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THE CONTINUITY OF MULTILINEAR SINGULAR INTEGRAL
OPERATORS WITH VARIABLE CALDERON-ZYGMUND
KERNEL ON HARDY AND HERZ SPACES

LIU LANZHE

ABSTRACT. We prove the continuity of some multilinear operators gen-
erated by singular integral operators with variable Calderén-Zygmund
kernel and Lipschitz functions on some Hardy and Herz-type spaces.

1. INTRODUCTION

Let b € BMO(R"™) and T be the Calderén-Zygmund operator. The commutator
[b, T] generated by b and T is defined by [b,T]f(x) = b(z)T f(x) — T(bf)(x). By
the classical result of Coifman, Rochberg and Weiss [8], wthe commutator [b, T is
bounded on LP(R™) for 1 < p < oo. However, it was observed that [b,T] is not
bounded, in general, from H?(R"™) to LP(R™) for 0 < p < 1. But, the boundedness
hold if b belongs to the Lipschitz spaces Lipg(R™) [15]. This show the difference of
be BMO(R™) and b € Lipg(R™). In [13] and [19] it is proved that if b is a Lipschitz
function then the commutators are LP(p > 1)-bounded. In [1] Calderén and Zyg-
mund introduced some singular integral operators with variable kernel and discuss
their boundedness. In [10] the authors obtained the boundedness for the commu-
tators generated by the singular integral operators with variable kernel and BM O
functions. In [18] the authors proved the boundedness of the multilinear oscillatory
singular integral operators generated by the operators and BMO functions. The
purpose of this paper is to study the continuity properties of the multilinear opera-
tors generated by the singular integral operators with variable kernel and Lipschitz
functions on some Hardy and Herz-type spaces.
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First, let us introduce some notations (see[11-12],[16-17], [19]). Throughout this
paper, (@ will denote a cube of R™ with side parallel to the axes. For a cube () and
a locally integrable function f, let fo = |Q| ™! fQ f(x)dz. Denote the Hardy spaces

by HP(R™). It is well known that HP(R™)(0 < p < 1) has the atomic decomposition
characterization (see [9],[16]). For 5 > 0, the Lipschitz space Lipg(R") is the space
of functions f such that (see[15])

flleis = sup |f(z+h) = f(@)]/|h]° < oo.
x,h€ R™, h>0

Definition 1. Let 0 < p,q < 00, o € R. For k € Z, define By, = {z € R" : |z| <
2’“} and Cy, = By \ Bi—1. Denote by i the characteristic function of Cy and xo
the characteristic function of By.

(1) The homogeneous Herz space is defined by

KgP(R") = {f € LL (R*\ {0}) : ||l cor < 00},

where

o0

1/p
1]l = [ S 2kap||ka||iq] :

k=—o0

(2) The nonhomogeneous Herz space is defined by
KP(RY) = {f € Li,o(R") « [|fllpw < o0},

loc

where

[e'e) l/p
[ flrcgw = [Z 257 | fxel[fa + ||fX0||z£q] :
k=1

Definition 2. Let a € R, 0 < p,q < co.
(1) The homogeneous Herz type Hardy space is defined by

HKG?(R") = {f € S'(R"): G(f) € Kg*"(R")},
and
W g = NG ggors
(2) The nonhomogeneous Herz type Hardy space is defined by
HEKPP(R") ={f € S'(R") : G(f) € KJ"(R")},

and

WAl rcgr = 1Gxgor;

where G(f) is the grand mazimal function of f.
The Herz type Hardy spaces have the atomic decomposition characterization.

Definition 3. Let o € R, 1 < ¢ < 00. A function a(x) on R™ is called a central
(o, q)-atom (or a central (a,q)-atom of restrict type), if

1) Suppa C B(0,r) for some r >0 (or for somer > 1),

2) ||a||Lq < |B(07T)|_a/nf

3) [a(x)xVdz =0 for |y| < [ —n(1 —1/q)].
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Jlemma 1 ([17). [ Let 0 < p < 00, 1 < ¢ < 00 and a > n(l —1/q). A tem-
perate distribution f belongs to HKZP(R")(or HKZP(R")) if and only if there
exist central (o, q)-atoms(or central (o, q)-atoms of restrict type)a; supported on
Bj = B(0,27) and constants \; with >0, AP < oo such that f =372 Ajaj(or
f= Z?io Aja;)in the S'(R™) sense, and

1/p

1 lgiean Cor 1 fllascge) ~ [ D AP

J

2. MAIN RESULTS

In this paper we study a class of multilinear operators related to the singular
integral operators with variable kernel, whose definitions are as follows.

