S e◯MR^{ISSN 1813-3304}

СИБИРСКИЕ ЭЛЕКТРОННЫЕ МАТЕМАТИЧЕСКИЕ ИЗВЕСТИЯ

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Том 2, стр. 233–238 (2005) УДК 515.162.3 MSC 57M60

SOME RESULTS AND CONJECTURES ON FINITE GROUPS ACTING ON HOMOLOGY SPHERES

B.P. ZIMMERMANN

Abstract. This is a note based on a talk given in the Workshop on geometry and topology of 3-manifolds, Novosibirsk, 22-26 August 2005. We consider the class of finite groups, which admit arbitrary, i.e. not necessarily free actions on integer and mod 2 homology spheres, with an emphasis on the 3- and 4-dimensional cases. We recall some classical results and present some recent progress as well as new results, open problems and the emerging conjectural picture of the situation.

We are interested in the class of finite groups, and in particular in finite nonsolvable and simple groups, which admit actions on integer and mod 2 homology spheres (arbitrary, i.e. not necessarily free actions), with an emphasis on the 3- and 4-dimensional case. We present some classical results, some recent progress as well as new results, open problems and the emerging conjectural picture of the situation.

1. Basic problem. Which finite groups G admit orientation-preserving smooth actions on certain classes of manifolds: spheres S^n, integer homology spheres, mod 2 homology spheres (i.e., homology with coefficients in the integers Z_2 mod 2).

We consider only orientation-preserving, faithful, but not necessarily free actions (in general, the free case is classical, the main new results presented concern nonfree actions). Particular emphasis will be on dimension three. We note that every finite group admits a free action on a rational homology 3-sphere [4]. Also, any finite group admits a faithful orthogonal action on a sphere (by choosing a linear faithful representation); on the other hand, the classes of groups admitting free actions on integer or mod 2 homology spheres are very restricted.

The most important single case is that of the 3-sphere. If an action of a finite group G on S^3 is nonfree then, by Thurston’s orbifold geometrization theorem, it is

Zimmermann, B.P., Some results and conjectures on finite groups acting on homology spheres.

© 2005 Zimmermann, B.P.

Received October 15, 2005, published November 4, 2005. 233

conjugate to a finite subgroup of the orthogonal group SO(4). If the action of G is free then, as part of the spherical case of the 3-manifold geometrization conjecture, G is again conjugate to a subgroup of SO(4); an approach to a proof of this has recently been given by Perelman.

2. Finite subgroups of SO(4). There is an isomorphism SO(4) ∼= S^3 ×_{Z2} S^3 of SO(4) with the central product of two copies of the unit quaternions S^3 (the direct product with identified centers Z_2 = ±1). Given an element (q_1, q_2) in S^3 ×_{Z2} S^3, it acts on S^3 by the orthogonal map x → q_1xq^{−1}_2 . Also, there is a 2-fold covering of Lie groups S^3 → SO(3), with kernel Z_2 = ±1; an element q ∈ S^3 acts orthogonally on S^3 by x → qxq^{−1}, fixing ±1 ∈ S^3 and hence mapping S^2 ⊂ S^3 to itself.

The finite subgroups of SO(3) are the polyhedral groups which are cyclic Z_n, dihedral D_{2n}, tetrahedral A_4, octahedral S_4 or dodecahedral A_5. The finite subgroups of S^3 are their preimages is S^3 which are the binary polyhedral groups: these are cyclic, binary dihedral (or generalized quaternion) D^∗_{2n}, binary tetrahedral A^∗_4, binary octahedral S^∗_4 or binary dodecahedral A^∗_5. Hence, the finite subgroups of SO(4) ∼= S3 ×_{Z2} S3 are exactly the subgroups of the central products A_1 ×_{Z2} A_2 where A_1 and A_2 are binary polyhedral groups.

The most interesting example of a finite subgroup of SO(4) is the central product A^∗_5 ×_{Z2} A^∗_5 of two binary dodecahedral groups. This is the orientation-preserving symmetry group of the 4-dimensional regular 120-cell, or the lift of an isometry group A_5 of the Poincaré sphere S^3/A^∗_5 to its universal covering S^3 (tesselated by 120 spherical dodecahedral with dihedral angles 2π/3). Note that A^∗_5 ×_{Z2} A^∗_5 contains A_5 as diagonal subgroup, and also a subgroup A_5 × Z_2.

