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ALGEBRAS OF FUNCTIONS ON MAPPINGS

V.M. ULYANOV

Abstract. Topological algebras of functions on mappings are defined and in-
vestigated. It is proved that each algebra satisfying certain conditions (which
are necessary and sufficient) is topologically (and isometrically with respect to
its semi-norms) isomorphic to a subalgebra of an algebra of functions on some
mapping. It is interesting to note that a completely regular space does not
define a topology of its algebra of continuous functions uniquely if this space
contains an infinite compact subspace, while a mapping do this, of course,
amongst topologies of the definite kind. It is possible to define a new concep-
tion (connected with mappings) of a completeness of algebras and to prove
some usual properties of complete algebras.

Contents

§ 1. Introduction 102
§ 2. An algebra of functions on a mapping 104
A. Algebras of functions 104
B. Semi-norms 105
C. Topologies on the algebras B(f) and C(f) 106
D. A conversion to globally completely regular mappings 108
E. Homomorphisms of algebras 110

§ 3. Mappings and maximal ideals 112
A. Closed ideals and quotient algebras 112
B. Closed maximal ideals of C(f) and points of X 113
C. The space of closed maximal ideals and the space X 114

§ 4. Some auxiliary lemmas 115
§ 5. Realizations of abstract algebras 116
A. The space of closed maximal ideals 117
B. Preorders on the sets of semi-norms 117
C. An involution 118
D. Topologies on sets of semi-norms 119

Ulyanov, V.M., Algebras of functions on mappings.

c© 2005 V.M. Ulyanov.

Received February 21, 2005, published August 17, 2005.

102



ALGEBRAS OF FUNCTIONS ON MAPPINGS 103

E. A construction of mappings 120
F. Realizations of algebras 121
G. Homomorphisms and mappings 122

§ 6. A completeness of algebras of functions on mappings 126
A. The standard completeness 126
B. The convergence in the algebra C(f) 127
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§ 1. Introduction

1.1. We shall denote by C the field and the (complex) algebra of complex num-
bers, by R the field and the (real) algebra of real numbers, by N = {1, 2, 3, . . .} the
set of natural numbers with the usual algebraic and topological structures.

All desirable definitions concerning algebras may be found in [7] or [8].
All topological definitions which are absent here may be found in [1] or [5].
The term “mapping” will mean “continuous map”. Unlike [5] we shall use the

term “compact” instead of “quasi-compact”. Besides that we shall assume that
a homomorphism of algebras preserves the unit if it exists in the domain of the
homomorphism, and the involution if it exists in both these algebras.

If f : X → Y is a map and A ⊆ X then the symbol f |A stands for the restriction
of the map f to the set A; the symbol [A]X stands for the closure of the set A in
the topological space X .

We formulate the following definitions to avoid misunderstandings (f : X → Y
is a map of topological spaces; no axioms of separability are assumed).

1.2. Definition. The map f is called closed if for each closed subset F ⊆ X the
set fF = {fx : x ∈ F} is closed in the space Y .

1.3. Definition. The map f is called compact if for each point y ∈ Y the set
f−1y = {x ∈ X : fx = y} is a compact subspace of the space X .

1.4. Definition. The map f is called perfect if it is continuous, closed and
compact.

1.5. Let X be a topological space, C(X) be an algebra of all continuous complex
functions on the space X , C∗(X) ⊆ C(X) be a subalgebra consisting of all bounded
functions.

The algebra C∗(X) has the natural topology generated by the norm ‖g‖ =
= sup{|gx| : x ∈ X} for g ∈ C∗(X). Of course, this algebra has many other
topologies, but they are not so interesting, except, maybe, the topology of the
pointwise convergence.

The algebra C(X) has many different topologies. Usually topologies under con-
sideration are minimal or maximal in some sense (for example, the compact-open
topology or the topology of the pointwise convergence) because these topologies are
more natural than others.

It is well known that each commutative complex topological algebra satisfying
certain conditions is isomorphic to a subalgebra of an algebra C(X) for some com-
pletely regular space X (see [2], [10], [8], [7]). The space X does not define a
topological structure of this algebra. If we want to get a topological isomorphism,
we must define some additional structure on the space X (see [10]; unfortunately,
Theorem 5 of this paper is not correct).
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1.6. We can consider mappings as a generalization of topological spaces (a non-
empty space X corresponds to the constant mapping X → {∗} onto the singleton).
In the paper [9] there are many definitions of properties of mappings which are
analogous to properties of spaces. In particular, a compactification of a mapping
(see, for example, [11]) is an analog of compactification of a space. What is an
analog for a mapping of the normed algebra C∗(X) for a space X?

Let us note that an answer depends on considered class of mappings. In general
case this analog is a sheaf of topological algebras. In the simplest case of a globally
completely regular mapping f : X → Y (see Definition 2.18) satisfying the condition
[fX ]Y = Y it is the topological algebra C(f) defined in the section 2. The topology
of the algebra C(f) is naturally defined by the mapping f analogously to the algebra
C∗(X).

1.7. In the second section we investigate topological and categorial properties of
mappings and their algebras of functions.

The third section is devoted to maximal ideals of the algebra C(f).
In the fifth section we prove that each commutative complex algebra with the

unit and with Hausdorff topology generated by a family of semi-norms, satisfying
the conditions 1)–7) of Theorem 2.7 (see 5.1), is topologically isomorphic to a
subalgebra of the algebra C(f) for some mapping f : X → Y .

1.8. In the sixth section we prove that the completeness of the algebra C(f) with
respect to the natural uniformity is a rare property.

Proposition 2.15 and Corollary 2.25 lead to a supposition that a topology on a set
Y of semi-norms of an algebra C plays a part of a “uniformity”, and a “completeness”
of the algebra C with respect to this “uniformity” means that the embedding of the
algebra C into the algebra C(f̃), constructed in the items 5.22 and 5.32, is closed.
Let us note that there exists the smallest topology on the set Y which is compatible
with the algebra C; this topology is described in the item 5.14.

In the section we prove an internal characterization of this “completeness” and
prove some usual properties of complete algebras: the existence of inverse elements,
of functions of elements, the closedness of maximal ideals and so on. The class of
“complete” algebras is very wide as it follows from Example 1.9.

1.9. Example. Let M be a completely regular space and let {My : y ∈ Y } be
its covering by compact sets. Let C(M) be the algebra of all continuous complex
functions defined on the space M with the topology generated by the family of
semi-norms {ny : y ∈ Y }, where nyg = sup{|gM | : M ∈ My} for all g ∈ C(M) and
y ∈ Y . It follows from Corollary 5.28 and Definition 6.13 that the algebra C(M) is
“complete”.

§ 2. An algebra of functions on a mapping

2.1. We shall consider algebras of complex functions, but all results of this section
will be valid for algebras of real functions too (in this case involution is identity:
g∗ = g).

Let us fix a mapping f : X → Y of topological spaces. We shall assume that
[fX ]Y = Y , but this condition is not essential.

A. Algebras of functions

2.2. Definition. A function g : X → C will be called f -bounded if for each
point y ∈ Y there exists a neighborhood Uy ⊆ Y such that the function g|f−1Uy is
bounded.

2.3. Let B(f) be the set of all f -bounded functions, C(f) be the set of all
continuous f -bounded functions, C(X) be the set of all continuous functions, C∗(X)
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be the set of all continuous bounded functions with the standard norm ‖g‖ =
= sup{|gx| : x ∈ X} for g ∈ C∗(X).

Of course, C∗(X) ⊆ C(f) = C(X) ∩ B(f). All these sets have the structure of
complex algebras with the involution (the complex conjugation) and with the unit
ge, and the algebra C∗(X) is complete.

2.4. Assertion. If the mapping f is closed and the set f−1y is pseudocompact
for each point y ∈ Y then C(f) = C(X).

Proof. Let us note that fX = Y since f is closed and fX is dense in Y . Let
g ∈ C(X), y ∈ Y . The space f−1y is pseudocompact, therefore the function g is
bounded on f−1y, that is, there exists a number M ∈ R such that |gx| 6 M for all
x ∈ f−1y.

Since the function g is continuous, for every point x ∈ f−1y there exists a
neighborhood Ux ⊆ X such that |gx′ − gx| < 1 for all x′ ∈ Ux. Then the set
U =

⋃

{Ux : x ∈ f−1y} is a neighborhood of the set f−1y. The set Uy = f#U =
= {y′ ∈ Y : f−1y′ ⊆ U} is a neighborhood of the point y since the mapping f is
closed.

Due to the definition of the set Ux we have |gx| < M + 1 for every x ∈ f−1Uy,
therefore the function g is f -bounded and g ∈ C(f). �

2.5. Assertion. If the space Y is countably compact then C(f) = C∗(X).

Proof. Let g : X → C be an unbounded function. Let us prove that g does not
belong to B(f).

Since the function g is not bounded, there is a set A = {xn : n ∈ N} such that
|gxn| > n for each n ∈ N. Let M = fA.

If the set M is finite then there is a point y ∈ M such that the set A ∩ f−1y is
infinite.

If the set M is infinite then it has a strict limit point y ∈ Y since the space Y is
countably compact ([5], Theorem 3.10.3).

In both cases the function g is unbounded on f−1Uy for any neighborhood Uy ⊆
⊆ Y of the point y. �

B. Semi-norms

2.6. For each point y ∈ Y let us define a function ny : B(f) → R by the equality

nyg = inf{sup{|gx| : x ∈ f−1Uy} : Uy ⊆ Y is a neighborhood of the point y}
for all g ∈ B(f).

2.7. Theorem. For every point y ∈ Y the function ny has the following proper-
ties (g, g1, g2 ∈ B(f), c ∈ C; ge is the unit function, that is, gex = 1 for all x ∈ X;
the symbol “∗” denotes the involution):

1) nyg > 0;
2) ny(c · g) = |c| · nyg;
3) ny(g1 + g2) 6 nyg1 + nyg2;
4) ny(g1 · g2) 6 nyg1 · nyg2;
5) nyge = 1;
6) ny(g · g∗) = nyg · nyg∗;
7) nyg

∗ = nyg.

Proof is standard. �

2.8. In particular, the properties 1)–5) mean that for every y ∈ Y the function
ny is a semi-norm on the algebra B(f) (and on C(f)), while the properties 6) and 7)
mean that this semi-norm is completely regular ([8], §16.1). Of course, if a function
g ∈ C(f) satisfies the condition nyg = 0 for all y ∈ Y then gx = 0 for all x ∈ X .
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2.9. Proposition. If the mapping f is closed then

nyg = sup{|gx| : x ∈ f−1y}
for all y ∈ Y and g ∈ C(f).

Proof. Let y ∈ Y , g ∈ C(f) and sup{|gx| : x ∈ f−1y} = A. Obviously, A 6 nyg.
Let us take an arbitrary number ε > 0. Since the function g is continuous, for

each point x ∈ f−1y there exists a neighborhood Ux ⊆ X such that |gx′ − gx| < ε
for all x′ ∈ Ux. Then the set U =

⋃{Ux : x ∈ f−1y} is a neighborhood of the set
f−1y. Since the mapping f is closed, the set Uy = f#U is a neighborhood of the
point y.

Due to the construction of the set Uy we have |gx| < A + ε for all points x ∈
∈ f−1Uy, therefore the inequality nyg 6 A+ ε is valid.

Thus, we get the inequality A 6 nyg 6 A+ ε for all ε > 0. Hence, nyg = A. �

2.10. Proposition. Let g ∈ B(f), y0 ∈ Y . Then

ny0g = inf{sup{nyg : y ∈ Uy0} : Uy0 ⊆ Y is a neighborhood of the point y0}.
Proof follows from the definition 2.6 of the semi-norms ny, y ∈ Y . �

2.11. Corollary. For each function g ∈ B(f) and each number ε > 0 the set
Ug,ε = {y ∈ Y : nyg < ε} is open, that is, the function g̃ : Y → R, defined by the
formula g̃y = nyg for all y ∈ Y , is upper semicontinuous ([5], 1.7.14; compare with
1.7.16).

2.12. Corollary. If a function g ∈ B(f), a point y0 ∈ Y and a number ε > 0
are given then there exists a neighborhood Uy0 ⊆ Y such that nyg < ny0g + ε for
all y ∈ Uy0.

Proof. The open set Ug,t for t = ny0g + ε is a desirable neighborhood. �

2.13. Assertion. If a set Z ⊆ Y is countably compact and g ∈ B(f) then the
function g̃ defined in 2.11 is bounded on Z, and for every number ε > 0 there
exists a neighborhood UZ ⊆ Y such that nyg < M + ε for all y ∈ UZ, where
M = sup{nyg : y ∈ Z}.

Proof. Let g ∈ B(f) and ε > 0. Since the space Z is countably compact, Z ⊆
⊆ ⋃{Ug,n : n ∈ N} = Y and Ug,n ⊆ Ug,n+1 for all n ∈ N, there exists a number
n0 ∈ N such that Z ⊆ Ug,n0

. Therefore M = sup{nyg : y ∈ Z} 6 n0 is finite, and
the set UZ = Ug,M+ε is a required neighborhood. �

C. Topologies on the algebras B(f) and C(f)

2.14. Let us equip the algebras B(f) and C(f) with the topologies generated by
the family of semi-norms {ny : y ∈ Y }. Bases of these topologies consists of sets

VB(g0, ε,M) = {g ∈ B(f) : ny(g − g0) < ε for all y ∈M}, g0 ∈ B(f),

and

VC(g0, ε,M) = {g ∈ C(f) : ny(g − g0) < ε for all y ∈M}, g0 ∈ C(f),

where M ⊆ Y is a finite set and ε > 0.
In the standard way we can prove that all algebraic operations of B(f) and C(f)

are continuous relatively these topologies.

2.15. Proposition. The algebra C(f) is a closed subalgebra of B(f).

Proof. It is necessary to prove the closedness of C(f) in B(f) only.
Let g0 ∈ [C(f)]B(f). Let us prove that the function g0 is continuous at a point

x0 ∈ X which is chosen arbitrarily. Let us denote M = {fx0}, and let ε > 0 be
arbitrary. Due to the definition of the topology of B(f) there is a function g ∈
∈ VB

(

g0,
ε
3 ,M

)

∩C(f). Since the function g is continuous, there is a neighborhood
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U0x0 ⊆ X such that |gx − gx0| < ε
3 for all x ∈ U0x0. By Corollary 2.12 there is

a neighborhood Ufx0 ⊆ Y such that ny(g − g0) <
ε
3 for all y ∈ Ufx0. Hence for

each point x ∈ Ux0 = U0x0 ∩ f−1Ufx0 we get

|g0x− g0x0| = |g0x− gx+ gx− gx0 + gx0 − g0x0| 6 |g0x− gx| + |gx− gx0|+

+ |gx0 − g0x0| < nfx(g − g0) +
ε

3
+ nfx0

(g − g0) <
ε

3
+
ε

3
+
ε

3
= ε,

therefore the function g0 is continuous. �

2.16. Proposition. The identity embedding C∗(X)
⊆−→ C(f) is continuous and

C∗(X) is dense in C(f).

Proof. The continuity of this embedding follows from the inequality ‖g‖ > nyg
for all g ∈ C∗(X) and y ∈ Y (in general this embedding is not homeomorphic).

Let us take an arbitrary function g ∈ C(f) and prove that g ∈ [C∗(X)]C(f). To
this end, let us define a function gt ∈ C∗(X) for each number t > 0 by putting for
x ∈ X

gtx =

{

gx if |gx| 6 t,
t

|gx| · gx if |gx| > t.

Let us denote Ar = {gt : t > 0} and prove that g ∈ [Ag]C(f) ⊆ [C∗(X)]C(f).
Let an arbitrary neighborhood VC(g, ε,M) of the function g be given (M ⊆ Y is a
finite set, ε > 0). Let t0 = max{nyg : y ∈ M}. Then for all t > t0 and y ∈ M we
have ny(gt − g) = 0, therefore gt ∈ VC(g, ε,M) and Ag ∩ VC(g, ε,M) 6= ∅. Hence,
the required statement is valid. �

2.17. Proposition. a) If the space Y has a finite topology then the algebra C(f)
is topologically isomorphic to the algebra C∗(X).

b) If the mapping f is perfect and every compact subset of the space Y has a
finite topology then the algebra C(f) is topologically isomorphic to the algebra C(X)
with the compact-open topology ([5], §3.4).

c) If the mapping f is closed and for each point y ∈ Y the set f−1y has a finite
topology then the algebra C(f) is topologically isomorphic to the algebra C(X) with
the topology of the pointwise convergence ([5], §2.6).

Proof. a) Due to Assertion 2.5 we have C(f) = C∗(X) since the space Y is
compact. For each point y ∈ Y let us define the set

ȳ =
⋂

{U \ V : U, V ⊆ Y are open subsets, y ∈ U \ V }.
It follows from the definition 2.6 that if y1, y2 ∈ Y and y1 ∈ ȳ2 then ny1g = ny2g

for all functions g ∈ C(f). Let M ⊆ Y be a set satisfying the condition |M ∩ ȳ| =
= 1 for all y ∈ Y . Obviously, the set M is finite. It is easily seen that for each
g ∈ C(f) = C∗(X) the equality ‖g‖ = max{nyg : y ∈M} is satisfied, therefore the
topologies of the algebras C(f) and C∗(X) are identical.

b) Due to Assertion 2.4 we have C(f) = C(X). Since each compact subset B ⊆
⊆ Y has a finite topology, for such B there exists a finite set MB ⊆ B such that
B ⊆ ⋃{ȳ : y ∈MB} (see the proof of the statement a)). Hence all sets of the form

V (g0, ε, ȳ, F ) = {g ∈ C(X) : gF ⊆ U(g0F, ε)},
where y ∈ Y , F ⊆ f−1ȳ is a compact subset, g0 ∈ C(X), ε > 0 and

U(g0F, ε) = {c ∈ C : there exists a point x ∈ F such that |c− g0x| < ε}
constitute a subbase for the compact-open topology.