Definition 4. Let k(xz) = Q(x)/|z|™ : R"\ {0} — R. k is said to be a Calderdn-
Zygmund kernel if

(a) @ e C=(R"\{0});

(b) Q is homogeneous of degree zero;

(¢) [« Uz)x*do(x) = 0 for all multi-indices o € (N |J{0})" with |a| = N, where
Y ={x € R": |zx| =1} is the unit sphere of R".

Definition 5. Let k(z,y) = Q(z,y)/|y|" : R x (R™\ {0}) — R. k is said to be
a variable Calderdn-Zygmund kernel if
(d) k(z,-) is a Calderén-Zygmund kernel for a.e. x € R"™;

Il
(e) max| <2, 970

(x’y)HLoo(Rnxz)
Let m; be the positive integers(j = 1,- - -,1), m1 +--- +m; = m and A; be the
functions on R™(j = 1,- - -,1). Denote that

Ry (Ajsay) = A3(@) = Y SD7A;)(x — )"

ly|<m;
and
1y ¥
Quy1(Aji2,y) = Ry (Ajiayy) — Y —DVA ()@ — ).
lyl=m;
The multilinear singular integral operator with variable Calderén-Zygmund kernel
is defined by

() = [ Pl

e E T

1
H ijJrl(Aj; z, y)f(y)dya
j=1
where Q(z,y)/|y|" is a variable Calderén-Zygmund kernel. We also define that

_ Qz,z —y)
T = [ S )y

which is the singular integral operator with variable Calderén-Zygmund kernel (see
[1]). We also consider the variant of 74, which is defined by

l
TN = [ LT Qe (A 0) )iy
R i

n |33‘ _ y|n+m
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Note that when m = 0, T4 is just higher order commutator of the operators T
and A (see [10],[13],[19]), while when m > 0, it is non-trivial generalizations of the
commutator. It is well known that multilinear operators are of great interest in har-
monic analysis and have been widely studied by many authors when A has deriva-
tives of order m in BMO(R")(see [2],[4-7],[9]). In [2] the L”(p > 1)-boundedness
of multilinear singular integral operators generated by some singular integrals op-
erators and Lipschitz functions are obtained. The main purpose of this paper is to
prove the continuity properties of the multilinear singular integral operators with
variable Calderén-Zygmund kernel on Hardy and Herz-type spaces.

We shall prove the following theorems in Section 3.

Theorem 1. Let DYA; € Lipg(R™) for all v with |y|=m; and j =1,-- 1.

(a) If0 < B3<1,n/(n+pB) <p<1andl/p—1/q =18/n, then T* maps
HP(R™) continuously into LY(R™);

(b) If 0 < 8 < 1/1, then T* maps H™ "t18)(R™) continuously into L'(R").
Theorem 2. Let DYA; € Lipg(R™) for all v with |y|=m; and j =1,-- 1.

(i) f0< B <1,0<p<oo,l<aq,qp<o,l/qg—1/¢g =I16/n and
n(l-1/q) < a<n(l—1/q)+183, then T* maps HK%?T’(R”) continuously into
K&P(R™);

(ii) If0<B<1/l,0<p<1,1<qi,q <00 and 1/q —1/qs = 13/n, then T*
maps HK;ﬁ(l_l/qulﬁ’p(R”) continuously into ng(l_l/ql)’Llﬁ’p(R”).

REMARK. Theorem 2 also hold for the nonhomogeneous Herz and Herz type
Hardy space.

3. PROOFS OF MAIN RESULTS

We begin with a preliminary lemma.

Jlemma 2 ([6). [ Let A be a function on R™ such that DYA € L} _(R™) for |y| =m
and some q > n. Then
1 1/q
[Rin(A; 2, y)| < Clo —y[™ <~7 |D7A(Z)|qu> ;

where Q(x,y) is the cube centered at x and having side length 5v/n|z — y|.

