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ALGEBRAS OF FUNCTIONS ON MAPPINGS

V.M. ULYANOV

AssTrACT. Topological algebras of functions on mappings are defined and in-
vestigated. It is proved that each algebra satisfying certain conditions (which
are necessary and sufficient) is topologically (and isometrically with respect to
its semi-norms) isomorphic to a subalgebra of an algebra of functions on some
mapping. It is interesting to note that a completely regular space does not
define a topology of its algebra of continuous functions uniquely if this space
contains an infinite compact subspace, while a mapping do this, of course,
amongst topologies of the definite kind. It is possible to define a new concep-
tion (connected with mappings) of a completeness of algebras and to prove
some usual properties of complete algebras.
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§ 1. INTRODUCTION

1.1. We shall denote by C the field and the (complex) algebra of complex num-
bers, by R the field and the (real) algebra of real numbers, by N = {1,2,3,...} the
set of natural numbers with the usual algebraic and topological structures.

All desirable definitions concerning algebras may be found in [7] or [8].

All topological definitions which are absent here may be found in [1] or [5].

The term “mapping” will mean “continuous map”. Uunlike [5] we shall use the
term “compact” instead of “quasi-compact”. Besides that we shall assume that
a homomorphism of algebras preserves the unit if it exists in the domain of the
homomorphism, and the involution if it exists in both these algebras.

If f: X —» Y isamap and A C X then the symbol f|4 stands for the restriction
of the map f to the set A; the symbol [A]x stands for the closure of the set A in
the topological space X.

We formulate the following definitions to avoid misunderstandings (f: X — Y
is a map of topological spaces; no axioms of separability are assumed).

1.2. Definition. The map f is called closed if for each closed subset F' C X the
set fF ={fx:x € F} is closed in the space Y.

1.3. Definition. The map f is called compact if for each point y € Y the set
f~ly={x € X : fr =y} is a compact subspace of the space X.

1.4. Definition. The map f is called perfect if it is continuous, closed and
compact.

1.5. Let X be a topological space, C(X) be an algebra of all continuous complex
functions on the space X, C*(X) C C(X) be a subalgebra consisting of all bounded
functions.

The algebra C*(X) has the natural topology generated by the norm ||g|| =
= sup{lgz| : © € X} for ¢ € C*(X). Of course, this algebra has many other
topologies, but they are not so interesting, except, maybe, the topology of the
pointwise convergence.

The algebra C(X) has many different topologies. Usually topologies under con-
sideration are minimal or maximal in some sense (for example, the compact-open
topology or the topology of the pointwise convergence) because these topologies are
more natural than others.

It is well known that each commutative complex topological algebra satisfying
certain conditions is isomorphic to a subalgebra of an algebra C'(X) for some com-
pletely regular space X (see [2], [10], [8], [7]). The space X does not define a
topological structure of this algebra. If we want to get a topological isomorphism,
we must define some additional structure on the space X (see [10]; unfortunately,
Theorem 5 of this paper is not correct).
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1.6. We can consider mappings as a generalization of topological spaces (a non-
empty space X corresponds to the constant mapping X — {*} onto the singleton).
In the paper [9] there are many definitions of properties of mappings which are
analogous to properties of spaces. In particular, a compactification of a mapping
(see, for example, [11]) is an analog of compactification of a space. What is an
analog for a mapping of the normed algebra C*(X) for a space X?

Let us note that an answer depends on considered class of mappings. In general
case this analog is a sheaf of topological algebras. In the simplest case of a globally
completely regular mapping f: X — Y (see Definition 2.18) satisfying the condition
[fX]y =Y it is the topological algebra C(f) defined in the section 2. The topology
of the algebra C(f) is naturally defined by the mapping f analogously to the algebra
C*(X).

1.7. In the second section we investigate topological and categorial properties of
mappings and their algebras of functions.

The third section is devoted to maximal ideals of the algebra C(f).

In the fifth section we prove that each commutative complex algebra with the
unit and with Hausdorff topology generated by a family of semi-norms, satisfying
the conditions 1)-7) of Theorem 2.7 (see 5.1), is topologically isomorphic to a
subalgebra of the algebra C(f) for some mapping f: X — Y.

1.8. In the sixth section we prove that the completeness of the algebra C(f) with
respect to the natural uniformity is a rare property.

Proposition 2.15 and Corollary 2.25 lead to a supposition that a topology on a set
Y of semi-norms of an algebra C plays a part of a “uniformity”, and a “completeness”
of the algebra C' with respect to this “uniformity” means that the embedding of the
algebra C' into the algebra C(f), constructed in the items 5.22 and 5.32, is closed.
Let us note that there exists the smallest topology on the set Y which is compatible
with the algebra C'; this topology is described in the item 5.14.

