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∂-ÇÀÌÊÍÓÒÎÅ ÏÐÎÄÎËÆÅÍÈÅ CR-ÔÎÐÌ Ñ
ÎÑÎÁÅÍÍÎÑÒßÌÈ ÍÀ ÏÎÐÎÆÄÀÞÙÅÌ ÌÍÎÃÎÎÁÐÀÇÈÈ

Ò.Í.ÍÈÊÈÒÈÍÀ

Abstract. Let Γ be a smooth generic manifold with nonzero Levi form
in a domain of holomorphy Ω ⊂ Cn, n > 1. Let ΩΓ ⊂ Ω be the domain
adjacent to Γ to which all CR-forms defined on Γ extend ∂-closely. Let
K = K̂Ω ⊂ Ω be a holomorphically convex compact set. We show that
every CR-form on Γ \K of bidegree (l, r) with coefficients in C1(Γ \K)

extends ∂-closely to ΩΓ \K. When n = 2 and r = 0 the manifold Γ must
be closed (∂Γ = 0). The proof uses an integral representation, obtained
from the integral representation of Airapetyan and Khenkin, in which
the integration is carried out over theCR-manifold Γ only (but not over
its complement).

In this paper we also consider the problem of∂-closed continuation of
CR-forms given on Γ \K, where Γ is a generic manifold with nondege-
nerate Levi form, andK is a meromorphically p-convex compactum. We
derive some conditions on Γ, relative to p-convexity and q-concavity,
under which every CR-form with smooth coefficients given on Γ \ K

extends ∂-closely in some domain ΩΓ \K, where ΩΓ is a wedge domain
with edge Γ. Our results are local.

1. Îñíîâíûå ðåçóëüòàòû
Íàøà ñòàòüÿ ïîñâÿùåíà ∂-çàìêíóòîìó ïðîäîëæåíèþ CR-ôîðì, çàäàííûõ

íà ïîðîæäàþùèõ ìíîãîîáðàçèÿõ. Ñíà÷àëà ìû îïèøåì êëàññ ìíîãîîáðàçèé, ñ
êîòîðûìè ìû áóäåì ðàáîòàòü, à òàêæå êëàññ êîìïàêòíûõ ìíîæåñòâ.

Nikitina, T.N., ∂-closed extension of CR-forms with singularities on a generic
manifold.
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Ïóñòü Γ � ãëàäêîå (êëàññà C2) ìíîãîîáðàçèå â îáëàñòè ãîëîìîðôíîñòèΩ ⊂
Cn (n > 1) âèäà

(1) Γ = {z ∈ Ω : %1(z) = . . . = %k(z) = 0}, 1 ≤ k < n,

ãäå %j � äåéñòâèòåëüíîçíà÷íûå ôóíêöèè êëàññàC2(Ω), j = 1, . . . , k è d%1∧ . . .∧
d%k 6= 0 íà Γ.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òîΓ ïîðîæäàþùåå, ò.å. ∂%1∧ . . .∧∂%k 6=
0 íà Γ.

Ìû èñêëþ÷àåì ñëó÷àé, êîãäà k = n (ò.å. êîãäà Γ åñòü âïîëíå âåùåñòâåííîå
ìíîãîîáðàçèå), ïîñêîëüêó íàì íóæíî ðàññìîòðåòü ôîðìó Ëåâè íàΓ.

Ïóñòü K � ãîëîìîðôíî âûïóêëûé êîìïàêò â Ω (ò.å. K = K̂Ω), à ôîðìà
f ∈ C1

l,r(Γ \K), 0 ≤ r ≤ n− k, 0 ≤ l ≤ n, ò.å. ïðîñòðàíñòâó äèôôåðåíöèàëüíûõ
ôîðì òèïà (l, r) íà Γ \K, êîýôôèöèåíòû êîòîðûõ ïðèíàäëåæàò ïðîñòðàíñòâó
ãëàäêèõ ôóíêöèé C1(Γ\K). Òî÷íåå f ∈ Cs

l,r(Γ), s ≥ 0, [2] òîãäà è òîëüêî òîãäà,
êîãäà

(2) f =
∑

I,J

′
fI,JdzJ ∧ dzI ,

ãäå fI,J ∈ Cs(Γ), dzI = dzi1 ∧· · ·∧dzil
; dzJ = dzj1 ∧· · ·∧dzjr è ñóììèðîâàíèå

∑′

ðàñïðîñòðàíÿåòñÿ íà ìóëüòèèíäåêñû ñî ñòðîãî âîçðàñòàþùèìè êîìïîíåíòàìè
.

Ïðè ýòîì äâå ôîðìû f è g ∈ Cs
l,r(Γ), áóäåì ñ÷èòàòü ðàâíûìè [13] òîãäà

è òîëüêî òîãäà, êîãäà äëÿ ëþáîé ôèíèòíîé ôîðìûϕ ∈ C∞n−l,n−k−r(Ω) èìååì∫
Γ

f ∧ ϕ =
∫
Γ

g ∧ ϕ.
Åñëè f � ãëàäêàÿ ôîðìà âèäà (2) íàΓ, òî åå ìîæíî ïðîäîëæèòü äî ãëàäêîé

ôîðìû f̃ â Ω. Òîãäà
∂f̃ =

∑

I,J

′
∂f̃I,JdzJ ∧ dzI .

Ïî îïðåäåëåíèþ, êàñàòåëüíûé îïåðàòîð Êîøè � Ðèìàíà (ñì., íàïðèìåð,
[13]), ∂Γf � ôîðìà òèïà (l, r +1) íà Γ, ïîëó÷åííàÿ îãðàíè÷åíèåì ôîðìû∂f̃ íà
Γ. Åñëè ó÷åñòü óñëîâèå ðàâåíñòâà ôîðì íà Γ, òî ïðèâåäåííîå îïðåäåëåíèå íå
çàâèñèò îò ñïîñîáà ïðîäîëæåíèÿ ôîðìûf ñ ìíîãîîáðàçèÿ Γ â îáëàñòü Ω. Ïóñòü
ôîðìà f ÿâëÿåòñÿ CR-ôîðìîé íà Γ \ K, ò.å. f óäîâëåòâîðÿåò êàñàòåëüíîìó
óðàâíåíèþ Êîøè � Ðèìàíà: ∂Γf = 0 íà Γ \K.

Ìû ïîêàæåì, ÷òî åñëè Γ (âèäà (1)) èìååò íåíóëåâóþ ôîðìó Ëåâè, òî f ∂-
çàìêíóòî ïðîäîëæàåòñÿ â íåêîòîðóþ îáëàñòüΩΓ \K, ïðèìûêàþùóþ ê Γ (ãäå
ΩΓ � îáëàñòü, â êîòîðóþ ∂-çàìêíóòî ïðîäîëæàåòñÿ âñÿêàÿCR-ôîðìà íà Γ [2]).

Ïðè äîêàçàòåëüñòâå íàøåãî ðåçóëüòàòà ìû âîñïîëüçóåìñÿ ñõåìîé Ã. Ëóïà÷-
÷èîëó [15], âîñõîäÿùåé åùå ê Å. Ìàðòèíåëëè. Ïðè ýòîì âîçíèêàþò çíà÷èòåëü-
íûå äîïîëíèòåëüíûå òðóäíîñòè.

Â ðàáîòå [4] äëÿ ñëó÷àÿ, êîãäà Γ ÿâëÿåòñÿ ãèïåðïîâåðõíîñòüþ â Ω, èñïîëü-
çîâàëàñü òåîðåìà îá àíàëèòè÷åñêîì ïðåäñòàâëåíèè [11]. Ïðè k > 1 ïðèìåð
Æ.Òðåïðî [12] ïîêàçûâàåò, ÷òî òàêîé ðåçóëüòàò äëÿ ïðîèçâîëüíûõ ïîðîæäàþ-
ùèõ ìíîãîîáðàçèé íåâîçìîæåí.

Ïóñòü Tz(Γ), T c
z (Γ) è Nz(Γ) � ñîîòâåòñòâåííî êàñàòåëüíîå, êîìïëåêñíîå êà-

ñàòåëüíîå è íîðìàëüíîå ïðîñòðàíñòâà ê Γ â òî÷êå z ∈ Γ. Òîãäà dimRTz(Γ) =
2n − k, dimCT c

z (Γ) = n − k è dimRNz(Γ) = k. Ïðåäïîëîæèì, ÷òî ôóíêöèè %j
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âûáðàíû òàê, ÷òî âåêòîðû grad%j îáðàçóþò îðòîãîíàëüíûé áàçèñ âNz(Γ) (j =
1, . . . , k). Âåêòîðíîé ôîðìîé ËåâèLz(w) äëÿ Γ â òî÷êå z íàçûâàþò âûðàæåíèå

Lz(w) = −
n∑

j,l=1

k∑
s=1

∂2%s(z)
∂zj∂zl

wjwlgrad%s(z),

ãäå w ∈ T c
z (Γ) (ñì., íàïðèìåð, [2],[10]). ÒîãäàLz : (T c

z (Γ)) → Nz(Γ). Ôîðìà Ëåâè
ìíîãîîáðàçèÿ Γ â òî÷êå z ∈ Γ ïî íàïðàâëåíèþ âåêòîðà x ∈ Rk îïðåäåëÿåòñÿ
òàê (ñì., íàïðèìåð, îáçîðû [2], [10]):

(3) Lz,x(w) = −
n∑

j,l=1

∂2%x(z)
∂zj∂zl

wjwl,

ãäå w ∈ T c
z (Γ), à %x = %1x1 + . . . + %kxk.

Ïóñòü Sq,z � çàìêíóòîå ìíîæåñòâî òåõ òî÷åêx èç åäèíè÷íîé ñôåðû S ⊂ Rk

(ñ öåíòðîì â íóëå), äëÿ êîòîðûõ ôîðìà ËåâèLz,x èìååò ìåíåå q îòðèöàòåëüíûõ
ñîáñòâåííûõ çíà÷åíèé íà T c

z .
Ôèêñèðóåì òî÷êó z0 ∈ Γ è ìíîæåñòâî U, êîòîðîå åñòü ñòÿãèâàåìàÿ îêðåñò-

íîñòü ìíîæåñòâà Sq,z0 â S.
ÌíîãîîáðàçèåΓ íàçûâàåòñÿ (ñîãëàñíî [2])q-âîãíóòûì â òî÷êå z ∈ Γ â íàïðàâ-

ëåíèè x ∈ Rk, åñëè ôîðìà Ëåâè Lz,x èìååò ïî êðàéíåé ìåðå q îòðèöàòåëüíûõ
ñîáñòâåííûõ çíà÷åíèé íà T c

z (Γ). Åñëè ìíîãîîáðàçèå Γ ÿâëÿåòñÿ q-âîãíóòûì â
íàïðàâëåíèè x, òîãäà îíî ÿâëÿåòñÿ q-âûïóêëûì â íàïðàâëåíèè−x (ò.å. ôîðìà
Lz,−x èìååò ïî êðàéíåé ìåðå q ïîëîæèòåëüíûõ ñîáñòâåííûõ çíà÷åíèé). Ïîçæå
ìû ïðåäïîëîæèì, ÷òî ìíîæåñòâîS\Sq,z íå ïóñòî, ò.å. ìíîãîîáðàçèåΓ ÿâëÿåòñÿ
q-âîãíóòûì â z â íàïðàâëåíèÿõ x ∈ S \ Sq,z.

Â ñòàòüå [2, Ëåììà 3.1.1] áûëî äàíî ñëåäóþùåå îáîáùåíèå ëåììû Êîíà.
Ëåììà 1. Ïóñòü ãëàäêîå (êëàññà C2) ìíîãîîáðàçèå Γ âèäà (1) ÿâëÿåòñÿ q-
âîãíóòûì (ñîîòâåòñòâåííî, q-âûïóêëûì) â òî÷êå ζ ∈ Γ ïî âñåì íàïðàâëå-
íèÿì x ∈ Q ⊂ S (S åñòü åäèíè÷íàÿ ñôåðà ñ öåíòðîì â íóëå â Rk). Òîãäà
ñóùåñòâóåò òàêàÿ êîíñòàíòà A, ÷òî äëÿ âñåõ x ∈ Q ôîðìà Ëåâè (3) äëÿ
ôóíêöèè
(4) %̃x = %x + A(%2

1 + . . . + %2
k)

(ñîîòâåòñòâåííî,
(5) %̃x = %x −A(%2

1 + . . . + %2
k))

èìååò ïî êðàéíåé ìåðå q + k îòðèöàòåëüíûõ (ñîîòâåòñòâåííî, q + k ïîëî-
æèòåëüíûõ) ñîáñòâåííûõ çíà÷åíèé.

Ïî òåîðåìå Ðîñøòåéíà [17] â ëþáîé òî÷êå z ìíîãîîáðàçèÿ {z ∈ Ω : %̃x = 0}
ëîêàëüíî ñóùåñòâóåò êîìïëåêñíîå ìíîãîîáðàçèå ðàçìåðíîñòèq + k− 1, ïåðåñå-
êàþùåå ìíîæåñòâî {z ∈ Ω : %̃x ≤ 0} òîëüêî â òî÷êå z.

Â äàëüíåéøåì ìû áóäåì ïðåäïîëàãàòü, ÷òî îáëàñòü ãîëîìîðôíîñòèΩ âûáðàíà
òàê, ÷òî: ëåììà 1 âûïîëíÿåòñÿ â Ω, ìíîæåñòâî S \ Sq,z 6= ∅ äëÿ âñåõ z ∈ Γ, à
òàêæå äëÿ êàæäîé òî÷êè z ∈ Γ ñóùåñòâóåò àíàëèòè÷åñêîå ìíîæåñòâîLz(h) =
{ζ ∈ Ω : h1(ζ) = h1(z), . . . , hn+1−q−k(ζ) = hn+1−q−k(z)}, ãäå h1, . . . ,

hn+1−q−k ∈ O(Ω), òàêîå ÷òî Lz(h) ∩ ΩΓ = {z} ( ïðè óñëîâèè, ÷òî q + k ≤ n).