Comparing the definitions we see that Vc(g0, ε, {y}) ⊆ V (g0, ε, ȳ, F ) for all g0 ∈
∈ C(f) = C(X), ε > 0, y ∈ Y and compact subsets F ⊆ f−1ȳ since ny′g = nyg
for all y′ ∈ ȳ and g ∈ C(f), therefore the identity map C(f) → C(X) is continuous
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since the sets VC(g0, ε, {y}), g0 ∈ C(f), ε > 0, y ∈ Y , constitute a subbase for the
topology of C(f).

Let y ∈ Y , g0 ∈ C(f), ε > 0 and Φ = g0f
−1y. The set Φ is compact since the

set f−1y is compact and the function g0 is continuous. Let us consider a covering
of the set Φ by open disks U

(

c0,
ε
4

)

=
{

c ∈ C : |c− c0| < ε
4

}

, c0 ∈ Φ. This covering

contains a finite subcovering
{

U
(

ck,
ε
4

)

: k = 1, 2, . . . ,m
}

. For k = 1, 2, . . . ,m let

Fk =
[

g−1
0 U

(

ck,
ε
4

)]

X
∩ f−1y; the set Fk is compact and f−1y =

⋃{Fk : k =

= 1, 2, . . . ,m}.
It is easily seen that for all c′, c′′ ∈ U

(

g0Fk,
ε
4

)

, k = 1, 2, . . . ,m, we have |c′ −
− c′′| < ε, therefore by Proposition 2.9

⋂
{

V
(

g0,
ε
4 , ȳ, Fk

)

: k = 1, 2, . . . ,m
}

⊆
⊆ VC(g0, ε, {y}). Hence the identity map C(X) → C(f) is continuous too; that
is why this mapping is a homeomorphism.

c) Due to Assertion 2.4 we have C(f) = C(X). It is easily seen that the topology
of the pointwise convergence is generated by the family of semi-norms {nx : x ∈ X}
where nxg = |gx| for all x ∈ X and g ∈ C(X).

For each point x ∈ X let us define the set

x̄ =
⋂

{f−1fx ∩ U \ V : U, V ⊆ X are open subsets, x ∈ U \ V }.

For each y ∈ Y let My ⊆ f−1y be a set satisfying the condition |My ∩ x̄| = 1 for
all x ∈ f−1y. Obviously, the set My is finite for every y ∈ Y .

Let us note that each function g ∈ C(f) = C(X) is constant on any set x̄, x ∈ X .
Hence, for all g ∈ C(X), y ∈ Y , x ∈My and x′ ∈ x̄ the equality nx′g = nxg holds.

Due to Proposition 2.9 the equality nyg = max{nxg : x ∈ My} holds for all
y ∈ Y and g ∈ C(f). Therefore the finite family of semi-norms {nx : x ∈My} and
the semi-norm ny, y ∈ Y , generate the same topologies. �

D. A conversion to globally completely regular mappings

2.18. Definition. A mapping f : X → Y of topological spaces will be called
globally completely regular if it satisfies the next conditions:

a) for an arbitrary point x ∈ X and for every point x′ ∈ f−1fx \ {x} there
exists a neighborhood Ofx ⊆ Y and a continuous function g : X → [0, 1]
such that gx = 0 and gx′ = 1;

b) for an arbitrary point x ∈ X and for every neighborhood Ux ⊆ X there
exists a neighborhood Ofx ⊆ Y and a continuous function g : X → [0, 1]
such that gx′ = 1 for all x′ ∈ f−1Ofx \ Ux.

2.19. Of course, each globally completely regular mapping is Tychonoff (see [9];
compare with §7) and separable (see [11], Definition 3).

2.20. Theorem. There exist a space Xf , a perfect globally completely regular

mapping pf : Xf
onto−−−→ Y and a mapping qf : X → Xr, [qfX ]Xf

= Xf , satisfying
the following conditions:

1) pfqf = f ;
2) a map ϕ : C(pf ) → C(f) defined by the equality ϕg = gqf for all g ∈ C(pf )

is a topological isomorphism onto C(f) which preserves all semi-norms ny,
y ∈ Y ;

3) if p′ : X ′ → Y and q′ : X → X ′ are mappings satisfying the conditions 1)
and 2) then there exists and is unique a mapping h : X ′ → Xf such that
qf = hq′ and p′ = pfh; if p′ is perfect then h is perfect too and, hence,
hX ′ = Xf ;

4) if a space X ′
f and mappings p′f : X ′

f → Y and q′f : X → X ′
f satisfy the

conditions 1), 2) and 3) (except the uniqueness and the perfectness of the
mapping h) then the mapping h′ : Xf → X ′

f , which exists by the virtue of
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the condition 3), is a homeomorphic embedding and the set h′Xf is a retract
of the space X ′

f .

The space Xf and the mappings pf and qf satisfying the conditions 1)–4) are
unique. If the mapping f is perfect and globally completely regular then the mapping
qf is a homeomorphism onto Xf .

Proof. Let C(f) = {gα : α ∈ A}, and let Zα = C ∪ {∞} be a one-point
compactification of the space of complex numbers (a complex sphere) for all α ∈ A.

For each α ∈ A let us set Yα = Y × Zα, and let pα : Yα
onto−−−→ Y and fα : X →

→ Yα be mappings defined by the formulas pα(y, z) = y for all (y, z) ∈ Y ×Zα and
fαx = (fx, gαx) for all x ∈ X (see [5], §2.3). Let us set Xα = [fαX ]Yα

. It is useful
to note that the closed sets Xα and Y × {∞} are disjoint since the function gα is
f -bounded.

Let us put YA = Y × ∏{Zα : α ∈ A} and define mappings π : YA

onto−−−→ Y ,

p : YA

onto−−−→ ∏{Zα : α ∈ A}, πα : YA

onto−−−→ Yα, α ∈ A, and fA : X → YA by the
equalities π{y, zβ : β ∈ A} = y, p{y, zβ : β ∈ A} = {zβ : β ∈ A}, πα{y, zβ : β ∈
∈ A} = (y, zα) for all α ∈ A and {y, zβ : β ∈ A} ∈ YA, fAx = {fx, gβx : β ∈ A}
for x ∈ X (see [5], §2.3). If the mapping f is globally completely regular then the
mapping fA is a homeomorphic embedding.

Let Xf = [fAX ]YA
, pf = π|Xf

, and let qf : X → Xf be the mapping which
coincides with fA. The mapping pf is perfect since π is perfect due to the com-
pactness of

∏

{Zα : α ∈ A}. Moreover, the mappings π and pf are separable since
the space

∏{Zα : α ∈ A} is Hausdorff. Therefore if the mapping f is perfect then
the mapping qf is perfect due to Lemma 8 of the paper [11].

Let us prove that the mappings π and pf are globally completely regular. It is
sufficient to prove this statement for the mapping π only. Let x = (y0, z0) ∈ YA =
= Y × ∏{Zα : α ∈ A} be a point (y0 ∈ Y , z0 ∈ ∏{Zα : α ∈ A}) and Ux ⊆ YA

be its neighborhood (in the case a) let Ux = YA \ p−1px′ for x′ ∈ π−1y0 \ {x}).
By the definition of the product topology there are neighborhoods Uy0 ⊆ Y and
Uz0 ⊆

∏

{Zα : α ∈ A} such that x ∈ Uy0 × Uz0 = π−1Uy0 ∩ p−1Uz0 ⊆ Ux. Since
the space

∏{Zα : α ∈ A} is completely regular ([5], Theorem 2.3.11), there is a
continuous function g0 :

∏{Zα : α ∈ A} → [0, 1] such that g0z0 = 0 and g0z = 1 for
all z ∈

∏

{Zα : α ∈ A} \Uz0. Then the neighborhood Oπx = Uy0 and the function
g = g0p have the required properties.

Let us note also that for each α ∈ A the equality παfA = fα is valid, therefore
παXf ⊆ Xα (indeed παXf = Xα since the mapping πα is perfect by Lemma 8 of
the paper [11]) and, hence, zα 6= ∞ for all {y, zβ : β ∈ A} ∈ Xf ; consequently, we
can define a continuous function ḡα : Xf → C by putting ḡα{y, zβ : β ∈ A} = zα
for all {y, zβ : β ∈ A} ∈ Xf . Obviously, for each α ∈ A the equality gα = ḡαqf is
valid.

If g ∈ C(pf ) then ϕg = gqf ∈ C(f), hence, there exists α ∈ A such that ϕg = gα.
The functions g and ḡα satisfy the same equality which defines them uniquely on
the dense set qfX ⊆ Xf . Since the space C is Hausdorff we have g = ḡα, hence
the map ϕ is an (algebraic) isomorphism. The preservation of all semi-norms ny,
y ∈ Y , is the consequence of the fact that qfX is dense Xf . Therefore ϕ is a
homeomorphism also.

Let mappings p′ : X ′ → Y and q′ : X → X ′ satisfy the conditions 1) and 2).
We shall construct a mapping h : X ′ → Xf satisfying the conditions qf = hq′ and
p′ = pfh.

For every α ∈ A let g̃α ∈ C(p′) be the right (which exists and is unique by virtue
of the condition 2)) element which satisfies the equality gα = g̃αq

′. Let us define a
mapping h′ : X ′ → YA by the equality h′x = {p′x, g̃αx : α ∈ A} for all x ∈ X ′. Let
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us note that qfX ⊆ h′X ′ since f = p′q′ and gα = g̃αq
′ for all α ∈ A. It is obvious

that the equalities fA = h′q′ and p′ = πh′ are true.
It is necessary to prove that h′X ′ ⊆ Xf . Let us suppose that there is a point

x0 ∈ h′X ′\Xf . Since the set Xf is closed and the mapping π is globally completely
regular, there exist a neighborhood Uπx0 ⊆ Y and a continuous function g : YA →
→ [0, 1] such that gx0 = 1 and gx = 0 for all x ∈ Xf ∩ π−1Uπx0 = p−1

f Uπx0. Let

us define the continuous functions g0 = gfA ∈ C(f) and g′0 = gh′ ∈ C(p′). It is
obvious that these functions satisfy the condition g0 = g′0q

′, therefore due to the
condition 2) the equality ny0g0 = ny0g

′
0 must be valid, but we have ny0g0 = 0 and

ny0g
′
0 = 1. This contradiction proves that h′X ′ ⊆ Xf , and we have the mapping

h : X ′ → Xf coinciding with h′. The conditions qf = hq′ and p′ = pfh are satisfied.
Let us prove the uniqueness of the mapping h. Assume that there is a mapping

h̃ : X ′ → Xf such that qf = h̃q′, p′ = pf h̃ and h̃ 6= h. Then there exists a point

x0 ∈ X ′ such that h̃x0 6= hx0. Then we have pf h̃x0 = pfhx0 since pf h̃ = pfh = p′.

Therefore there is α0 ∈ A such that ḡα0
h̃x0 6= ḡα0

hx0. But in this case g̃1 = ḡα0
h̃

and g̃2 = ḡα0
h are two different continuous functions belonging to C(p′) such that

gα0
= ḡα0

qf = g̃1q
′ = g̃2q

′ ∈ C(f). This contradicts the condition 2), therefore
h′ = h.

If the mapping p′ is perfect then h is perfect due to Lemma 8 of the paper [11].
If X ′ = Xf , p

′ = pf and q′ = qf then the mapping h must be the identity since
it is unique.

If a space X ′
f and mappings p′f and q′f satisfy the conditions 1)–3) then there

exist mappings h : X ′
f → Xf and h′ : Xf → X ′

f such that qf = hq′f , p
′
f = pfh, q

′
f =

= h′qf , pf = p′fh
′. Due to the preceding observation the mapping hh′ is identity,

hence, the mapping h′ is a homeomorphic embedding and the mapping h′h is a
retraction.

If the space X ′
f and the mappings p′f and q′f satisfy the conditions 1)–4) then

both these mappings h and h′ must be homeomorphic embeddings and “onto”,
hence, they are mutually inverse homeomorphisms. �

2.21. Theorem. Let mappings f1 : X1 → Y1, f2 : X2 → Y2, h1 : X1 → X2 and
h2 : Y1 → Y2 such that [f1X1]Y1

= Y1, [f2X2]Y2
= Y2 and h2f1 = f2h1 be given.

Then there exists a unique mapping h : Xf1 → Xf2 such that hqf1 = qf2h1 and
h2pf1 = pf2h. Moreover,

1) if h2 is separable then h is separable too;
2) if h2 is perfect then h is perfect also;
3) if h2 is perfect and [h1X1]X2

= X2 then hXf1 = Xf2 .

Proof is analogous to the proof of Theorem 2.20 with some simplifications. �

2.22. Remark. Due to Theorems 2.20 and 2.21 we are in a position to replace
the given mapping f : X → Y by the perfect globally completely regular mapping

pf : Xf
onto−−−→ Y , when it is useful for our purposes.

E. Homomorphisms of algebras

2.23. Theorem. Let f1, f2, h1 and h2 be the same mappings as in Theorem 2.21.
Then the map ϕ : C(f2) → C(f1) defined by the equality ϕg = gh1 for all g ∈ C(f2)
is a continuous homomorphis satisfying the condition nyg > sup{ny′(ϕg) : y′ ∈
∈ h−1

2 y} for all y ∈ h2Y1 and g ∈ C(f2). Moreover,

1) if [h1X1]X2
= X2 then ϕ is a continuous isomorphism onto a subalgebra of

C(f1);

2) if the mapping h1 : X1
onto−−−→ h1X1 is quotient (in particular, if h1 is closed

or open), the set h1X1 is clopen in X2 and one of the conditions
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a) the mapping f2|h1X1
is closed and the set f−1

2 y∩h1X1 is pseudocompact
for each y ∈ f2h1X1 or

b) the mapping h2 is closed and h−1
2 y is countably compact for each y ∈

∈ h2Y1

is valid, then ϕ is a homomorphism onto a closed subalgebra of C(f1);
3) if the mapping h2 is perfect, h2Y1 is clopen subset of Y2 and [h1X1]X2

=
= f−1

2 h2Y1 then ϕ is a homomorphism onto a closed subalgebra of C(f1)
too, and nyg = sup{ny′(ϕg) : y′ ∈ h−1

2 y} for all y ∈ h2Y1 and g ∈ C(f2);

4) if the mapping h2 is closed, the set h−1
2 y has a finite topology for each y ∈

∈ Y2 and [h1X1]X2
= X2, then ϕ is a topological isomorphism onto a closed

subalgebra of C(f1), and nyg = max{ny′(ϕg) : y′ ∈ h−1
2 y} for all y ∈ h2Y1

and g ∈ C(f2).

Proof. The homomorphism ϕ is continuous since for all y ∈ Y1 and g ∈ C(f2)
the inequality ny(ϕg) = ny(gh1) 6 nh2yg is fulfilled. From the last inequlity it

follows that sup{ny′(ϕg) : y′ ∈ h−1
2 y} 6 nyg for all y ∈ h2Y1 and g ∈ C(f2).

1). This statement is obvious.
2). Let g0 ∈ [ϕC(f2)]C(f1). Let us take arbitrary points x1, x2 ∈ X1 such that

h1x1 = h1x2 and prove that g0x1 = g0x2. Of course, for all g ∈ ϕC(f2) the equality
gx1 = gx2 is true.

Let us take ε > 0 and consider the neighborhood V = VC
(

g0,
ε
2 , f1{x1, x2}

)

⊆
⊆ C(f1). By the choice of g0 there is a function g ∈ V ∩ ϕC(f2). Then we have
gx1 = gx2 and

|g0x1−g0x2| = |g0x1−gx1 +gx2−g0x2| 6 |g0x1 −gx1|+ |gx2−g0x2| <
ε

2
+
ε

2
= ε.

Since the number ε > 0 is arbitrary it means that g0x1 = g0x2.
Thus we can define a function g : X2 → C by putting

gx =

{

g0x
′ if x ∈ h1X1 and x = h1x

′ for some x′ ∈ X1,

0 if x ∈ X2 \ h1X1.

This function is continuous since the mapping h1 is quotient and the set h1X1

is clopen. To prove that the function g is f2-bounded we can use Assertion 2.4 in
the case a), or Assertion 2.13 and the closedness of h2 in the case b). The equality
ϕg = g0 is obvious.

3). Due to Theorems 2.20 and 2.21 we can suppose that the mappings f1 and
f2 are perfect and f2 is separable (otherwise we can replace the mappings f1, f2
and h1 by the mappings pf1 , pf2 and h from Theorems 2.20 and 2.21). Then the
mapping h1 is perfect too since h2 is perfect ([3], Chapter I, §10, Proposition 5,
and [11], Lemma 8). Therefore all conditions of the statement 2) are fulfilled and,
hence, the set ϕC(f2) is closed in C(f1).

