S e◯MR^{ISSN 1813-3304}

СИБИРСКИЕ ЭЛЕКТРОННЫЕ МАТЕМАТИЧЕСКИЕ ИЗВЕСТИЯ

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Том 2, стр. 196–199 (2005) УДК 512.5 Краткие сообщения MSC 20F36,20F05,20F10

VIRTUAL AND WELDED LINKS AND THEIR INVARIANTS

V.G. BARDAKOV

Virtual and welded links. Virtual link theory is introduced by Kauffman [8] as a generalization of classical link theory. He defined a virtual link diagram. On virtual link diagram there are some types of local moves (generalized Reidemeister moves): classical Reidemeister moves, virtual Reidemeister moves and mixed Reidemeister move. Two virtual link diagrams are equivalent if one diagram can be transformed into another by a finite sequence of generalized Reidemeister moves. A virtual link is an equivalence class of virtual link diagrams under generalized Reidemeister moves.

A theorem of Goussarov, Polyk and Viro [6] states that if two classical link diagrams are equivalent under generalized Reidemeister moves, then they are equivalent under the classical Reidemeister moves. In this sense virtual link theory is a nontrivial extension of the classical theory.

On the set of virtual diagrams there are so called forbidden moves F1 and F2 which are similar to a generalized Reidemeister move but are not part of the equivalence relation for virtual links. We can include one or both of them to obtain a quotient theory of the theory of virtual links. If we add the move F1, then we obtain the theory of Welded links. The theory with both forbidden moves added is called the theory of Fused links.

Virtual and welded braids. Recently some generalizations of classical braids were defined and studied: virtual braids [8, 10], welded braids [5]. A theorem of Markov reduces the problem of classification of links to some algebraic problems of the theory of braid groups. These problems include the word problem and the conjugacy problem. There are generalizations of Markov’s theorem for virtual links, and welded links [7].

Bardakov, V.G., Virtual and welded links and their invariants. © 2005 Bardakov, V.G.

The research is supported by Russian Foundation for Basic Research. Communicated by S.V. Matveev October 15, 2005, published October 17, 2005. 196

The braid group B_n, n ≥ 2, on n strings can be defined as a group generated by σ_1, σ_2, . . . , σ_{n−1}, with the defining relations

σ_i σ_{i+1} σ_i = σ_{i+1} σ_i σ_{i+1}, i = 1, 2, . . . , n − 2,

σ_i σ_j = σ_j σ_i, |i − j| ≥ 2.

The virtual braid group V B_n is generated by σ_i, ρ_i, i = 1, 2, . . . , n − 1. Elements σ_i generate the braid group B_n and elements ρ_i generate the symmetric group S_n, and the following mixed relations hold

σ_i ρ_j = ρ_j σ_i, |i − j| ≥ 2,

ρ_i ρ_{i+1} σ_i = σ_{i+1} ρ_i ρ_{i+1}, i = 1, 2, . . . , n − 2.

In [6] it was proved that the relations

ρ_i σ_{i+1} σ_i = σ_{i+1} σ_i ρ_{i+1}, ρ_{i+1} σ_i σ_{i+1} = σ_i σ_{i+1} ρ_i

are not fulfilled in V B_n.

The welded braid group W B_n is generated by σ_i, α_i, i = 1, 2, . . . , n−1. Elements σ_i generate the braid group B_n and elements α_i generate the symmetric group S_n, and the following mixed relations hold

α_i σ_j = σ_j α_i, |i − j| ≥ 2,

σ_i α_{i+1} α_i = α_{i+1} α_i σ_{i+1}, i = 1, 2, . . . , n − 2,

σ_{i+1} σ_i α_{i+1} = α_i σ_{i+1} σ_i, i = 1, 2, . . . , n − 2.

Comparing the defining relations of V B_n with the defining relations of W B_n, we see that W B_n can be obtained from V B_n by adding some new relation. Therefore, there exists a homomorphism

φ_{V W} : V B_n −→ W B_n,

taking σ_i to σ_i and ρ_i to α_i for all i. Hence, W B_n is the homomorphic image of V B_n. In [5] it was proved that W B_n is isomorphic to the group of conjugating automorphisms C_n. The structure of C_n and its linear representations were studied in [2, 3, 4].

In [1] it was studied the structure of V B_n. It is similar to the braid group B_n and welded braid group W B_n. The group V B_n contains a normal subgroup V P_n which is called the virtual pure braid group. The quotient group V B_n/V P_n is isomorphic to the symmetric group S_n. The group V B_n is a semi–direct product of V P_n and S_n. It was proved that V P_n is representable as the following semi–direct product

V P_n = V^∗_{n−1} ⋊ V P_{n−1} = V^∗_{n−1} ⋊ (V^∗_{n−2} ⋊ (. . . ⋊ (V^∗_2 ⋊ V^∗_1 )) . . .),

where V^∗_i is a free subgroup of V P_n (in general infinitely generated for i > 1).

The representations by automorphisms. By Artin’s theorem, B_n is embedded into the automorphism group Aut(F_n) of the free group F_n. Since W B_n ≃ C_n then W B_n is also embedded into Aut(F_n). It is not known if V B_n is embedded into Aut(F_m) for some m.