Òåîðåìà 1. ([10, ïðåäëîæåíèå 7.11]; [2, �3.3]). Ïóñòü ãëàäêîå (êëàññà C2) CR-
ìíîãîîáðàçèå Γ âèäà (1) ÿâëÿåòñÿ q-âîãíóòûì (ñîîòâåòñòâåííî q-âûïóêëûì)
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â òî÷êå z0 ∈ Γ ïî âñåì íàïðàâëåíèÿì x èç S \±U. Òîãäà ñóùåñòâóåò îêðåñò-
íîñòü Ω0 òî÷êè z0 òàêàÿ, ÷òî äëÿ ëþáîãî x ∈ S ñóùåñòâóåò ñèëüíî ðåãó-
ëÿðíàÿ áàðüåðíàÿ âåêòîð-ôóíêöèÿPx = P1(ζ, z, x) ê óðîâíÿì ôóíêöèè %̃x âèäà
(4) (ñîîòâåòñòâåííî, (5)) â îáëàñòèΩ0, ãëàäêî (êëàññà C1) çàâèñÿùàÿ îò x,
ñî ñâîéñòâîì
(6) < ∂ζP1(ζ, z, x) ∧ dζ >n−q−k+1= 0

äëÿ âñåõ ζ, z ∈ Ω0 è x ∈ S \ U (ñîîòâåòñòâåííî,
(7) < ∂zP1(ζ, z, x) ∧ dz >n−q−k+1= 0

äëÿ âñåõ ζ, z ∈ Ω0 è x ∈ S \ −U).

Âåêòîð-ôóíêöèÿ P (ζ, z) ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì áàðüåðîì ê óðîâíÿì
ôóíêöèè %, åñëè äëÿ íåêîòîðîé ïîëîæèòåëüíîé êîíñòàíòûγ

(8) 2Re Φ(ζ, z) = 2Re < P (ζ, z), ζ − z >≥ %(ζ)− %(z) + γ|ζ − z|2

äëÿ âñåõ (ζ, z) ∈ Ω0 × Ω0( ñì. [2], [10]).
Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî íàøà ïåðâîíà÷àëüíàÿ îáëàñòü ãîëîìîðô-

íîñòè Ω åñòü Ω0.
Ïóñòü f ∈ C1

l,r(Γ) è f � CR-ôîðìà íà Γ, âûáåðåì ïîñëåäîâàòåëüíîñòü ñòðîãî
ïñåâäîâûïóêëûõ îáëàñòåé Ωs ⊂⊂ Ω òàê, ÷òîáû

⋃
s Ωs = Ω, Ωs ⊂⊂ Ωs+1, ∂Ωs

ïåðåñåêàþòñÿ ñ Γ òðàíñâåðñàëüíî è äëÿ ëþáîé ôîðìûλ òèïà (n−l, n−k−r−1)
ñ êîýôôèöèåíòàìè èç C1

0 (Ω)

(9)
∫

Γ∩Ωs

f ∧ ∂λ = (−1)l+r

∫

Γ∩∂Ωs

f ∧ λ.

Äëÿ ãëàäêîé âåêòîð-ôóíêöèè η = η(ζ, z, x) = (η1, . . . , ηn) ôîðìà

Kl,r(ζ − z, η, ζ, z) =

(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
D1,r,n−r−1(η, ∂zη, (∂ζ + dx)η) ∧Dl,n−l(∂z, ∂ζ)

äëÿ 0 ≤ r ≤ n − 1, è Kl,−1 ≡ Kl,n ≡ 0. Ñòîëáöàìè ýòèõ îïðåäåëèòåëåé ñëóæàò
âåêòîð-ôóíêöèè η è âåêòîð-ôîðìû

∂zη = (∂zη1, . . . , ∂zηn), (dx + ∂ζ)η = ((dx + ∂ζ)η1, . . . , (dx + ∂ζ)ηn).

Îïðåäåëèòåëè ðàñêðûâàþòñÿ ïî îáû÷íûì ïðàâèëàì, ó÷èòûâàÿ ñâîéñòâà âíåø-
íåãî ïðîèçâåäåíèÿ. Çäåñü çíàêè z è ζ ó ñèìâîëà ∂ ïîêàçûâàþò, ïî êàêîé ãðóïïå
ïåðåìåííûõ íàäî áðàòü ∂. Ôîðìû Kl,r ïîíèìàþòñÿ êàê äâîéíûå äèôôåðåí-
öèàëüíûå ôîðìû (ñì. [9, �7]), ò.å. ôîðìû ïî z, êîýôôèöèåíòû êîòîðûõ åñòü
(îáû÷íûå) ôîðìû ïî ζ è x, èëè ôîðìû ïî ζ è x, êîýôôèöèåíòû êîòîðûõ �
ôîðìû ïî z. Ïîçæå ìû áóäåì èñïîëüçîâàòü îäíîðîäíîñòü ôîðì Kl,r(η), ò.å.
ðàâåíñòâî Kl,r(ψη) = ψnKl,r(η), ãäå ψ åñòü ãëàäêàÿ ñêàëÿðíàÿ ôóíêöèÿ (ñì. [2,
�1.1]).

Åñëè η = η(ζ, z, x, t), òîãäà

Kl,r(η) =

(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
D1,r,n−r−1(η, ∂zη, (∂ζ + dx + dt)η)∧Dl,n−l(∂z, ∂ζ).
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Òåîðåìà 2. Ïóñòü Γ � ãëàäêîå (êëàññà C∞) CR-ìíîãîîáðàçèå âèäà (1) è
ïóñòü U(Sq,z0) � ñòÿãèâàåìàÿ îêðåñòíîñòü ìíîæåñòâàSq,z0 , öåëèêîì ñîäåð-
æàùàÿñÿ â íåêîòîðîì ñôåðè÷åñêîì ñåãìåíòå S(a, σ) = {x ∈ S : (a, x) > σ},
ãäå a ∈ Rk, σ > 0. Ïóñòü Ω0 � äîñòàòî÷íî ìàëàÿ îêðåñòíîñòü òî÷êèz0 âèäà

(10) Ω0 = {ζ ∈ Ω : %0 < 0}, %0 ∈ C∞(Ω),

íà êîòîðîé (ñì. òåîðåìó 1) ñóùåñòâóåò ñèëüíî ðåãóëÿðíàÿ áàðüåðíàÿ âåêòîð-
ôóíêöèÿ Px = P1(ζ, z, x) ê óðîâíÿì ôóíêöèè %̃x âèäà (4) (ñîîòâåòñòâåííî, (5))
êëàññà C∞ ïî ζ, z ∈ Ω0, êëàññà C1 ïî x è ñî ñâîéñòâîì (6) (ñîîòâåòñòâåííî,
(7)) äëÿ âñåõ x ∈ S\±U. Òîãäà ëþáàÿCR-ôîðìà f ∈ C∞l,r(Γ∩Ω0) íà ìíîãîîáðàçèè
Γ ∩ Ω0, ïðè÷åì, r < q, ëèáî r > n− k − q, ïðåäñòàâèìà â âèäå

(11) (2πi)n

(n− 1)!
f = F,

ãäå

F = K±Uf + K0f −
∫

(Γ∩Ω0)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1(ζ, z, x))

−
∫

∂(Γ∩Ω0)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0η0(ζ, z) + (1− t0)η1(ζ, z, x))

− ∂

∫

Gδ∩Ωδ

f̃(ζ) ∧Kl,r−1(η∗(ζ, z))− ∂

∫

Gδ∩Ωδ

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗(ζ, z));

(12) K±Uf(z) =
∫

(Γ∩Ω0)×±U

f(ζ) ∧Kl,r(η1(ζ, z, x)),

(13) K0f(z) =
∫

∂(Γ∩Ω0)×S̃

f(ζ) ∧Kl,r(t0η0(ζ, z) + (1− t0)η1(ζ, z, x)),

ãäå

η1(ζ, z, x) =
P1(ζ, z, x)

< P1(ζ, z, x), ζ − z >
, η0(ζ, z) =

P0(ζ, z)
< P0(ζ, z), ζ − z >

,

P0(ζ, z) = (∂/∂ζ)%0(ζ), P∗(ζ, z) =
ζ − z

|ζ − z|2 ;

S̃ = {(t0, (1− t0)x), 0 ≤ t0 ≤ 1, x ∈ S}.

Ïðè ýòîì ôîðìà F ∂-çàìêíóòà â îáëàñòèΩ±U = {ζ ∈ Ω : %̃x > 0, x ∈ ±U}∩Ω̃,

ãäå Ω̃ � íåêîòîðàÿ îêðåñòíîñòü ìíîãîîáðàçèÿΓ ∩ Ω0 è ïðèíàäëåæèò êëàññó
C∞l,r(Ω±U ∪ (Γ ∩ Ω0)).
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Åñëè f ∈ C1
l,r(Γ) ÿâëÿåòñÿ CR-ôîðìîé íà Γ, òî ∂-çàìêíóòîå ïðîäîëæåíèå F

ýòîé ôîðìû â îáëàñòü ΩΓ ∩ Ωs äàåòñÿ ôîðìóëîé

F (z) =
∫

(Γ∩Ωs)×±U

f(ζ) ∧Kl,r(η1(ζ, z, x))

−
∫

(Γ∩Ωs)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1(ζ, z, x))

+
∫

∂(Γ∩Ωs)×S̃

f(ζ) ∧Kl,r(tsη0(ζ, z) + (1− t0)η1(ζ, z, x))

−
∫

∂(Γ∩Ωs)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0ηs(ζ, z) + (1− t0)η1(ζ, z, x))

− ∂

∫

Gδ∩Ωδ

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗(ζ, z))− ∂

∫

Gδ∩Ωδ

f̃(ζ) ∧Kl,r−1(η∗(ζ, z)),

(14)

ãäå Ωδ = {ζ ∈ Ω : %0 < δ}, Gδ = {ζ ∈ Ω : |%| < δ}, δ > 0 äîñòàòî÷íî ìàëà, ôîðìà
Φ1

r−1(s
h, η1) îïðåäåëåíà ôîðìóëîé

Φ1
r−1(s

h, η1) =
(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

) n−1−r∑
m=0

r−1+m∑

j=m

Cm
n−1−rC

j−m
r (r + m− j)/Cj

n−2(n− 1)×
D1,1,j−m,r−1+m−j,m,n−1−r−m(sh, η1, ∂zs

h, ∂zη1, ∂ζs
h, dη1) ∧Dl,n−l(∂z, ∂ζ).

Ôîðìóëà (14) áóäåò ïîñòîÿííî èñïîëüçîâàòüñÿ â íàøåé ñòàòüå.

Òåîðåìà 3. Ïóñòü êîìïàêò K = K̂Ω ⊂ ΩΓ è Γ \ K ñâÿçíî, ñóùåñòâóþò
òî÷êè ζ0 ∈ Γ \K è x0 ∈ ±U òàêèå, ÷òî ñèëüíî ðåãóëÿðíûé áàðüåðP (ζ0, z, x0)
ÿâëÿåòñÿ ãîëîìîðôíîé ôóíêöèåé â Ω. Åñëè n ≥ 3 è f � CR-ôîðìà íà Γ \K
êëàññà C1

l,r(Γ\K) (r < q, ëèáî r > n−k−q), òî f ∂-çàìêíóòî ïðîäîëæàåòñÿ â
ΩΓ\K. Â ñëó÷àå n = 2 ïðè r = 0 òåîðåìà âåðíà äëÿ çàìêíóòûõ ìíîãîîáðàçèéΓ
(ò.å. ∂Γ = 0). Åñëè â êàæäîé òî÷êå ζ0 ∈ Γ\K ñóùåñòâóåò ñèëüíî ðåãóëÿðíûé
ãîëîìîðôíûé ïî z ∈ Ω áàðüåð, òî òåîðåìà âåðíà áåç óñëîâèÿ ñâÿçíîñòèΓ \K.

Ïðè äîêàçàòåëüñòâå òåîðåìû 3 èñïîëüçóåòñÿ áîëåå ïðîñòîå è åñòåñòâåííîå
èíòåãðàëüíîå ïðåäñòàâëåíèå (14), ïîëó÷åííîå èç èíòåãðàëüíîãî ïðåäñòàâëåíèÿ
Ð.À. Àéðàïåòÿíà è Ã.Ì. Õåíêèíà, â êîòîðîì èíòåãðèðîâàíèå ïðîèçâîäèòñÿ
ëèøü òîëüêî ïî CR-ìíîãîîáðàçèþ Γ (à íå ïî åãî äîïîëíåíèþ).

Ìû ìîæåì òåîðåìó 3 ïåðåôîðìóëèðîâàòü äëÿ ëþáûõ êîìïàêòîâK ⊂ Ω
òàêèõ, ÷òî K̂Ω ∩ ΩΓ = K ∩ ΩΓ.

Äàííàÿ òåîðåìà äîïóñêàåò îáîáùåíèå íà ñëó÷àé, êîãäà K � ìåðîìîðôíî
p-âûïóêëûé êîìïàêò, êîòîðîå äëÿ p = q = 0 ïðèâåäåíî â [5]. Åñëè K åñòü
êîìïàêòíîå ìíîæåñòâî â Ω, òîãäà ïîä ìåðîìîðôíîé p-îáîëî÷êîé K̃p êîìïàêòà
K ïîíèìàåòñÿ ñëåäóþùåå ìíîæåñòâî: K̃p = Ω \⋃

{h}(Ω \ h−1(h(K))), ãäå êëàññ
{h} ñîñòîèò èç âñåõ âåêòîð-ôóíêöèé h âèäà (h1, . . . , hp) : Ω → Cp è hj ∈
O(Ω), j = 1, . . . , p.