In the section we prove an internal characterization of this “completeness” and
prove some usual properties of complete algebras: the existence of inverse elements,
of functions of elements, the closedness of maximal ideals and so on. The class of
“complete” algebras is very wide as it follows from Example 1.9.

1.9. Example. Let 9t be a completely regular space and let {9, : y € Y} be
its covering by compact sets. Let C'(90t) be the algebra of all continuous complex
functions defined on the space 9t with the topology generated by the family of
semi-norms {n, : y € Y'}, where n,g = sup{|gM|: M € M, } for all g € C(M) and
y € Y. It follows from Corollary 5.28 and Definition 6.13 that the algebra C(90) is
“complete”.

§ 2. AN ALGEBRA OF FUNCTIONS ON A MAPPING

2.1. We shall consider algebras of complex functions, but all results of this section
will be valid for algebras of real functions too (in this case involution is identity:
g =9)

Let us fix a mapping f: X — Y of topological spaces. We shall assume that
[fX]y =Y, but this condition is not essential.

A. Algebras of functions

2.2. Definition. A function g: X — C will be called f-bounded if for each
point y € Y there exists a neighborhood Uy C Y such that the function g|-1¢,, is
bounded.

2.3. Let B(f) be the set of all f-bounded functions, C(f) be the set of all
continuous f-bounded functions, C'(X) be the set of all continuous functions, C*(X)
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be the set of all continuous bounded functions with the standard norm |g|| =
= sup{|gz|: x € X} for g € C*(X).

Of course, C*(X) C C(f) = C(X) N B(f). All these sets have the structure of
complex algebras with the involution (the complex conjugation) and with the unit
ge, and the algebra C*(X) is complete.

2.4. Assertion. If the mapping f is closed and the set f~'y is pseudocompact
for each point y € Y then C(f) = C(X).

Proof. Let us note that fX =Y since f is closed and fX is dense in Y. Let
g € C(X),y €Y. The space f~ly is pseudocompact, therefore the function g is
bounded on f~1ly, that is, there exists a number M € R such that |gz| < M for all
x € fly.

Since the function ¢ is continuous, for every point x € f~'y there exists a
neighborhood Uz C X such that |gz’ — gx| < 1 for all 2/ € Uz. Then the set
U =U{Uz:x € f~'y} is a neighborhood of the set f~1y. The set Uy = f#U =
={y' €Y : f~Yy C U} is a neighborhood of the point y since the mapping f is
closed.

Due to the definition of the set Uz we have |gx| < M + 1 for every z € f~1Uy,
therefore the function ¢ is f-bounded and g € C(f). O

2.5. Assertion. If the space Y is countably compact then C(f) = C*(X).

Proof. Let g: X — C be an unbounded function. Let us prove that g does not
belong to B(f).

Since the function ¢ is not bounded, there is a set A = {z,, : n € N} such that
|gzn| > n for each n € N. Let M = fA.

If the set M is finite then there is a point y € M such that the set AN f~ly is
infinite.

If the set M is infinite then it has a strict limit point y € Y since the space Y is
countably compact ([5], Theorem 3.10.3).

In both cases the function ¢ is unbounded on f~'Uy for any neighborhood Uy C
CY of the point y. t
B. Semi-norms

2.6. For each point y € Y let us define a function n,: B(f) — R by the equality

nyg = inf{sup{|gz| : 2 € f'Uy} : Uy C Y is a neighborhood of the point y}
for all g € B(f).

2.7. Theorem. For every pointy €Y the function ny has the following proper-
ties (g, g1, g2 € B(f), ¢ € C; ge is the unit function, that is, gex = 1 for allx € X;
the symbol “*7 denotes the involution):

1) nyg >0;
) ny(c-g) = le|-nyg;
3) ny(g1 + g2) < nyg1 + nyga;
4) ny(g1 - g92) < nygr - nyga;
5) nyge =1;
6) ny(g-g") =nyg-nyg*;

7) nyg* =nyg.

Proof is standard. O

2.8. In particular, the properties 1)-5) mean that for every y € Y the function
ny is a semi-norm on the algebra B(f) (and on C(f)), while the properties 6) and 7)

mean that this semi-norm is completely regular ([8], §16.1). Of course, if a function
g € C(f) satisfies the condition nyg = 0 for all y € Y then gz =0 for all z € X.
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2.9. Proposition. If the mapping f is closed then

nyg =sup{|gz| : x € f~ly}
forally €Y and g € C(f).

Proof. Let y € Y, g € C(f) and sup{|gz| : x € f~'y} = A. Obviously, 4 < nyg.

Let us take an arbitrary number € > 0. Since the function ¢ is continuous, for
each point € f~1y there exists a neighborhood Uz C X such that |g2’ — gz| < ¢
for all 2’ € Uz. Then the set U = [ J{Uz : z € f~ 1y} is a neighborhood of the set
f~'y. Since the mapping f is closed, the set Uy = f#U is a neighborhood of the
point y.