198 V.G. BARDAKOV

Theorem 1. There is a representation ψ of V B_n in Aut(F_{n+1}), F_{n+1} = ⟨x_1, x_2, . . . , x_n, y⟩ which is defined by the following actions on the generators of V B_n:

ψ(σ_i) : � � � � � x_i −→ x_i x_{i+1} x^{−1}_i , x_{i+1} −→ x_i, x_l −→ x_l, l ≠ i, i + 1; y −→ y, ψ(ρ_i) : � � � � � x_i −→ y x_{i+1} y^{−1}, x_{i+1} −→ y^{−1} x_i y, x_l −→ x_l, l ≠ i, i + 1, y −→ y, for all i = 1, 2, . . . , n − 1.

>From this representation we constructed V. O. Manturov’s invariant F of V B_n (see [9]).

Group of virtual link. For a virtual link L Kauffman defines a group G_K (L). But if T is the virtual trefoil knot with two classical crossings and one virtual crossing and U is unknot then G_K (T ) ≃ G_K (U) ≃ Z, although it is well known that T is not equivalent to U.

We introduce another group G(L) of a virtual link L. Let L = ^β be a closed virtual braid, where β ∈ V B_n. Define G(L) = ⟨x_1, x_2, . . . , x_n, y || x_i = ψ(β)(x_i), i = 1, . . . , n⟩.

If L is a classical link then G(L) = Z ∗ π_1(S^3 \ L), Z = ⟨y⟩.

In particular, G(U) = ⟨x, y⟩ ≃ F_2.

Theorem 2. The group G(L) is an invariant of the virtual link L.

Since, for the virtual trefoil T we have T = ^σ^2_1 ρ_1 then

G(T ) = ⟨x, y || x (y x y^{−2} x y) = (y x y^{−2} x y) x⟩ ≄ F_2. Hence, T is a non-trivial knot.

Linear representations. We define a representation ^ρ_B : V B_n −→ GL_n(Z[t^{±1}, q^{±1}]), by the following actions on the generators of V B_n:

^ρ_B (σ_i) = � � � � E_{i−1} 0 0 0

0 1 − t t 0 0 1 0 0 0 0 0 E_{n−i−1}

� � � � , i = 1, . . . , n − 1,

^ρ_B (ρ_i) = � � � � E_{i−1} 0 0 0

0 0 q 0 0 q^{−1} 0 0 0 0 0 E_{n−i−1}

� � � � , i = 1, . . . , n − 1,

that is an extension of the classical Burau representation ρ_B : B_n −→ GL_n(Z[t^{±1}]).

If we let q = 1, then we get a linear representation of V B_n and W B_n which was constructed in [10]. It is evident that ker(^ρ_B ) ≠ 1 for n ≥ 5.

Question. Is it true that ker(^ρ_B ) = 1 for n = 3?

A linear representation of C_n was constructed in [3, 4]. This representation extends (with some conditions on parameters) the known Lawrence–Krammer representation.

There is a linear representation of P_n which is called the Gassner representation. The problem of the faithfulness of this representation for n > 3 is still open. Using the Magnus representation we construct a linear representation IA(F_n) −→ GL_n(Z[t^{±1}_1 , t^{±1}_2 , . . . , t^{±1}_n ]), which is an extension of the Gassner representation of P_n. Here IA(F_n) is the group of IA-automorphism, which is a subgroup of Aut(F_n).

The group W B_n contains as subgroup the pure welded braid group P W_n, and P_n ≤ P W_n ≤ IA(F_n).

We have

Theorem 3. There is a linear representation φ : P W_n −→ GL_n(Z[t^{±1}_1 , t^{±1}_2 , . . . , t^{±1}_n ]), which is an extension of the Gassner representation of the pure braid group P_n. This representation has a non-trivial kernel for every n ≥ 2.

References

[1] V.G. Bardakov, The virtual and universal braids, Fundamenta Math., 184 (2004), 1–18. [2] V.G. Bardakov, The structure of the group of conjugating automorphisms, Algebra i Logik, 42, No. 5 (2003), 515–541.

[3] V.G. Bardakov, The structure of the group of conjugating automorphisms and the linear representation of the braid groups of some manifolds, Preprint (math.GR/0301247).

[4] V.G. Bardakov, Linear representations of the group of conjugating automorphisms and the braid groups of some manifolds, Siberian Math. J., 46, No.1 (2005), 17–31.

[5] R. Fenn, R. Rimányi, C. Rourke, The braid–permutation group, Topology, 36, No.1 (1997), 123–135.

[6] M. Goussarov, M. Polyak, O. Viro, Finite-type invariants of classical and virtual knots, Topology, 39, No. 5 (2000), 1045–1068.

[7] S. Kamada, Braid presentation of virtual knots and welded knots, Preprint (math.GT/0008092).

[8] L.H. Kauffman, Virtual knot theory, Eur. J. Comb., 20, No.7 (1999), 663–690. [9] V.O. Manturov, On invariants of virtual links, Acta Appl. Math. 72, No. 3 (2002), 295–309. [10] V.V. Vershinin, On homology of virtual braids and Burau representation, J. Knot Theory Ramifications, 10, No.5 (2001), 795–812.

Valerij Georgievich Bardakov Институт математики им. С. Л. Соболева СО РАН, пр. академика Коптюга 4, 630090, Новосибирск, Россия E-mail address: bardakov@math.nsc.ru