Íàøå îïðåäåëåíèå íåìíîãî îòëè÷àåòñÿ îò îïðåäåëåíèÿ Ã. Ëóïà÷÷èîëó [16].
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Êîìïàêòíîå ìíîæåñòâî K íàçûâàåòñÿ ìåðîìîðôíî p-âûïóêëûì, åñëè K =
K̃p. Ñâîéñòâà òàêèõ êîìïàêòíûõ ìíîæåñòâ äåòàëüíî áûëè îïèñàíû â [16]. ßñíî,
÷òî K̃p ⊃ K̃p+1, ñëåäîâàòåëüíî, K = K̃p+1, åñëè K = K̃p.

Ðàññìîòðèì òåïåðü ìåðîìîðôíî p-âûïóêëîå ìíîæåñòâî K ⊂ ΩΓ. Íàñ èíòå-
ðåñóåò âîïðîñ, êîãäà CR-ôîðìà f ñ ãëàäêèìè êîýôôèöèåíòàìè, çàäàííàÿ íà
Γ \K ïðîäîëæàåòñÿ ∂-çàìêíóòî â ΩΓ \K?

Òàêæå êàê è â ñëó÷àå p = q = 0 îòâåò çàâèñèò îò p. Êàê ïîêàçûâàåò
ïðèìåð, ðàññìîòðåííûé Ã. Ëóïà÷÷èîëó â ñëó÷àå ôóíêöèé, â îáùåì ìû íå
ìîæåì îæèäàòü ∂-çàìêíóòîãî ïðîäîëæåíèÿ, åñëè 2p ≥ n. Ñëåäîâàòåëüíî, íàì
íóæíî íàëàãàòü íåêîòîðûå äîïîëíèòåëüíûå óñëîâèÿ íàK.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òîn ≥ 3.

Òåîðåìà 4. Ïóñòü n ≥ 3 è k = 1, ò.å. Γ åñòü ãèïåðïîâåðõíîñòü â Ω è
ðàññìîòðèì êîìïàêòíîå ìíîæåñòâî K = K̃p ⊂ ΩΓ ñ 2p < n − r (ñîîòâåò-
ñòâåííî, 2p < r + 1). Â äîïîëíåíèå ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîé òî÷êè
z0 ∈ Γ\K ñóùåñòâóåò ãîëîìîðôíàÿ âåêòîð-ôóíêöèÿh = (h1, . . . , hp) : Ω → Cp

òàêàÿ, ÷òî ìíîæåñòâî Lz0(h) ∩ ΩΓ = {z0} è Γ \K ÿâëÿåòñÿ ñâÿçíîé. Òîãäà
êàæäàÿ CR-ôîðìà f, çàäàííàÿ íà Γ \K êëàññà C1

l,r(Γ \K) ïðîäîëæàåòñÿ ∂-
çàìêíóòî â ΩΓ \K. Åñëè òàêîé áàðüåð h ñóùåñòâóåò â êàæäîé òî÷êå z ∈ Γ,
òî óñëîâèå ñâÿçíîñòè Γ \K ìîæåò áûòü îïóùåíî.

Òåîðåìà 5. Ïóñòü k > 1, n ≥ 3, ìíîãîîáðàçèå Γ ÿâëÿåòñÿ q-âîãíóòûì
(ñîîòâåòñòâåííî, q-âûïóêëûì) äëÿ z ∈ Γ â íàïðàâëåíèÿõ x ∈ S \ ±U, è
ðàññìîòðèì êîìïàêòíîå ìíîæåñòâîK = K̃p ñ 2p ≤ q−r+1 (ñîîòâåòñòâåííî,
2p ≤ r − n + k + q + 1). Åñëè â íåêîòîðîé òî÷êå z0 ∈ Γ \ K ñóùåñòâóåò
ìíîæåñòâî Lz0(h) äëÿ íåêîòîðîé ãîëîìîðôíîé âåêòîð-ôóíêöèè h : Ω → Cp,
òàêîå, ÷òî Lz0(h)∩ΩΓ = {z0} è Γ \K ÿâëÿåòñÿ ñâÿçíûì, òîãäà êàæäàÿCR-
ôîðìà f, çàäàííàÿ íà Γ \ K êëàññà C1

l,r(Γ \ K) ïðîäîëæàåòñÿ ∂-çàìêíóòî â
ΩΓ \K. Åñëè òàêîé áàðüåð h ñóùåñòâóåò â êàæäîé òî÷êå z ∈ Γ, òî óñëîâèå
ñâÿçíîñòè Γ \K ìîæåò áûòü îïóùåíî.

Íà ìíîãîîáðàçèè Γ ñóùåñòâóåò áàðüåð Lz(h) äëÿ h : Ω → Cn+1−k−q, ïîýòîìó
åñëè ìû íå æåëàåì íàëàãàòü äîïîëíèòåëüíûõ óñëîâèé íàΓ, ìû äîëæíû âûáðàòü
q òàê, ÷òî 3q ≥ 2n− 2k + 1 + r (ñîîòâåòñòâåííî, 3q ≥ 3n− 3k− r + 1) è âûáðàòü
p òàê, ÷òî 2n− 2k − 2q + 2 ≤ 2p ≤ q − r + 1 (ñîîòâåòñòâåííî, 2n− 2k − 2q + 2 ≤
2p ≤ r − n + k + q + 1). Ñëåäîâàòåëüíî, ìû ïîëó÷èëè óòâåðæäåíèå.

Ñëåäñòâèå 1. Åñëè k > 1, n ≥ 3, ìíîãîîáðàçèå Γ ÿâëÿåòñÿ q-âîãíóòûì
(ñîîòâåòñòâåííî, q-âûïóêëûì) äëÿ z ∈ Γ â íàïðàâëåíèÿõ x ∈ S \ ±U ñ
2n − 2k − 2q + 2 ≤ 2p ≤ q − r + 1 (ñîîòâåòñòâåííî, 2n − 2k − 2q + 2 ≤
2p ≤ r − n + k + q + 1), òîãäà ëþáàÿ CR-ôîðìà f, çàäàííàÿ íà Γ \ K êëàññà
C1

l,r(Γ \ K) ïðîäîëæàåòñÿ ∂-çàìêíóòî â ΩΓ \ K. Íàïðèìåð, åñëè q = n − k,

òîãäà 2p ≤ n− k + 1− r (ñîîòâåòñòâåííî, 2p ≤ r + 1).

2. Âñïîìîãàòåëüíûå ðåçóëüòàòû
Ìû ïðèäåðæèâàåìñÿ îáîçíà÷åíèé è îïðåäåëåíèé èç �1.
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Ëåììà 2. Äëÿ ζ ∈ Γ ∩ Ωs, z ∈ ΩΓ ∩ Ωs è x ∈ S èìååì
∫ 1

0

Kl,r(t0ηs(ζ, z) + (1− t0)η1(ζ, z, x)) =
∫ 1

0

Kl,r

( t0Ps(ζ, z) + (1− t0)P1(ζ, z, x)
< t0Ps(ζ, z) + (1− t0)P1(ζ, z, x), ζ − z >

)
,

ãäå ηs = Ps/ < Ps, ζ − z > è η1 = P1/ < P1, ζ − z > (ñì. �1).

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 6 èç [6].
Îáîçíà÷èì (äëÿ êðàòêîñòè) îïåðàòîð ∂ζ + dx ÷åðåç d.
Ðàññìîòðèì ãîëîìîðôíîå îòîáðàæåíèåh = (h1, . . . , hp) : Ω → Cp è àíàëèòè-

÷åñêîå ìíîæåñòâî Lz(h) = {ζ ∈ Ω : h(ζ) = h(z)}. Ïóñòü

hk(ζ)− hk(z) =
n∑

j=1

hkj(ζ, z)(ζj − zj)

� ðàçëîæåíèå Ãåôåðà äëÿ hk, hkj ∈ O(Ω × Ω). (Íàïîìíèì, ÷òî Ω � îáëàñòü
ãîëîìîðôíîñòè.)

×åðåç sh
j îáîçíà÷èì âûðàæåíèå

sh
j =

( p∑

k=1

|hk(ζ)− hk(z)|2
)−1

p∑

k=1

hkj(ζ, z)(hk(ζ)− hk(z)),

òîãäà < sh, ζ − z >=
∑n

j=1 sh
j (ζ, z)(ζj − zj) = 1 âíå Lz(h).

Ïóñòü µ1
r−1(s

h, η1), µ2
r(s

h, η1) åñòü äèôôåðåíöèàëüíûå ôîðìû

µ1
r−1(s

h, η1) =
n−1−r∑
m=0

r−1+m∑

j=m

Cm
n−1−rC

j−m
r (r + m− j)/Cj

n−2(n− 1)

D1,1,j−m,r−1+m−j,m,n−1−r−m(sh, η1, ∂zs
h, ∂zη1, ∂ζs

h, dη1),

(15) µ2
r(s

h, η1) =
n−2−r∑
m=0

r+m∑

j=m

Cm
n−1−rC

j−m
r (n− 1− r −m)/Cj

n−2(n− 1)

D1,1,j−m,r+m−j,m,n−2−r−m(sh, η1, ∂zs
h, ∂zη1, ∂ζs

h, dη1).

Ëåììà 3. Äëÿ òî÷åê ζ ∈ Γ, z ∈ ΩΓ \ Lz(h), x ∈ S èìååì

(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
(∂zµ

1
r−1(s

h, η1) + (−1)r(∂ζ + dx)µ2
r(s

h, η1))∧

Dl,n−l(∂z, ∂ζ) = ∂zΦ1
r−1(s

h, η1) + (−1)r(∂ζ + dx)Φ2
r(s

h, η1) = Kl,r(η1)−
(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
D1,r,n−1−r(sh, ∂zs

h, ∂ζs
h) ∧Dl,n−l(∂z, ∂ζ).

Åñëè p ≤ n− 1− r, òîãäà
∂zΦ1

r−1(s
h, η1) + (−1)r(∂ζ + dx)Φ2

r(s
h, η1) = Kl,r(η1).

Äîêàçàòåëüñòâî ñëåäóåò èç íåïîñðåäñòâåííûõ âû÷èñëåíèé.
Ëåììà 3 â ñëó÷àå l = r = 0 è l = 0, r = 1 äîêàçàíà â [14].
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Òî÷íî òàê æå äëÿ âåêòîð-ôóíêöèè ηt0 èìååì

(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
(∂zµ

1
r−1(s

h, ηt0)+ (−1)r(∂ζ +dx +dt0)µ
2
r(s

h, ηt0))∧

Dl,n−l(∂z, ∂ζ) = ∂zΦ1
r−1(s

h, ηt0) + (−1)r(∂ζ + dx + dt0)Φ2
r(s

h, ηt0) = Kl,r(ηt0)−
(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
D1,r,n−1−r(sh, ∂zs

h, (∂ζ + dx + dt0)s
h)∧

Dl,n−l(∂z, ∂ζ)

âíå ìíîæåñòâà Lz(h).

Ëåììà 4. Îïðåäåëèòåëü âèäà D1,m,1,...,1(sh, ∂zs
h, τ1, . . . , τn−m−1) = 0, åñëè

m ≥ p.

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2 èç [14].

Ëåììà 5. Ôîðìà

µ2
r(s

h, η1) =
min{n−2−r,p−1}∑

m=0

min{r+m,m+p−1}∑

j=m

Cm
n−1−rC

j−m
r (n− 1− r −m)/

Cj
n−2(n− 1)D1,1,j−m,r+m−j,m,n−2−r−m(sh, η1, ∂zs

h, ∂zη1, ∂ζs
h, dη1).

Ïóñòü òåïåðü h è g ãîëîìîðôíûå îòîáðàæåíèÿ èçΩ â Cp.
Ïóñòü µ1

r−1(s
h, sg, η1), µ2

r(s
h, sg, η1) åñòü äèôôåðåíöèàëüíûå ôîðìû

µ1
r−1(s

h, sg, η1) =
n−2−r∑

s=0

n−2−r∑
m=s

r−1+s∑

k=s

r−1+m−k∑

j=m−s

Cs
n−2−rC

m−s
n−2−r−sC

k−s
r Cj−m+s

r−k+s (r+m−j−k)(n−1−r)/

Cj
n−3−kCk

n−3(n− 2)(n− 1)D1,1,1,j−m+s,k−s,r−1+m−j−k,m−s,s,n−2−r−m

(sh, sg, η1, ∂zs
h, ∂zs

g, ∂zη1, ∂ζs
h, ∂ζs

g, dη1),

µ2
r(s

h, sg, η1) =
n−3−r∑

s=0

n−3−r∑
m=s

r+s∑

k=s

r+m−k∑

j=m−s

Cs
n−2−rC

m−s
n−2−r−sC

k−s
r Cj−m+s

r−k+s (n− 2− r −m)(n− 1− r)/

Cj
n−3−kCk

n−3(n− 2)(n− 1)D1,1,1,j−m+s,k−s,r+m−j−k,m−s,s,n−3−r−m

(sh, sg, η1, ∂zs
h, ∂zs

g, ∂zη1, ∂ζs
h, ∂ζs

g, dη1).

Ëåììà 6. Ïóñòü f è g ãîëîìîðôíûå îòîáðàæåíèÿ èçΩ â Cp. Òîãäà äëÿ âñåõ
ζ ∈ Γ, z ∈ ΩΓ \ (Lz(h) ∪ Lz(g)), x ∈ S ñïðàâåäëèâî ðàâåíñòâî

µ2
r(s

h, η1)− µ2
r(s

g, η1) = ∂zµ
1
r−1(s

h, sg, η1) + (−1)rdµ2
r(s

h, sg, η1) + µ2
r(s

h, sg),

ãäå µ2
r(sh, η1), µ2

r(sg, η1), µ2
r(sh, sg) � ôîðìû âèäà (15).