Let y0 ∈ h2Y1, g ∈ C(f2) and A = sup{ny(ϕg) : y ∈ h−1
2 y0}. Let us prove

that ny0g = A. It is sufficient to prove that ny0g 6 A. Let us take an arbitrary

number ε > 0 and set Uh−1
2 y0 = Ug,A+ε (see 2.11). Then we get the inequality

sup{|gh1x| : x ∈ f−1
1 Uh−1

2 y0} 6 A + ε on account of the definition 2.6. The set

Uy0 = h#
2 Uh

−1
2 y0 ∩h2Y1 is a neighborhood of the point y0 since the mapping h2 is

closed and the set h2Y1 is clopen in Y2. Then the inequality

ny0g 6 sup{|gx| : x ∈ f−1
2 Uy0} 6 sup{|gh1x| : x ∈ f−1

1 Uh−1
2 y0} 6 A+ ε

holds since f−1
2 Uy0 ⊆ [h1f

−1
1 Uh−1

2 y0]X2
. As the number ε > 0 is arbitrary, we get

ny0g 6 A, and the poof is concluded.
4). It follows from the statements 1) and 3) that ϕ is a continuous isomor-

phism onto a closed subalgebra of C(f1) and the required equality is fulfilled (with
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“sup” instead of “max”). The rest can be proved by analogy with the proof of the
statement c) in Proposition 2.17. �

2.24. Remark. Let the mappings f1, f2, h1 and h2 be the same. Let a point
y0 ∈ Y2 satisfy the following conditions:

1) there exists a neighborhood U0y0 ⊆ Y2 such that f−1
2 U0y0 ⊆ [h1X1]X2

,
2) for each neighborhood Uh−1

2 y0 ⊆ Y1 of the set h−1
2 y0 there exists a neigh-

borhood Uy0 ⊆ Y2 such that h−1
2 Uy0 ⊆ Uh−1

2 y0 (that is, the mapping h2

is closed at the point y0).

Then the same reasonings as in the proof of the statement 3) of Theorem 2.23
proves the equality ny0g = sup{ny(gh1) : y ∈ h−1

2 y0} for all functions g ∈ C(f2).

2.25. Corollary. Let f1 : X1 → Y , f2 : X2 → Y and h : X1 → X2 be mappings
such that f1 = f2h and [f2X2]Y = Y .1 Then the map ϕ : C(f2) → C(f1) defined
by the equality ϕg = gh for all g ∈ C(f2) is a continuous homomorphism onto
a closed subalgebra of C(f1). Moreover, if [hX1]X2

= X2 then ϕ is a topological
isomorphism onto a closed subalgebra of C(f1) preserving all semi-norms ny, y ∈
∈ Y .

2.26. Theorem. Let mappings f1 : X1 → Y1, f2 : X2
onto−−−→ Y2 and h2 : Y1 → Y2

be given, moreover, let the mapping f2 be perfect and globally completely regular and
[f1X1]Y1

= Y1. Besides that, let ϕ : C(f2) → C(f1) be a homomorphism such that
the inequality ny(ϕg) 6 nh2yg is valid for all y ∈ Y1 and g ∈ C(f2). Then there
exists and is unique a mapping h1 : X1 → X2 such that f2h1 = h2f1 and gh1 = ϕg
for all g ∈ C(f2). Moreover,

1) if both mappings f1 and h2 are perfect or separable then the mapping h1 is,
respectively, perfect or separable too;

2) if for some point y0 ∈ h2Y1 the equality ny0g = sup{ny(ϕg) : y ∈ h−1
2 y0} is

fulfilled for all functions g ∈ C(f2) then f−1
2 y0 ⊆ [h1X1]X2

.

Proof is almost identical to the proof of Theorem 2.20. �

2.27. Corollary. Let f1 : X1 → Y be a mapping,2 f2 : X2
onto−−−→ Y be a perfect

completely regular mapping and ϕ : C(f2) → C(f1) be a homomorphism such that
the inequality ny(ϕg) 6 nyg holds for all y ∈ [f1X1]Y and g ∈ C(f2). Then there
exists and is unique a mapping h : X1 → X2 such that f2h = f1 and gh = ϕg for
all g ∈ C(f2); hence, ϕC(f2) is a closed subalgebra of C(f1). Moreover,

1) if the mapping f1 is perfect or separable then the mapping h is, respectively,
perfect or separable too;

2) if for some point y ∈ [f1X1]Y the equality nyg = ny(ϕg) is fulfilled for all

functions g ∈ C(f2) then f−1
2 y ⊆ [hX1]X2

.

§ 3. Mappings and maximal ideals

3.1. Let us fix a perfect globally completely regular mapping f : X
onto−−−→ Y .

If a given mapping is not perfect or globally completely regular then we can use
Theorems 2.20 and 2.21.

We shall consider algebras of complex functions but all results of §3 will be valid
for algebras of real functions too.

A. Closed ideals and quotient algebras

3.2. For each point y ∈ Y let Iy = {g ∈ C(f) : nyg = 0}; of course, this is a
closed ideal of the algebra C(f).

1We assume that semi-norm ny, y ∈ Y , is defined on the algebra C(f1) iff y ∈ [f1X1]Y .
2See the preceding foot-note.
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For an arbitrary finite set A ⊆ Y let IA =
⋂

{Iy : y ∈ A} and let nAg =
= max{nyg : y ∈ A} for all g ∈ C(f); of course, nA is a seminorm satisfying the
conditions 1)–7) of Theorem 2.7, and IA = {g ∈ C(f) : nAg = 0}.

Therefore we can define a homomorphism pA : C(f)
onto−−−→ CA = C(f)/IA onto

a quotient algebra for any finite set A ⊆ Y and a norm on the algebra CA by the
formula ‖ḡ‖ = nAg for all ḡ ∈ CA, where g ∈ C(f) is a function such that pAg = ḡ;
of course, the homomorphism pA is continuous.

3.3. Lemma. Let A ⊆ Y be a finite subset. Then

a) for each element ḡ ∈ CA there exists a function g ∈ C∗(X) ⊆ C(f) such
that the equalities pAg = ḡ and ‖g‖ = ‖ḡ‖ are satisfied;

b) the algebra CA is complete.

Proof. a) Let ḡ ∈ CA and g ∈ C(f) be some elements satisfying the condition
pAg = ḡ. Let t = ‖ḡ‖ = nAg and let gt ∈ C∗(x) be the function defined in the proof
of Proposition 2.16. Then ‖gt‖ = t = ‖ḡ‖ and nA(gt − g) = 0, that is, gt − g ∈ IA
and, hence, pAgt = pAg = ḡ.

b) Let {ḡn : n ∈ N} be a Cauchy sequence of elements of CA. Without loss
of generality we can suppose that ‖ḡn+1 − ḡn‖ 6 2−n for all n ∈ N. Due to
the statement a), for each n ∈ N there exists a function gn ∈ C∗(X) ⊆ C(f)
such that pAgn = ḡn+1 − ḡn and ‖gn‖ = ‖ḡn+1 − ḡn‖ 6 2−n. Since the algebra

C∗(X) is complete, the series
∞
∑

n=1
gn converges to some function g0 ∈ C∗(X). By

Proposition 2.16 this convergence takes place in C(f) too. Due to the continuity
of the homomorphism pA, we have

ḡ1 + pAg0 = ḡ1 + pA

∞
∑

n=1

gn = ḡ1 +

∞
∑

n=1

pAgn = ḡ1 +

∞
∑

n=1

(ḡn+1 − ḡn),

that is, the last series converges; since its n-th partial sum equals ḡn for all n ∈ N,
the given sequence converges to ḡ1 + pAg0. �

3.4. Corollary. Every maximal ideal of the algebra C(f) containing an ideal IA
for some finite A ⊆ Y is closed.

Proof. Let M ⊂ C(f) be a maximal ideal, A ⊆ Y be a finite set such that
IA ⊆ M . Then M̄ = pAM is a maximal ideal (otherwise M would be contained
in a larger ideal) which is closed by the statement II 4) of §9.4 of the book [8].
Therefore M = p−1

A M̄ (since M is maximal) is closed. �

B. Closed maximal ideals of C(f) and points of X

3.5. Lemma. a) For each point x ∈ X the set Mx = {g ∈ C(f) : gx = 0} is a
closed maximal ideal of the algebra C(f) and Ifx ⊆Mx.

b) If points x1, x2 ∈ X satisfy the conditions fx1 = fx2 and x1 6= x2 then
Mx1

6= Mx2
.

c) If M ⊂ C(f) is a closed maximal ideal and y ∈ Y is a point such that Iy ⊆M
then there exists a point x ∈ f−1y such that Mx = M (see also 4.4).

d) If points x1, x2 ∈ X satisfy the condition Mx1
= Mx2

then gx1 = gx2 for all
functions g ∈ C(f).

Proof. a) Let x ∈ X be an arbitrary point. Then we can define a homomorphism

px : C(f)
onto−−−→ C by the formula pxg = gx for all g ∈ C(f). The homomorphism

px is continuous, therefore its kernel Mx = p−1
x 0 is a closed ideal. This ideal is

maximal since the algebra C has no ideals except {0}.
b) Let x1, x2 ∈ X be points such that fx1 = fx2 and x1 6= x2. Since the

mapping f is globally completely regular, there exists a function g ∈ C(f) such
that gx1 = 0 and gx2 = 1. Then g ∈Mx1

and g /∈Mx2
, that is, Mx1

6= Mx2
.
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c) Let M be a closed maximal ideal of the algebra C(f) and y ∈ Y be a point
such that Iy ⊆ M . Let us suppose that for each point x ∈ f−1y there exists a
function gx ∈ M such that gxx 6= 0; the sets Ux = {x′ ∈ X : gxx

′ 6= 0}, x ∈
∈ f−1y, constitute an open covering of the compact space f−1y. Let us choose a

finite subcovering {Uxk : k = 1, 2, . . . , n} and put g0 =
n
∑

k=1

gxk
· g∗xk

. Then the

(real) function g0 belongs to M and g0x =
n
∑

k=1

gxk
x · g∗xk

=
n
∑

k=1

|gxk
x|2 > 0 for all

x ∈ f−1y. Let t = inf{g0x : x ∈ f−1y}. Then t > 0 since f−1y is compact ([5],
Corollary 3.2.9), and we can define a function g : X → R ⊂ C by putting for each
x ∈ X

gx =

{

g0x if g0x > t,

t if g0x < t.

Due to Proposition 2.9 we have ny(g − g0) = 0, therefore g − g0 ∈ Iy ⊆ M and
g ∈M . But for the element g of the algebra C(f) there is an inverse element since
gx 6= 0 for all x ∈ X , and we have got the contradiction: elements of ideals have
not inverse elements ([8], §7.4, the statement I). Hence there is a point x ∈ f−1y
such that gx = 0 for all g ∈ M and, consequently, M = Mx since M is a maximal
ideal.

d) If x1, x2 ∈ X are points such that Mx1
= Mx2

then the equality px1
= px2

is fulfilled since these homomorphisms have the identical kernels. Hence, gx1 =
= px1

g = px2
g = gx2. �

C. The space of closed maximal ideals and the space X

3.6. Let Mf be the set of all closed maximal ideals of the algebra C(f). For
each y ∈ Y let My = {M ∈ Mf : Iy ⊆ M}. It follows from Lemma 4.4 that
Mf =

⋃{My : y ∈ Y }.
Let us define a map πf : X

onto−−−→ Mf by the equality πfx = Mx for all x ∈ X
(the equality πfX = Mf follows from Lemma 3.5 c) and the preceding equality).

Due to Lemma 3.5 d) for every function g ∈ C(f) we can define the function
ḡ : Mf → C by the equality ḡ = gπ−1

f since πfX = Mf . Let us equip the set Mf

with the smallest topology in which all functions ḡ, g ∈ C(f), are continuous. Then
we get the homomorphism ϕf : C(f) → C(Mf ) defined by the formula ϕfg = ḡ for
all g ∈ C(f).

For every point y ∈ Y and an arbitrary function g ∈ C(f) let us set nyg =
= sup{|gM | : M ∈ My}. As it will be proved in Theorem 3.7, the function ny is
a semi-norm on the algebra C(Mf ) satisfying the conditions 1)–7) of Theorem 2.7
for each point y ∈ Y . Therefore we can equip the algebra C(Mf ) with the topology
generated by the family of semi-norms {ny : y ∈ Y } (see 2.14).

3.7. Theorem. a) The map πf is continuous.

b) The mapping πy = πf |f−1y : f−1y
onto−−−→ My ⊆ Mf is a homeomorphism for

each point y ∈ Y ; hence, the space My is compact.
c) For each point y ∈ Y the function ny : C(Mf ) → R is a semi-norm satisfying

the conditions 1)–7) of Theorem 2.7.

d) The map ϕf : C(f)
onto−−−→ C(Mf ) is a topological isomorphism preserving all

semi-norms ny, y ∈ Y .

Proof. a) By the definition of the topology of the space Mf all sets of the form
V (g, U) = ḡ−1U , where g ∈ C(f), ḡ = ϕfg and U ⊆ C is an open set, constitute a

subbase for this topology; obviously, π−1
f V (g, U) = g−1U is an open subset of the

space X , therefore the map πf is continuous.
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b) This statement follows from the preceding one, Lemma 3.5 b), c) and Theorem
3.1.13 of the book [5].

c). It follows from the preceding statement that nyg has a finite value for all
y ∈ Y and g ∈ C(Mf ). The rest can be proved in a standard way.

d) The equality ϕfC(f) = C(Mf ) follows from the statement a), since we can
define the inverse map C(Mf ) → C(f); the equality ny(ϕfg) = nyg for every y ∈
∈ Y and g ∈ C(f) follows from the statement b) and Proposition 2.9; the rest is
obvious. �

3.8. Remark. It follows from the results of this section that a perfect globally

completely regular mapping f : X
onto−−−→ Y can be restored (up to a homeomorphism)

if its algebra C(f) and the space Y (and the corresponding semi-norms ny, y ∈ Y )
are known: we can set

X = {(y,M) : y ∈ Y , M ⊂ C(f) is a maximal ideal such that Iy ⊆M},

define the maps f : X
onto−−−→ Y and πf : X

onto−−−→ Mf by the equalities f(y,M) = y
and πf (y,M) = M for all (y,M) ∈ X , and equip X with the smallest topology in
which the maps f and πf are continuous (the space Mf in this case is the set of all
closed maximal ideals of the algebra C(f) equipped with the topology described in
the book [8], §11.3; see also the item 5.3 below).

§ 4. Some auxiliary lemmas

4.1. Lemma. Let C be a normed (complex or real) commutative algebra with
the unit eC and with a norm satisfying the conditions 1)–7) of Theorem 2.7, and

let C̃ be its completion. Then

a) for every closed maximal ideal M ⊂ C the set M̃ = [M ]C̃ is a maximal

ideal of the algebra C̃;
b) for every maximal ideal M̃ ⊂ C̃ the set M = M̃ ∩ C is a closed maximal

ideal of the algebra C;
c) the maps described in a) and b) above are inverse to each other, and the

equality gM = gM̃ is valid for all elements g ∈ C and closed maximal ideals
M ⊂ C (see 5.3).

Proof. a) The set M̃ is an ideal of the algebra C̃ due to the continuity of the
multiplication. The quotient algebra C/M is isomorphic to the algebra C (or R)

since the ideal M is maximal. Hence the quotient algebra C̃/M̃ contains C/M as

dense (since C is dense in C̃) and closed (since C/M is complete) subset. Therefore

C̃/M̃ coincides with the algebra C/M , that is, it is isomorphic to C (or R), and

the ideal M̃ is maximal.
The statements b) and c) are obvious. �

4.2. In the following lemmas let C be a (complex or real) commutative algebra
with the unit eC equipped with a Hausdorff topology generated by the family of
semi-norms {ny : y ∈ Y } satisfying the conditions 1)–7) of Theorem 2.7.

4.3. Lemma. Let I ⊂ C be a closed ideal and let p : C
onto−−−→ C/I be a homo-

morphism onto the quotient algebra. Then

a) for every closed maximal ideal M ⊂ C satisfying the condition I ⊆ M the
set M̄ = pM is a closed maximal ideal of the algebra C/I;

b) for every closed maximal ideal M̄ ⊂ C/I the set M = p−1M̄ is a closed
maximal ideal of the algebra C such that I ⊆M ;

c) the maps described in a) and b) above are inverse to each other, and the
equality (pg)M̄ = gM is valid for all elements g ∈ C and closed maximal
ideals M ⊂ C satisfying the condition I ⊆M (see 5.3).
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Proof is obvious. �

4.4. Lemma. For each closed maximal ideal M ⊂ C there is a point y ∈ Y such
that Iy ⊆M , where Iy = {g ∈ C : nyg = 0} (see 5.2).

Proof. Let us note that if M ⊂ C is a maximal ideal and I ⊂ C is an ideal such
that I \M 6= ∅, then there are elements gM ∈M and gI ∈ I such that gM + gI =
= eC . Indeed, if g0 ∈ I is an element such that g0 /∈ M then there are elements
g1 ∈M and g ∈ C such that g · (g1 + g0) = eC since the ideal M is maximal. Then
we can take gM = g · g1 and gI = g · g0.