PRrROOF OF THEOREM 1.
(a) It suffices to show that there exists a constant C' > 0 such that for every
HP-atom a, there is
ITA @) < C.
Without loss of generality, we may assume | = 2. Let a be a HP-atom, that is that
a supported on a cube Q = Q(zo,d), ||al|r= < |Q|7Y? and [a(z)z"dz = 0 for
Inl < [n(1/p—1)]. We write

4 Ydr = Aa)(2)|9dx = .
/n T (@ @]d </|x—x0§2d+/z—zo|>2d> T @)(@)"de = L + 1

For I;, an analog of the proof in [14], it follows that
2
TN <CTT L Do 11D Ajllzips | L2s(|f) (=),

J=L \lvjl=m;
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where I, is the fractional integral operator of order i, thus T4 is bounded from
L"(R™) to L*(R™) for any r, s with 1 < r <n/26 and 1/r — 1/s = 23/n by [20].
Taking ¢1 > g and 1 < p; < n/20 such that 1/p; — 1/q1 = 23/n, by Holder’s
inequality and the (LP*, L%) -boundedness of T4, we have

L < O] 2Q1 Y% < Cllal|}. Q'™ " < C.
To estimate I, we need to estimate T4 (a)(z) for = € (2Q)°. By [3], we know that

TN = Y awle) [ %HR%H (Aji,9)f(4)dy

k=1h=1 R |7 =
o0 Gk
- Z Z ank(2)Up (f) (@),
k=1 h=1
where gy < CK" 2, [farel|oox < Ch2", [Yi@ — y)| < CE"21 and
Y — Y,
hk(x 7?) B hk( n) < Ckn/2|$0 _ y|/|x $0|n+1
|z —yl |z — o]

for |z — x| > 2|20 — y| > 0. Let A;(x) = Aj(z) — Dy |=m, %(D'YAJ')QCE'Y. Then
Ry (Ajsz,y) = Ry, (flj;x,y) and D"Yflj = DYA; — (D7A;)q for |y| = m;. We
write, by the vanishing moment of a,

Uj(a)(@) =
/ [th(x —y) _ Yin(z — xo>] Ry (A1 2,y) Ry (Ao; 2, y)ay) dy +

|33‘ _ y|m+n |33‘ _ x0|m+n

oo ~ N _
+/ %[le (A1;2,y) — R, (A3 @, 20 )| Rim, (A2; 2, y)a(y)dy+
o 7 —

Y, _ - - ~
+/ 7|xhk(zo|mxfz (R, (A2;2,y) — Ron,y (A2; 2, 20)| Riny (Ar; @, 30)a(y)dy—
Rn -

X
Im—yl””” |z — @o[mHn

Yie(z —y)(@ —y)?  Yip(x — 20)(z — 30)7
|722—:m /n [ R
X R, (A1; 2, y) D72 Ay (y)aly)dy—

-3 [ e SR R (i) B (G )]
|ya|=ma 71"

JZ _ $O|m+n

x D" Ay (y)a(y)dy—
Z / [th T—y)(x—y)"  Yu(z —20)(x — 20)"
m-+n - m—+n X
2 o o 0]
X Ryn (Az; 2, y) D7 Ay (y)a(y)dy—
th(x — a:o)(x — xo)'“ - it
— le A s, Y _Rm2 A2;xax0 X
vgml Rr |z — @o[m+" B {42:,9) ( )
x D7 Ay (y)al(y)dy+

Y, — — )t Y; _ _ 7172
. 3 / nk (7 — y)(z —y) _ Yar(z — o) (2 — 20) "
|x _ y|m+n

_ m+n
[v1l=m1,|v2|=m2 |x (E0|

x D7 Ay (y) D Ay (y)al(y)dy.
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By Lemma 2 and the following inequality
1
b(z) — bl < 7l /Q (10| ips [z = y17dy < 118l Lips (|2 — 20| + )7,

we get
R, (Ajiz, )| < D 11DV Al Lip (|2 =yl + d)™5 s
[v|=m;

On the other hand, by the formula (see [6]):

ij(flj;x,y)—RmJ(Aj,x Zo) Z o ij n| (D" AJ,xo, y)(x — 20)",

[nl<m

note that |z — y| ~ |z — xo| for y € @ and x € R™ \ 2Q), we obtain
2
Uii(a)(@)(@)] < CR"2TT | D0 1D Al | x
i=3 \lgl=m;

x/ ly — ol ly —ol® | ly = xof*?
|z — zo|? 128 |z — x| P |x — 0|

Jlatilay <

2
<CEETT L Y. 11D AjllLi, | %

7=1 \ s l=m;

|: |Q|l/n+171/p |Q|ﬁ/n+171/p |Q|26/n+11/p:|

|x — | t1-28 |z — zq|"— B |x — zo|™
Thus
oo Gk 2
TAN@)] < O3 a@IEP T D2 1D 4l
k=1 h=1 j=1 |v5|=m;
|Q|1/n+171/p |Q|ﬁ/n+1fl/p |Q|26/n+1—1/p
X
[Ix—woln“‘” |z — @o["—F |z — @o|™ }
< CZ Jp~2ntn/24n =2 H Z 1D Aj|| Lip,
J=1 \|vil=m;
|Q|1/n+171/p |Q|ﬁ/n+1fl/p |Q|26/n+1—1/p
s A e e
2
< CII L Do 1D AjllLa,