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 3.
Ëåììà 6 â ñëó÷àå r = 0 äîêàçàíà â [14].
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Ëåììà 7. Îïðåäåëèòåëè

µ2
r(s

h, sg) =
p−1∑

m=n−1−r−p

m+p−1∑

j=m+r−p+1

Cm
n−1−rC

j−m
r (n− 1− r −m)/Cj

n−2(n− 1)

D1,1,j−m,r+m−j,m,n−2−r−m(sh, sg, ∂zs
h, ∂zs

g, ∂ζs
h, ∂ζs

g)

è

µ2
r(s

h, sg, η1) =
min{n−3−r,p−1}∑

s=0

min{n−3−r,s+p−1}∑
m=s

min{r+s,s+p−1}∑

k=s

min{r+m−k,m−s+p−1}∑

j=m−s

Cs
n−2−rC

m−s
n−2−r−sC

k−s
r Cj−m+s

r−k+s (n−2−r−m)(n−1−r)/Cj
n−3−kCk

n−3(n−2)(n−1)
D1,1,1,j−m+s,k−s,r+m−j−k,m−s,s,n−3−r−m

(sh, sg, η1, ∂zs
h, ∂zs

g, ∂zη1, ∂ζs
h, ∂ζs

g, dη1)

è, ñëåäîâàòåëüíî, µ2
r(s

h, sg) = 0, åñëè 2p < n−r (ñîîòâåòñòâåííî, 2p < r+2).

3. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ
Äîêàçàòåëüñòâî òåîðåìû 2. Ïóñòü Ωδ = {ζ ∈ Ω : %0 < δ}, Gδ = {ζ ∈

Ω : |%| < δ}, ãäå δ > 0 äîñòàòî÷íî ìàëà. Äëÿ ζ ∈ Ωδ \ Γ è z ∈ Ωδ ïîëîæèì
P1(ζ, z) = P1(ζ, z, x(ζ)), ãäå âåêòîð x(ζ) îïðåäåëåí ðàâåíñòâîì

(16) x(ζ) = (x1(ζ), . . . , xk(ζ)) =
(
− %1(ζ)
|%(ζ)| , . . . ,−

%k(ζ)
|%(ζ)|

)
.

Ñîãëàñíî ïðåäëîæåíèþ 3.3.2 èç [2], âåêòîð-ôóíêöèÿP1 ÿâëÿåòñÿ ñèëüíî ðåãó-
ëÿðíûì áàðüåðîì äëÿ ìíîãîîáðàçèÿΓ ∩ Ω0 ñî ñâîéñòâîì
(17) Kl,r(P1(ζ, z)) = 0

äëÿ âñåõ z ∈ Ωδ è ζ ∈ Ωδ \Γ òàêèõ, ÷òî x(ζ) ∈ S \±U. Ïóñòü hz,ε � äîïóñòèìûå
öèêëû, ÿâëÿþùèåñÿ îáúåäèíåíèåì ãðàôèêîâ îòîáðàæåíèé

(18) η1(ζ, z) =
P1(ζ, z)

< P1(ζ, z), ζ − z >
, ζ ∈ Γε

1 = {ζ ∈ Ω : |%| = ε; %0 ≤ ε},

(19) η0(ζ, z) =
P0(ζ, z)

< P0(ζ, z), ζ − z >
, ζ ∈ Γε

0 = {ζ ∈ Ω : |%| ≤ ε; %0 = ε}
è
(20) ηt0(ζ, z) = t0η0(ζ, z) + (1− t0)η1(ζ, z), 0 ≤ t0 ≤ 1, ζ ∈ Γε

1 ∩ Γε
0

íàä Γε
1, Γε

0 è Γε
1 ∩ Γε

0 × [0, 1], ñîîòâåòñòâóþùèõ áàðüåðíûì âåêòîð-ôóíêöèÿìP1

è P0. Îáîçíà÷èì ÷åðåç f̃ ôèíèòíîå ïðîäîëæåíèå ôîðìû f â îáëàñòü Gδ ∩ Ωδ

ñî ñâîéñòâîì
(21) f̃ |Γ = f

(ñì. ëåììó 2.2.1 èç [2]) äëÿ s = ∞.
Ïîëüçóÿñü ïðåäëîæåíèåì 2.2.1 èç [2], ïðåäñòàâèì ôîðìóf íà ìíîãîîáðàçèè

Γ ∩ Ω0 â âèäå

(22) (2πi)n

(n− 1)!
f = K̃εf̃ + ∂zR̃

εf̃ + O(ε),
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ãäå
(23) K̃εf̃ = K̃r,εf̃ + K̃r,ε

0 f̃ + K̃r,ε
1 f̃ ,

(24) R̃εf̃ = −(R̃r,εf̃ + R̃r,ε
0 f̃ + R̃r,ε

1 f̃)−Rr,δ
∗ f̃ ;

ôîðìû â ïðàâîé ÷àñòè (23) è (24) îïðåäåëÿþòñÿ ðàâåíñòâàìè

(25) K̃r,εf(z) =
∫

Γ̃ε
1

∂f(ζ) ∧Kl,r(η1(ζ, z)),

(26) K̃r,ε
0 f(z) =

∫

Γ̃ε
0

∂f(ζ) ∧Kl,r(η0(ζ, z)),

(27) K̃r,ε
1 f(z) =

∫

Γ̃ε
1∩Γ̃ε

0×[0,1]

∂f(ζ) ∧Kl,r(ηt0(ζ, z)),

(28) R̃r,εf(z) =
∫

Γ̃ε
1×[0,1]

∂f(ζ) ∧Kl,r−1(t∗η∗(ζ, z) + (1− t∗)η1(ζ, z)),

(29) R̃r,ε
0 f(z) =

∫

Γ̃ε
0×[0,1]

∂f(ζ) ∧Kl,r−1(t∗η∗(ζ, z) + (1− t∗)η0(ζ, z)),

(30)
R̃r,ε

1 f(z) =
∫

Γ̃ε
1∩Γ̃ε

0×{t∗∈[0,1]}×{t0∈[0,1]}
∂f(ζ) ∧Kl,r−1(t∗η∗(ζ, z) + (1− t∗)ηt0(ζ, z)),

(31) Rr,δ
∗ f(z) =

∫

Gδ∩Ωδ

f(ζ) ∧Kl,r−1(η∗(ζ, z)),

çäåñü ôóíêöèè η1, η0, ηt0 îïðåäåëåíû, ñîîòâåòñòâåííî, ðàâåíñòâàìè (18), (19),
(20), à η∗(ζ, z) = ζ−z

|ζ−z|2 .

Äëÿ ôèêñèðîâàííûõ δ (0 < ε < δ) è x ∈ S ïîëîæèì äàëåå

Γε
x = {ζ ∈ Ω : %i = −εxi, i = 1, 2. . . . , k}; Γ̃ε

1 = {ζ ∈ Ω : |%| > %0; ε ≤ |%| ≤ δ},
Γ̃ε

0 = {ζ ∈ Ω : |%| < %0; ε ≤ %0 ≤ δ}.

(32)

Ïóñòü Γε
J = {z ∈ ∂(Gε ∩ Ωε) : %j = ε äëÿ j ∈ J}.

Âûáåðåì îðèåíòàöèþ íà âñåõ Γε
J òàê, ÷òîáû îíà áûëà êîñîñèììåòðè÷åñêîé

îòíîñèòåëüíî êîìïîíåíò èç J è èìåëè ìåñòî ðàâåíñòâà
(33) ∂(Gε ∩ Ωε) = ∪1

j=0Γ
ε
j ; ∂Γε

J = ∪1
i=0Γ

ε
J,i.

Ðàññìîòðèì ñèìïëåêñ

∆ = {t = (t∗, t0, t1) ∈ R3 : tj ≥ 0,

1∑

j=∗
tj = 1}

â R3, ñíàáæåííûé ñòàíäàðòíîé îðèåíòàöèåé. Äëÿ êàæäîãî óïîðÿäî÷åííîãî
ïîäìíîæåñòâà J = (j1, . . . , jk) èç (∗, 0, 1) ïîëîæèì ∆J = {t ∈ ∆ :

∑
j∈J tj = 1}.

Îðèåíòàöèÿ êàæäîãî ïîäñèìïëåêñà âûáèðàåòñÿ òàê, ÷òîáû

(34) ∂∆J =
k∑

ν=1

(−1)ν+1∆Jν̂
,
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ãäå Jν̂ = (j1, . . . , jν−1, jν+1, . . . , jk).
Â ñèëó (33) è (34) äëÿ ëþáîãî I = (i1, . . . , im), èç (0, 1) è J = (j1, . . . , jk) ⊂

(∗, 0, 1) ìíîãîîáðàçèÿ Γε
I ×∆J îðèåíòèðîâàíû òàê, ÷òî èìååì ðàâåíñòâî:

(35) ∂(Γε
I ×∆J) = ∂Γε

I ×∆J + (−1)|I|Γε
I × ∂∆J ,

ãäå |I| îáîçíà÷àåò êîëè÷åñòâî êîìïîíåíò èç I.
Äëÿ ôèêñèðîâàííîãî z ∈ Γ ∩ Ω0 ïî ôîðìóëå Ñòîêñà, ïðèìåíåííîé ê ôîðìå

f(ζ) ∧Kl,r(η) íà ìíîãîîáðàçèè Hz,ε = ∪ε≤t≤δhz,t èìååì

(36) K̃εf̃ =

Kr,εf̃ + Kr,ε
0 f̃ + Kr,ε

1 f̃ −
∫

Γε
1

f̃(ζ) ∧ ∂zΦ1
r−1(s

h, η1)−
∫

Γε
0

f̃(ζ) ∧ ∂zΦ1
r−1(s

h, η0)−
∫

Γε
1∩Γε

0×[0,1]

f̃(ζ) ∧ ∂zΦ1
r−1(s

h, ηt0) +
∫

Γ̃ε
1

∂f̃(ζ) ∧ ∂zΦ1
r−1(s

h, η1)+

∫

Γ̃ε
0

∂f̃(ζ) ∧ ∂zΦ1
r−1(s

h, η0) +
∫

Γ̃ε
1∩Γ̃ε

0×[0,1]

∂f̃(ζ) ∧ ∂zΦ1
r−1(s

h, ηt0).

(37) ∂R̃εf̃ = −∂(Rr,εf̃ + Rr,ε
0 f̃ + Rr,ε

1 f̃ +
∫

Γε
1

f̃(ζ) ∧ (−1)lΦ2
r−1(s

h, η∗)+

∫

Γε
1

f̃(ζ) ∧ (−1)lΦ2
r−1(s

h, η1) +
∫

Γε
0

f̃(ζ) ∧ (−1)lΦ2
r−1(s

h, η∗)+

∫

Γε
0

f̃(ζ) ∧ (−1)lΦ2
r−1(s

h, η0) +
∫

Γε
1∩Γε

0×{t0∈[0,1]}
f̃(ζ) ∧ (−1)lΦ2

r−1(s
h, ηt0)−

∫

Γ̃ε
1∩Γ̃ε

0×[0,1]

∂f̃(ζ) ∧ (−1)lΦ2
r−1(ηt0)−

∫

Γ̃ε
0

∂f̃(ζ) ∧ (−1)lΦ2
r−1(η∗)−

∫

Γ̃ε
1

∂f̃(ζ) ∧ (−1)lΦ2
r−1(η∗)−

∫

Γ̃ε
1

∂f̃(ζ) ∧ (−1)lΦ2
r−1(η1)−

∫

Γ̃ε
0

∂f̃(ζ) ∧ (−1)lΦ2
r−1(η0))− ∂Rr,δ

∗ f̃ ,

ãäå

(38) Kr,εf(z) =
∫

Γε
1

f(ζ) ∧Kl,r(η1(ζ, z)),

(39) Kr,ε
0 f(z) =

∫

Γε
0

f(ζ) ∧Kl,r(η0(ζ, z)),

(40) Kr,ε
1 f(z) =

∫

Γε
1∩Γε

0×[0,1]

f(ζ) ∧Kl,r(ηt0(ζ, z)),

(41) Rr,εf(z) =
∫

Γε
1×[0,1]

f(ζ) ∧Kl,r−1(t∗η∗(ζ, z) + (1− t∗)η1(ζ, z)),

(42) Rr,ε
0 f(z) =

∫

Γε
0×[0,1]

f(ζ) ∧Kl,r−1(t∗η∗(ζ, z) + (1− t∗)η0(ζ, z)),
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(43)
Rr,ε

1 f(z) =
∫

Γε
1∩Γε

0×{t∗∈[0,1]}×{t0∈[0,1]}
f(ζ) ∧Kl,r−1(t∗η∗(ζ, z) + (1− t∗)ηt0(ζ, z)).

Îòñþäà èìååì

(44)
K̃εf̃ + ∂zR̃

εf̃ = Kr,εf̃ + Kr,ε
0 f̃ + Kr,ε

1 f̃ − ∂z(Rr,εf̃ + Rr,ε
0 f̃ + Rr,ε

1 f̃)− ∂zR
r,δ
∗ f̃−

∂z(
∫

Γε
1

f̃(ζ) ∧ (−1)lΦ2
r−1(s

h, η∗) +
∫

Γε
0

f̃(ζ) ∧ (−1)lΦ2
r−1(s

h, η∗)−
∫

Gδ∩Ωδ\Gε∩Ωε

∂f̃(ζ) ∧ (−1)lΦ2
r−1(η∗)).

Èñïîëüçóÿ íåðàâåíñòâî (8) äëÿ ôóíêöèè < P0(ζ, z), ζ − z >, çàìåòèì, ÷òî
êîýôôèöèåíòû ôîðì Kr,ε

0 f̃ è Rr,ε
0 f̃ ðàâíîìåðíî íà Γ ∩ Ω0 ñòðåìÿòñÿ ê íóëþ

ïðè ε → 0.
Èç íåðàâåíñòâà (8) äëÿ ôóíêöèé < P0(ζ, z), ζ − z > è < P1(ζ, z, x), ζ − z >

âûòåêàåò, ÷òî êîýôôèöèåíòû ôîðìû

(45) Kl,r(ηt0(ζ, z, x)) =
∑

|I|+|J|=n−2−r

′
aI,J (ζ, z, x)dζJ ∧ dxI ∧ dt0 ∧Dl,n−l(∂z, ∂ζ),

ãäå I ⊂ (1, . . . , k), ÿâëÿþòñÿ ôîðìàìè ñ íåïðåðûâíûìè êîýôôèöèåíòàìè ïåðå-
ìåííûõ ζ ∈ {ζ ∈ Gδ ∩ Ωδ : %0 = |%|}, z ∈ Γ ∩ Ω0, x ∈ S.