Due to the construction of the set Uy we have |gz| < A + ¢ for all points = €
€ f~'Uy, therefore the inequality n,g < A + ¢ is valid.

Thus, we get the inequality A < nyg < A+¢€ for all e > 0. Hence, nyg = A. O

2.10. Proposition. Let g € B(f), yo € Y. Then

Nyog = inf{sup{nyg : y € Uyo} : Uyo C Y is a neighborhood of the point yo}.

Proof follows from the definition 2.6 of the semi-norms n,, y € Y. (]

2.11. Corollary. For each function g € B(f) and each number € > 0 the set
Uge ={y €Y : nyg < €} is open, that is, the function g: Y — R, defined by the
formula gy = nyg for ally € Y, is upper semicontinuous ([5], 1.7.14; compare with
1.7.16).

2.12. Corollary. If a function g € B(f), a point yo € Y and a number € > 0
are given then there exists a neighborhood Uyg C Y such that nyg < ny,g + € for
all y € Uyo.

Proof. The open set Uy for t = ny,g + € is a desirable neighborhood. (]

2.13. Assertion. If a set Z C'Y is countably compact and g € B(f) then the
function g defined in 2.11 is bounded on Z, and for every number ¢ > 0 there
exists a neighborhood UZ C 'Y such that nyg < M + ¢ for all y € UZ, where
M =sup{nyg:y € Z}.

Proof. Let g € B(f) and € > 0. Since the space Z is countably compact, Z C
C U{Ugn :n e N} =Y and Uy, C Ugpy for all n € N, there exists a number
no € N such that Z C Uy ,,,. Therefore M = sup{n,g : y € Z} < no is finite, and
the set UZ = Uy, pr+. is a required neighborhood. O

C. Topologies on the algebras B(f) and C(f)

2.14. Let us equip the algebras B(f) and C(f) with the topologies generated by
the family of semi-norms {n, : y € Y'}. Bases of these topologies consists of sets

VB(g0,6, M) ={g € B(f) :ny(g —go) < e forally € M}, go € B(f),

and

Vel(go, e, M) ={g € C(f) : ny(9g — go) < e for ally € M}, go € C(f),

where M C Y is a finite set and £ > 0.
In the standard way we can prove that all algebraic operations of B(f) and C(f)
are continuous relatively these topologies.

2.15. Proposition. The algebra C(f) is a closed subalgebra of B(f).

Proof. Tt is necessary to prove the closedness of C(f) in B(f) only.

Let go € [C(f)]B(s)- Let us prove that the function go is continuous at a point
xo € X which is chosen arbitrarily. Let us denote M = {fxo}, and let € > 0 be
arbitrary. Due to the definition of the topology of B(f) there is a function g €
eVp (go, =5 M) NC(f). Since the function g is continuous, there is a neighborhood
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Upzg C X such that |gz — gzo| < 5 for all x € Upwg. By Corollary 2.12 there is
a neighborhood U frg C Y such that n,(g — go) < £ for all y € U fxo. Hence for
each point z € Uzg = Upzg N f~1U fzo we get
l90% — gozo| = |gox — gz + 9T — g0 + 9o — GoTo| < 9oz — gz| + |9z — go|+
€ e € €
+ 1970 — gozo| < nyz(g9 — go) + 3 + nfae(9 — go) < 3 + 3 + 376
therefore the function gg is continuous. O

2.16. Proposition. The identity embedding C*(X) <, C(f) is continuous and
C*(X) is dense in C(f).

Proof. The continuity of this embedding follows from the inequality [|g|| > nyg
for all g € C*(X) and y € Y (in general this embedding is not homeomorphic).

Let us take an arbitrary function g € C(f) and prove that g € [C*(X)]¢(y). To
this end, let us define a function g; € C*(X) for each number ¢ > 0 by putting for
rzeX

Igt—wl-gm if |gz| > t.

Let us denote A, = {g; : t > 0} and prove that g € [Ay]c(r) € [C*(X)]c(s)-
Let an arbitrary neighborhood Vi (g, e, M) of the function g be given (M CY is a
finite set, € > 0). Let tg = max{n,g : y € M}. Then for all t > tg and y € M we
have ny,(g: — g) = 0, therefore g, € Vo(g,e, M) and A, N Ve(g,e, M) # &. Hence,
the required statement is valid. O

2.17. Proposition. a) If the space Y has a finite topology then the algebra C(f)
is topologically isomorphic to the algebra C*(X).

b) If the mapping f is perfect and every compact subset of the space Y has a
finite topology then the algebra C(f) is topologically isomorphic to the algebra C(X)
with the compact-open topology ([5], §3.4).

c) If the mapping f is closed and for each point y € Y the set f~'y has a finite
topology then the algebra C(f) is topologically isomorphic to the algebra C(X) with
the topology of the pointwise convergence ([5], §2.6).