3. Results. It is a general principle in finite transformation groups to compare general actions on spheres and homology spheres with orthogonal actions on spheres. The results depend strongly on the type of finite groups considered:

- cyclic groups of prime power order: among the first important results there is the fixed point theory of Smith which implies that the fixed point set of an action of a cyclic group of prime power order on a homology sphere is again a homology sphere (see e.g. [2]);

- finite p-group and abelian groups: by [6] and [5], any finite p-group and any finite abelian group which acts on a homology sphere admits also an orthogonal action on a sphere of the same dimension (and with the same dimension function for the fixed point sets of subgroups); this remains no longer true for more general classes of groups:

- solvable groups: by [11], some of the Milnor groups Q(8a, b, c) ([12]) admit a free action on a homology 3-sphere but no orthogonal action on S^3; the recent results of Perelman imply that they do not act freely on S^3;

- nonsolvable groups: the linear groups SL(2, p) admit free actions on spheres ([8]) but no orthogonal free actions, for primes p > 5.

In the 3-dimensional case, the class of finite nonsolvable groups acting on homology 3-spheres is close to the class of finite nonsolvable subgroups of SO(4):

Theorem 1 ([9]). A finite nonsolvable group of orientation-preserving diffeomorphisms of an integer homology 3-sphere is isomorphic to one of the following groups:

A_5, A_5 × Z_2, A^∗_5 ×_{Z2} C, A^∗_5 ×_{Z2} A^∗_5 where C is solvable with a unique involution. Each involution of A_5 has nonempty fixed point set, and each of the groups A^∗_5 and C acts freely.

Hence, for a complete classification, it would remain to show that C is one of the polyhedral groups: then the class of nonsolvable groups acting on a homology 3-sphere would coincide with the class of finite nonsolvable subgroups of SO(4); however, at present we cannot exclude the Milnor groups Q(8a, b, c) (see [16]).

In the following, we restrict further to the case of finite simple and quasisimple groups. We note that a finite (nonabelian) simple group does not act freely on a mod 2 homology sphere (each such group has a subgroup Z_2 ×Z_2 which does not act freely); the corresponding candidates for free actions are the quasisimple groups; by definition, these are the perfect central extensions of simple groups (see [14]). Examples are the special linear groups SL(2, q), with center ±I of order two and central quotient SL(2, q)/±I isomorphic to the projective linear or linear fractional group P SL(2, q) which is simple (q = p^n denotes an odd prime power greater than three).

Corollary 1. a) The only finite simple group acting on a homology 3-sphere is the dodecahedral group A_5 ∼= P SL(2, 5).

b) The only finite perfect or quasisimple group acting freely on a homology 3- sphere is the binary dodecahedral group A^∗_5 ∼= SL(2, 5).

The second result on free actions is classical. If a finite group acts freely on a homology sphere then it has periodic cohomology (and at most one involution by [12]), and these groups have been classified by Zassenhaus in the solvable and Suzuki in the nonsolvable case (see e.g. [1]). Passing to dimension four, the following holds.

Theorem 2 ([10]). A finite simple group acting on a homology 4-sphere is isomorphic to A_5 ∼= P SL(2, 5) or A_6 ∼= P SL(2, 9).

In dimension 5, there occur the simple groups A_5, A_6, A_7 and its subgroup P SL(2, 7), and the unitary group U_4(2) (a subgroup of index two in the Weyl group of type E_6 which has a 6-dimensional integer linear presentation); we suppose that these are all but do not have a proof at present.

The situation for mod 2 homology spheres is quite different.

Theorem 3 ([9]). A finite simple group acting on a Z_2-homology 3-sphere is isomorphic to P SL(2, q), for an odd prime power q > 3.

We do not have a classification but examples for many small values of q (see [17]); it seems likely that all groups P SL(2, q) occur. For free actions, the following holds (see [8, 13]).

Theorem 4. a) A quasisimple group acts freely on a Z_2-homology sphere if and only if it is isomorphic to SL(2, q), for an odd prime power q > 3, or to the unique perfect central extension Â_7 of A_7, with center of order two.

b) A perfect or quasisimple group acts freely on a homology sphere if and only if it is isomorphic to SL(2, p), for a prime p > 3.