Ïîëîæèì
γε

xI
= {ζ ∈ ∂Γε

1 : xi(ζ) = xi, i ∈ I},
ãäå

∂Γε
1 = {ζ ∈ Ω : |%| = ε, %0 = ε}.

Ïîñêîëüêó mesn−2−|I|(γε
xI

) = O(εk−1−|I|), òî äëÿ ìóëüòèèíäåêñîâ I äëèíû
ìåíüøå k − 1 èíòåãðàëû îò äèôôåðåíöèàëüíûõ ôîðì: aI,J(ζ, z, x)dζJ ∧ dxI ∧
dt0 ∧Dl,n−l(∂z, ∂ζ), ñòîÿùèõ ïîä çíàêîì èíòåãðàëà (40), ñòðåìÿòñÿ ê íóëþ ïðè
ε → 0.

Îòñþäà è èç òåîðåìû Ôóáèíè ñëåäóåò ðàâåíñòâî

(46) Kr,ε
1 f̃(z) =

∫

x̃∈S̃

∫

ζ∈∂(Γε
x∩Ωε)

f̃(ζ) ∧Kl,r(ηt0(ζ, z, x)),

ãäå Γε
x � ìíîãîîáðàçèå âèäà (32), x̃ = (t0, (1− t0)x).

Ïåðåõîäÿ â ðàâåíñòâå (46) ê ïðåäåëó ïðè ε → 0, èìååì

(47) limε→0K
r,ε
1 f̃(z) =

∫

∂(Γ∩Ω0)×S̃

f(ζ) ∧Kl,r(ηt0(ζ, z, x)),

ãäå ïðàâàÿ ÷àñòü â òî÷íîñòè ðàâíà ïðàâîé ÷àñòè (13).
Îòìåòèì, ÷òî èíòåãðàë â ïðàâîé ÷àñòè (47) êîððåêòíî îïðåäåëåí äëÿ òî÷åê

z èç íåêîòîðîé îêðåñòíîñòè Ω̃ ìíîãîîáðàçèÿ Γ ∩ Ω0.
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Èç íåðàâåíñòâà (8) äëÿ ôóíêöèé < P0(ζ, z), ζ − z > è < P1(ζ, z, x), ζ − z >
âûòåêàåò, ÷òî êîýôôèöèåíòû ôîðìû

(48) Kl,r−1(t∗η∗ + (1− t∗)ηt0(ζ, z, x)) =
∑

|I|+|J|=n−2−r

′
aI,J (ζ, z, x)dζJ ∧ dxI ∧ dt∗ ∧ dt0 ∧Dl,n−l(∂z, ∂ζ),

ãäå I ⊂ (1, . . . , k), ÿâëÿþòñÿ ôîðìàìè ñ íåïðåðûâíûìè êîýôôèöèåíòàìè ïåðå-
ìåííûõ ζ ∈ {ζ ∈ Gδ ∩ Ωδ : %0 = |%|}, z ∈ Γ ∩ Ω0, x ∈ S.

Ïîñêîëüêó mesn−2−|I|(γε
xI

) = O(εk−1−|I|), òî äëÿ ìóëüòèèíäåêñîâ I äëèíû
ìåíüøå k − 1 èíòåãðàëû îò äèôôåðåíöèàëüíûõ ôîðì: aI,J(ζ, z, x)dζJ ∧ dxI ∧
dt∗∧dt0∧Dl,n−l(∂z, ∂ζ), ñòîÿùèõ ïîä çíàêîì èíòåãðàëà (43), ñòðåìÿòñÿ ê íóëþ
ïðè ε → 0.

Îòñþäà è èç òåîðåìû Ôóáèíè ñëåäóåò ðàâåíñòâî

(49) ∂Rr,ε
1 f̃(z) =

∂(
∫

S̃

∫

∂(Γε
x∩Ωε)

f̃(ζ)∧Φ1
r−1(s

h, ηt0)+
∫

S̃

∫

∂(Γε
x∩Ωε)

f̃(ζ)∧Φ1
r−1(s

h, t∗η∗+(1−t∗)η0)−
∫

S̃

∫

∂(Γε
x∩Ωε)

f̃(ζ) ∧ Φ1
r−1(s

h, t∗η∗ + (1− t∗)η1)−
∫

{t∗∈[0,1]}×{t0∈[0,1]}×S

∫

∂(Γε
x∩Ωε)

∂f̃(ζ) ∧ Φ1
r−1(s

h, t∗η∗ + (1− t∗)ηt0)).

ãäå Γε
x � ìíîãîîáðàçèå âèäà (32).

Ïåðåõîäÿ â ðàâåíñòâå (49) ê ïðåäåëó ïðè ε → 0, èìååì

(50) limε→0∂Rr,ε
1 f̃(z) = ∂(

∫

∂(Γ∩Ω0)×S̃

f(ζ) ∧ Φ1
r−1(s

h, ηt0(ζ, z, x))−
∫

∂(Γ∩Ω0)×S̃

f(ζ) ∧ Φ1
r−1(s

h, t∗η∗ + (1− t∗)η1(ζ, z, x))).

Îòìåòèì, ÷òî èíòåãðàëû â ïðàâîé ÷àñòè (50) êîððåêòíî îïðåäåëåíû äëÿ
òî÷åê z èç íåêîòîðîé îêðåñòíîñòè Ω̃ ìíîãîîáðàçèÿ Γ ∩ Ω0.

Ïîêàæåì òåïåðü, ÷òî äëÿ z ∈ Γ ∩ Ω0 èìååì
(51) limε→0K

r,εf̃ = K±Uf,

ãäå ôîðìà K±Uf îïðåäåëåíà ðàâåíñòâîì (12).
Â ñèëó ïðåäëîæåíèÿ 3.3.2 èç [2] èìååì

(52) < ∂ζP1(ζ, z, x(ζ)) ∧ dζ >n−k−r+1= 0

äëÿ ζ ∈ Ωδ \ Γ è z ∈ Ω0 ∩ Γ.
Ïîýòîìó ôîðìà Kl,r(η1(ζ, z, x)) èìååò ïîðÿäîê n− k − r îòíîñèòåëüíî dζ è,

ñîîòâåòñòâåííî, ïîðÿäîê k − 1 îòíîñèòåëüíî x.
Äàëåå, â ñèëó (6) (ñîîòâåòñòâåííî, (7)) èìååì Kl,r(η1(ζ, z, x)) = 0 äëÿ ζ ∈

Γε
x ∩ Ωε, z ∈ Γ ∩ Ω0 è x ∈ S \ ±U.
Îòñþäà è èç òåîðåìû Ôóáèíè ïîëó÷àåì ðàâåíñòâî

(53) Kr,εf̃(z) =
∫

x∈±U

∫

ζ∈Γε
x∩Ωε

f̃(ζ) ∧Kl,r

( P1(ζ, z, x)
< P1(ζ, z, x), ζ − z >

)
.
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Ïîêàæåì. ÷òî èíòåãðàë â ïðàâîé ÷àñòè (53) êîððåêòíî îïðåäåëåí ïðèε = 0 è
z ∈ Γ ∩ Ω0.

Äëÿ ýòîãî ïðè ôèêñèðîâàííûõ x ∈ ±U è z ∈ Γ ∩ Ω0 ðàññìîòðèì èíòåãðàë
âèäà

Aε(x, z) =
∫

Γε
x∩Ωε

f̃(ζ) ∧Kl,r(η1(ζ, z, x)).

Ïî ôîðìóëå Ñòîêñà, ïðèìåíåííîé ê ôîðìå f(ζ) ∧Kl,r(η1) íà ìíîãîîáðàçèè
òî÷åê Γ̃ε

x = ∪ε≤t≤δ(Γt
x ∩ Ωt) ñ ó÷åòîì (52) èìååì

Aε(x, z) =
∫

Γ̃ε
x

∂f̃(ζ) ∧Kl,r(η1(ζ, z, x))−
∫

∂Γ̃ε
x\(Γε

x∩Ωε)

f̃(ζ) ∧Kl,r(η1(ζ, z, x)).

Èñïîëüçóÿ ëåììó 2.2.2 èç [2] è íåðàâåíñòâî (8) äëÿ âåêòîð-ôóíêöèè P1,
ïîëó÷èì, ÷òî êîýôôèöèåíòû ôîðìû Aε(x, z) ïðèíàäëåæàò êëàññó C∞(±U ×
(Γ ∩ Ω0)) äëÿ âñåõ ε ≥ 0.

Òåïåðü ìîæåì ïåðåéòè â ðàâåíñòâå (53) ê ïðåäåëó ïðè ε → 0 è ïîëó÷èòü
ðàâåíñòâî

(54) limε→0K
r,εf̃(z) =

∫

Γ∩Ω0×±U

f(ζ) ∧Kl,r(η1(ζ, z, x)),

ïðàâàÿ ÷àñòü êîòîðîãî â òî÷íîñòè åñòüK±Uf.
Ïîñêîëüêó äèàìåòð îáëàñòè ±U ìåíüøå äâóõ, òî îáëàñòü Ω±U íå ïóñòà,

à ôîðìà K±Uf êîððåêòíî îïðåäåëåíà â ýòîé îáëàñòè è ïðèíàäëåæèò êëàññó
C∞l,r(Ω±U ∪ (Γ ∩ Ω0)).

Ïîêàæåì òåïåðü, ÷òî äëÿ z ∈ Γ ∩ Ω0 èìååì

(55) limε→0∂Rr,εf̃ =∫

(Γ∩Ω0)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1(ζ, z, x)) +
∫

Γ∩Ω0
f(ζ) ∧ ∂zΦ1

r−1(η∗(ζ, z))+
∫

∂(Γ∩Ω0)×{(t∗,(1−t∗)x): t∗∈[0,1], x∈S}
f(ζ)∧∂Φ1

r−1(s
h, t∗η∗(ζ, z)+(1−t∗)η1(ζ, z, x)).

Â ñèëó (52) ôîðìà Φ2
r−1(s

h, η1) èìååò ïîðÿäîê n− k − r îòíîñèòåëüíî dζ è,
ñîîòâåòñòâåííî, ïîðÿäîê k − 1 îòíîñèòåëüíî x.

Äàëåå, â ñèëó (6) (ñîîòâåòñòâåííî, (7)) èìååì ∂zΦ2
r−1(s

h, η1) = 0 äëÿ ζ ∈
Γε

x ∩ Ωε, z ∈ Γ ∩ Ω0 è x ∈ S \ ±U.
Îòñþäà è èç òåîðåìû Ôóáèíè ïîëó÷àåì ðàâåíñòâî

(56) ∂Rr,εf̃(z) =∫

Γε
x∩Ωε

f̃(ζ) ∧ ∂zΦ1
r−1(η∗) +

∫

x∈±U

∫

ζ∈Γε
x∩Ωε

f̃(ζ) ∧ ∂zΦ1
r−1(s

h, η1(ζ, z, x))+
∫

{(t∗,(1−t∗)x):t∗∈[0,1],x∈S}

∫

∂(Γε
x∩Ωε)

f̃(ζ) ∧ ∂zΦ1
r−1(s

h, t∗η∗ + (1− t∗)η1)−
∫

{(t∗,(1−t∗)x):t∗∈[0,1],x∈S}

∫

Γε
x∩Ωε

∂f̃(ζ) ∧ ∂zΦ1
r−1(s

h, t∗η∗ + (1− t∗)η1).

Ïîêàæåì, ÷òî èíòåãðàëû â ïðàâîé ÷àñòè (56) êîððåêòíî îïðåäåëåíû ïðèε = 0
è z ∈ Γ ∩ Ω0.
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Äëÿ ýòîãî ïðè ôèêñèðîâàííûõ x ∈ ±U èëè x ∈ S, z ∈ Γ ∩ Ω0 è t∗ ∈ [0, 1]
ðàññìîòðèì èíòåãðàë âèäà

Aε(x, z) =
∫

Γε
x∩Ωε

f̃(ζ) ∧ Φ1
r−1(s

h, η1(ζ, z, x))

èëè

A′ε(x, z, t∗) =
∫

Γε
x∩Ωε

∂f̃(ζ) ∧ Φ1
r−1(s

h, t∗η∗(ζ, z) + (1− t∗)η1(ζ, z, x)).

Ïî ôîðìóëå Ñòîêñà, ïðèìåíåííîé ê ôîðìå f(ζ) ∧ Φ1
r−1(s

h, η1) èëè ∂f̃(ζ) ∧
Φ1

r−1(s
h, t∗η∗+(1− t∗)η1) íà ìíîãîîáðàçèè òî÷åê Γ̃ε

x = ∪ε≤t≤δ(Γt
x∩Ωt) ñ ó÷åòîì

(52) èìååì

Aε(x, z) =
∫

Γ̃ε
x

∂f̃(ζ)∧Φ1
r−1(s

h, η1(ζ, z, x))−
∫

∂Γ̃ε
x\(Γε

x∩Ωε)

f̃(ζ)∧Φ1
r−1(s

h, η1(ζ, z, x))

èëè

A′ε(x, z, t∗) = (−1)l+r+1

∫

Γ̃ε
x

∂f̃(ζ) ∧ dΦ1
r−1(s

h, t∗η∗(ζ, z) + (1− t∗)η1(ζ, z, x))−
∫

∂Γ̃ε
x\(Γε

x∩Ωε)

∂f̃(ζ) ∧ Φ1
r−1(s

h, t∗η∗(ζ, z) + (1− t∗)η1(ζ, z, x))

Èñïîëüçóÿ ëåììó 2.2.2 èç [2] è íåðàâåíñòâî (8) äëÿ âåêòîð-ôóíêöèè P1,
ïîëó÷èì, ÷òî êîýôôèöèåíòû ôîðìûAε(x, z) èëèA′ε(x, z, t∗) ïðèíàäëåæàò êëàññó
C∞(±U × (Γ ∩ Ω0)) èëè C∞(S × [0, 1]× (Γ ∩ Ω0)) äëÿ âñåõ ε ≥ 0.