Let M ⊂ C be a closed maximal ideal. By the definition of the topology of
the algebra C there exist a number ε > 0 and a finite set A ⊆ Y such that
V (eC , ε, A) ∩M = ∅, where

V (eC , ε, A) = {g ∈ C : ny(g − eC) < ε for all y ∈ A}.
Let us prove that

IA =
⋂

{Iy : y ∈ A} = {g ∈ C : nyg = 0 for all y ∈ A} ⊆M .

If, on the contrary, there is some element g ∈ IA \M , then there are gM ∈ M
and gIA

∈ IA such that gM + gIA
= eC . Hence, we have pAgM = pA(gM + gIA

) =

= pAeC = eA, where pA : C
onto−−−→ C/IA is a homomorphism onto the quotient

algebra and eA is the unit of the algebra C/IA. But it is obvious that p−1
A eA ⊆

⊆ V (eC , ε, A), therefore gM ∈ V (eC , ε, A) ∩M , that is, V (eC , ε, A) ∩M 6= ∅. But
this is impossible by the choice of the neighborhood V (eC , ε, A). Hence, IA ⊆M .

Let us suppose that Iy \M 6= ∅ for all y ∈ A. Analogously, for each y ∈ A
there are elements gy ∈ M and gIy

∈ Iy such that gy + gIy
= eC . Then we have

∏{gy + gIy
: y ∈ A} = eC . Removing the brackets we get

∏

{gy : y ∈ A}+
∑

{gIy
·
∏

{gz : z ∈ A\{y}} : y ∈ A}+. . .+
∏

{gIy
: y ∈ A} = eC .

In this sum all terms, with the exception of the last one, belongs to M , and
∏

{gIy
: y ∈ A} ∈

⋂

{Iy : y ∈ A} = IA. Hence, we have got an equality of the
type gM + gIA

= eC , where gM ∈ M and gIA
∈ IA. But this is impossible since

gIA
∈ IA ⊆ M and eC /∈ M . Therefore there is an element y ∈ A such that

Iy ⊆M . �

4.5. Lemma. For each closed ideal J ⊂ C there is a closed maximal ideal M ⊂ C
such that J ⊆M .

Proof. Since the ideal J is closed, there exist a number ε > 0 and a finite set
A ⊆ Y such that V (eC , ε, A) ∩ J = ∅. Let us set IA =

⋂{Iy : y ∈ A}. Then
the set J ′

A = {g1 + g2 : g1 ∈ J, g2 ∈ IA} is an ideal such that IA ∪ J ⊆ J ′
A and

V (eC , ε, A)∩J ′
A = ∅. By the statement VII, §8.1 of the book [8], the set JA = [J ′

A]C
is a closed ideal, IA ∪ J ⊆ JA and V (eC , ε, A) ∩ JA = ∅.

Let us define the semi-norm nA by the equality nAg = max{nyg : y ∈ A} for all
g ∈ C. It is easily verified that all conditions 1)–7) of Theorem 2.7 are valid. We can
consider the quotient algebra CA = C/IA and the corresponding homomorphism

pA : C
onto−−−→ CA. The algebra CA is normed with the norm defined by the equality

‖ḡ‖ = nAg for ḡ ∈ CA where g ∈ C is any element such that pAg = ḡ (it is easily

seen that nAg = nAg
′ if pAg = pAg

′ since nA(g− g′) = 0). Let C̃A be a completion
of the algebra CA.

The set j̃ = [pAJA]C̃A
is a closed ideal of the algebra C̃A. There is a maximal

ideal M̃ ⊂ C̃A such that j̃ ⊆ M̃ (see [8], §7.4, the statement IV). The ideal M̃ is
closed by the statement II 4), §9.4 of the book [8]. By Lemmas 4.1 and 4.3 the set

M = p−1(M̃ ∩ CA) is a closed maximal ideal, and J ⊆M . �
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§ 5. Realizations of abstract algebras

5.1. Further on let C be a commutative complex algebra with the unit eC (except
the item 5.22) and the zero 0C , equipped with a Hausdorff topology generated (see
2.14) by a family of semi-norms {ny : y ∈ Y } satisfying the conditions 1)–7) of
Theorem 2.7 (if the algebra C has not an involution then we put g∗ = g for all
g ∈ C in the conditions 6) and 7); if the algebra C has not a unit3 then we can
add the unit e using the method of the item III, §16.1 of the book [8]4). It is not
necessary to suppose that ny1 6= ny2 for y1, y2 ∈ Y such that y1 6= y2.

Let {ny : y ∈ YC} be the family of all continuous semi-norms on the algebra C
satisfying the conditions 1)–7) of Theorem 2.7. We shall assume that ny1 6= ny2 for
all y1, y2 ∈ YC such that y1 6= y2. Of course, we can use this family instead of the
preceding one.

A. The space of closed maximal ideals

5.2. Let M be the set of all closed maximal ideals of the algebra C.
Let y ∈ Y (or y ∈ YC) be an arbitrary point. Then the set Iy = {g ∈ C : nyg =

= 0} is a closed ideal of the algebra C. Let us set My = {M ∈ M : Iy ⊆ M}. It
follows from Lemma 4.4 that M =

⋃{My : y ∈ Y } =
⋃{My : y ∈ YC}.

5.3. Every element g ∈ C can be considered as a function g : M → C: for

any M ∈ M let pM : C
onto−−−→ C/M = C be the homomorphism onto the quotient

algebra; then we put gM = pMg (see [8], §11.2).
Let us equip the set M with the smallest topology in which all functions g ∈

∈ C are continuous (see [8], §11.3). The space M with this topology is completely
regular.

5.4. Lemma. Let y ∈ Y (or YC) be an arbitrary point. Then

a) the subspace My ⊆ M is compact;
b) for each element g ∈ C the equality nyg = sup{|gM | : M ∈ My} is satisfied.

Proof. Let y ∈ Y and let py : C
onto−−−→ Cy = C/Iy be the homomorphism onto the

quotient algebra equipped with the norm which is defined by the equality ‖ḡ‖ =

= nyg for every ḡ ∈ Cy, where g ∈ C is an element such that pyg = ḡ. Let C̃y be
the completion of the algebra Cy. Since the conditions 1)–7) of Theorem 2.7 are
preserved under the completion, as in the proof of Theorem 1, §16.2 of the book
[8], we get ‖g̃2‖ = ‖g̃‖2 and sup{|g̃M̃ | : M̃ ∈ M̃y} = ‖g̃‖ for all functions g̃ ∈ C̃y ,

where M̃y is the space of all maximal ideals of the algebra C̃y . The space M̃y is
compact due to Theorem 2 of §11.3 of the book [8].

Using Lemmas 4.1 and 4.3 we get the one-to-one map ϕy : M̃y
onto−−−→ My defined

by the formula ϕyM̃ = p−1
y (M̃ ∩ Cy) for all M̃ ∈ M̃y. This map satisfies the

condition g(ϕyM̃) = ḡM̃ for all M̃ ∈ M̃y and g ∈ C, where ḡ = pyg. It follows
from the comparison of the topologies that the map ϕy is continuous, and hence it

is a homeomorphism since the space M̃y is compact ([5], Theorem 3.1.13). Finally,

3It is possible that there is an element g0 ∈ C such that g0 · g = g for all g ∈ C, but nyg0 = 0
for some y ∈ Y (of course, nyg = 0 for all g ∈ C in this case). We shall call this element by the

quasi-unit since it does not satisfy the condition 5) of Theorem 2.7.
4If the algebra C has not a unit then we consider the algebra C′ = {λ · e + g′ : λ ∈ C, g′ ∈ C},

where e is the unit, and for each y ∈ Y , λ ∈ C and g′ ∈ C we define

ny(λ·e+g′) =

(
sup{ny(λ · g + g′ · g) : g ∈ C, nyg = 1} if there exists g ∈ C such that nyg > 0,

|λ| if nyg = 0 for all g ∈ C.
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we have

nyg = ‖ḡ‖ = sup{|ḡM̃ | : M̃ ∈ M̃y} = sup{|gM | : M ∈ My}
for any g ∈ C, where ḡ = pyg. �

B. Preorders on the sets of semi-norms

5.5. Let us equip the set Y with the preorder5 by putting y1 6 y2 for y1, y2 ∈ Y
if ny1g 6 ny2g for all g ∈ C.

Analogously the preorder is defined for the set YC ; in this case this preorder is
a partial order.

Let us define the map jY : Y → YC by the equality jY y = y′ for y ∈ Y where
y′ ∈ YC is an element (unique for any y ∈ Y ) such that ny′ = ny. Obviously, this
map preserves the preorder, that is, if y1, y2 ∈ Y and y1 6 y2 then jY y1 6 jY y2.

5.6. Assertion. For all y1, y2 ∈ Y (or YC) the following conditions are equiva-
lent:

1) y1 6 y2;
2) Iy1 ⊇ Iy2 ;
3) My1 ⊆ My2 .

Proof. The implications 1) =⇒ 2) and 2) =⇒ 3) are obvious, the implication
3) =⇒ 1) follows from Lemma 5.4b). �

5.7. Assertion. a) For every finite set A ⊆ YC there exists maxA ∈ YC .
b) For each maximal ideal M ∈ M there exists and is unique an element yM ∈

∈ YC such that nyM
g = |gM | for all g ∈ C; moreover, the element yM is minimal

in the set YC .
c) A maximal element of the set YC exists iff the algebra C is normed.

Proof. a) See the item 3.2.
b) It follows from the statement I, §11.2 of the book [8], and Assertion 5.6.
c) This is obvious, since an element y ∈ YC is maximal iff the semi-norm ny is a

norm on the algebra C. �

5.8. Lemma. For each point y0 ∈ YC there exists a finite subset A ⊆ Y such
that for all g ∈ C the inequality ny0g 6 nAg is satisfied, that is, y0 6 max jYA (see
the item 3.2).

Proof. The set V (0C , 1, {y0}) = {g ∈ C : ny0g < 1} is open since the semi-norm
ny0 is continuous. Therefore there are a finite set A ⊆ Y and a number ε > 0 such
that V (0C , ε, A) = {g ∈ C : nyg < ε for all y ∈ A} ⊆ V (0C , 1, {y0}).

Let us assume that IA =
⋂{Iy : y ∈ A} is not contained in Iy0 , that is, there

exists an element g0 ∈ IA \ Iy0 . Then we have nAg0 = max{nyg0 : y ∈ A} = 0 and
ny0g0 = c 6= 0. But then for g = 1

c
· g0 we get g ∈ V (0C , ε, A) and g /∈ V (0C , 1, y0)

since ny0g = 1, and this contradicts the choice of the set V (0C , ε, A). Therefore
IA ⊆ Iy0 . Since the semi-norm nA has all properties 1)–7) of Theorem 2.7, there is
y ∈ YC such that nA = ny and IA = Iy (that is, y = max jYA). Using Assertion
5.6 we get the desirable inequality. �

5.9. Definition. A family of continuous semi-norms on the algebra C satisfying
the conditions 1)–7) of Theorem 2.7 will be called sufficient if it defines the given
topology of the algebra C in the sense of 2.14.

5.10. Of course, the families {ny : y ∈ Y } and {ny : y ∈ YC} are sufficient.

5.11. Corollary. A family {ny : y ∈ Y ′} of continuous semi-norms on the
algebra C satisfying the conditions 1)–7) of Theorem 2.7 is sufficient iff for each
y ∈ YC there is a finite subset A ⊆ Y ′ such that y 6 max jY ′A.

5A preorder is a transitive reflexive relation.
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C. An involution

5.12. Lemma. If the algebra C has an involution then it is symmetric, that is,
g∗M = gM for all g ∈ C and M ∈ M

6 (see [8], §14).

Proof. Let g ∈ C, M ∈ M and let y ∈ Y be an element such that M ∈ My. Let

C̃y be defined as in the proof of Lemma 5.4 and let M̃ = [pyM ]C̃y
and ḡ = pyg.

Then we have the equalities g∗M = ḡ∗M̃ and gM = ḡM̃ .
The algebra C̃y satisfies the conditions of Theorem 1 of §16.2 of the book [8] and,

hence, it is symmetric, that is, ḡ∗M̃ = ḡM̃ . Therefore the algebra C is symmetric

too, since g∗M = ḡ∗M̃ = ḡM̃ = gM . �

5.13. Let C(M) be the algebra of all continuous functions g : M → C.
For each g ∈ C(M) and y ∈ Y let nyg = sup{|gM | : M ∈ My}. Since the set

My is compact for every y ∈ Y , the function ny is a semi-norm on the algebra
C(M) satisfying the conditions 1)–7) of Theorem 2.7. Moreover, if g ∈ C(M) is
a function such that nyg = 0 for all y ∈ Y , then gM = 0 for all M ∈ M, since
M =

⋃{My : y ∈ Y }.
Let us equip the algebra C(M) with the topology generated by the family of

semi-norms {ny : y ∈ Y }.
Due to Corollary 5.11 this topology is independent of the choice of a sufficient

family of semi-norms. Moreover, the algebra C(M) defines the same preorders on
the sets Y and YC as C does (see Assertion 5.6; this is true for any subalgebra

C̃ ⊆ C(M) such that C ⊆ C̃).
As it was shown in the item 5.3, we can regard the algebra C as a subalgebra

of C(M). Since this embedding preserves all semi-norms ny, y ∈ Y (see Lemma
5.4b)), it is a topological isomorphism onto a subalgebra.

The algebra C(M) has the involution defined by the equality g∗M = gM for all
g ∈ C(M) and M ∈ M. By Lemma 5.12, if the algebra C has an involution, then
this involution agrees with the involution of the algebra C(M).

D. Topologies on sets of semi-norms

5.14. Let us fix some subalgebra C̃ ⊆ C(M) with an involution such that C ⊆ C̃.

Of course, we can take C̃ = C(M); if the algebra C has an involution, then we can

take C̃ = C.
For each function g ∈ C̃ let Ug = {y ∈ Y : nyg < 1} (compare with Corollary

2.11). Let us equip the set Y with a topology by taking as a subbase of this topology

the family {Ug : g ∈ C̃}.
Analogously, a topology is defined for the set YC .
It follows from Corollaries 2.11 and 5.20 that the defined topology on the set

Y (or YC) is the smallest one which is compatible with the algebra C, but we can
use any larger topology (see 5.32). Nevertheless we shall use the smallest topology
until the item 5.32.

5.15. Lemma. a) The family {Ug : g ∈ C̃} is a base for the topology of the space
Y .

b) The space YC is a T0-space.
c) The map jY : Y → YC (see 5.5) is continuous. The mapping jY is a homeo-

morphism onto jY Y ⊆ YC iff ny1 6= ny2 for all y1, y2 ∈ Y such that y1 6= y2.
d) For each y0 ∈ Y the equality

{y ∈ Y : y 6 y0} =
⋂

{Uy0 : Uy0 ⊆ Y is a neighborhood of the point y0}
holds.

6The long line means the complex conjugation.
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Proof. a) Let elements g1, g2 ∈ C̃ and y0 ∈ Y satisfy the condition y0 ∈ Ug1∩Ug2 .
In order to prove our statement we have to find a function g ∈ C̃ such that y0 ∈
∈ Ug ⊆ Ug1 ∩ Ug2 .

By the equality Ug = Ug·g∗ for all g ∈ C̃, we can assume that the functions g1
and g2 are real and non-negative. Let c1 = ny0g1 and c2 = ny0g2. Then 0 6 c1 < 1
and 0 6 c2 < 1. Therefore there exist numbers m1,m2 ∈ N such that cm1

1 < 1
2 and

cm2

2 < 1
2 . Hence the function g = gm1

1 + gm2

2 ∈ C̃ satisfies the conditions, which
follows from the definition of seminorms ny, y ∈ Y (see 5.13):

1) ny0g 6 ny0(g
m1

1 ) + ny0(g
m2

2 ) = cm1

1 + cm2

2 < 1
2 + 1

2 = 1,
2) if nyg1 > 1 or nyg2 > 1 for some y ∈ Y then nyg > 1.

b) Let y1, y2 ∈ YC and y1 6= y2. Since ny1 6= ny2 by the definition of the set YC ,

there exists a function g0 ∈ C ⊆ C̃ such that ny1g0 6= ny2g0. Let us suppose, for
example, that ny1g0 < ny2g0. Let c = 1

2 · (ny1g0 + ny2g0) and g = 1
c
· g0. Then

y1 ∈ Ug and y2 /∈ Ug.
c) This statement is obvious.
d) It is sufficient to note that the following statements hold:

1) if elements y, y0 ∈ Y and g ∈ C̃ satisfy the conditions y0 ∈ Ug and y 6 y0
then y ∈ Ug;

2) if elements y, y0 ∈ Y do not satisfy the condition y 6 y0 then there exists a

function g0 ∈ C ⊆ C̃ such that nyg0 > ny0g0; if c = 1
2 · (nyg0 + ny0g0) and

g = 1
c
· g0 then y /∈ Ug and y0 ∈ Ug.

Therefore the required equality is fulfilled. �

E. A construction of mappings

5.16. Let us set
X = {(y,M) ∈ Y × M : M ∈ My}

and define maps f : X
onto−−−→ Y and π : X

onto−−−→ M by the equalities f(y,M) = y
and π(y,M) = M for all (y,M) ∈ X . For each function g ∈ C(M) let us define
a function ḡ : X → C by the equality ḡ(y,M) = gM for all (y,M) ∈ X , that is,
ḡ = gπ.

Let us equip the set X with the smallest topology in which all maps f and ḡ,
g ∈ C(M), are continuous. Obviously, this topology coincides with the topology of
the subspace of the product Y × M, and the map π is continuous.