Proof. a) Due to Assertion 2.5 we have C(f) = C*(X) since the space Y is
compact. For each point y € Y let us define the set

g=(NU\V:UV CY are open subsets, y € U\ V}.

It follows from the definition 2.6 that if y1,y2 € Y and 41 € 92 then ny, g = ny,g
for all functions g € C(f). Let M CY be a set satisfying the condition |M Ny| =
=1 for all y € Y. Obviously, the set M is finite. It is easily seen that for each
g € C(f) = C*(X) the equality || g|| = max{nyg : y € M} is satisfied, therefore the
topologies of the algebras C(f) and C*(X) are identical.

b) Due to Assertion 2.4 we have C(f) = C(X). Since each compact subset B C
C Y has a finite topology, for such B there exists a finite set Mp C B such that
B C {7 :y € Mp} (see the proof of the statement a)). Hence all sets of the form

V(Q@vgvng) = {g € C(X) : gF - U(QOFa E)}ﬂ
where y € Y, F C f~1j is a compact subset, go € C(X), € > 0 and

gz if |gz| < t,
gt =

U(goF,e) = {c € C: there exists a point « € F such that |c — goz| < €}

constitute a subbase for the compact-open topology.

Comparing the definitions we see that V.(go,¢, {y}) C V(go,e, 9, F) for all gy €
€ C(f) =C(X), e >0,y €Y and compact subsets F C f~'y since n, g = n,g
for all y’ € g and g € C(f), therefore the identity map C(f) — C(X) is continuous
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since the sets Vo (go,&,{y}), 90 € C(f), € > 0, y € Y, constitute a subbase for the
topology of C(f).

Let y €Y, go € C(f), e >0and ® = gof 'y. The set ® is compact since the
set f~1y is compact and the function gg is continuous. Let us consider a covering
of the set ¢ by open disks U (co, %) = {c eC:le—col < %}, co € . This covering
contains a finite subcovering {U (ck, i) k=1,2,.. .,m}. For k =1,2,...,m let
F, = [go_lU(ck,%)]X N f~ly; the set Fy is compact and f~ly = J{Fy : k =
=1,2,...,m}.

It is easily seen that for all ¢/,c” € U (goFk, i), k=1,2,...,m, we have |¢' —
— "| < e, therefore by Proposition 2.9 {V (go, %,g,Fk) ck=1,2,. ..,m} C
C Ve(go,e,{y}). Hence the identity map C(X) — C(f) is continuous too; that
is why this mapping is a homeomorphism.

¢) Due to Assertion 2.4 we have C(f) = C(X). It is easily seen that the topology
of the pointwise convergence is generated by the family of semi-norms {n, : x € X}
where ng,g = |gz| for all x € X and g € C(X).

For each point = € X let us define the set

f:ﬂ{fflfxﬁU\V:U,VQXareopensubset&xEU\V}.

For each y € Y let M, C f~'y be a set satisfying the condition |M, NZ| =1 for
all z € f~'y. Obviously, the set M, is finite for every y € Y.

Let us note that each function g € C(f) = C(X) is constant on any set 7, x € X.
Hence, for all g € C(X), y € Y, z € M, and 2’ € T the equality n, g = n,g holds.

Due to Proposition 2.9 the equality n,g = max{n,g : * € M,} holds for all
y €Y and g € C(f). Therefore the finite family of semi-norms {n, : x € M,} and
the semi-norm n,, y € Y, generate the same topologies. O

D. A conversion to globally completely regular mappings

2.18. Definition. A mapping f: X — Y of topological spaces will be called
globally completely regular if it satisfies the next conditions:

a) for an arbitrary point € X and for every point 2’ € f~!fz \ {x} there
exists a neighborhood Ofz C Y and a continuous function g: X — [0, 1]
such that gz = 0 and gz’ = 1;

b) for an arbitrary point z € X and for every neighborhood Uz C X there
exists a neighborhood Ofz C Y and a continuous function g: X — [0,1]
such that g2’ = 1 for all 2’ € f~1Ofx \ Ux.

2.19. Of course, each globally completely regular mapping is Tychonoff (see [9];
compare with §7) and separable (see [11], Definition 3).

