assumed regular T1, and all mappings are
continuous and onto. N and ω denote the set of all natural numbers and the first
infinite ordinal respectively. (βn) denotes a point of a Tychonoff-product space, the
n-th coordinate is βn. The sequence {xn : n ∈ N}, the sequence {Fn : n ∈ N} of
subsets and the sequence {Fn : n ∈ N} of collections of subsets are abbreviated to
{xn}, {Fn} and {Fn} respectively. Let F be a collection of subsets of X and let
f be a mapping. Then

⋃F and f(F) denote
⋃{F : F ∈ F} and {f(F ) : F ∈ F}

respectively. We say that a sequence {xn} converging to x is eventually in F , if
there exists k ∈ N such that {xn : n > k}⋃{x} ⊂ F ; is frequently in F if x ∈ F
and for any k ∈ N there exists n > k such that xn ∈ F . For the terms not defined
here, please refer to [4].

Definition 4. Let f : X −→ Y be a mapping.
(1) f is a sequence-covering mapping [14] if every convergent sequence of Y is

the image of some convergent sequence of X.
(2) f is a compact-covering mapping [13] if every compact subset of Y is the

image of some compact subset of X.
(3) f is a pseudo-sequence-covering mapping [2] if every convergent sequence of

Y is the image of some compact subset of X.
(4) f is a sequentially-quotient mapping [1] if for every convergent sequence L

of Y , there is a convergent sequence S of X such that f(S) is a subsequence of L.
(5) f is a subsequence-covering mapping [9] if for every convergent sequence L

of Y , there is a compact subset K of X such that f(K) is a subsequence of L.
(6) f is a quotient mapping [13] if whenever f−1(U) is open in X, then U is

open in Y .

Remark 5. We have the following implications from Definition 4.
(1) Sequence-covering mapping=⇒pseudo-sequence-covering mapping (sequenti-

ally-quotient mapping)=⇒subsequence-covering mapping.
(2) Compact-covering mapping=⇒pseudo-sequence-covering mapping.

Definition 6. Let F be a cover of a space X.
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(1) F is a pseudobase of X [13] if whenever K is compact subset of X and U is
an open neighborhood of K, there exists F ∈ F such that K ⊂ F ⊂ U .

(2) F is a k-network of X [12] if whenever K is compact subset of X and U is
an open neighborhood of K, there exists a finite F ′ ⊂ F such that K ⊂ ⋃F ′ ⊂ U .

(3) F is a cs-network of X [5] if every convergent sequence S converging to a
point x ∈ U with U open in X, then S is eventually in F ⊂ U for some F ∈ F .

(4) F is a cs∗-network of X [3] if every convergent sequence S converging to a
point x ∈ U with U open in X, then S is frequently in F ⊂ U for some F ∈ F .
Definition 7. A space X is an ℵ0-space [13] if X has a countable pseudobase.
Remark 8. We have known that a space X is an ℵ0-space if and only if it has a
countable k-network (cs-network, cs∗-network) (see [16, Proposition C], for exam-
ple).

Now we give the main theorem.
Lemma 9. ([6, Lemma3.7.4]). Let F be a countable cs∗-network of a space X.
Then F is a k-network of X.
Lemma 10. Let f : X −→ Y be a subsequence-covering mapping, while the points
in X are Gδ. Then f is sequentially-quotient.
Proof. Let S be a sequence converging to y in Y . Since f is subsequence-covering,
there is a compact subset K in X such that f(K) = S′ is a subsequence of S.
Put S′ = {y} ∪ {yn : n ∈ N}, where {yn} converges to y. Pick xn ∈ f−1(yn) ∩K,
Then {xn} ⊂ K. Note that K is a compact subspace whose points are G′δs. Thus
K is first countable, hence sequentially compact, so there is a subsequence {xnk

}
of {xn} that converges to x ∈ f−1(y). This proves that f is sequentially-quotient.
¤

The following lemma belongs to Lin [6, Proposition 3.7.14(2)].
Lemma 11. Let f : X −→ Y be a sequentially-quotient mapping, and X be an
ℵ0-space. Then Y is an ℵ0-space.
Proof. X is an ℵ0-space, So X has a countable cs-network B by Remark 8. Put
F = f(B). We only need to prove that F is a cs∗-network of Y from Remark 8.

Let S be a sequence in Y converging to a point y ∈ U with U open in Y .
Since f is sequentially-quotient, there is a sequence L in X converging to a point
x ∈ f−1(y) ⊂ f−1(U) such that f(L) is a subsequence of S. Since B is a cs-network
of X, there exists B ∈ B such that L is eventually in B and B ⊂ f−1(U). Thus
f(L) is eventually in f(B) ⊂ U , and so S is frequently in f(B) ⊂ U . Note that
f(B) ∈ F . So F is a cs∗-network of Y . ¤
Theorem 12. For a space X, the following are equivalent.