Òåïåðü ìîæåì ïåðåéòè â ðàâåíñòâå (56) ê ïðåäåëó ïðè ε → 0 è ïîëó÷èòü
ðàâåíñòâî (55). Ôîðìà (55) êîððåêòíî îïðåäåëåíà â îáëàñòèΩ±U è ïðèíàäëåæèò
êëàññó C∞l,r(Ω±U ∪ (Γ ∩ Ω0)).

Òåïåðü ïåðåéäåì ê ïðåäåëó (ïðè ε → 0) â ðàâåíñòâå (22), ó÷èòûâàÿ (36),
(37), (47), (50), (54) è (55).

Îñòàëîñü ïîêàçàòü, ÷òî ôîðìà F èç ðàâåíñòâà (11) ∂-çàìêíóòà â îáëàñòè
Ω±U .

Äåéñòâèòåëüíî, ïðè ôèêñèðîâàííîì z ∈ Ω±U , ïîëüçóÿñü ñîîòíîøåíèåì
(57) (∂ζ + dx)Kl,r(η1) = (−1)l+r∂zKl,r−1(η1),

ôîðìóëîé Ñòîêñà è ðàâåíñòâîì ∂S̃ = S, ïîëó÷àåì

(58) ∂F =∫

(Γ∩Ω0)×∂±U

f(ζ)∧Kl,r+1(η1(ζ, z, x))+
∫

∂(Γ∩Ω0)×S\±U

f(ζ)∧Kl,r+1(η1(ζ, z, x)).

Èíòåãðàëû â ïðàâîé ÷àñòè (58) èñ÷åçàþò: ïåðâûé èíòåãðàë â ñèëó (6), âòîðîé
èíòåãðàë â ñèëó ëåììû 4.1.1 èç [2].

Äîêàçàòåëüñòâî òåîðåìû 3.Ïóñòü êîìïàêò K = K̂Ω è K ∩ Γ 6= ∅. Ôîðìà
f òèïà (l, r) ñ êîýôôèöèåíòàìè êëàññà C1(Γ \ K) è f � CR-ôîðìà íà Γ \ K.
Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü ñòðîãî ïñåâäîâûïóêëûõ îáëàñòåéKs,
÷òîáû

⋂
s Ks = K, Ks+1 ⊂⊂ Ks, ∂Ks ïåðåñåêàåòñÿ ñ Γ òðàíñâåðñàëüíî è, êðîìå

òîãî,

(59)
∫

Γ\Ks

f ∧ ∂λ = −(−1)l+r

∫

Γ∩∂Ks

f ∧ λ
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äëÿ ëþáîé ôîðìû λ òèïà (n− l, n− r− k− 1) ñ êîýôôèöèåíòàìè èç C1
0 (Ω \K).

(Çíàê "ìèíóñ"âîçíèê èç-çà òîãî, ÷òî îðèåíòàöèÿ∂Ks ñîãëàñîâàíà ñ Ks.)
Ðàññìîòðèì ôóíêöèþ h ∈ O(Ω) è ìíîæåñòâà

Us(h) = {z ∈ Ω : |h(z)| > maxKs
|h|},

U(h) = {z ∈ Ω : |h(z)| > maxK |h|};
òîãäà U(h) = ∪∞s=1Us(h). Â ñèëó ðàâåíñòâà K = K̂Ω èìååì

Ω \K = ∪h∈O(Ω)U(h).

Ïóñòü z ∈ Us(h) ∩ ΩΓ ∩ Ωj \Ks; òîãäà ïîëîæèì

(60) Fh
s,j(z) =

∫

[(Γ\Ks)∩Ωj ]×±U

f(ζ) ∧Kl,r(η1(ζ, z, x))+
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧Kl,r(t0ηj(ζ, z) + (1− t0)η1(ζ, z, x))+
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1(ζ, z, x))−
∫

[(Γ\Ks)∩Ωj ])×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1(ζ, z, x))−
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0ηj(ζ, z) + (1− t0)η1(ζ, z, x))−

∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗(ζ, z))−

∂

∫

Gδ∩Ωδ\Ks

f̃ ∧Kl,r−1(η∗(ζ, z)) +
∫

∂Ks

f̃(ζ) ∧ ∂z(−1)lΦ2
r−1(s

h, η∗(ζ, z)),

ãäå ηj = Pj/ < Pj , ζ − z >, à Pj � ñèëüíî ðåãóëÿðíûé áàðüåð ê ∂Ωj . Òðåòèé
è ïîñëåäíèé èíòåãðàëû â ýòîé ôîðìóëå íå èìåþò îñîáåííîñòåé, ïîñêîëüêó
|h(z)| > |h(ζ)|, åñëè z ∈ Us(h), à ζ ∈ Ks.

Ïîêàæåì, ÷òî ôîðìà Fh
s,j(z) â (60) íà ñàìîì äåëå íå çàâèñèò îò s è h.

Äåéñòâèòåëüíî, åñëè s < m, òî

Fh
m,j(z)− Fh

s,j(z) =
∫

Γ∩(Ks\Km)×±U

f(ζ) ∧Kl,r(η1)−
∫

∂Ks

f(ζ) ∧ ∂z(−1)lΦ2
r−1(η∗) +

∫

(∂Km∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1) +
∫

∂Km

f(ζ) ∧ ∂z(−1)lΦ2
r−1(η∗)−

∫

Γ∩(Ks\Km)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1)− ∂

∫

Ks\Km

∂f̃(ζ) ∧ Φ1
r−1(η∗)−

∂

∫

Ks\Km

f̃(ζ) ∧Kl,r−1(η∗).

Íà ìíîæåñòâåKs\Km ïåðâûé è ïîñëåäíèé èíòåãðàëû â ýòîé ôîðìóëå îñîáåííîñòåé
íå èìåþò, òàê êàê z ∈ Us(h); òîãäà Kl,r(η1) = ∂zΦ1

r−1(s
h, η1) + (−1)r(∂ζ +
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dx)Φ2
r(s

h, η1) íà Ks \Km ïî ëåììå 3. Îòñþäà
∫

Γ∩(Ks\Km)×±U

f(ζ) ∧Kl,r(η1) =
∫

Γ∩∂(Ks\Km)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

Γ∩(Ks\Km)×∂±U

f(ζ)∧ (−1)lΦ2
r(s

h, η1)+
∫

Γ∩(Ks\Km)×±U

f(ζ)∧∂zΦ1
r−1(s

h, η1),

− ∂

∫

Ks\Km

f̃(ζ) ∧Kl,r−1(η∗) =
∫

∂(Ks\Km)

f̃(ζ) ∧ (−1)l∂zΦ2
r−1(s

h, η∗)−
∫

Ks\Km

∂f̃(ζ) ∧ (−1)l∂zΦ2
r−1(s

h, η∗).

Òàê êàê ∂ ± U ⊂ S \ ±U, à ôîðìà Φ2
r(s

h, η1) ñîñòîèò íà (Ks \Km) ∩ Γ èç ôîðì
∂ζP

j1
1 ∧ . . . ∧ ∂ζP

jn−k−r

1 ∂zP
l1
1 ∧ . . . ∧ ∂zP

lr
1 , òî èç (6), (7) (òåîðåìà 1) èìååì

Φ2
r(sh, η1) = 0, è, ñëåäîâàòåëüíî,
∫

Γ∩(Ks\Km)×±U

f(ζ) ∧Kl,r(η1) =
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

(∂Km∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1) +
∫

Γ∩(Ks\Km)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1).

Ïîýòîìó èíäåêñ s â ôîðìå Fh
s,j ìû áóäåì â äàëüíåéøåì îïóñêàòü.

Ïóñòü òåïåðü g ∈ O(Ω). Ðàññìîòðèì Fh
j (z) − F g

j (z) äëÿ z ∈ Us(h) ∩ Us(g).
Èìååì

(61) Fh
j (z)− F g

j (z) =∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

g, η1)−
∫

[(Γ\Ks)∩Ωj ])×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1) +
∫

[(Γ\Ks)∩Ωj ])×±U

f(ζ) ∧ ∂zΦ1
r−1(s

g, η1)−
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0ηj + (1− t0)η1)+
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

g, t0ηj + (1− t0)η1)−

∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗) + ∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ Φ1
r−1(s

g, η∗)+
∫

∂Ks

f(ζ) ∧ ∂z(−1)lΦ2
r−1(s

h, η∗)−
∫

∂Ks

f(ζ) ∧ ∂z(−1)lΦ2
r−1(s

g, η∗).

Åñëè n = 2, òî

Φ2
r(s

h, η1)− Φ2
r(s

g, η1) =

(−1)l

(2πi)22!

(
2
l

)
h1g2 − h2g1

(h(ζ)− h(z))(g(ζ)− g(z))
∧Dl,2−l(∂z, ∂ζ), åñëè r = 0;

òàê êàê äëÿ z ∈ Us(h) ∩ Us(g) è ζ ∈ ∂Ks,

|h(z)| > |h(ζ)|, |g(z)| > |g(ζ)|,
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òî

1
h(ζ)− h(z)

= −
∞∑

k=0

hk(ζ)
hk+1(z)

,
1

g(ζ)− g(z)
= −

∞∑

k=0

gk(ζ)
gk+1(z)

,

à èíòåãðàë

∫

∂Ks∩Γ

f(ζ)P (ζ)dζ = 0

äëÿ ôóíêöèé P, ãîëîìîðôíûõ â Ω, (åñëè Γ íå çàìêíóòî, òî èíòåãðàë ìîæåò
áûòü îòëè÷åí îò íóëÿ). Çàìåòèì, ÷òî ïðèr = 0 âñå ñëàãàåìûå â ðàâåíñòâå (61),
êðîìå ïåðâîãî è âòîðîãî, çàâåäîìî íóëåâûå.

Åñëè n ≥ 3, òî ïî ëåììå 6

Fh
j (z)− F g

j (z) =∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)l(∂zΦ1
r−1(s

h, sg, η1) + (−1)r(∂ζ + dx)Φ2
r(s

h, sg, η1))−
∫

[(Γ\Ks)∩Ωj ])×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1) +
∫

[(Γ\Ks)∩Ωj ])×±U

f(ζ) ∧ ∂zΦ1
r−1(s

g, η1)−
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0ηj + (1− t0)η1)+
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

g, t0ηj + (1− t0)η1)+
∫

∂Ks

f̃(ζ) ∧ (−1)l∂z(∂zΦ1
r−2(s

h, sg, η∗) + (−1)r−1dΦ2
r−1(s

h, sg, η∗))−

∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗) + ∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ Φ1
r−1(s

g, η∗).

Èçìåíèì êîýôôèöèåíòû ôîðìûΦ2
r(sh, sg, η1) âíå (∂Ks∩Γ)×±U òàê, ÷òîáû

íîâàÿ ôîðìà Φ̃2
r(s

h, sg, η1) ÿâëÿëàñü ôîðìîé ñ êîìïàêòíûì íîñèòåëåì â Ωj ñ
ãëàäêèìè êîýôôèöèåíòàìè. Òàê êàê

∂((Γ∩(Ωj \Ks))×±U) = −(Γ∩(Ωj \Ks))×∂±U +∂(Γ∩Ωj)×±U−(∂Ks∩Γ)×±U,

à

∫

Γ∩(Ωj\Ks)×∂±U

f(ζ) ∧ (∂ζ + dx)Φ̃2
r(s

h, sg, η1) = 0
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â ñèëó òåîðåìû 1, òî

(62)
Fh

j (z)− F g
j (z) = −

∫

∂[Γ∩(Ωj\Ks)×±U ]

f(ζ) ∧ (−1)l(−1)r(∂ζ + dx)Φ̃2
r(s

h, sg, η1)+
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)l∂zΦ1
r−1(s

h, sg, η1)+
∫

[(Γ\Ks)∩Ωj ])×±U

f(ζ) ∧ (−1)l∂zΦ2
r−1(s

h, η1)−
∫

[(Γ\Ks)∩Ωj ])×±U

f(ζ) ∧ (−1)l∂zΦ2
r−1(s

g, η1)+
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧ (−1)l∂zΦ2
r−1(s

h, t0ηj + (1− t0)η1)−
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧ (−1)l∂zΦ2
r−1(s

g, t0ηj + (1− t0)η1)−
∫

∂Ks

f̃(ζ) ∧ (−1)l∂z(−1)rdΦ2
r−1(s

h, sg, η∗)+

∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ (−1)lΦ2
r−1(s

h, η∗)− ∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ (−1)lΦ2
r−1(s

g, η∗) =
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)l∂zΦ1
r−1(s

h, sg, η1)+
∫

(∂Ks∩Γ)×±U

f(ζ)∧∂zΦ2
r−1(s

h, sg, η1)+
∫

[(Γ\Ks)∩Ωj ]×∂±U

f(ζ)∧∂zΦ2
r−1(s

h, sg, η1)−
∫

∂(Γ∩Ωj)×±U

f(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η1) +
∫

∂(Γ∩Ωj)×S

f(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η1)+
∫

∂Ks

∂f̃(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η∗)−
∫

∂Ks

∂f̃(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η∗) = 0.