Thus, we have the homomorphism ϕ : C(M) → C(f) defined by the formula
ϕg = gπ for all g ∈ C(M).

We shall write XC , fC , πC and ϕC instead of X , f , π and ϕ if Y = YC in this
construction.

The algebra C̃ is defined in the item 5.14.

5.17. Lemma. For each point x ∈ X and each closed set F ⊂ X such that x /∈ F
there exist a neighborhood Ufx ⊆ Y and a function g ∈ C̃ such that the following
conditions are satisfied:

1) gM is real and gM > − 1
2 for all M ∈ M;

2) ḡx = gπx = − 1
2 ;

3) ḡx′ > 1 for all x′ ∈ F ∩ f−1Ufx.

Proof. By the definition of the topology of the space X (see 5.3 and 5.16) there
are functions g1, g2, . . . , gn ∈ C and neighborhoods Ufx ⊆ Y and Uḡ1x, Uḡ2x, . . . ,
U ḡnx ⊆ C such that x ∈ f−1Ufx ∩ ⋂{ḡ−1

k Uḡkx : k = 1, 2, . . . , n} ⊆ X \ F .
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For k = 1, 2, . . . , n let ck = inf{|c − ḡkx|2 : c ∈ C \ Uḡkx}. Then ck > 0 for
k = 1, 2, . . . , n, and we can define the function

g =

n
∑

k=1

3

2ck
· (gk − ḡkx · eC) · (gk − ḡkx · eC)∗ − 1

2
· eC .

The function g ∈ C̃ and the neighborhood Ufx ⊆ Y have the required properties
1), 2) and 3). �

5.18. Lemma. For each point y ∈ Y , each compact set Φ ⊆ f−1y and each
closed set F ⊆ X such that F ∩ Φ = ∅ there are a neighborhood Uy ⊆ Y and a
function g ∈ C̃ such that the following conditions hold:

1) gM is real and gM > − 1
2 for all M ∈ M;

2) − 1
2 6 ḡx = gπx < 0 for all x ∈ Φ;

3) ḡx > 1 for all x ∈ F ∩ f−1Uy.

Proof. For each point x ∈ Φ there exist a neighborhood Uxy ⊆ Y and a function
gx ∈ C̃ satisfying the conditions 1)–3) of Lemma 5.17. The sets Ux = {x′ ∈
∈ X : ḡxx

′ < 0}, x ∈ Φ, ḡx = gxπ, form an open covering of the compact set Φ. Let
{Ux1, Ux2, . . . , Uxn} be its finite subcovering and Uy =

⋂

{Uxk
y : k = 1, 2, . . . , n}.

If n = 1 then our Lemma is proved. Let us suppose that n > 1 and show that
the number n can be decreased.

Let A = sup{max{0, ḡx1
x, ḡx2

x} : x ∈ Ux1 ∪Ux2}. The function g = 2 · gx1
· gx2

satisfies the following conditions (ḡ = gπ):

α) ḡx > 2 for all x ∈ F ∩ f−1Uy;
β) −A 6 ḡx 6 1

2 for all x ∈ Ux1 ∪ Ux2;
γ) ḡx > −A for all x ∈ X .

Let us find a number m ∈ N such that
(

A+0.5
A+1

)m

< 1
2 . Then

(

A+2
A+1

)m

> 2 > 3
2

since A+0.5
A+1 · A+2

A+1 > 1, therefore the function g1,2 =
(

g+A·eC

A+1

)m

− 1
2 · eC satisfies

the following conditions (ḡ1,2 = g1,2π):

α′) ḡ1,2x > 1 for all x ∈ F ∩ f−1Uy;
β′) − 1

2 6 ḡ1,2x < 0 for all x ∈ Ux1 ∪ Ux2;

γ′) ḡ1,2x > − 1
2 for all x ∈ X .

Let U1,2 = {x ∈ X : ḡ1,2x < 0}. Then we can use the covering {U1,2, Ux3, . . . ,
Uxn} and the functions g1,2, gx3

, . . . , gxn
.

Repeating this reasoning we can decrease the number n to 1. �

5.19. Lemma. The mapping f : X
onto−−−→ Y is perfect and globally completely

regular.

Proof. The mapping f is globally completely regular by Lemma 5.17.
The mapping f is compact by Lemma 5.4 a). Let us prove the closedness of the

mapping f . For this end it is sufficient to prove that if U ⊆ X is an open set and
y ∈ Y is a point such that f−1y ⊆ U , then there exists a neighborhood Uy ⊆ Y such
that f−1Uy ⊆ U . Indeed, for a given open set U ⊆ X there exist, due to Lemma
5.18, a neighborhood U0y ⊆ Y and a real function g ∈ C̃ such that − 1

2 6 ḡx < 0

for all x ∈ f−1y and ḡx > 1 for all x ∈ f−1U0y \ U . Since nyg 6 1
2 by Lemma 5.4

b), the set Ug is a neighborhood of the point y, and the set Uy = Ug ∩ U0y is a
required neighborhood. �

5.20. Corollary. a) For each y ∈ Y and g ∈ C(M) the equality

nyg = inf{sup{|gπx| : x ∈ f−1Uy} : Uy ⊆ Y is a neighborhood of the point y}
is fulfilled, and, hence, the set Ug = {y ∈ Y : nyg < 1} is open for each g ∈ C(M).
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b) The topology of the space Y is independent of the choice of the algebra C̃ in
the item 5.14.

F. Realizations of algebras

5.21. Corollary. The map ϕ : C(M) → C(f) (see 5.16) is a topological iso-
morphism onto a subalgebra preserving all semi-norms ny, y ∈ Y . Moreover, if
the mapping π is quotient (in particular, if it is closed or open) then ϕC(M) is a
closed subalgebra of the algebra C(f).

Proof. By Corollary 5.20 a) the isomorphism ϕ preserves all semi-norms ny,
y ∈ Y . Hence, it is a topological isomorphism onto a subalgebra of C(f).

If the mapping π is quotient then the closedness of ϕC(M) in C(f) can be proved
in a way analogous to the proof of the statement 2) of Theorem 2.23. �

5.22. Theorem. Let C be a Hausdorff topological commutative complex algebra.
Let us suppose that {ny : y ∈ Y } is a sufficient family of continuous seminorms on
the algebra C satisfying the conditions 1)–7) of Theorem 2.7. Then there exist a
topology on the set Y , a topological space X and a perfect globally completely regular

mapping f : X
onto−−−→ Y such that the algebra C is topologically (and isometrically)

isomorphic to a subalgebra of the algebra C(f).

Proof follows from the items 5.1, 5.14, 5.16, 5.19 and 5.21. �

5.23. Lemma. If (y1,M), (y2,M) ∈ X and y1 6 y2, then for each continuous
function g : C → C the equality g(y1,M) = g(y2,M) holds.

Proof. By the definition of the topology of the space X for any couples (y1,M),
(y2,M) ∈ X satisfying the condition y1 6 y2, every neighborhood of the point
(y2,M) contains the point (y1,M). Therefore a function g : C → C which is con-
tinuous at the point (y2,M) has to satisfy the condition g(y1,M) = g(y2,M). �

5.24. Assertion. Let us assume that there exists a subspace M
′ ⊆ X such that

the mapping π̃ = π|M′ : M′ onto−−−→ M is a homeomorphism. Then the map h : C(f) →
→ C(M) defined by the formula hg = gπ̃−1 for g ∈ C(f) is a continuous homo-
morphism such that hϕ is the identity map and ϕh is a retraction. In particular,
the algebra ϕC(M) is closed in C(f).

5.25. Corollary. Let the assumption of Assertion 5.24 be valid and let for each
elements (y1,M), (y2,M) ∈ X there exists a couple (y,M) ∈ X such that the ele-
ment y is comparable with y1 and y2 in the sense of 5.5. Then the homomorphisms
h and ϕ are mutually inverse topological isomorphisms preserving all semi-norms
{ny : y ∈ Y }.

5.26. Lemma. a) The correspondence M → yM for M ∈ M (see 5.7 b)) defines
a homeomorphic embedding iC : M → YC .

b) The mappings f̃ = f |M′ : M′ onto−−−→ iCM and π̃ = π|M′ : M′ onto−−−→ M, where
M

′ = f−1iCM, are homeomorphisms.

Proof. a) Let us note that all sets of the form

U(g, ε, c) = {M ∈ M : |gM − c| < ε} = {M ∈ M : g̃M < ε2},
where g ∈ C̃, ε > 0, c ∈ C and g̃ = (g − c · eC) · (g − c · eC)∗ (eC is the unit),
constitute a subbase for the topology of the space M.

Analogously, all sets of the form

Ug = {y ∈ iCM : nyg < 1} = {yM : M ∈ M, |gM | < 1} = {yM : M ∈ M, g̃M < 1},
where g ∈ C̃ and g̃ = g ·g∗, constitute a subbase for the topology of the space iCM.
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Comparing these definitions, we get that iCU(g, ε, c) = Ug̃, where g̃ = 1
ε
· (g −

− c · eC), and i−1
C Ug = U(g, 1, 0) for all g ∈ C̃, ε > 0 and c ∈ C. Hence, the map iC

is a homeomorphism onto iCM since iC is one-to-one.
b) This statement is obvious. �

5.27. Corollary. Let one of the following conditions holds:

a) the set Y has the largest element y0 ∈ Y (that is, y0 > y for all y ∈ Y );
b) jY Y ⊇ iCM (see 5.5).

Then ϕC(M) = C(f).

5.28. Corollary. The map ϕC (see 5.16) is a topological isomorphism of the
algebra C(M) onto the algebra C(fC) preserving all semi-norms.

G. Homomorphisms and mappings

5.29. Proposition. a) Let jX : X → XC be a map defined by the formula
jX(y,M) = (jY y,M) for all (y,M) ∈ X. This map is continuous and satisfies
the conditions fCjX = jY f and π = πCjX . Moreover, for every point y ∈ Y the

mapping jX |f−1y : f−1y
onto−−−→ f−1

C jY y is a homeomorphism.
b) If for any y1, y2 ∈ Y such that y1 6= y2 the inequality ny1 6= ny2 is valid, then

the mapping jX is a homeomorphic embedding.
c) The map ψ : C(fC) → C(f) defined by the formula ψg = gjX for all g ∈ C(fC)

is a topological isomorphism onto a subalgebra which preserves all semi-norms ny,
y ∈ jY Y (that is, njY y = ny for all y ∈ Y ), and satisfies the condition ϕ = ψϕC .

Proof follows from the constructions of mappings f , fC , π, πC , ϕ, ϕC and jY in
the items 5.3, 5.5 and 5.16. �

5.30. Proposition. Let f0 : X0 → Y0 be a mapping satisfying the condition

[f0X0]Y0
= Y0, and let f : X

onto−−−→ Y be the mapping constructed in the item 5.16
by using the algebra C = C(f0) with the family of semi-norms {ny : y ∈ Y0}. Then

1) the identity map j0 : Y0
onto−−−→ Y is continuous; the mapping j0 is a home-

omorphism iff for each point y ∈ Y0 and its neighborhood Uy ⊆ Y0 there
exists a function g ∈ C(f0) such that y ∈ Ug,1 ⊆ Uy (see 2.11);

2) the map j : X0 → X defined by the formula jx = (j0f0x,Mx), where Mx =
= {g ∈ C(f0) : gx = 0} for all x ∈ X0 (see Lemma 3.5 a)), is continuous
and satisfies the condition [jX0]X = X;

3) if the mapping f0 is globally completely regular, and for each point y ∈ f0X0

and its neighborhood Uy ⊆ Y0 there exists a function g ∈ C(f0) such that
y ∈ Ug,1 ⊆ Uy, then the mapping j is a homeomorphic embedding;

4) if the mapping f0 is perfect then jX0 = X; the mapping j is a homeomor-
phism iff the mapping f0 is perfect and globally completely regular and the
mapping j0 is a homeomorphism;

5) the map ψ : C(f)
onto−−−→ C(f0) defined by the equality ψg = gj for all g ∈

∈ C(f) is a topological isomorphism preserving all semi-norms ny, y ∈ Y0.

Proof. 1). This follows from Corollary 2.11 and the definition of the topology of
the space Y (see 5.14).

2). The continuity of the map j follows from the definition of the space X (see
5.16 and Lemma 3.5 a)). The equality [jX0]X = X follows from the statement 4)
of Theorem 2.20 (let us note that ϕMqfx = Mx for all x ∈ X0).

3). This statement follows from Lemma 3.5 b), the definition of the space X and
Definition 2.18.

4). The equality jX0 = X follows from the definition of the space X , Lemma
3.5 and properties of perfect mappings (see [11], Lemma 8, and [3], Chapter I, §10,
Proposition 5).
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5). This is obvious. �

5.31. Theorem. Let C1 be a commutative complex algebra with the unit eC
equipped with a Hausdorff topology generated by a family of semi-norms {ny : y ∈
∈ Y } satisfying the conditions 1)–7) of Theorem 2.7, and let C2 ⊆ C1 be a subalge-
bra with an involution containing the unit eC (with the same family of semi-norms).
Let Mk, Yk, Xk, fk, πk, ϕk, C(Mk) and C(fk) be topological spaces, mappings and
algebras constructed by using of the algebras Ck, k = 1, 2, in the items 5.2, 5.3,
5.14 and 5.16. Then

1) there exists a unique map h : M1 → M2 satisfying the condition gh = ϕg

for all g ∈ C2 (see 5.3), where ϕ : C2
⊆−→ C1 is an identity embedding; the

map h is continuous; the map ψ : C(M2) → C(M1) defined by the equality
ψg = gh for all g ∈ C(M2) is a continuous homomorphism satisfying the
conditions ψ|C2

= ϕ (see 5.13) and ny(ψg) 6 nyg for all y ∈ Y and g ∈
∈ C(M2);

2) the identity map h2 : Y1
onto−−−→ Y2 is continuous and preserves the preorder

(see 5.5);
3) there exists a unique map h1 : X1 → X2 satisfying the conditions f2h1 =

= h2f1 and (ϕ2g)h1 = ϕ1ϕg for all g ∈ C2; the map h1 is continuous and
satisfies the condition hπ1 = π2h1; the map ψf : C(f2) → C(f1) defined by
the formula ψfg = gh1 for all g ∈ C(f2) is a continuous homomorphism
satisfying the conditions ψfϕ2 = ϕ1ψ and ny(ψfg) 6 nh2yg for all y ∈ Y1

and g ∈ C(f2).
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Proof. 1). It is possible to define the map h : M1 → M2 by the equality hM =
= M ∩ C2 for all M ∈ M1. Due to the equality phM = pMϕ (see 5.3) we get
ghM = phMg = pMϕg = (ϕg)M for all M ∈ M1 and g ∈ C2. The uniqueness of
the map h follows from the fact that for any M1,M2 ∈ M2 satisfying the condition
M1 6= M2 there exists a function g ∈ C2 such that gM1 6= gM2. The continuity of
the map h follows from the definition of the topologies of the spaces M1 and M2.
The remaining statements about the homomorphism ψ are obvious.

2). The continuity of the map h2 follows from the definition of the topologies
of the spaces Y1 and Y2 since the algebra C2 has an involution. The fact that the
mapping h2 preserves the preorder follows from the continuity of the map h2 and
Lemma 5.15 d).
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3). The map h1 : X1 → X2 can be defined by the formula h1(y,M) = (h2y,M ∩
∩ C2) for all (y,M) ∈ X1. The equalities hπ1 = π2h1 and f2h1 = h2f1 follow from
the definitions of the maps h and h1. The remaining statements can be proved
analogously to the proof of the statement 1). �

5.32. Remark. The topology of the space Y defined in the item 5.14 is the small-
est topology which is compatible with the algebra C, but it is possible to use any

larger topology. Indeed, let p : Ỹ
onto−−−→ Y be a (one-to-one) mapping. Let X̃ be

the fan product of the spaces X and Ỹ relative to the mappings f and p, and let
q : X̃ → X and f̃ : X̃ → Ỹ be the projections of the fan product to its factors. Then
due to the lemmas “on Parallels”, the map q is continuous, “onto” (and one-to-one),

and the map f̃ is perfect and “onto” ([1], §2 of Supplement to Chapter I). Moreover,

it is easy to verify using the definition of the fan product that the space X̃ is a
subspace of the product Ỹ ×M (see 5.16) and the mapping f̃ is globally completely

regular. By Theorem 2.23 and Proposition 2.9 the map ψ̃ : C(f) → C(f̃), defined

by the formula ψ̃g = gq for all g ∈ C(f), is a topological isomorphism onto a

subalgebra such that npyg = ny(ψ̃g) for all y ∈ Ỹ and g ∈ C(f).
The statements 5.17–5.22, 5.24, 5.29 a) and 5.29 c) will remain correct if the

mapping f is replased by the mapping f̃ .