2.20. Theorem. There exist a space Xy, a perfect globally completely regular
mapping py: Xy 22 Y and a mapping qr: X — X, [qr X|x, = Xy, satisfying
the following conditions:

1) prar = f;

2) amap p: C(py) — C(f) defined by the equality pg = gqys for all g € C(py)
is a topological isomorphism onto C(f) which preserves all semi-norms ny,
yey;

3)ifp: X' =Y and ¢: X — X' are mappings satisfying the conditions 1)
and 2) then there exists and is unique a mapping h: X' — Xy such that
qr = hq' and p' = prh; if p' is perfect then h is perfect too and, hence,
hX' = X;;

4) if a space X} and mappings p}: XJQ — Y and q}: X — XJQ satisfy the
conditions 1), 2) and 3) (except the uniqueness and the perfectness of the
mapping h) then the mapping h': Xy — X}, which exists by the virtue of
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the condition 3), is a homeomorphic embedding and the set k' X is a retract
of the space XJ’,.
The space Xy and the mappings py and g5 satisfying the conditions 1)-4) are
unique. If the mapping f is perfect and globally completely regular then the mapping
qs s a homeomorphism onto Xy.

Proof. Let C(f) = {ga : @ € A}, and let Z, = C U {oc} be a one-point

compactification of the space of complex numbers (a complex sphere) for all « € 2L.
onto

For each o € A let usset Y, =Y X Z,, and let po: Y, — Y and f,: X —
— Y, be mappings defined by the formulas p,(y, z) =y for all (y,z) € Y x Z, and
fax = (fz,gaz) for all z € X (see [5], §2.3). Let us set X, = [foX]y,. It is useful
to note that the closed sets X, and Y x {oo} are disjoint since the function g, is
f-bounded.

Let us put Yo = Y x [[{Zs : @ € 2} and define mappings m: Yy ooy,
p: Yo 2% [[{Z0 i 0 € A, Ta: Yo 2%V, a € A, and fy: X — Yy by the
equalities m{y, 25 : B € A} =y, p{y, 23 : B € A} = {25 : B € A}, ma{y, 28 : O €
€ A} = (y,2q) for all @ € A and {y,z5 : § € A} € Yo, fax = {fz,gpz : § € A}
for x € X (see [5], §2.3). If the mapping f is globally completely regular then the
mapping fg is a homeomorphic embedding.

Let Xy = [faX]yy, py = 7|x,, and let ¢;: X — Xy be the mapping which
coincides with fo. The mapping ps is perfect since 7 is perfect due to the com-
pactness of [[{Z, : @ € A}. Moreover, the mappings m and py are separable since
the space [[{Za : @ € U} is Hausdorff. Therefore if the mapping f is perfect then
the mapping ¢y is perfect due to Lemma 8 of the paper [11].

Let us prove that the mappings 7 and py are globally completely regular. It is
sufficient to prove this statement for the mapping = only. Let = (yo,20) € Yo =
=Y xX[[{Za:a €A} beapoint (yo €Y, 20 € [[{Zo : @ € A}) and Uz C Yy
be its neighborhood (in the case a) let Uz = Yy \ p~ipa’ for 2’ € n1yy \ {z}).
By the definition of the product topology there are neighborhoods Uy, C Y and
Uz CI[{Za: a € A} such that z € Uyg x Uzg = m Uy Np Uz C Ux. Since
the space [[{Zs : o € A} is completely regular ([5], Theorem 2.3.11), there is a
continuous function go: [[{Za : @ € A} — [0, 1] such that gozo = 0 and goz = 1 for
all z € [[{Zs : @ € A} \ Uzp. Then the neighborhood Onz = Uy and the function
g = gop have the required properties.

Let us note also that for each a € U the equality 7, fa = fo is valid, therefore
TaXf C X, (indeed 1, X = X, since the mapping 7, is perfect by Lemma 8 of
the paper [11]) and, hence, z, # oo for all {y,z3 : § € A} € X¢; consequently, we
can define a continuous function g,: Xy — C by putting go{y, 25 : f € A} = 24
for all {y,z5 : B € A} € Xy. Obviously, for each o € A the equality go = Gagy is
valid.

If g € C(py) then ¢g = ggr € C(f), hence, there exists a € A such that ¢g = g,.
The functions g and g, satisfy the same equality which defines them uniquely on
the dense set ¢y X C X;. Since the space C is Hausdorff we have g = g, hence
the map ¢ is an (algebraic) isomorphism. The preservation of all semi-norms n,,
y € Y, is the consequence of the fact that ¢y X is dense X;. Therefore ¢ is a
homeomorphism also.

Let mappings p': X’ — Y and ¢': X — X’ satisfy the conditions 1) and 2).
We shall construct a mapping h: X’ — Xy satisfying the conditions ¢ = hg’ and
P’ =psh.

For every o € A let g, € C(p’) be the right (which exists and is unique by virtue
of the condition 2)) element which satisfies the equality g, = go¢’. Let us define a
mapping h’': X’ — Yy by the equality h'z = {p'x, jox : « € A} for all x € X'. Let
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us note that ¢y X C h'X' since f = p'q’ and go = §oq for all o € A. It is obvious
that the equalities fo = h'q’ and p’ = wh’ are true.