Ïîêàæåì òåïåðü, ÷òî ôîðìà Fj(z) = Fh
j (z) ∂-çàìêíóòà â Us(h). Ðàññìîòðèì

∂Fj(z) = −
∫

∂((Γ\Ks)∩Ωj)×±U

f(ζ) ∧Kl,r+1(η1) +
∫

∂(Γ∩Ωj)×S

f(ζ) ∧Kl,r+1(η1)−
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (Kl,r+1(η1)− (−1)r+1(∂ζ + dx)Φ2
r+1(s

h, η1)) =

(ìû èñïîëüçîâàëè ëåììû 2 è 3)

=
∫

∂(Γ∩Ωj)×(S\±U)

f(ζ) ∧Kl,r+1(η1(ζ, z, x)).

Îñòàëîñü èñïîëüçîâàòü ëåììó 4.1.1 èç [2], ñîãëàñíî êîòîðîé
∫

∂(Γ∩Ωj)×(S\±U)

f(ζ) ∧Kl,r+1(η1) = 0.

Ïóñòü òåïåðü ζ0 ∈ Γ \ K è x0 ∈ ±U òàêèå, ÷òî P1(ζ0, z, x0) � ñèëüíî
ðåãóëÿðíûé ãîëîìîðôíûé (â Ω) áàðüåð ê óðîâíÿì ôóíêöèè %̃x0 . Îáîçíà÷èì
h(z) =< P1(ζ0, z, x0), ζ0 − z > . Åñëè âçÿòü øàð B = B(ζ0, r) òàê, ÷òîáû
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B ∩K = ∅, òî ∂-çàìêíóòîå ïðîäîëæåíèå F ôîðìû f â îáëàñòü B ∩ ΩΓ äàåòñÿ
ôîðìóëîé òèïà (14):

F =
∫

(Γ∩B)×±U

f(ζ) ∧Kl,r(η1) +
∫

(∂B∩Γ)×S̃

f(ζ) ∧Kl,r(t0ηB + (1− t0)η1)−

∂

∫

B

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗)−
∫

(Γ∩B)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1)−
∫

∂(Γ∩B)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0ηB + (1− t0)η1)− ∂

∫

B

f̃(ζ) ∧Kl,r−1(η∗),

ãäå ηB = PB(ζ,z)
<PB ,ζ−z> , à PB � ñèëüíî ðåãóëÿðíûé áàðüåð ê∂B. Ïîêàæåì, ÷òî äëÿ

âñåõ z ∈ ΩΓ∩B, äîñòàòî÷íî áëèçêèõ ê ζ0, ôîðìà F (z) = Fh
j,s(z). Äåéñòâèòåëüíî,

â ñèëó (8)

2|h(ζ)| ≥ 2Reh(ζ) = 2Re < P1(ζ0, ζ, x0), ζ0 − ζ >≥ γ|ζ0 − ζ|2,
åñëè ζ ∈ Γ \ B; à h(ζ) → 0 ïðè ζ → ζ0, ò.å. |h(ζ)| > |h(z)|, åñëè ζ ∈ Γ \ B, à z
äîñòàòî÷íî âëèçêî ê ζ0. Ïîýòîìó äëÿ òàêèõ z è η̃t0 = t0ηB + (1− t0)η1

(63)
Fh

j,s(z)−F (z) =
∫

(Γ\(B∪Ks)))∩Ωj×±U

f(ζ)∧Kl,r(η1)+
∫

(Γ∩∂Ωj)×S̃

f(ζ)∧Kl,r(ηt0)−
∫

(Γ∩∂B)×S̃

f(ζ) ∧Kl,r(η̃t0) +
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

(Γ\(Ks∪B))∩Ωj×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1)−
∫

∂(Γ∩Ωj)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, ηt0)+
∫

∂(Γ∩B)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, η̃t0)− ∂

∫

Gδ∩Ωδ\(Ks∪B)

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗)−

∂

∫

Gδ∩Ωδ\(Ks∪B)

f̃(ζ) ∧Kl,r−1(η∗) +
∫

∂Ks

f̃(ζ) ∧ ∂z(−1)lΦ2
r−1(s

h, η∗) =
∫

Γ∩∂Ωj×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

(Γ∩∂B)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

(Γ∩∂Ωj)×S

f(ζ) ∧ (−1)lΦ2
r(s

h, η1) +
∫

(Γ∩∂B)×S

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−

∂

∫

∂B

f̃(ζ) ∧ (−1)lΦ2
r−1(s

h, η∗) = −
∫

Γ∩(Ωj\B)×(S\±U)

f(ζ) ∧ (−1)rdΦ2
r(s

h, η1) =

−
∫

Γ∩(Ωj\B)×(S\±U)

f(ζ) ∧Kl,r(η1) +
∫

Γ∩(Ωj\B)×(S\±U)

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1) =
∫

Γ∩(Ωj\B)×(S\±U)

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1) = 0

â ñèëó òåîðåìû 1. Ïîñêîëüêó Γ \K ñâÿçíî è â îêðåñòíîñòè òî÷êè ζ0 èíòåãðàë
(14) äàåò ∂-çàìêíóòîå ïðîäîëæåíèå f(ζ) â ΩΓ, òî èíòåãðàë Fh

j,k(z) äàåò ∂-
çàìêíóòîå ïðîäîëæåíèå f â ΩΓ \K.

Åñëè ñèëüíî ðåãóëÿðíûé ãîëîìîðôíûé áàðüåð åñòü â ëþáîé òî÷êåζ0 ∈ Γ\K,
òî óñëîâèå ñâÿçíîñòè Γ \ K íå íóæíî, ïîñêîëüêó ïðåäûäóùåå ðàññóæäåíèå
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ïîêàçûâàåò, ÷òî èíòåãðàë (14) äàåò∂-çàìêíóòîå ïðîäîëæåíèåf(ζ) â îêðåñòíîñòü
ëþáîé òî÷êè ζ0 ∈ Γ \K.

Äîêàçàòåëüñòâî òåîðåì 4 è 5. Ïóñòü êîìïàêò K = K̃p è K ∩ Γ 6= ∅.
Ôîðìà f òèïà (l, r) ñ êîýôôèöèåíòàìè êëàññà C1(Γ \K) è f � CR-ôîðìà íà
Γ \ K. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü îòêðûòûõ ìíîæåñòâ Ks (êàæäîå Ks

ñîñòîèò èç êîíå÷íîãî ÷èñëà ñâÿçíûõ êîìïîíåíò) ñ ãðàíèöíé êëàññàC∞ òàêèõ,
÷òî

⋂
s Ks = K, Ks+1 ⊂⊂ Ks, ∂Ks ïåðåñåêàåòñÿ ñ Γ òðàíñâåðñàëüíî è, êðîìå

òîãî, âûïîëíÿåòñÿ ðàâåíñòâî (59). Åñëè ìû ïîêàæåì, ÷òî äëÿ êàæäîãîs ôîðìà
f ïðîäîëæàåòñÿ ∂-çàìêíóòî ñ (Ωs ∩ Γ) \K â ΩΓ ∩ Ωs \K, òîãäà òåîðåìû 4 è 5
áóäóò äîêàçàíû (ïî òåîðåìå åäèíñòâåííîñòè äëÿ ïîðîæäàþùèõ ìíîãîîáðàçèé).
Ïîýòîìó ìû ìîæåì ïðåäïîëîæèòü, ÷òîΩs = Ω.

Ïóñòü h åñòü âåêòîð-ôóíêöèÿ âèäà h = (h1, . . . , hp) : Ω → Cp, hj ∈ O(Ω), j =
1, . . . , p. Ïóñòü Us(h) = Ω \ h−1(h(Ks)), à U(h) = Ω \ h−1(h(K)). Òîãäà U(h) =⋃

s Us(h), à Ω \K =
⋃
{h} U(h), ïîñêîëüêó K = K̃p

Äëÿ z ∈ Us(h) ∩ ΩΓ è ζ ∈ Γ \Ks ïîëîæèì

(64) Fh
s (z) =

∫

(Γ\Ks)×±U

f(ζ) ∧Kl,r(η1(ζ, z, x))+
∫

∂(Γ∩Ω)×S̃

f(ζ) ∧Kl,r(t0η0(ζ, z) + (1− t0)η1(ζ, z, x))+
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1(ζ, z, x))−
∫

(Γ\Ks)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1(ζ, z, x))−
∫

∂(Γ∩Ω)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0η0(ζ, z) + (1− t0)η1(ζ, z, x))−

∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗(ζ, z))−

∂

∫

Gδ∩Ωδ\Ks

f̃ ∧Kl,r−1(η∗(ζ, z)) +
∫

∂Ks

f̃(ζ) ∧ ∂z(−1)lΦ2
r−1(s

h, η∗(ζ, z)),

ãäå η0 = P0/ < P0, ζ − z >, à P0 � ñèëüíî ðåãóëÿðíûé áàðüåð ê ∂Ω (íàïîìíèì,
÷òî Ω = Ωs, ò.å. Ω ÿâëÿåòñÿ ñòðîãî ïñåâäîâûïóêëîé îáëàñòüþ).

Ôîðìû Φ1
r−1(s

h, η1), Φ2
r(sh, η1) îïðåäåëåíû äëÿ z ∈ Us(h) ∩ ΩΓ, à ζ ∈ Ks,

ïîñêîëüêó h(ζ)− h(z) 6= 0 â ýòîì ñëó÷àå.
Âî-ïåðâûõ ïîêàæåì, ÷òî ôîðìà Fh

s (z) â (64) íå çàâèñèò îò s è h. Ïóñòü
s < m, òîãäà

Fh
m(z)− Fh

s (z) =
∫

Γ∩(Ks\Km)×±U

f(ζ) ∧Kl,r(η1)+
∫

(∂Km∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
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∫

Γ∩(Ks\Km)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1)− ∂

∫

Ks\Km

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗)−

∂

∫

Ks\Km

f̃(ζ) ∧Kl,r−1(η∗) +
∫

∂Km

f̃(ζ) ∧ ∂z(−1)lΦ2
r−1(s

h, η∗)−
∫

∂Ks

f̃(ζ) ∧ ∂z(−1)lΦ2
r−1(s

h, η∗).

Ïî ëåììå 3 íà ìíîæåñòâå Ks \Km âûïîëíÿåòñÿ ðàâåíñòâî

Kl,r(η1) = ∂zΦ1
r−1(s

h, η1) + (−1)r(∂ζ + dx)Φ2
r(s

h, η1)+

(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
D1,r,n−1−r(sh, ∂zs

h, ∂ζs
h) ∧Dl,n−l(∂z, ∂ζ)

(òî÷êà z ∈ Us(h) è, ñëåäîâàòåëüíî, ôîðìû Φ1
r−1(s

h, η1) è Φ2
r(s

h, η1) íå èìåþò
îñîáåííîñòåé íà Ks \Km). Òîãäà ïî ôîðìóëå Ñòîêñà è â ñèëó ðàâåíñòâà (59)
èìååì

∫

Γ∩(Ks\Km)×±U

f(ζ) ∧Kl,r(η1) =
∫

Γ∩(Ks\Km)×±U

f(ζ) ∧ (∂zΦ1
r−1(s

h, η1) + (−1)r(∂ζ + dx)Φ2
r(s

h, η1)+

(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
D1,r,n−1−r(sh, ∂zs

h, ∂ζs
h) ∧Dl,n−l(∂z, ∂ζ)) =

∫

Γ∩∂(Ks\Km)×±U

f(ζ)∧(−1)lΦ2
r(s

h, η1)−
∫

Γ∩(Ks\Km)×∂±U

f(ζ)∧(−1)lΦ2
r(s

h, η1)+
∫

Γ∩(Ks\Km)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1) +
∫

Γ∩(Ks\Km)×±U

f(ζ)∧

(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
D1,r,n−1−r(sh, ∂zs

h, ∂ζs
h) ∧Dl,n−l(∂z, ∂ζ),

− ∂

∫

Ks\Km

f̃(ζ) ∧Kl,r−1(η∗) =
∫

∂(Ks\Km)

f̃(ζ) ∧ (−1)l∂zΦ2
r−1(s

h, η∗)−
∫

Ks\Km

∂f̃(ζ) ∧ (−1)l∂zΦ2
r−1(s

h, η∗)− ∂

∫

Ks\Km

f̃(ζ)∧

(−1)r−1+l(n−r)

(2πi)nn!

(
n− 1
r − 1

)(
n

l

)
D1,r−1,n−r(sh, ∂zs

h, ∂ζs
h) ∧Dl,n−l(∂z, ∂ζ).