The existence of free actions in a) follows from [13]; it is likely that all groups SL(2, q) in a) occur already in dimension three (and this might follow from the high-dimensional surgery methods applied in [13], dropping the condition of simplyconnectivity of the resulting manifolds). In order to state a generalization of a) for arbitrary nonsolvable groups, we introduce some notation.

For a generator ω of the multiplicative group of the finite field with q = p^n elements, consider the matrix y = ( 0 −1 ω 0 )

in GL(2, q); note that y induces, by conjugation, an automorphism of order two of SL(2, q). Let

T L(2, q) = < SL(2, q), Y | Y^2 = −I, Y^{−1}gY = y^{−1}gy for g ∈ SL(2, q) >

which is a 2-fold extension of SL(2, q) with a unique involution −I; this involution generates the center of T L(2, q), with factor group isomorphic to P GL(2, q) (see also [1, chapter IV.6],[8]).

For a finite group G, we denote by O(G) the maximal normal subgroup of odd order of G [13, p.392]. As a consequence of some deep results from finite group theory and finite transformation groups, the finite nonsolvable groups admitting free actions on Z_2-homology spheres can be characterized as follows.

Theorem 5. A finite nonsolvable group G admits a free action on a Z_2-homology sphere if and only if G/O(G) contains a normal subgroup G_0, of odd index with cyclic factor group, isomorphic to

SL(2, q), T L(2, q) or Â_7,

for an odd prime power q > 3; also, the unique involution of G_0 induces the trivial outer automorphism of O(G).

These groups are exactly the nonsolvable groups which have generalized quaternion Sylow 2-subgroups (or equivalently, 2-period four), and a unique involution. Which of these groups admit actions already in dimension three, i.e. on a Z_2- homology 3-sphere? We note that the Milnor groups Q(8a, b, c), of period four, admit free orthogonal actions on S^7 but that, by [7], various of these groups do not admit an action on a Z_2-homology 3-sphere.

Proof of Theorem 5. Let G be a finite group acting freely on a Z_2-homology sphere. We can assume that a Sylow 2-subgroup S of G is nontrivial (otherwise, by the Feit-Thompson theorem, G is solvable). By [2, p.148,Theorem 8.1], the group Z_2 ×Z_2 does not act freely on a Z_2-homology sphere, so G and S have no subgroups Z_2 × Z_2. Since the center of the finite 2-group S is nontrivial and contains an involution, it follows that S has a unique involution. By a theorem of Burnside [3, p.99, Theorem 4.3], S is either cyclic or a generalized quaternion group. If S is cyclic, by [14, chapter 5.2, Corollary 2] the group G is solvable. So we can assume that S is a generalized quaternion group. Now by Theorem 8.7 and its proof in [14, chapter 6], the group G is either solvable, or G/O(G) has a normal subgroup G_0 isomorphic to SL(2, q), TL(2, q) or Â_7, of odd index and with cyclic factor group (the only central extension of P SL(2, q), with center of order two and no subgroups Z_2 × Z_2 (or equivalently, with quaternion Sylow 2-subgroups), is SL(2, q); also, the only 2-fold extension of SL(2, q), with central quotient P GL(2, q) and without subgroups Z_2 × Z_2, is T L(2, q)). By [12], G has a unique involution (representing the unique involution of G_0); this involution is central in G and hence acts trivially on O(G).

Conversely, suppose that G is of the form described in Theorem 1. Then the Sylow 2-subgroups of G are generalized quaternion groups (in particular, G is "2- periodic"). Since the unique involution of G_0 induces the trivial outer automorphism of O(G), G has a unique involution. Now by [13, Theorem A], G acts freely on a simply connected Z_2-homology sphere (of a dimension determined by the 2-period of G: this is a mod 2 version of the solution of the spherical space from problem solved in [8] where the existence of free actions on spheres of periodic groups with a unique involution is established). This finishes the proof of Theorem 5.

4. Conjectural picture of the situation.

Integer homology spheres. In each dimension, there are only finitely many groups P SL(2, q) (and, more generally, only finitely many finite nonabelian simple groups) acting on an integer homology sphere. What is the minimal dimension such that P SL(2, q) acts?