7=1 \ s l=m;

[ |Q|1/n+171/p |Q|ﬁ/n+1fl/p |Q|25/n+11/p:|
X

|$ _ $O|n+1—25 |$ _ $O|n—ﬂ |33‘ _ x0|n

and recall that n/(n+ 08) <p <1, 1/p—1/q¢=108/n, we obtain

b<Z/ (A (a) () 1dr <

2i+1Q\2¢Q

161
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2
VAN ign(1/p—(n+1)/n) iqn(1/p—(n+B8)/n) | <
1D Ajl|Lipg 2 +2 <

i=1 \|l=m; i=1

9 q

<C H Z ||DWAJ'||LZ'P/3 <C,
J=1 \|vil=m;
which together with the estimate for I; yields the desired result.

(b) Without loss of generality, we may assume | = 2. It is only to prove that
there exists a constant C' > 0 such that for every H™/ ("+20)_atom a supported on
Q = Q(xo,d), there is

[T4(a)||r < C.

We write

/n T4 a) w)lde = l/z—zo|§2d+/r—rg>2d

For Ji, by the following equality

Qs (Ai2,3) = Fra(Aiy) = 30 (=) (D7AGw) = D7AG),

[v|=m

| T4 (a)(z)|dz := Jy + Jo.

we get

2
|74 (a) CII| X D 4llLips | 2s(lal)(x),

=1 \ b l=m,
thus, 74 is bounded from L"(R") to L¥(R") for any r, s with 1 < r < n/24 and
1/r —1/s=208/n by [20]. We get, for 1 <p <n/2Band 1/¢g=1/p—28/n, we

J1 < C|ITA(a)]|1a|2Q1" " < Cllal| o |QI" T < C.
Let us obtain the estimate for Js. Put
1
Aj() = Aj(@) = > (D7 A;)aa".
lyl=m; "
Then Qmj (Aj§ z, y) = Qmj (Aj; €, y) and
Q1 (A5 ,9) = B, (Agim,y) — S~ D74 (@) (@ — )
m;+1\A55 T, Y) = Lum; jr L, Y ,\/l J y) -
[v[=m;
By [3], we know that

0@ = 3D an [ nfj’“fwrmmﬁl (4532, 9)  (9)dy

k=1h=1

o0 Gk

—Zzahk th ) (),

k=1h=1

we write, by the vanishing moment of a and for x € (2Q)¢,
Vii(a)(z) =

Yk (3} - y) th(x - 330) ~ ~
- mi A ; ] mo A ; 9
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Yie(z — - ~ -
b [ R (i ,0) — B, (i, 0) e (s )+
Rn |T—

Y — - ~ ~
s [ T i) — R G 0) o, (G )l -
=

_Cl Z / [th z—y)(r—y)?  Yi(z —xo)(® — w0)"

|$ _ |m+n |$ _ x0|m+n
Xle (AU z, y)D’YQ A2 (x)a(y)dy_

o 3 [ ISR (i)~ R (o))

[v2|=m2 " |CC B x0|m+n
x D2 Ay (x)a(y)dy—
-c > / [th z—y)(@x—y)"  Yi(z —zo)(x —x0)"
oy EEEE o=z

Xng (AQa z, y)D’h 1211 (a:)a(y)dy—

_ Y1 ~ 1
< [ Y@ — T —20)% 1 g (Ryiir,) — Ry (A, 20)] ¢

|$ _ $O|m+n

s =
x DV Ay (z)a(y)dy+
Yir(x —y) (@ —y)" ™72 YVig(z —y)(x — 20)" 12
+C / [ — X
2 7y 7 — ol

[v1l=ma,|y2|=m2
x DV Ay (2) D" Ag(z)a(y)dy.
Then as in the proof of (a) we obtain