(1) X is an ℵ0-space.
(2) X is a sequence-covering and compact-covering image of a separable metric

space.
(3) X is a sequence-covering image of a separable metric space.
(4) X is a compact-covering image of a separable metric space.
(5) X is a pseudo-sequence-covering image of a separable metric space.
(6) X is a subsequence-covering compact image of a locally separable metric

space.
(7) X is a sequentially-quotient image of a separable metric space.
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Proof. (2)=⇒(3)=⇒(5)=⇒(6) and (2)=⇒(4)=⇒(5)=⇒(6) by Remark 5. (6)=⇒(7)
by Lemma 10 and (7)=⇒(1) by Lemma 11. We prove only (1)=⇒(2).

Let X be an ℵ0-space. Then X has a countable cs-network F = {Fβ : β ∈ Λ},
where Λ is a countable index set. Thus F is also a countable k-network for X from
Lemma 9. By the regularity of X, we can assume every element of F is closed in
X. Let Λn be a topological space Λ endowed with the discrete topology for every
n ∈ N. Put

M = {b = (βn) ∈ Πn∈NΛn : {Fβn
} is a network at some point xb in X}.

Then M , which is a subspace of Tychonoff product space Πn∈NΛn, is a metric
space. Note that every Λn is a countable and discrete space. Thus Πn∈NΛn is
separable and so M is a separable metric space. For every b = (βn) ∈ M , {Fβn} is
a network at some point xb in X. Put f(b) = xb. It is easy to check that f : M −→ X
defined as above is a mapping. It suffices to prove the following two claims.

Claim 1. f is sequence-covering.
For every convergent sequence L of X and every open subset V of X containing

L, we call a subfamily F ′ of F to have property F(L, V ) if F ′ satisfies the following
conditions (1.1)-(1.4).

(1.1) F ′ is finite.
(1.2) ∅ 6= F

⋂
L ⊂ F ⊂ V for every F ∈ F ′.

(1.3) For every z ∈ L, there exists a unique Fz ∈ F ′ such that z ∈ Fz.
(1.4) If x is the limit point of L and x ∈ F ∈ F ′, then L− F is finite.
Obviously, such subfamilies of F ′ having property F(L, V ) exist. In fact, we

write L = {ym : m ∈ ω} be a sequence in X converging to y0. Since F is a cs-
network of X, there exists F0 ∈ F such that L is eventually in F0 and F0 ⊂ V .
Since L− F0 is finite, put L− F0 = {yni : i = 1, · · · , k}. For every i ∈ {1, · · · , k},
note that V − ((L

⋂
F0)

⋃{ynj : j = 1, · · · , k and j 6= i}) is an open neighborhood
of yni , so there exists Fi ∈ F such that yni ∈ Fi ⊂ V − ((L

⋂
F0)

⋃{ynj : j =
1, · · · , k and j 6= i}). Put F ′ = {Fi : i = 0, 1, · · · , k}, then F ′ have property
F(L, V ).

Let S = {xm : m ∈ ω} be a sequence in X converging to x0. We can assume
xn 6= xm if n 6= m. F is countable, so {F ′ ⊂ F : F ′ have property F(S, X)} is
countable by (1.1). Put

{F ′ ⊂ F : F ′ have property F(S, X)} = {Fn : n ∈ N}.
and put Fn = {Fβ : β ∈ ∆n} for every n ∈ N, where ∆n is a finite subset of
Λn. For every n ∈ N and every m ∈ ω, there exists unique βnm ∈ ∆n, such that
xm ∈ Fβnm ∈ Fn. Put bm = (βnm) ∈ Πn∈N∆n, then

(1.5) bm ∈ M and f(bm) = xm for every m ∈ ω.
It suffices to prove that {Fβnm : n ∈ N} is a network at xm in X. Let U be

an open neighborhood of xm. If xm = x0, put L = S
⋂

U , then there exists a
subfamily F ′ of F such that F ′ has property F(L,U). Since S − L is finite, put
S − L = {xni : i = 1, · · · , k}. For every i ∈ {1, · · · , k}, note that X − (L

⋃{xnj :
j = 1, · · · , k and j 6= i}) is an open neighborhood of xni , so there exists Fi ∈ F
such that xni ∈ Fi ⊂ X− (L

⋃{xnj : j = 1, · · · , k and j 6= i}). Put F ′′ = F ′⋃{Fi :
i = 0, 1, · · · , k}, then F ′′ has property F(S,X). So there exists k ∈ N such that
F ′′ = Fk. Thus x0 ∈ Fβk0 ∈ F ′, hence x0 ∈ Fβk0 ⊂ U by (1.2). If xm 6= x0, there
exist a subfamily F ′ of F such that F ′ has property F(S−{xm}, X−{xm}) (note:
here {xm} is a one-point set, not a sequence) and F ∈ F such that xm ∈ F ∈
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U − (S − {xm}). Thus {F}
⋃F ′ has property F(S, X); hence, there exists k ∈ N

such that {F}⋃F ′ = Fk, so xm ∈ Fβkm
= F ⊂ U . Thus {Fβnm

: n ∈ N} is a
network at xm in X for every m ∈ ω.