It is necessary to prove that h’X’ C X;. Let us suppose that there is a point
xo € W' X'\ X. Since the set X is closed and the mapping 7 is globally completely
regular, there exist a neighborhood Unzy C Y and a continuous function g: Yy —
— [0,1] such that gzg =1 and gz =0 for all z € Xy N7 ' Urzg = pJ?lUmco. Let
us define the continuous functions go = gfa € C(f) and g = gh' € C(p’). It is
obvious that these functions satisfy the condition go = g{q’, therefore due to the
condition 2) the equality ny,g0 = ny,9(, must be valid, but we have n,,go = 0 and
ny,go = 1. This contradiction proves that A’X’ C Xy, and we have the mapping
h: X' — Xy coinciding with A’. The conditions g5 = hq' and p’ = psh are satisfied.

Let us prove the uniqueness of the mapping h. Assume that there is a mapping
h: X' — Xy such that ¢y = hy', p' = pfh and h # h. Then there exists a point
zo € X’ such that hag # hzg. Then we have pfhxo = pyhxo since pfh prh=1p'.
Therefore there is ap € A such that ga, hxo # Jaohxo. But in this case g1 = gaoh
and gz = Ja,h are two different continuous functions belonging to C'(p’) such that
Gao = Gaodf = §19 = g2¢' € C(f). This contradicts the condition 2), therefore
W =h.

If the mapping p’ is perfect then h is perfect due to Lemma 8 of the paper [11].

If X’ =Xy, p' =py and ¢’ = g5 then the mapping h must be the identity since
it is unique.

If a space X and mappings p; and ¢} satisfy the conditions 1)-3) then there
exist mappings h: X} — Xy and h': Xy — X} such that ¢y = hq}, p}; = prh, ¢ =
= h'qs, ps = ph'. Due to the preceding observation the mapping hh' is identity,
hence, the mapping h’ is a homeomorphic embedding and the mapping h'h is a
retraction.

If the space X } and the mappings p’f and q} satisfy the conditions 1)-4) then
both these mappings h and k' must be homeomorphic embeddings and “onto”,
hence, they are mutually inverse homeomorphisms. O

2.21. Theorem. Let mappings f1: X1 — Y1, fo: Xo — Y3, hy: X7 — Xs and
hg: Yl — ng such that [lel]Yl = Yl, [ngg]yz = ng and h2f1 = f2h1 be given.
Then there exists a unique mapping h: Xy — Xy, such that hqy, = qp,h1 and
haps, = ps,h. Moreover,

1) if ho is separable then h is separable too;
2) if ho is perfect then h is perfect also;
3) if ho is perfect and [hiX1]|x, = Xo then hXy = Xy,.
Proof is analogous to the proof of Theorem 2.20 with some simplifications. O
2.22. Remark. Due to Theorems 2.20 and 2.21 we are in a position to replace
the given mapping f: X — Y by the perfect globally completely regular mapping
pr: Xy onto, Y, when it is useful for our purposes.

E. Homomorphisms of algebras

2.23. Theorem. Let f1, f2, h1 and hy be the same mappings as in Theorem 2.21.
Then the map ¢: C(f2) — C(f1) defined by the equality pg = ghy for all g € C(f2)
is a continuous homomorphis satisfying the condition nyg > sup{ny(vg) : y' €
€ hy'ty} for ally € hoYy and g € C(fa). Moreover,

1) if [MX1]x, = X2 then ¢ is a continuous isomorphism onto a subalgebra of
C(fl);

2) if the mapping hy: X3 onto, h1X1 is quotient (in particular, if hy is closed
or open), the set h1 X7 is clopen in Xo and one of the conditions
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a) the mapping fao|n, x, is closed and the set f{lyﬁthl 18 pseudocompact
for each y € foh1 X1 or
b) the mapping hs is closed and h;ly is countably compact for each y €
€ haY]
is valid, then ¢ is a homomorphism onto a closed subalgebra of C(f1);

3) if the mapping hs is perfect, haYy is clopen subset of Yo and [hiX1]x, =
= f{lthl then ¢ is a homomorphism onto a closed subalgebra of C(f1)
too, and n,g = sup{n, (¢g) : y' € hy 'y} for all y € haYy and g € C(fa);

4) if the mapping hy is closed, the set h;ly has a finite topology for each y €
€Y, and [h1 X1]x, = Xa, then ¢ is a topological isomorphism onto a closed
subalgebra of C(f1), and nyg = max{n, (vg) : y' € hy 'y} for ally € haVy
and g € C(f2).

Proof. The homomorphism ¢ is continuous since for all y € Y7 and g € C(f2)
the inequality ny(¢g) = ny(gh1) < nn,yg is fulfilled. From the last inequlity it
follows that sup{n,(pg) : v € hy 'y} < nyg for all y € hyY; and g € C(f2).