5.33. Theorem. Let C1 and C2 be commutative complex algebras with the units
eC1

and eC2
equipped with Hausdorff topologies generated by families of semi-norms

{ny : y ∈ Y1} and {ny : y ∈ Y2} satisfying the conditions 1)–7) of Theorem 2.7.
Let, moreover, a homomorhism ϕ : C2 → C1 and a map h2 : Y1 → Y2, satisfying
the conditions ϕeC2

= eC1
and ny(ϕg) 6 nh2yg for all y ∈ Y1 and g ∈ C2, be

given. Let Mk, Xk, fk, πk, ϕk, C(Mk) and C(fk) be topological spaces, mappings
and algebras constructed by using the algebras Ck, k = 1, 2, in the items 5.2, 5.3,
5.14 and 5.16. Let us suppose that a perfect globally completely regular mapping

f̃2 : X̃2
onto−−−→ Ỹ2 and one-to-one mappings p2 : Ỹ2

onto−−−→ Y2 and q2 : X̃2
onto−−−→ X2

satisfying the condition p2f̃2 = f2q2 (see Remark 5.32) are given. Then

1) there exists a unique map h : M1 → M2 satisfying the condition gh = ϕg
for all g ∈ C2 (see 5.3); the map h is continuous; the map ψ : C(M2) →
→ C(M1) defined by the formula ψg = gh for all g ∈ C(M2) is a continuous
homomorphism satisfying the conditions ψ|C2

= ϕ (see 5.13) and ny(ψg) 6

6 nh2yg for all y ∈ Y1 and g ∈ C(M2);

2) there exist a perfect globally completely regular mapping f̃1 : X̃1
onto−−−→ Ỹ1 and

one-to-one mappings p1 : Ỹ1
onto−−−→ Y1 and q1 : X̃1

onto−−−→ X1, satisfying the
condition p1f̃1 = f1q1, such that the unique map h̃2 : Ỹ1 → Ỹ2, satisfying
the condition p2h̃2 = h2p1, is continuous;

3) there exists a unique map h̃1 : X̃1 → X̃2 satisfying the conditions f̃2h̃1 =

= h̃2f̃1 and (ψ̃2ϕ2g)h̃1 = ψ̃1ϕ1ϕg for all g ∈ C2; the map h̃1 is continuous

and satisfies the condition hπ1q1 = π2q2h̃1; the map ψf̃ : C(f̃2) → C(f̃1),

defined by the equality ψf̃g = gh̃1 for all g ∈ C(f̃2), is a continuous homo-

morphism satisfying the conditions ψf̃ ψ̃2ϕ2 = ψ̃1ϕ1ψ and ny(ψf̃g) 6 nh̃2y
g

for all y ∈ Ỹ1 and g ∈ C(f̃2).
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The continuity of the map h2 is not necessary, even if this map preserves the
preorder.

Proof. 1). This statement can be proved analogously to the statement 1) of
Theorem 5.31.

2). We can equip the space Ỹ1 with the smallest topology such that the maps p1

and h̃2 are continuous; then we can use Remark 5.32.
3). The proof of this statement is analogous to the proof of the statement 3) of

Theorem 5.31. �

§ 6. A completeness of algebras of functions on mappings

A. The standard completeness

6.1. We shall assume that f : X → Y is a mapping of topological spaces such
that [fX ]Y = Y (the latter condition is not essential; see the foot-note in the item
2.25). Further for g ∈ C(f) we shall write Ug instead of Ug,1 (see 2.11).

Let us remind that a net7 {gt : t ∈ T } ⊆ C(f) is a Cauchy net (with respect
to the natural uniformity of the algebra C(f)) if for each neighborhood U ⊆ C(f)
of the zero of the algebra C(f) there exists an element t0 ∈ T such that for any
t1, t2 ∈ T satisfying the conditions t1 > t0 and t2 > t0 we have gt1 − gt2 ∈ U .

6.2. Proposition. If for each subset G ⊆ C(f) the set
⋂

{Ug : g ∈ G} is open
in the space Y then the algebra C(f) is complete.

Proof. Let {gt : t ∈ T } ⊆ C(f) be a Cauchy net. For any elements t1, t2 ∈ T
and a number ε > 0 let U(t1, t2, ε) = Ug where g = 1

ε
· (gt1 − gt2).

Let us choose an arbitrary point y0 ∈ Y and for every n ∈ N construct a
neighborhood Wny0 ⊆ Y of the point y0 and an element t0n ∈ T satisfying the

7See [6], §20, the item IX, or [5], §1.6.
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following condition:

if t1, t2 ∈ T , t1 > t0n, t2 > t0n and y ∈Wny0, then ny(gt1 − gt2) <
1

n
.

To begin let W0y0 = Y and let t00 ∈ T be an arbitrary element.
Let us suppose now that for some n ∈ N the set Wn−1y0 and the element

t0n−1 have been constructed. Since {gt : t ∈ T } is a Cauchy net, there exists an
element t0n ∈ T , t0n > t0n−1, such that for any t1, t2 ∈ T satisfying the conditions
t1 > t0n and t2 > t0n the inequality ny0(gt1 − gt2) <

1
n

is fulfilled (we put U =

= VC
(

0C ,
1
n
, {y0}

)

in the definition of a Cauchy net, where 0C is the zero of C(f)).
Further, we set

Wny0 = Wn−1y0 ∩
⋂

{

U

(

t1, t2,
1

n

)

: t1, t2 ∈ T, t1 > t0n, t2 > t0n

}

.

This set is an open neighborhood of the point y0 due to the condition of our
Proposition. It is possible to continue the construction.

Finally, let Wy0 =
⋂

{Wny0 : n ∈ N}. This set is an open neighborhood of the
point y0 since this set is an intersection of sets of the form Ug, g ∈ C(f).

Let us set T ′ = {t ∈ T : t > t01} and consider the net {(gt − gt01)|f−1Wy0 : t ∈
∈ T ′}. It is easily seen that this net is a Cauchy net in the algebraC∗(f−1Wy0) with
respect to its standard norm (see 2.3). Hence this net converges to some function
g′Wy0

∈ C∗(f−1Wy0). Therefore by Proposition 2.16 the net {gt|f−1Wy0 : t ∈ T }
converges to the function gWy0 = g′Wy0

+ gt01 |f−1Wy0 ∈ C(f |f−1Wy0).
Being made for all points y0 ∈ Y , the preceding reasonings give us an open

covering {Wy : y ∈ Y } of the space Y and a family of continuous functions {gWy :
y ∈ Y } such that for all y1, y2 ∈ Y and x ∈ f−1(Wy1 ∩Wy2) the equality gWy1x =
= gWy2x holds. Therefore (see [5], Proposition 2.1.11) there is a continuous function
g : X → C such that g|Wy = gWy for all y ∈ Y . Since for each y ∈ Y the set Wy is
open and gWy ∈ C(f |f−1Wy), the function g belongs to C(f). Analogously, the net
{gt : t ∈ T } converges to the function g. Hence, the algebra C(f) is complete. �

6.3. Proposition. Let the mapping f be closed. Let for each point y0 ∈ Y and
for each point y ∈ Y \ ȳ0, where ȳ0 =

⋂{Ug : g ∈ C(f), y0 ∈ Ug}, there exists a
function g ∈ C(f) such that gx 6 0 for all x ∈ f−1y0 and gx > 1 for all x ∈ f−1y.8

If the algebra C(f) is complete then the set
⋂{Ug : g ∈ G} is open for every subset

G ⊆ C(f).

Proof. Let us assume that there exists a subset G ⊆ C(f) such that the set
A =

⋂{Ug : g ∈ G} is not open. Let us choose any point y0 ∈ A ∩ [Y \ A]Y . Of
course, we have y0 ∈ ȳ0∩ [Y \ ȳ0]Y . Moreover, for each function g ∈ C(f) and every
point y ∈ ȳ0 the inequality nyg 6 ny0g is satisfied.

Let T = {M : M ⊆ Y \ ȳ0 is finite} be the set with the following partial order:
M1 6 M2 if M1 ⊆M2 for all M1,M2 ∈ T .

Let M ∈ T . For each point y ∈M there is a continuous function gy : X → [0, 1]
such that gyx = 0 for all x ∈ f−1ȳ0 and gyx = 1 for all x ∈ f−1y: if g′ ∈ C(f) is
a real function such that g′x 6 0 for x ∈ f−1y0 and g′x > 1 for x ∈ f−1y then the
function gy : X → [0, 1], defined for x ∈ X by the formula

gyx =











0 if g′x 6 1
2 ,

2 · g′x− 1 if 1
2 < g′x < 1,

1 if g′x > 1,

8For example, it is valid if for every different points y0, y ∈ Y there is a continuous function
g : Y → R such that gy0 6= gy (in this case the space Y is called functionally Hausdorff ).
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has the required properties since ȳ0 ⊆ Ugy
. Let us define the function gM ∈ C(f)

by the equality gMx = max{gyx : y ∈M} for all x ∈ X .
Thus we have a net {gM : M ∈ T } in the algebra C(f). Let us prove that it is a

Cauchy net. Let VC(0C , ε,M0) be an arbitrary neighborhood of the zero 0C of the
algebra C(f) (ε > 0, M0 ⊆ Y is a finite set). Let us set M = M0 \ ȳ0. Then for any
M ′,M ′′ ∈ T such that M ′ > M and M ′′ > M we have gM ′x − gM ′′x = 0 − 0 = 0
for x ∈ f−1ȳ0 and gM ′x − gM ′′x = 1 − 1 = 0 for x ∈ f−1M ; therefore due to
Proposition 2.9 the equality ny(gM ′ − gM ′′) = 0 holds for all y ∈M ∪ ȳ0 ⊇M0 and,
hence, gM ′ − gM ′′ ∈ VC(0C , ε,M0). Hence, {gM : M ∈ T } is a Cauchy net.

Let us suppose that the net {gM : M ∈ T } converges to some function g : X → C.
Then the equalities gx = 0 for all x ∈ f−1ȳ0 and gx = 1 for all x ∈ f−1(Y \ ȳ0)
hold, but this function is not continuous since the mapping f is closed and the set
Y \ ȳ0 = fg−11 is not closed (hence, the set g−11 is not closed). Therefore due to
Proposition 2.15 the net {gM : M ∈ T } does not converge to the function g. Hence,
the algebra C(f) is not complete. This contradiction proves that the set A must
be open. �

6.4. Corollary. If the mapping f is closed, the space Y is functionally Hausdorff
and the algebra C(f) is complete then the space Y is discrete.

B. The convergence in the algebra C(f)

6.5. Assertion. Let a net {gt : t ∈ T } ⊆ C(f) converges to a function g ∈
∈ C(f). Then for each point y ∈ Y the net {gt|f−1y : t ∈ T } uniformly converges
to the function g|f−1y in the algebra C∗(f−1y).

Proof is obvious. �

6.6. Proposition. Let the mapping f be closed and Φ ⊆ C(f) be a closed subset.
Let {gt : t ∈ T } ⊆ Φ be a net such that for each point y ∈ Y the net {gt|f−1y : t ∈
∈ T } uniformly converges to a function gy ∈ C∗(f−1y). If the function g : X → C,
defined by the equality gx = gfxx for all x ∈ X, is continuous, then g ∈ Φ and
the net {gt : t ∈ T } converges to the function g with respect to the topology of the
algebra C(f).

Proof follows from Proposition 2.9. �

6.7. Corollary. Let the mapping f be perfect and C ⊆ C(f) be a closed sub-

algebra. Let us suppose that g ∈ C and that
∞
∑

n=1
an · zn is a series with complex

members which converges for all z ∈ gX. Then the series9
∞
∑

n=1
an · gn converges to

some element of C with respect to the topology of the algebra C.

6.8. Proposition. Let C ⊆ C(f) be a closed linear subspace and let g : [a, b] →
→ C be a mapping. Then there is a function g0 ∈ C such that for any x ∈ X the
following equality holds:

g0x =

b
∫

a

(gt)x · dt.

Proof is standard. �

9Here and further gn = g · g · . . . · g| {z }
n times

.
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6.9. Remark. If we use the usual definition of a Riemann type integral for
b
∫

a

gt ·dt
then its integral sums converge to the function g0 with respect to the topology of

the space C due to Proposition 6.6. Therefore we can write g0 =
b
∫

a

gt · dt.

6.10. Lemma. For a non-empty set A ⊆ C(f) and y ∈ Y let us define the
function dAy : C(f) → R by the formula

dAy g = inf{ny(g − g′) : g′ ∈ A}
for g ∈ C(f). Then

1) |dAy g1 − dAy g2| 6 ny(g1 − g2) for all g1, g2 ∈ C(f);

2) the function dAy is continuous;

3) if A is a linear subspace then dAy (λ·g) = |λ|·dAy g and |dAy g1−dAy g2| 6 dAy (g1+

+ g2) 6 dAy g1 + dAy g2 for all g, g1, g2 ∈ C(f) and λ ∈ C;

4) if A is a linear subspace and g : [a, b] → C(f) is a mapping then dAy

b
∫

a

gt·dt 6

6
b
∫

a

dAy (gt) · dt;

5) if A is a subalgebra then dAy (g1 ·g2) 6 dAy g1 ·nyg2 +nyg1 ·dAy g2 +dAy g1 ·dAy g2
for all g1, g2 ∈ C(f);

6) if A is an ideal then dAy (g1 · g2) 6 dAy g1 · nyg2 for all g1, g2 ∈ C(f).

Proof is very simple. �

6.11. Lemma. Let Φ ⊆ C(f) be a closed subset and let a net {gt : t ∈ T } be
such that for every number ε > 0 and every point y ∈ Y there exists an element
t0 ∈ T satisfying the condition dΦ

y gt < ε for all t > t0, t ∈ T . If the net {gt : t ∈ T }
converges to some function g ∈ C(f) then g ∈ Φ.

Proof is obvious. �

C. A Ỹ -completeness

6.12. Further on let C be a commutative complex algebra with a family of semi-
norms {ny : y ∈ Y } which satisfy the conditions 1)–7) of Theorem 2.7 and determine
a Hausdorff topology (see 5.1). Moreover, let the set Y be equipped with the
topology which is compatible with the algebra C (see 5.1410 and 5.32); the set Y

with this topology will be denoted by the symbol Ỹ . Let ϕ̃ = ψ̃ϕ|C : C → C(f̃) be
the topological isomorphism onto a subalgebra constructed in the items 5.3, 5.16
and 5.32. This isomorphism satisfies the conditions ϕ̃g = gπq and ny(ϕ̃g) = nyg

for all g ∈ C (see 5.4, 5.21 and 5.32). Let C̃ = ϕ̃C.

6.13. Definition. The algebra C will be called Ỹ -complete if the embedding
ϕ̃ : C → C(f̃) is closed, or, equivalently, if the algebra C̃ is closed in C(f̃).

6.14. In particular, if the algebra C is Ỹ -complete then C is a closed subalgebra
of C(M) since ψ̃ϕ : C(M) → C(f̃) is a topological isomorphism onto a subalgebra.

6.15. Theorem. Let {ny : y ∈ Y1} and {ny : y ∈ Y2} be families of semi-norms
on the algebra C which satisfy the conditions 1)–7) of Theorem 2.7 and determine
the same Hausdorff topology. Moreover, let the sets Y1 and Y2 be equipped with
topologies which are compatible with the algebra C (see 5.32; the sets Y1 and Y2

with these topologies will be denoted by Ỹ1 and Ỹ2). Let us suppose that there exists

a mapping h : Ỹ1 → Ỹ2 such that nyg 6 nhyg for all y ∈ Ỹ1 and g ∈ C. Let M, Xk,

10Let us note that the algebra C̃ in the item 5.14 must contain the unit of the algebra C(M)
due to the assumptions 5.1.
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X̃k, Yk, fk, f̃k, pk, qk, πk, ϕk, ψ̃k, ϕ̃k, C(M), C(fk), C(f̃k) and C̃k be topological
spaces, mappings and algebras constructed by using the algebra C, the sets Yk and
the spaces Ỹk, k = 1, 2, in the items 5.2, 5.3, 5.14, 5.16, 5.32 and 6.12. Then

1) there is a unique map h̃ : X̃1 → X̃2 such that f̃2h̃ = hf1 and π2q2h̃ = π1q1;

the map h̃ is continuous;
2) the map ψf̃ : C(f̃2) → C(f̃1), defined by the formula ψf̃g = gh̃ for all g ∈

∈ C(f̃2), is a continuous homomorphism satisfying the conditions ψf̃ ψ̃2ϕ2 =

= ψ̃1ϕ1 and ny(ψf̃g) 6 nhyg for y ∈ Ỹ1 and g ∈ C(f̃2);

3) if the algebra C is Ỹ1-complete then it is Ỹ2-complete.

X̃2

q2 //

((PPPPPPPPPPPPPPPP

f̃2

��

X2

~~||
||

||
|| π2

  B
BB

BB
BB

B

f2

��

C Moo

X̃1

h̃

>>|||||||||||||||||||

f̃1

��

33ffffffffffffffffffffffffffffffff
q1

// X1

>>||||||||
π1

44iiiiiiiiiiiiiiiiiiiiiiii

f1

��

Ỹ2

p2 // Y2

Ỹ1

h

<<yyyyyyyyyyyyyyyyyy

p1
// Y1

C(f2)
⊆

ψ̃2

// C(f̃2)

ψf̃

��

C
⊆ // C(M)

⊆
ϕ2

;;vvvvvvvvv

⊆
ϕ1

##H
HH

HH
HH

HH

C(f1)
⊆

ψ̃1

// C(f̃1)

Proof. 1). Due to Assertion 5.6 and the constructions 5.16 and 5.32 we can define

the map h̃ by the formula h̃(y,M) = (hy,M) for (y,M) ∈ X̃1. The continuity of

the map h̃ follows from the definition of the spaces X̃1 and X̃2.
2). Obviously, the map ψf̃ is a homomorphism and ψf̃ ψ̃2ϕ2 = ψ̃1ϕ1. The

continuity of the map ψf̃ follows from the inequality ny(ψf̃g) 6 nhyg for all y ∈ Ỹ1

and g ∈ C(f̃2).