Åñëè k = 1, òî âòîðîé èíòåãðàë â âåðõíåé ôîðìóëå ðàâåí0. Ïóñòü k > 1. Òàê
êàê ∂ ± U ⊂ S \ ±U, à ôîðìà Φ2

r(sh, η1) ñîäåðæèò ìíîæåñòâî äèôôåðåíöèàëîâ
∂ζP

j1
1 ∧ . . . ∧ ∂ζP

jn−m−k−r

1 ∧ dxP i1
1 ∧ . . . ∧ dxP

ik−2
1 ∧ ∂ζs

h
l1
∧ . . . ∧ ∂ζs

h
lm

∂zP
k1
1 ∧

. . . ∧ ∂zP
kr+m−j

1 ∧ ∂zs
h
k1
∧ . . . ∧ ∂zs

h
kj−m

, òîãäà äëÿ òîãî, ÷òîáû Φ2
r(s

h, η1) = 0 íà
(Ks\Km)×∂±U, ìû äîëæíû èìåòü (ïî òåîðåìå 1), ÷òîn−m−k−r ≥ n−q−k+1
(ñîîòâåòñòâåííî, r + m− j ≥ n− q − k + 1), ò.å. m ≤ q − 1− r (ñîîòâåòñòâåííî,
j ≤ r+m−n+k+q−1); ñ äðóãîé ñòîðîíû (ïî ëåììå 5)m ≤ p−1 (ñîîòâåòñòâåííî,
j−m ≤ p−1, ò.å. j ≤ m+p−1). ÑëåäîâàòåëüíîΦ2

r(sh, η1) = 0 íà (Ks\Km)×∂±U,
åñëè p− 1 ≤ q − 1− r (ñîîòâåòñòâåííî, m + p− 1 ≤ r + m− n + k + q − 1), ò.å.
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p ≤ q− r (ñîîòâåòñòâåííî, p ≤ r− n + k + q). Ïîýòîìó èíäåêñ s â ôîðìå Fh
s ìû

áóäåì â äàëüíåéøåì îïóñêàòü.
Ïóñòü òåïåðü z ∈ Us(h) ∩ Us(g) ∩ ΩΓ, ãäå g � ãîëîìîðôíàÿ âåêòîð-ôóíêöèÿ

òàêàÿ æå êàê h. Ðàññìîòðèì

(65) Fh(z)− F g(z) =
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

h, η1)−
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)lΦ2
r(s

g, η1)−
∫

(Γ\Ks)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1)+
∫

(Γ\Ks)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

g, η1)−
∫

∂Ks

f̃(ζ) ∧ ∂z(−1)lΦ2
r−1(s

g, η∗)−
∫

∂(Γ∩Ω)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0η0 + (1− t0)η1)+
∫

∂(Γ∩Ω)×S̃

f(ζ)∧∂zΦ1
r−1(s

g, t0η0 +(1− t0)η1)−∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ)∧Φ1
r−1(s

h, η∗)+

∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ) ∧ Φ1
r−1(s

g, η∗) +
∫

∂Ks

f̃(ζ) ∧ ∂z(−1)lΦ2
r−1(s

h, η∗).

Ïî ëåììå 6 ýòà ðàçíîñòü ñîñòîèò èç äâóõ ÷ëåíîâ: ïåðâûé èìååò âèä

∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (−1)l(∂zΦ1
r−1(s

h, sg, η1) + (−1)r(∂ζ + dx)Φ2
r(s

h, sg, η1))−
∫

(Γ\Ks)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1) +
∫

(Γ\Ks)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

g, η1)+

∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ)∧Φ1
r−1(s

g, η∗)−
∫

∂(Γ∩Ω)×S̃

f(ζ)∧∂zΦ1
r−1(s

h, t0η0 +(1− t0)η1)+
∫

∂(Γ∩Ω)×S̃

f(ζ)∧∂zΦ1
r−1(s

g, t0η0 +(1− t0)η1)−∂

∫

Gδ∩Ωδ\Ks

∂f̃(ζ)∧Φ1
r−1(s

h, η∗)+
∫

∂Ks

f̃(ζ) ∧ (−1)l∂z(∂zΦ1
r−2(s

h, sg, η∗) + (−1)r−1dΦ2
r−1(s

h, sg, η∗)).

Èçìåíèì çíàìåíàòåëü ôîðìû Φ2
r(s

h, sg, η1) âíå (∂Ks ∩ Γ) × ±U òàê, ÷òîáû
íîâàÿ ôîðìà Φ̃2

r(sh, sg, η1) ÿâëÿëàñü ôîðìîé ñ êîìïàêòíûì íîñèòåëåì âΩ×±U
ñ ãëàäêèìè êîýôôèöèåíòàìè. Èìååì

∫

Γ∩(Ω\Ks)×∂±U

f(ζ) ∧ (∂ζ + dx)Φ̃2
r(s

h, sg, η1) = 0,

åñëè k = 1. Ïóñòü k > 1. Èñïîëüçóÿ ëåììû 2 èç [14], 4, 7 è òåîðåìó 1 ïîëó÷èì,
÷òî ôîðìà (∂ζ + dx)Φ2

r(s
h, sg, η1) = 0 íà ìíîæåñòâå Γ ∩ (Ω \Ks) × ∂ ± U, åñëè

2p ≤ q−r+1 (ñîîòâåòñòâåííî, 2p ≤ r−n+k+q+1) è p ≤ n−2−r (ñîîòâåòñòâåííî,
p ≤ r+1), íî åñëè p = n−1−r (ñîîòâåòñòâåííî, p = r+2), òîãäà ýòî âûðàæåíèå
ðàâíî 0, êîãäà q ≥ 2n − r − 4 (ñîîòâåòñòâåííî, q ≥ n + r − k + 2). Ïðîäîëæèì
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ïðåðâàííóþ öåïî÷êó ðàâåíñòâ

=
∫

(∂Ks∩Γ)×±U

f(ζ)∧(−1)l∂zΦ1
r−1(s

h, sg, η1)−
∫

∂Ks

∂f̃(ζ)∧∂zΦ2
r−1(s

h, sg, η∗)+
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η1) +
∫

(Γ\Ks)×∂±U

f(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η1)−
∫

∂(Γ∩Ω)×±U

f(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η1) +
∫

∂(Γ∩Ω)×S

f(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η1)+
∫

∂Ks

∂f̃(ζ) ∧ ∂zΦ2
r−1(s

h, sg, η∗) = 0

(ñì. ðàâåíñòâî (62)).
Äàëåå, îñòàòîê µ2

r(s
h, sg) = 0 íà (∂Ks ∩Γ)×±U, åñëè k > 1, ïîñêîëüêó îí íå

ñîäåðæèò äèôôåðåíöèàëîâdxj , è åñëè k = 1, òîãäà µ2
r(sh, sg) = 0 äëÿ 2p < n−r

(ñîîòâåòñòâåííî, 2p < r + 2) ïî ëåììå 7.
Îñòàòîê µ2

r−1(s
h, sg) = 0 íà ∂(Ω∩Γ)×S̃ è (Γ\Ks)×±U, åñëè k > 1, ïîñêîëüêó

îí íå ñîäåðæèò äèôôåðåíöèàëîâ dxj , è åñëè k = 1, òîãäà µ2
r−1(s

h, sg) = 0 äëÿ
2p < n− r + 1 (ñîîòâåòñòâåííî, 2p < r + 1) ïî ëåììå 7.

Îñòàòîê µ2
r−1(s

h, sg) = 0 íà Ωδ ∩ Gδ \ Ks, åñëè k ≥ 1 äëÿ 2p < n − r + 1
(ñîîòâåòñòâåííî, 2p < r + 1) ïî ëåììå 7.

Òàêèì îáðàçîì ìû ïîëó÷èëè, ÷òî ôîðìà Fh(z) íå çàâèñèò îò âûáîðà h â
ñëåäóþùèõ ñëó÷àÿõ: a) k = 1, 2p < n− r (ñîîòâåòñòâåííî, 2p < r + 1); b) k > 1,
2p ≤ q − r + 1 (ñîîòâåòñòâåííî, 2p ≤ r − n + k + q + 1). Ïîýòîìó ìû ìîæåì
îïóñêàòü èíäåêñ h â ýòèõ ñëó÷àÿõ.

×òîáû äîêàçàòü ∂-çàìêíóòîñòü ôîðìû F (z), ìû äîëæíû ïîêàçàòü, ÷òî
∂zF (z) = 0 äëÿ òî÷åê z ∈ ΩΓ ∩ Us(h). Èìååì (èñïîëüçóÿ ëåììó 2)

∂zF (z) = ∂zF
h
s (z) =

−
∫

∂(Γ\Ks)×±U

f(ζ) ∧Kl,r+1(η1) +
∫

∂(Γ∩Ω)×S

f(ζ) ∧Kl,r+1(η1)−
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (Kl,r+1(η1)− (−1)r+1(∂ζ + dx)Φ2
r+1(s

h, η1)−

(−1)r+1+l(n−r−2)

(2πi)nn!

(
n− 1
r + 1

)(
n

l

)
D1,r+1,n−2−r(sh, ∂zs

h, ∂ζs
h) ∧Dl,n−l(∂z, ∂ζ)) =

(ìû èñïîëüçîâàëè ëåììó 3)

=
∫

∂(Γ∩Ω)×(S\U)

f(ζ) ∧Kl,r+1(η1(ζ, z, x)),

òàê êàê ∂U ⊂ S \ U,

Kl,r(η1) =

(−1)r+l(n−r−1)

(2πi)nn!

(
n− 1

r

)(
n

l

)
D1,r,n−r−1(η1, ∂zη1, (∂ζ + dx)η1) ∧Dl,n−l(∂z, ∂ζ)

è, ñëåäîâàòåëüíî, íà (Γ \Ks)× ∂ ±U ýòà ôîðìà äîëæíà ñîäåðæàòü ìíîæåñòâî
äèôôåðåíöèàëîâ ∂ζP

j1
1 ∧ . . . ∧ ∂ζP

jn−k−r+1
1 ∂zP

k1
1 ∧ . . . ∧ ∂zP

kr
1 = 0; òîãäà ïî
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òåîðåìå 1 ∫

(Γ\Ks)×∂±U

f(ζ) ∧Kl,r+1 = 0.

Èíòåãðàë
∫

(∂Ks∩Γ)×±U

f(ζ) ∧ (∂ζ + dx)Φ2
r+1(s

h, η1) =

−
∫

(Γ∩(Ω\Ks))×∂±U

f(ζ) ∧ (∂ζ + dx)Φ̃2
r+1(s

h, η1)

ïî ôîðìóëå Ñòîêñà, ãäå Φ̃2
r+1(s

h, η1) åñòü íåêîòîðîå ãëàäêîå ïðîäîëæåíèå
Φ2

r+1(s
h, η1) â Ω, íå èçìåíÿþùåå ÷èñëèòåëåé Φ2

r+1(s
h, η1).

Èñïîëüçóÿ òåîðåìó 1, ïîëó÷èì, ÷òî ýòîò èíòåãðàë îáðàùàåòñÿ â íóëü, åñëè
p ≤ q − r (ñîîòâåòñòâåííî, p ≤ r − n + k + q + 1) è k > 1, à äëÿ k = 1 îí âñåãäà
ðàâåí íóëþ.

Ôîðìà D1,r+1,n−2−r(sh, ∂zs
h, dsh) = 0 íà ∂(Γ∩Ks)×±U, åñëè k > 1 èëè åñëè

k = 1 è p ≤ n− 2− r (ñîîòâåòñòâåííî, p ≤ r + 1).
Îñòàëîñü èñïîëüçîâàòü ëåììó 4.1.1 èç [2], ñîãëàñíî êîòîðîé∫

∂(Γ∩Ω)×(S\U)

f(ζ) ∧Kl,r+1(η1) = 0.

Òàêèì îáðàçîì, ôîðìàF (z) ÿâëÿåòñÿ ∂-çàìêíóòîé, åñëè: a) k > 1 è p ≤ q−r
(ñîîòâåòñòâåííî, p ≤ r−n + k + q + 1); b) k = 1 è p ≤ n− 2− r (ñîîòâåòñòâåííî,
p ≤ r + 1).

Ñëåäîâàòåëüíî, ìû âèäèì ÷òî ôîðìà Fh
s (z) íå çàâèñèò îò s, h è ÿâëÿåòñÿ

∂-çàìêíóòîé, åñëè: a) k = 1 è 2p < n− r (ñîîòâåòñòâåííî, 2p < r + 1); b) k > 1
è 2p ≤ q + 1− r (ñîîòâåòñòâåííî, 2p ≤ r − n + k + q + 1).

Îñòàëîñü ïîêàçàòü, ÷òîF (z) ÿâëÿåòñÿ ∂-çàìêíóòûì ïðîäîëæåíèåì ôîðìûf
ñ Γ \K â ΩΓ \K. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ãîëîìîðôíàÿ âåêòîð-ôóíêöèÿ
h0 = (h0

1, . . . , h
0
p) : Ω → Cp òàêàÿ, ÷òî Lz0(h0) ∩ ΩΓ = {z0} (äëÿ íåêîòîðîé

òî÷êè z0 ∈ Γ \ K). Ðàññìîòðèì øàð B(z0, r) = B äîñòàòî÷íî ìàëîãî ðàäèóñà
r, òàêîé ÷òî B ∩ K = ∅. Ïóñòü PB(ζ, z) � ñòðîãî ðåãóëÿðíûé áàðüåð ê ∂B è
ηB(ζ, z) = PB/ < PB , ζ − z > . ∂-çàìêíóòîå ïðîäîëæåíèå F ôîðìû f â îáëàñòü
B ∩ ΩΓ äàåòñÿ ôîðìóëîé òèïà (14):

F =
∫

(Γ∩B)×±U

f(ζ) ∧Kl,r(η1) +
∫

(∂B∩Γ)×S̃

f(ζ) ∧Kl,r(t0ηB + (1− t0)η1)−

∂

∫

B

∂f̃(ζ) ∧ Φ1
r−1(s

h, η∗)−
∫

(Γ∩B)×±U

f(ζ) ∧ ∂zΦ1
r−1(s

h, η1)−
∫

∂(Γ∩B)×S̃

f(ζ) ∧ ∂zΦ1
r−1(s

h, t0ηB + (1− t0)η1)− ∂

∫

B

f̃(ζ) ∧Kl,r−1(η∗).

Ïîêàæåì, ÷òî äëÿ âñåõ z ∈ ΩΓ ∩ B, äîñòàòî÷íî áëèçêèõ ê z0, ôîðìà F (z) =
Fh0

s (z). Åñëè z ïðèíàäëåæèò äîñòàòî÷íî ìàëîé îêðåñòíîñòèz0, òîãäà z ∈ Us(h0)
äëÿ äîñòàòî÷íî áîëüøîãî s. Ñëåäîâàòåëüíî èìååì Fh

s (z)−F (z) = 0 (ñì. ðàâåí-
ñòâî (63). Åñëè Γ \K ñâÿçíî, òîãäà ìû ïîëó÷èì, ÷òî Fh

s (z) äàåò ∂-çàìêíóòîå
ïðîäîëæåíèå f âî âñå ΩΓ \K.

Åñëè òàêîé áàðüåð åñòü â ëþáîé òî÷êå ζ0 ∈ Γ\K, òî óñëîâèå ñâÿçíîñòè Γ\K
íå íóæíî.
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