1). This statement is obvious.

2). Let go € [¢C(f2)]c(s,)- Let us take arbitrary points x1, 22 € X such that
hi1x1 = hiz2 and prove that goz1 = goxa. Of course, for all g € pC(f2) the equality
gr1 = gxo is true.

Let us take ¢ > 0 and consider the neighborhood V' = Vi (go, 5, fi{z1, 22}) C
C C(f1). By the choice of gg there is a function g € V N pC(f2). Then we have
gxr1 = gxo and
€

228.

€
|9071 — gox2| = |gox1 — g1 + gw2 — gox2| < [gox1 — gx1|+ |92 — gow2| < B +

Since the number ¢ > 0 is arbitrary it means that gox1 = goxa.
Thus we can define a function g: X9 — C by putting

gox’ if x € hy X1 and x = hy2' for some 2’ € X7,
xr =
g OifxEXz\thl.

This function is continuous since the mapping hy is quotient and the set hy X3
is clopen. To prove that the function g is fa-bounded we can use Assertion 2.4 in
the case a), or Assertion 2.13 and the closedness of hs in the case b). The equality
(g = go is obvious.

3). Due to Theorems 2.20 and 2.21 we can suppose that the mappings f; and
f2 are perfect and fy is separable (otherwise we can replace the mappings f1, fo
and hy by the mappings py,, py, and h from Theorems 2.20 and 2.21). Then the
mapping h; is perfect too since hy is perfect ([3], Chapter I, §10, Proposition 5,
and [11], Lemma 8). Therefore all conditions of the statement 2) are fulfilled and,
hence, the set C/(f2) is closed in C(fy).

Let yo € haY1, g € C(f2) and A = sup{n,(pg) : v € hy'yo}. Let us prove
that ny,g = A. It is sufficient to prove that n,,g < A. Let us take an arbitrary
number € > 0 and set Uh;lyo = Uy, a+e (see 2.11). Then we get the inequality
sup{|ghiz| : = € f{'Uhy'yo} < A + ¢ on account of the definition 2.6. The set
Uy = th hy Lo N haY7 is a neighborhood of the point yo since the mapping hy is
closed and the set hoY7 is clopen in Y5. Then the inequality

Ny,g < sup{|gz| : z € f{lUyO} < sup{|ghiz| : x € ffthglyo} <A+e

holds since f5 Wy C [hfl u hsy 1y0] X,- As the number ¢ > 0 is arbitrary, we get
Nyog < A, and the poof is concluded.

4). Tt follows from the statements 1) and 3) that ¢ is a continuous isomor-
phism onto a closed subalgebra of C(f;) and the required equality is fulfilled (with
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“sup” instead of “max”). The rest can be proved by analogy with the proof of the
statement ¢) in Proposition 2.17. O

2.24. Remark. Let the mappings f1, fo, h1 and ho be the same. Let a point
Yo € Ys satisfy the following conditions:

1) there exists a neighborhood Upyg C Y> such that fz_lUOyo C [hiX1]x,s
2) for each neighborhood Uhg Lo C Y1 of the set hy Lo there exists a neigh-
borhood Uyy C Y3 such that hy Wy CU hy Yo (that is, the mapping ho
is closed at the point yo).
Then the same reasonings as in the proof of the statement 3) of Theorem 2.23
proves the equality n,,g = sup{ny(ghi) : y € hytyo} for all functions g € C(fa).

2.25. Corollary. Let fi: X1 — Y, fo: Xo =Y and h: X1 — Xy be mappings
such that fi = foh and [f2Xa]y = Y.1 Then the map p: C(fs) — C(f1) defined
by the equality ¢g = gh for all g € C(f2) is a continuous homomorphism onto
a closed subalgebra of C(f1). Moreover, if [hX1]x, = X2 then ¢ is a topological
isomorphism onto a closed subalgebra of C(f1) preserving all semi-norms ny, y €
€Y.

2.26. Theorem. Let mappings f1: X1 — Y1, fo: Xo onto, Yo and he: Y7 — Y5
be given, moreover, let the mapping fo be perfect and globally completely reqular and
[f1X1]y, = Y1. Besides that, let p: C(f2) — C(f1) be a homomorphism such that
the inequality ny(pg) < nn,yg is valid for all y € Y1 and g € C(f2). Then there
exists and is unique a mapping hi: X1 — X9 such that fohy = he f1 and ghy = ¢g
for all g € C(f2). Moreover,

1) if both mappings f1 and ha are perfect or separable then the mapping hy is,
respectively, perfect or separable too;

2) if for some point yo € haY7 the equality n,,g = sup{n,(pg) : y € hy 'yo} is
fulfilled for all functions g € C(f2) then fy 'yo C [h1X1]x,-