3). Let us denote ϕ̃k = ψ̃kϕk|C , k = 1, 2 (see 6.12). Let the algebra C be Ỹ1-

complete and {gt : t ∈ T } ⊆ C̃2 = ϕ̃2C be a net which converges to some element

g ∈ C(f̃2). We have to prove that g ∈ C̃2.

Since the map ψf̃ is continuous, the net {ψf̃g1 : t ∈ T } ⊆ C̃1 = ϕ̃1C converges

to ψf̃g ∈ C(f̃ ). We have ψf̃g ∈ C̃1 because of the set C̃1 is closed in C(f̃1). By the

construction the map ψf̃ |C̃2
is a topological isomorphism onto C̃1, therefore there

exists an element g′ ∈ C̃2 such that the net {gt : t ∈ T } converges to g′. Since the
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algebra C(f̃2) is Hausdorff, we have g′ = g and, hence, g ∈ C̃2, that is, the algebra

C̃2 is closed in C(f̃2). �

6.16. Definition. A net {gt : t ∈ T } ⊆ C will be called Ỹ -fundamental if for

each number ε > 0 there exists a family {Ot : t ∈ T } of open sets Ot ⊆ Ỹ , t ∈ T ,
satisfying the following conditions:

1) for every y ∈ Ỹ there is ty ∈ T such that y ∈ Ot for all t > ty, t ∈ T ;
2) if t1, t2 ∈ T and y ∈ Ot1 ∩Ot2 then ny(gt1 − gt2) < ε.

6.17. Theorem. The algebra C is Ỹ -complete iff every Ỹ -fundamental net {gt :
t ∈ T } ⊆ C converges to some element g ∈ C.

Proof. Necessity. Let the algebra C be Ỹ -complete and {gt : t ∈ T } be a

Ỹ -fundamental net in C. Let us denote g̃t = ϕ̃gt for t ∈ T . Then the net {g̃t : t ∈
∈ T } ⊆ C̃ is Ỹ -fundamental in C(f̃) because of the homomorphism ϕ̃ preserves all

semi-norms ny, y ∈ Ỹ .

It follows from Definition 6.16 and Proposition 2.9 that for each y ∈ Ỹ the net
{g̃t|f̃−1y : t ∈ T } is a Cauchy net in the complete algebra C∗(f̃−1y) and, hence, one

converges to some function g̃y ∈ C∗(f̃−1y). Let us define the function g̃ : X̃ → C
by the equality g̃x = g̃f̃xx for all x ∈ X̃ .

We must prove that g̃ ∈ C(f̃), that is, that the function g̃ is continuous. Let
ε > 0 be an arbitrary number. By Definition 6.16 there is a family {Ot : t ∈ T } of

open subsets of the space Ỹ satisfying the following conditions:

1) for each y ∈ Ỹ there exists an element ty ∈ T such that y ∈ Ot for all
t > ty, t ∈ T ;

2) if t1, t2 ∈ T and y ∈ Ot1 ∩Ot2 then ny(gt1 − gt2) <
ε
3 .

Then in a usual way we get the inequality |g̃x − g̃tx| 6 ε
3 for all t ∈ T and

x ∈ f̃−1Ot.
For a given point x0 ∈ X̃ let y0 = f̃x0 and let t0 ∈ T be any element such

that y0 ∈ Ot0 . Since the function g̃t0 is continuous, there is a neighborhood Ux0 ⊆
⊆ f̃−1Ot0 such that |g̃t0x− g̃t0x0| < ε

3 for all x ∈ Ux0. Then for every x ∈ Ux0 we
have the inequality

|g̃x− g̃x0| = |g̃x− g̃t0x+ g̃t0x− g̃t0x0 + g̃t0x0 − g̃x0| 6

6 |g̃x− g̃t0x| + |g̃t0x− g̃t0x0| + |g̃t0x0 − g̃x0| <
ε

3
+
ε

3
+
ε

3
= ε,

that is, the function g̃ is continuous.
By Proposition 6.6 the net {g̃t : t ∈ T } converges to the function g̃ in the algebra

C(f̃). Since the set C̃ is closed in C(f̃), we have g̃ ∈ C̃. Therefore the net {gt : t ∈
∈ T } converges in the algebra C to the element g = ϕ̃−1g̃ because of ϕ̃ : C

onto−−−→ C̃
is a topological isomorphism.

Sufficiency. Let us suppose that each Ỹ -fundamental net in the algebra C con-
verges. We have to prove that the algebra C̃ is closed in C(f̃).

Let g̃ ∈ [C̃]C(f̃). Then there exists a net {g̃t : t ∈ T } ⊆ C̃ which converges to g̃.

To prove that this net is Ỹ -fundamental, let us define for a given number ε > 0 and

any t ∈ T the set Ot =
{

y ∈ Ỹ : ny(g̃ − g̃t) <
ε
2

}

. The sets Ot, t ∈ T , are open by

Corollary 2.11. It is easily seen that the conditions 1) and 2) of Definition 6.16 are
valid.

Thus, the net{ϕ̃−1g̃t : t ∈ T } is Ỹ -fundamental since the isomorphism ϕ̃ : C
onto−−−→

C̃ ⊆ C(f̃) preserves all semi-norms ny, y ∈ Ỹ . Hence, this net converges to some
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element g ∈ C. Since the algebra C(f̃) is Hausdorff, we have g̃ = ϕ̃g, that is, the

algebra g̃ is closed in C(f̃). �

6.18. Corollary. If the algebra C is complete with respect to the natural unifor-
mity (see 6.1) then it is Ỹ -complete (see also 6.3 and 6.2).

Proof. It is sufficient to note that each Ỹ -fundamental net is a Cauchy net. �

D. Some properties of Ỹ -complete algebras

6.19. Theorem. Let the algebra C have not a unit and let C′ be the algebra
which is obtained by the addition of the unit e (see the foot-note in the item 5.1).

If the algebra C is Ỹ -complete then the algebra C′ is Ỹ -complete11 also, and C is
closed in C′.

Proof. We have to prove the Ỹ -completeness of the algebra C′ only.
Let {λt · e + gt : t ∈ T } ⊆ C′ be a Ỹ -fundamental net (λt ∈ C and gt ∈ C for

t ∈ T ). First of all we shall prove that there exists an element t0 ∈ T such that the
set {λt : t > t0, t ∈ T } is bounded.

Let us suppose that the set {λt : t > t0, t ∈ T } is unbounded for all t0 ∈ T .
We shall write t1 ≫ t2 for t1, t2 ∈ T if t1 > t2 and |λt1 | > |λt2 |; the set T with

the relation “≫” will be denoted by T̃ . It is easily seen that the set T̃ is directed

under our assumption. Let us prove that the net
{

e+ 1
λt

· gt : t ∈ T̃
}

converges to

the zero 0C ∈ C′.
Let ε > 0 and y ∈ Ỹ be arbitrary. Since the net {λt · e + gt : t ∈ T } is Ỹ -

fundamental, there are t′y ∈ T and By ∈ R such that ny(λt · e + gt) 6 By for all
t > t′y, t ∈ T . Since the set {λt : t > T ′

y, t ∈ T } is unbounded, there is ty > t′y,

ty ∈ T , such that |λty | > 1
ε
·By. Then for all t≫ ty, t ∈ T̃ , we have the inequality

ny

(

e+ 1
λt

· gt
)

= 1
|λt|

· ny(λt · e+ gt) 6 1
|λt|

·By < ε.

Thus for every neighborhood VC′(0C , ε, A) of the zero (ε > 0, A ⊆ Ỹ is finite)

and every t≫ tA, t ∈ T̃ , where tA ∈ T̃ is an element such that tA ≫ ty for all y ∈ A,

we have e + 1
λt

· gt ∈ VC′(0C , ε, A), that is, the net
{

e+ 1
λt

· gt : t ∈ T̃
}

converges

to 0C . It means that the net
{

− 1
λt

· gt : t ∈ T̃
}

converges to e; in particular, this

net is Ỹ -fundamental. Hence, e ∈ C because of the algebra C is Ỹ -complete, and
we have got a contradiction.

Thus, there exists an element t0 ∈ T such that the set {λt : t > t0, t ∈ T }
is bounded. Therefore the net {λt : t ∈ T } has a cluster point λ0 ∈ C (see [5],
Theorem 3.1.23). By Proposition 1.6.1 of the book [5] there exists a net {λt · e +
+ gt : t ∈ T ′} which is finer than the net {λt · e + gt : t ∈ T } such that the net
{λt : t ∈ T ′} converges to the point λ0. It is easily seen that the nets {λt · e +

+gt : t ∈ T ′} and {λt ·e : t ∈ T ′} are Ỹ -fundamental, therefore the net {gt : t ∈ T ′}
is Ỹ -fundamental too. Since the algebra C is Ỹ -complete, the latter net converges
to some element g0 ∈ C. Hence, the net {λt · e+ gt : t ∈ T ′} converges to λ0 · e+ g0.

Using the fact that the net {λt · e + gt : t ∈ T } is Ỹ -fundamental, we can
easily verify that this net converges to λ0 · e + g0 too. Hence, the algebra C′ is
Ỹ − complete. �

11Let us note that the topology of the space Ỹ is compatible with the algebra C′ by the
assumptions 5.1: we have to add the unit before to define the topology.
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6.20. Theorem. Let the algebra C be Ỹ -complete and have the unit eC. An
element g ∈ C has inverse element eC

g
∈ C iff it does not belong to any closed

maximal ideal M ⊂ C. 12

Proof. Necessity is obvious (see [8], §7.4, the statement III).
Sufficiency. Let g0 ∈ C be an element such that g0 /∈M for every closed maximal

ideal M ⊂ C. Let us consider the set J0 = {g · g0 : g ∈ C}. The following cases are
imaginable.

1). If eC ∈ J0 then the element g0 has the inverse element in C.
2). If eC /∈ J = [J0]C then J is a closed ideal, and we get a contradiction using

Lemma 4.5, since g0 ∈ J0 ⊆ J ⊆M for some closed maximal ideal M ⊂ C.
3). If eC ∈ [J0]C \ J0 then there is a net {gt · g0 : t ∈ T } ⊆ J0 which converges

to eC (gt ∈ C for t ∈ T ). Let us denote g̃0 = ϕ̃g0, g̃t = ϕgt for t ∈ T (see 6.12). Of

course, ϕ̃eC = g̃e is the unit of the algebra C(f̃) by the construction.

Since g0 /∈ M for every M ∈ M, we have g̃0x 6= 0 for all x ∈ X̃. The mapping
f̃ is perfect and the function g̃0 is continuous, therefore for each point y ∈ Ỹ there
exists the number

ly = inf{|g̃0x| : x ∈ f−1y} =

= inf{sup{|g̃0x| : x ∈ f−1Uy} : Uy ⊆ Ỹ is a neighborhood of the point y} > 0

(compare with Proposition 2.9). Moreover, we can define a function g̃′0 ∈ C(f̃) by

the equality g̃′0x = 1
g̃0x

for all x ∈ x̃. Obviously, ny g̃
′
0 = 1

ly
for all y ∈ Ỹ . We shall

prove that the net {g̃t : t ∈ T } converges to the function g̃′0.

Let a number ε > 0 and a finite set A ⊆ Ỹ be given. We have to find an element
t0 ∈ T such that g̃t ∈ VC(g̃′0, ε, A) for all t > t0, t ∈ T . Let us define a number
lA = min{ly : y ∈ A}. Since the set A is finite, the inequality lA > 0 holds.

Since the net {g̃t · g̃0 : t ∈ T } converges to the function g̃e, there is an element
t0 ∈ T such that g̃t · g̃0 ∈ VC(g̃e, ε · lA, A), that is, ny(g̃t · g̃0 − g̃e) < ε · lA for all
y ∈ A and t > t0, t ∈ T . Then for all y ∈ A and t > t0, t ∈ T , we get the inequality

ny(g̃t − g̃′0) = ny((g̃t · g̃0 − g̃e) · g̃′0) 6 ny(g̃t · g̃0 − g̃e) · ny g̃′0 < ε · lA · 1

ly
6 ε,

that is, g̃t ∈ VC(g̃′0, ε, A) for all t > t0, t ∈ T . Hence, the net {g̃t : t ∈ T } converges

to the function g̃′0. The algebra C is Ỹ -complete, therefore the algebra C̃ = ϕ̃C is

closed in C(f̃) and, hence, g̃′0 ∈ C̃.
Thus, the net {gt : t ∈ T } converges to some element g′0 = ϕ̃−1g̃′0 ∈ C because

of ϕ̃ is a topological isomorphism onto C̃. Since the multiplication is continuous,
we have eC = g′0 · g0 ∈ J0, but this contradicts the assumption eC ∈ [J0]C \ J0.

Thus, the case 1) is possible only, and the proof is completed. �

6.21. Let the algebra C be Ỹ -complete and have the unite eC . Theorem 6.20
means that element g ∈ C has the inverse element eC

g
∈ C iff gM 6= 0 for all

M ∈ M (or, that is the same, iff (ϕ̃g)x 6= 0 for all x ∈ X̃). In particular, for each
element g ∈ C its spectrum

SpCg = {λ ∈ C : the element g − λ · eC has not an inverse element in C}
coinsides with the set gM = (ϕ̃g)X̃.

6.22. Corollary. If the algebra C is Ỹ -complete and has the unit eC , and an
element g ∈ C satisfies the condition nyg < B for all y ∈ Ỹ , where B ∈ R is some

12It means that the algebra C is advertibly complete (see [7], Chapter III, the statement
(5.12)).
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number, then the element eC

g−λ·eC
exists for all λ ∈ C such that |λ| > B; moreover,

eC
g − λ · eC

= − 1

λ
· eC −

∞
∑

n=1

λ−n−1 · gn

(the series converges with respect to the topology of the algebra C); if, in addition,

A ⊆ C is a subalgebra such that eC ∈ A and dAy g = 0 for some y ∈ Ỹ then

dAy
eC

g−λ·eC
= 0 (see 6.10).

6.23. Let the algebraC be Ỹ -complete and have not a unit. Let C′ be the algebra
described in 6.19. Then by a definition we shall consider that SpCg = SpC′g for
g ∈ C.

The set MC = C is a closed maximal ideal of the algebra C′ and gMC = 0 for
all g ∈ C, therefore 0 ∈ SpCg for any g ∈ C; of course, the equality SpCg = gM =
= (ϕ̃g)X̃ holds in this case also, if M is the space of closed maximal ideals of the
algebra C′.

It follows from Theorem 6.20 that for each element g ∈ C such that gM 6= 1 for
all M ∈ M (or, that is the same, (ϕ̃g)x 6= 1 for all x ∈ X̃) there exists an element

g− ∈ C satisfying the equality g−M = gM
gM−1 for all M ∈ M (the element g− is

called quasi-inverse to g). Indeed, the element g− exists in C′ since 1 /∈ SpC′g, and
g−MC = 0, therefore g− ∈ C.

Let us note that the element
(

1
λ
· g

)−
exists for g ∈ C and λ ∈ C iff λ /∈ SpCg.

By the same reason for every g, g′ ∈ C and λ ∈ C such that λ /∈ SpCg there is

an element g′′ ∈ C satisfying the condition g′′M = g′M
gM−λ for all M ∈ M. We shall

write g′′ = g′

g−λ·e in this case. In particular,
(

1
λ
· g

)−
= g

g−λ·e .

6.24. Corollary. If the algebra C is Ỹ -complete and has not a unit, and an
element g ∈ C satisfies the condition nyg < B for all y ∈ Ỹ , where B ∈ R is some

number, then the element
(

1
λ
· g

)−
exists for all λ ∈ C such that |λ| > B; moreover,

(

1

λ
· g

)−

= −
∞
∑

n=1

λ−n · gn

(the series converges with respect to the topology of the algebra C); if, in addition,

A ⊆ C is a subalgebra such that dAy g = 0 for some y ∈ Ỹ then dAy
(

1
λ
· g

)−
= 0.

6.25. Lemma. Let the algebra C be Ỹ -complete and g ∈ C be an element such
that SpCg ⊆ R(⊂ C) (that is, gM is real for all M ∈ M). Then there exists an
element g′ ∈ C such that g′M = |gM | for all M ∈ M (it is natural to write g′ =

= |g|); if, in addition, A ⊆ C is a subalgebra and dAy g = 0 for some y ∈ Ỹ then

dAy g
′ = 0.

Proof. It is well known that the series

|t| =
√

1 − (1 − t2) = 1 − 1

2
· (1 − t2) − 1

2 · 4 · (1 − t2)2 − 1 · 3
2 · 4 · 6 · (1 − t2)3 − . . .

uniformly converges for t ∈ [−
√

2,
√

2]. In particular, for each n ∈ N there is a

number mn ∈ N such that ||t| − p̄nt| < 1
n2 for all t ∈ [−

√
2,
√

2], where

p̄nt = 1 − 1

2
· (1 − t2) − 1

2 · 4 · (1 − t2)2 − . . .− 1 · 3 · . . . · (2 ·mn − 3)

2 · 4 · 6 · . . . · (2 ·mn)
· (1 − t2)mn .