2
n $0|
Vit < oI X DA, | | ety
J=1 \|vjl=m;
2
. A |Q|(1—2ﬂ)/n
< Ck /2H Z [[D% Aj|Lips |7 — 2P 128
J=1 \v;l=m;
thus
A - —2n+n/24+n—2 2 Y4 |Q|(1726)/n
T4(a) (@) < CY k I . DAL, [z — zo[F =28
k=1 i=1 \ |7 [=m; 0
2
_ |Q|(1—28)/n
< CH Z [|1D7 Ajl| Lips 1z — gt 28"
J=L \|vl=m;
and

2 e’}
R<CII 3 DY AjllLa, | S 21V <c,
J=1 \|v;l=m; i=1
which together with the estimate for J; yields the desired result. This completes
the proof of Theorem 1.
PROOF OF THEOREM 2.
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(i) Without loss of generality, we may assume [ = 2. Let f € HK wP(R™) and
flx) = Z;i_oo Ajaj(z) be the atomic decomposition for f as in Lemma 1. We
write

p
[e'S) k—3
||TA(f)||§<32,p < 2Pl ST INIITA () xkl e
k=—cc j=—00
p

+ > 2k LN NIT A (a)xkl e
=k—

k=—o0 7 2
= Lji+ Lo.
For Ly, by the (L%, L%) boundedness of T4, we have
o0 o0 p
Ly<C ) 2% 3 lllaglla | <
k=—o00 j=k—2
OS5 N (SH2 L 200), 0<p<i
/ <

1 . ; . ’ p/p —

CZ;).;—OO |)\j|p (Zi‘iioo 2(k—])ap/2) (Zizioo 2(16—])047 /2) . p> 1

<C Z |)‘j|p < O||f||§7{K§1p

j=—0c0

For L as in the proof of Theorem 1 (a) for z € Cy and j < k — 3 we obtain

|B»|1/” |B,|B/n |B.|2B/n
|TA(0,])($)| < C <|m|n{i-1—25 + |mT7l—ﬂ + |jm|n . |a‘](y)|dy
9i(l+n(1-1/a)—a)  9i(A+n(1-1/g1)—a)
<
— < |J)|”+1_25 + |m|n—ﬂ—n > ?

thus

T4 (a)xk||por < C2F (2<j—k><1+n<171/q1>7a> n 2(jfk)(6+n(171/q1)fa)) :
TO be Slmply, denote W(], k) — 2(j7k)(1+”(171/QI)7a) -+ 2(]‘7]9)(6""”(171/‘11)70‘) and
recall that o < n(1 —1/¢1) + 3, then

p

S k—3
n<e Y [ miwGe | <
k=—oc0 \j=—o0
CY e NPl s W3 R)P, 0<p<1
< 00 0o . /2 00 . ' /2 p/p’ <
CZj:_oo |)‘j|p [Zk:j+3 W (3, k)? } [Zk:j+3 W (3, k)? } , p>1

<C D NP <Ol o

j=—00

These yield the desired result.
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(ii) Without loss of generality, we assume [ = 2. Let f € HEK (719200 (pn)
and f(z) = Z;—i_m Aja;(z) be the atomic decomposition for f as in Lemma 1.
Write

P
[e%S) k-3
||TA(f)||2n<171/q1>+2a,p < Z okp(n(1-1/41)+28) Z T () vl [ |+
2 k=—o00 j=—00
(o] o0 P
+ Z okp(n(1-1/q1)+28) Z |/\j|||TA(aj)Xk||L‘12 — M, + M.
k=—oc0 j=k—2
For Ms, by the (L%, L92) boundedness of T4, we get
P
M, < C Z okp(n(1-1/q1)+25) Z X1 lag)| Lo
k=—oc0 j=k—2
00 Jj+2
< oY P 3 atarma-t/az
j=—00 k=—o0
S C Z |A]|p S C||f||iIK;zl(1—1/q1)+2ﬁ,p'
j=—o00
For My, as in the proof of Theorem 1 (b), we obtain
~ |B; Y™
IT4a)(z)] < CTEHZ%T:EE Rn|a7(yﬂdy
93(1-28)
< C|x|n+172ﬁ'
for x € Cx and j < k — 3. Thus
S kp(n(1—1/q1)+28) S P 2901726) knp/q2
My < €Y 2 2 Wl sigriam | 2
k=—o0 j=—o00
< C Z AP Z op(1=25)(j—F)
j=—o00 k=j+3
< Oj;w Al < CIAI, gmi - ranr vz

These yield the desired result and finish the proof of Theorem 2.
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