(1.6) limn→∞ bn = b0

It suffices to prove that limn→∞ βkn = βk0 for every k ∈ N. For every k ∈ N,
x0 ∈ Fβk0 ∈ Fk, where βk0 ∈ ∆k. Since Fk has property F(S, X), S −Fβk0 is finite
by (1.4), so there exists nk ∈ N such that xn ∈ Fβk0 for every n > nk. Note that
xn ∈ Fβkn

∈ Fk. Thus βkn = βk0 for every n > nk by uniqueness in (1.3). So
limn→∞ βkn = βk0.

By (1.5) and (1.6), we completes the proof of Claim 1.
Claim 2. f is compact-covering.
Let K is a compact subset of X. We call a subfamily E of F to have property

E(K), if E satisfies the following conditions (2.1) and (2.2).
(2.1) E is finite.
(2.2) K ⊂ ⋃ E .
F is countable, so {E ⊂ F : E have property E(K)} is countable by (2.1). Put

{E ⊂ F : E have property E(K)} = {En : n ∈ N}, and put En = {Fβ : β ∈ Γn} for
every n ∈ N, where Γn is a finite subset of Λn.

Put L = {(βn) ∈ Πn∈NΓn :
⋂

n∈N(K
⋂

Fβn) 6= ∅}. Then
(2.3) L is a compact subset of Πn∈NΛn.
Γn is finite for every n ∈ N and so Πn∈NΓn is compact. Note that L ⊂ Πn∈NΓn,

we only need to prove that L is closed in Πn∈NΓn. Let b = (βn) ∈ Πn∈NΓn − L.
Then

⋂
n∈N(K

⋂
Fβn) = ∅. Note that K

⋂
Fβn is closed in K for every n ∈ N

and K is compact, there exists n0 ∈ N such that
⋂

n≤n0
(K

⋂
Fβn) = ∅. Put W =

{(γn) ∈ Πn∈NΓn : γn = βn if n ≤ n0}. Then W is an open neighborhood of b in
Πn∈NΓn and W

⋂
L = ∅. If not, there exists c = (γn) ∈ W

⋂
L. Since c ∈ L, we have⋂

n∈N(K
⋂

Fγn) 6= ∅, hence ⋂
n≤n0

(K
⋂

Fγn) 6= ∅. Since c ∈ W ,
⋂

n≤n0
(K

⋂
Fβn) =⋂

n≤n0
(K

⋂
Fγn) 6= ∅. This contradicts that ⋂

n≤n0
(K

⋂
Fβn) = ∅.

(2.4) L ⊂ M and f(L) = K.
Let b = (βn) ∈ L, then

⋂
n∈N(K

⋂
Fβn) 6= ∅. Pick x ∈ ⋂

n∈N(K
⋂

Fβn). If {Fβn}
is a network at x in X, then b ∈ M and f(b) = x, hence L ⊂ M and f(L) ⊂ K.
So we only need to prove that {Fβn} is a network at x in X. Let V is an open
neighborhood of x. There exists a subset W of K such that x ∈ W with W is
open in K and a compact subset clK(W ) ⊂ V , where clK(W ) is the closure of
W in K. Thus there exists a finite F ′ ⊂ F such that clK(W ) ⊂ ⋃F ′ ⊂ V . Note
that compact subset K − W ⊂ X − {x}, there exists a finite F ′′ ⊂ F such that
K −W ⊂ ⋃F ′′ ⊂ X − {x}. Put F∗ = F ′⋃F ′′, then F∗ has property E(K). So
there exists k ∈ N such that Ek = F∗. Since x ∈ Fβk

∈ Ek, Fβk
∈ F ′, thus Fβk

⊂ V .
This proves that {Fβn} is a network at x in X.

(2.5) K ⊂ f(L).
Let x ∈ K. For every n ∈ N, there exists βn ∈ Γn such that x ∈ Fβn . Put

b = (βn), then b ∈ L. Furthermore, f(b) = x by the proof of (2.4). So K ⊂ f(L).
By (2.3), (2.4) and (2.5), we completes the proof of Claim 2. ¤
Now we answer Question 3. Recall a space X is a k-space if F ⊂ X is closed in

X iff F
⋂

K is closed in K for every compact subset K of X.
Lemma 13. ([7, Lemma1.4.2]). Let f : X −→ Y be a mapping and let Y be a
k-space. If f is compact-covering, then f is quotient.
Corollary 14. For a space X, the following are equivalent.
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(1) X is a k-and-ℵ0-space.
(2) X is a sequence-covering and compact-covering quotient image of a separable

metric space.
Proof. We only need to prove that (1)=⇒(2).

Let X be a k-and-ℵ0-space. X is an ℵ0-space, so there exists a sequence-covering
and compact-covering mapping f : M −→ X from Theorem 12, where M is a sepa-
rable metric space. Note that X is a k-space. So f is also quotient from Lemma 13.
Thus X is a sequence-covering and compact-covering quotient image of a separable
metric space. ¤
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