Then the function pn : R → R defined by the formula pnt = p̄nt− p̄n0 for t ∈ T is
a polynomial and pn0 = 0, therefore gn = n · pn

(

1
n
· g

)

is an element of the algebra

C for all n ∈ N. Moreover, we have ||gM | − gnM | < n ·
(

1
n2 + 1

n2

)

= 2
n

for all

M ∈ M and n ∈ N such that |gM | 6 n ·
√

2. It easily follows from this fact that
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the sequence {gn : n ∈ N} is Ỹ -fundamental (one can take On = ∅ for n < 2
ε

and

On = {y ∈ Ỹ : nyg < n ·
√

2} for n > 2
ε
, n ∈ N, in Definition 6.16, where ε > 0

is a given number). Since the algebra C is Ỹ -complete, this sequence converges to
some element g′ ∈ C. Of course, g′M = |gM | for all M ∈ M.

The last statement follows from Lemma 6.10 5). �

6.26. Corollary. Let the algebra C be Ỹ -complete and g1, g2 ∈ C be elements
such that SpCgk ⊆ R for k = 1, 2. Then there exist elements g′, g′′ ∈ C such
that g′M = max{g1M, g2M} and g′′M = min{g1M, g2M} for all M ∈ M (it is
natural to write g′ = max{g1, g2} and g′′ = min{g1, g2}); if, in addition, A ⊆ C is

a subalgebra such that dAy gk = 0 for k = 1, 2 and some y ∈ Ỹ , then dAy g
′ = 0 and

dAy g
′′ = 0.

6.27. Theorem. Let the algebra C be Ỹ -complete and have the unit eC and an
involution. Then the following conditions are equivalent:

1) the space M of closed maximal ideals of the algebra C is compact;
2) all maximal ideals of the algebra C are closed.

Proof. Let the space M be compact, and let M0 ⊂ C be some maximal ideal.
For each g ∈ C we can define the closed set Zg = {M ∈ M : gM = 0}. If we assume
that

⋂{Zg : g ∈ M0} = ∅ then there is a finite family {gk : k = 1, 2, . . . , n} ⊆ M0

such that
n
⋂

k=1

Zgk
= ∅ because of the space M is compact, but then the element

g1 · g∗1 + g2 · g∗2 + . . .+ gn · g∗n ∈ M0 has the inverse element by Theorem 6.20, but
this is impossible by the statement III of §7.4 of the book [8]. Hence, there exists a
closed maximal ideal M ∈

⋂

{Zg : g ∈M0}. We have M0 ⊆M ; moreover, M0 = M
since the ideal M0 is maximal, therefore the ideal M0 is closed.

Let all maximal ideals of the algebra C be closed. Let us suppose that the space
M is not compact. Then there exists a filter F of closed subsets of M such that
⋂{F : F ∈ F} = ∅. Let

J = {g ∈ C : there is F ∈ F such that Zg ⊇ F}.
It is clear that J is an ideal. We shall prove that for every M ∈ M there is an

element g ∈ J such that gM 6= 0.
Let M0 ∈ M . There exists a closed set F ∈ F such that M0 /∈ F . By the

definition of the topology of the space M there are functions g1, g2, . . . , gn ∈ C and
open sets U1, U2, . . . , Un ⊆ C such that

M0 ∈
n
⋂

k=1

g−1
k Uk ⊆ M \ F .

For k = 1, 2, . . . , n we have the number ck = inf{|c− gkM0|2 : c ∈ C \ Uk} > 0.
Therefore we can define the function

g0 =

n
∑

k=1

1

ck
· (gk − gkM0 · eC) · (gk − gkM0 · eC)∗.

It is obvious that the element g0 ∈ C has the following properties:

α) g0M is real for all M ∈ M;
β) g0M0 = 0;
γ) g0M > 1 for all M ∈ F .

Due to Corollary 6.26 the algebra C contains the element g = max{0C , eC −g0};
since gM = 0 for all M ∈ F , we get g ∈ J and gM0 = 1.

Thus, J * M for each M ∈ M, therefore every maximal ideal containing J is
not closed, and we have a contradiction with the condition 2). Hence, the space M

is compact. �
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6.28. Theorem. Let the algebra C be Ỹ -complete and have the unit eC and an
involution. Then the algebra C is topologically (and isometrically) isomorphic to
the algebra C(M) of all continuous functions on the space of closed maximal ideals
with the topology defined in the item 5.13. Hence, the algebra C is topologically
(and isometrically) isomorphic to the algebra C(fC) (see the end of the item 5.16).

Proof. We shall prove that the algebra C is dense in C(M) (we suppose that
C ⊆ C(M); see 5.3).

Let g0 ∈ C(M) be any function and VC(M)(g0, ε, A) be its arbitrary neighborhood

(VC(M)(g0, ε, A) = {g ∈ C(M) : ny(g − g0) < ε for all y ∈ A}, ε > 0, A ⊆ Ỹ is a
finite set). The set MA =

⋃{My : y ∈ A} is compact in consequence of Lemma 5.4.
The algebra CA = {g|MA

: g ∈ C} has the unit and the involution and separates
points of the space MA, therefore it follows from Stone - Weierstrass theorem that
CA is a dense subset of the algebra C∗(MA). In particular, it means that there
exists an element g ∈ C such that |gM − g0M | < ε for all M ∈ MA. It is easily
seen that g ∈ VC(M)(g0, ε, A), that is, the algebra C is dense in C(M).

Thus we have C = C(M) since the algebra C is closed in C(M) (see 6.14). The
equality ϕCC = C(fC) follows from Corollary 5.28. �

6.29. Corollary. Let the algebra C be Ỹ -complete and have an involution but
have not a unit. Then the algebra C is topologically (and isometrically) isomorphic
to the algebra C0(M) = {g ∈ C(M) : gMC = 0} where the closed maximal ideal
MC ⊂ C′ have been defined in the item 6.23.

6.30. Theorem. Let C1 and C2 be commutative complex algebras with the units
eC1

and eC2
equipped with Hausdorff topologies generated by families of semi-norms

{ny : y ∈ Y1} and {ny : y ∈ Y2} which satisfy the conditions 1)–7) of Theorem 2.7.
Let the sets Y1 and Y2 be equipped with topologies which are compatible (see 5.14)

with algebras C1 and C2 (these topological spaces will be denoted by Ỹ1 and Ỹ2).

Moreover, let C ⊆ C2 be a dense subalgebra containing the unit eC2
, h : Ỹ1 → Ỹ2

be a mapping and ψ : C → C1 be a homomorphism such that ny(ψg) 6 nhyg for all

y ∈ Ỹ1 and g ∈ C.
If the algebra C1 is Ỹ1-complete then there is a unique continuous homomorphism

ψ̄ : C2 → C1 such that ψ̄|C = ψ; besides that, ny(ψ̄g) 6 nhyg for all y ∈ Ỹ1 and
g ∈ C2.

Proof. Let {gt : t ∈ T } ⊆ C be a net converging to a given element g0 ∈ C2.
We shall prove that the net {g′t : t ∈ T } ⊆ C1, where g′t = ψgt for t ∈ T , is

Ỹ1-fundamental.
Let us take an arbitrary number ε > 0. For every element t ∈ T let us define

the sets Ot =
{

y ∈ Ỹ2 : ny(gt − g0) <
ε
2

}

and O′
t = h−1Ot. It is easily seen that

the family {Ot : t ∈ T } satisfies the conditions 1) and 2) of Definition 6.16. The

inequality ny(ψg) 6 nhyg for all y ∈ Ỹ1 and g ∈ C forces that the net {g′t : t ∈ T }
and the family {O′

t : t ∈ T } satisfy the above mentioned conditions, therefore the

latter net is Ỹ1-fundamental.
Since the algebra C1 is Ỹ1-complete, there is an element g′0 ∈ C1 such that the

net {g′t : t ∈ T } converges to g′0. It follows from the above-mentioned inequality
that we can define the map ψ̄ : C2 → C1 by letting ψ̄g0 = g′0 for g0 ∈ C1, and this
map is a continuous homomorphism possessing all required properties. �

6.31. Remark. It follows from Remark 5.32 that the algebra C (see 6.12) is

isometrically isomorphic to a dense subalgebra of some Ỹ -complete algebra C̄. This
algebra C̄ can be called a Ỹ -completion of the algebra C. The uniqueness of a Ỹ -
completion (up to an isometrical isomorphism) is a simple consequence of Theorem
6.30.
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6.32. Let A ⊆ C be a subset of the algebra C. For each g ∈ A let g : M → C
be the corresponding function (see 5.3; if the algebra C has not a unit then we add
the unit e to define the space M). Then we can define the diagonal mapping

gA = ∆{g : g ∈ A} : M
onto−−−→ M

A ⊆
∏

{Cg : g ∈ A},

where Cg = C for g ∈ A (see [5], §2.3), and the sets MA
y = gAMy for all y ∈ Ỹ

(see 5.2). Let C(MA) be the algebra of all continuous complex functions with the

topology13 generated by the family of semi-norms {ny : y ∈ Ỹ }, which are defined

by the formula nyg = sup{|gz| : z ∈ MA
y } for all g ∈ C(MA) and y ∈ Ỹ (the sets

MA
y , y ∈ Ỹ , are compact by Lemma 5.4 and Theorem 3.1.10 of the book [5]).

For each g ∈ A there exists the unique element ḡ ∈ C(MA) such that g = ḡgA
(see [5], §2.3; the function ḡ is the restriction of the natural projection

∏{Cg : g ∈
∈ A} → Cg = C to the set MA). The unit of the algebra C(MA) will be denoted
by eA.

Let CA be the smallest closed subalgebra of C(MA) which contains all functions
ḡ, g ∈ A, and satisfies the following conditions:

1) if the algebra C has the unit eC then CA contains eA;
2) if the algebra C has an involution then CA also has an involution (the

complex conjugation; see Lemma 5.12);
3) if the algebra C has the unit then CA contains all functions of the form

eA

ḡ−λ·eA
, where g ∈ A and λ ∈ C \ SpCg (see 6.20, 6.21);

4) if the algebra C has not a unit then CA contains all functions of the form
ḡ′

ḡ−λ·eA
, where g, g′ ∈ A and λ ∈ C \ SpCg (see 6.23).

6.33. Theorem. a) If the algebra C has an involution then CA = C(MA) (if C
has the unit eC) or CA = C0(M

A) = {g ∈ C(MA) : g0̄ = 0} (if C has not a unit)
where 0̄ ∈ MA ⊆

∏

{Cg : g ∈ A} is the (unique) point such that ḡ0̄ = 0 for all
g ∈ A.

b) The map ϕA : C(MA) → C(M) defined by the equality ϕAg = ggA for all
g ∈ C(MA) is an isometrical isomorphism satisfying the condition ϕAḡ = g for all
g ∈ A.

c) If the mapping gA : M
onto−−−→ MA is quotient then ϕA is an isomorphism onto

a closed subalgebra of C(M).

d) If the algebra C is Ỹ -complete then ϕACA ⊆ C (compare with [4], §1.4 and
§1.5).

Proof. a) This can be proved in the same way as Theorem 6.28.
b) This is obvious.
c) This can be proved by analogy with the proof of the statement 2) of Theorem

2.23.
d) Due to the definition of the algebra CA and the statements 6.20, 6.23 the set

C ∩ ϕACA is dense in ϕACA. Since the algebra C is closed in C(M) (see 6.14), we
get ϕACA ⊆ [C ∩ ϕACA]C(M) ⊆ C. �

6.34. Example. Let the algebra C be Ỹ -complete and g0 ∈ C be any element.
Let A = {g0}. Then MA = SpCg0 (see 6.21, 6.23) and gA = g0. Theorem 6.33
d) means that for each function h ∈ CA there is an element gh ∈ C such that
ghM = hg0M for all M ∈ M.

6.35. Let Yd be the set Y (see 6.12) equipped with the discrete topology and

p̃ : Yd
onto−−−→ Ỹ be the identity mapping. Let Xd be the fan product of the spaces

13If we would use the topology of the uniform convergence on compact subsets (that is, the
compact-open topology) then the algebra CA defined below would be lesser.
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X̃ and Yd relative to the mappings f̃ and p̃, and let q̃ : Xd → X̃ and fd : Xd → Yd
be the projections of the fan product to its factors. By the same reasons as in 5.32
the mapping fd is perfect, globally completely regular and “onto”, the mapping q̃ is
“onto” and one-to-one, the space Xd is a subspace of the product Yd×M. The map
ψd : C(f̃) → C(fd), defined by the formula ψdg = gq̃ for g ∈ C(f̃), is an isometrical
isomorphism onto a subalgebra.

Let us define the isometrical isomorphism ϕd : C → C(fd) (onto a subalgebra)
by the equality ϕd = ψdϕ̃ (see 6.17).

6.36. The algebra C(fd) is complete due to Proposition 6.2, therefore the algebra

Ĉ = [ϕdC]C(fd) is a completion of the algebra C (since the completion is unique

up to a topological isomorphism). Let us note that C̄ = ψ−1
d Ĉ = ψ−1

d (Ĉ ∩ψdC(f̃))

is a closed subalgebra of C(f̃) such that C̃ = ϕ̃C ⊆ C̄ is a dense subalgebra of C̄.

Hence, the algebra C̄ is the Ỹ -completion of the algebra C. In particular, if the
algebra C is Ỹ -complete then C̃ = C̄, and we get the following useful tool:

if the algebra C is Ỹ -complete and g ∈ Ĉ ⊆ C(fd) is an element such that the

function g̃ = gq̃−1 : X̃ → C is continuous14 then g ∈ ϕdC.

6.37. Example. Let the algebra C be Ỹ -complete, a set A ⊂ C be finite, and

let gA : M
onto−−−→ MA ⊆ C|A| =

∏{Cg : g ∈ A} be the mapping defined in 6.32.

Moreover, let V be a manifold, ξ : V → C|A| be a local homeomorphism (that is,

for each point z ∈ V there exists a neighborhood Oz ⊆ V such that ξ|Oz : Oz
onto−−−→

onto−−−→ ξOZ ⊆ C|A| is a homeomorphism onto an open subset of C|A|) and θ : M → V
be a mapping such that ξθ = gA. The manifold V is equipped with a complex
structure by means of the local homeomorphism ξ (see [7], Chapter VI).

Xd

q̃ //

fd

��

X̃
q //

f̃

��

X
π //

f

��

M
θ //

gA

��

V

ξ

��
Yd

p̃ // Ỹ
p // Y MA

⊆ // C|A|

Let us equip the algebra C(θM) with the topology generated by the family of
semi-norms {ny : y ∈ Y }, which are defined by the formula nyg = sup{|gθM | : M ∈
∈ My} for all y ∈ Y and g ∈ C(θM). The map η : C(θM) → C(M) defined by the
equality ηg = gθ for g ∈ C(θM) is an isometrical isomorphism onto a subalgebra.

For each neighborhood U ⊆ V of the set θM let Hol(U) be the set of all
holomorphic functions h : U → C equipped with the compact-open topology, and
ϕU : Hol(U) → C(θM) be the restriction homomorphism (ϕUh = h|θM for h ∈
∈ Hol(U)). The restriction homomorphism ϕU is continuous.

Let Hol(θM) =
⋃{ϕUHol(U) : U ⊆ V is a neighborhood of the set θM} and

CH = [Hol(θM)]C(θM) if the algebra C has the unit; otherwise let Hol0(θM) =
= {h ∈ Hol(θM) : hθMC = 0}, where MC ∈ M is the ideal defined in the item
6.23 (gMC = 0 for all g ∈ C), and CH = [Hol0(θM)]C(θM).

We can define the isometrical isomorphism ϕ
Ĉ

: CH → C(fd) by the formula

ϕ
Ĉ

= ψdψ̃ϕη|CH
, that is, ϕ

Ĉ
h = hθπqq̃ for h ∈ CH . It follows from Theorem

4.1 and Scholium 4.2 of Chapter VI of the book [7] that ϕ
Ĉ
CH ⊆ [Ĉ]C(fd) =

= [ϕdC]C(fd) = Ĉ. Since for each h ∈ CH the function (ϕ
Ĉ
h)q̃−1 = hθπq is

continuous, we get ϕ
Ĉ
CH ⊆ Ĉ ∩ ψdC(f̃) = ψdC̃ = ϕdC (the latter equalities hold

because the algebra C is Ỹ -complete). Thus, we get ηCH ⊆ C, that is, there is the
isometrical isomorphism ϕC = η|CH

: CH → C onto a subalgebra.

14This definition is correct since the mapping q̃ is one-to-one and “onto”.
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C(θM)

η

**VVVVVVVVVVVVVVVVVVVVVV

CH

⊆
33gggggggggggggggggggggggggggggg ϕC //

ϕĈ

((RRRRRRRRRRRRRRR

ϕĈ

��

C
⊆

//

ϕd

rreeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

ϕ̃

��

C(M)

⊇ ϕ

��

Ĉ

⊇

��

Ĉ ∩ ψdC(f̃)
⊇

oo

ψ
−1

d

**UUUUUUUUUUUUUUUUUUU
C̃

ψd|C̃oo

⊇

��
C(fd) C(f̃)

⊇

ψd

oo C(f)
⊇

ψ̃

oo

In particular, for each neighborhood U ⊆ V of the set θM and each function
h ∈ Hol(U) (such that hθMC = 0 if the algebra C has not a unit) there exists an
element gh ∈ C such that gh = hθ. Hence, there is the “functional calculus” in the
Ỹ -complete algebra C.
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