Remark. The minimal dimension of an orthogonal action of P SL(2, q) on a sphere is (q − 1)/2 if q ≡ 1 mod 4, and q − 2 if q ≡ 3 mod 4, and it is likely that the minimal dimensions for arbitrary and for orthogonal actions coincide. The minimal possible dimension for a free action of SL(2, p) is lcm(4, p − 1) − 1 where the least common multiple lcm(4, p − 1) is the cohomological period of SL(2, p), and the existence of free actions on spheres is proved in [8]. For p > 5, these actions are necessarily non-orthogonal: by a result of Zassenhaus, the only finite perfect group acting orthogonally and freely on a homology sphere is the binary dodecahedral group A^∗_5 ∼= SL(2, 5) (see e.g. [15]).

Mod 2 homology spheres. Let q denote an odd prime power. a) All groups P SL(2, q) admit an action on a Z_2-homology 3-sphere. b) All groups SL(2, q) admit a free action on a Z_2-homology 3-sphere.

As noted above, b) might follow from the high-dimensional surgery methods employed in [13]. We have explicit examples of actions of groups P SL(2, q) on Z_2- homology 3-spheres for many small values of q [17]. We found it more difficult to construct such examples for free actions of the groups SL(2, q), in fact except for the ubiquitous A^∗_5 ∼= SL(2, 5) we found such examples so far only for the groups SL(2, 7) and SL(2, 9):

Theorem 6. The groups SL(2, 7) and SL(2, 9) admit free actions on hyperbolic Z_2-homology 3-spheres. In particular, the 4-fold cyclic branched covering of the figure-8 knot admits a regular SL(2, 7)-covering which is a hyperbolic Z_2-homology 3-sphere. Similarly, the 4-fold cyclic branched covering of the knot 5_2 admits a regular SL(2, 9)-covering which is a hyperbolic Z_2-homology 3-sphere.

The examples, and in particular the homology of the manifolds, were obtained with the support of the group theory package GAP.

References

[1] A. Adem, R.J. Milgram, Cohomology of Finite Groups. Grundlehren der mathematischen Wissenschaften 309, Springer, 1994.

[2] G. Bredon, Introduction to compact Transformation Groups. Academic Press, New York, 1972.

[3] K.S. Brown, Cohomology of Groups. Graduate Texts in Mathematics 87, Springer, 1982. [4] D. Cooper, D.D. Long, Free actions of finite groups on rational homology 3-spheres. Top.

Appl. 101 (2000), 143–148.

[5] R.M. Dotzel, Orientation preserving actions of finite abelian groups on spheres. Proc. Amer.

Math. Soc. 100 (1987), 159–163.

[6] R.M. Dotzel, G.C. Hamrick, p-group actions on homology spheres. Invent. Math. 62 (1981), 437–442.

[7] R. Lee, Semicharacteristic classes. Topology 12 (1973), 183–199.

[8] I. Madsen, C.B. Thomas, C.T.C. Wall, The topological space form problem II: Existence of free actions. Topology 15 (1976), 375–382.

[9] M. Mecchia, B. Zimmermann, On finite groups acting on Z_2-homology 3-spheres. Math. Z.

248 (2004), 675–693.

[10] M. Mecchia, B. Zimmermann, On finite simple and nonsolvable groups acting on homology 4-spheres. arXiv:math.GT/0507173.

[11] R.J. Milgram, Evaluating the Swan finiteness obstruction for finite groups. Algebraic and Geometric Topology. Lecture Notes in Math. 1126 (Springer 1985), 127–158.

[12] J. Milnor, Groups which act on S^n without fixed points. Amer. J. Math. 79 (1957), 623–630. [13] W. Pardon, Mod 2 semi-characteristics and the converse of a theorem of Milnor. Math. Z.

171 (1980), 247–268.

[14] M. Suzuki, Group Theory II. Springer-Verlag, 1982.

[15] J. Wolf, Spaces of Constant Curvature. Publish or Perish, Boston, 1974. [16] B. Zimmermann, On the classification of finite groups acting on homology 3-spheres. Pacific J. Math. 217 (2004), 387–395.

[17] B. Zimmermann, Cyclic branched coverings and homology 3-spheres with large group actions.

Fund. Math. 184 (2004), 343–353.

Bruno P. Zimmermann Dipartimento di Matematica e Informatica Università degli Studi di Trieste 34100 Trieste, Italy E-mail address: zimmer@units.it