Proof is almost identical to the proof of Theorem 2.20. (]

onto

2.27. Corollary. Let fi: X; — Y be a mapping,® fo: Xo ==Y be a perfect
completely regular mapping and ¢: C(f2) — C(f1) be a homomorphism such that
the inequality ny(pg) < nyg holds for all y € [f1X1]y and g € C(f2). Then there
exists and is unique a mapping h: X3 — Xo such that foh = f1 and gh = pg for
all g € C(f2); hence, pC(f2) is a closed subalgebra of C(f1). Moreover,

1) if the mapping fi1 is perfect or separable then the mapping h is, respectively,
perfect or separable too;

2) if for some point y € [f1X1]y the equality nyg = ny(pg) is fulfilled for all
functions g € C(fa) then fy 'y C [hX1]x,.

§ 3. MAPPINGS AND MAXIMAL IDEALS

onto

3.1. Let us fix a perfect globally completely regular mapping f: X —— Y.
If a given mapping is not perfect or globally completely regular then we can use
Theorems 2.20 and 2.21.

We shall consider algebras of complex functions but all results of §3 will be valid
for algebras of real functions too.

A. Closed ideals and quotient algebras

3.2. For each point y € Y let I, = {g € C(f) : nyg = 0}; of course, this is a
closed ideal of the algebra C(f).

IWe assume that semi-norm ny, y € Y, is defined on the algebra C(f1) iff y € [f1 X1]y.
2See the preceding foot-note.
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For an arbitrary finite set A C Y let o = ({I, : vy € A} and let nag =
= max{nyg : y € A} for all g € C(f); of course, ny is a seminorm satisfying the
conditions 1)-7) of Theorem 2.7, and I4 = {g € C(f) : nag = 0}.

Therefore we can define a homomorphism pa: C(f) 2% Cy = C(f)/Ia onto
a quotient algebra for any finite set A C Y and a norm on the algebra C'4 by the
formula ||| = nag for all g € C4, where g € C(f) is a function such that pag = g;
of course, the homomorphism p4 is continuous.

3.3. Lemma. Let ACY be a finite subset. Then

a) for each element g € Cy there exists a function g € C*(X) C C(f) such
that the equalities pag = g and ||g|| = ||g|| are satisfied;
b) the algebra C4 is complete.

Proof. a) Let g € Cy and g € C(f) be some elements satisfying the condition
pag =g. Let t = ||g|| = nag and let g; € C*(x) be the function defined in the proof
of Proposition 2.16. Then ||¢g:]| = ¢ = ||g|| and na(g: — g) =0, that is, gt —g € 14
and, hence, pag: = pag = g.

b) Let {g, : n € N} be a Cauchy sequence of elements of Cy. Without loss
of generality we can suppose that ||gn+1 — Gnl| < 27" for all n € N. Due to
the statement a), for each n € N there exists a function g, € C*(X) C C(f)
such that pagn = Gnt1 — Gn and ||gnl| = ||gn+1 — Gnll < 27™. Since the algebra

o0
C*(X) is complete, the series Y g, converges to some function go € C*(X). By
n=1
Proposition 2.16 this convergence takes place in C(f) too. Due to the continuity
of the homomorphism p4, we have

o0 o0 o0
G1+DPAgGo=G1+PAY =91+ Y PaGn =01 + O _(Gnt1 — Gn),

n=1 n=1 n=1
that is, the last series converges; since its n-th partial sum equals g, for all n € N,

the given sequence converges to g1 + pago- U

3.4. Corollary. Every mazimal ideal of the algebra C(f) containing an ideal I 4
for some finite A CY is closed.

Proof. Let M C C(f) be a maximal ideal, A C Y be a finite set such that
Iy C M. Then M = psM is a maximal ideal (otherwise M would be contained
in a larger ideal) which is closed by the statement II 4) of §9.4 of the book [8].
Therefore M = p,' M (since M is maximal) is closed. O

B. Closed maximal ideals of C(f) and points of X

3.5. Lemma. a) For each point x € X the set My, = {g € C(f) : gx =0} is a
closed mazimal ideal of the algebra C(f) and Ip, C M,.

b) If points x1,29 € X satisfy the conditions fx1 = fxo and x1 # xo then
Mg, # My,

c) If M C C(f) is a closed mazimal ideal and y € Y is a point such that I, C M
then there exists a point x € f~ty such that M, = M (see also 4.4).

d) If points x1,x2 € X satisfy the condition M,, = M,, then gx; = gxo for all
functions g € C(f).

Proof. a) Let © € X be an arbitrary point. Then we can define a homomorphism
onto

ps: C(f) — C by the formula p,g = gz for all g € C(f). The homomorphism
ps is continuous, therefore its kernel M, = p;'0 is a closed ideal. This ideal is
maximal since the algebra C has no ideals except {0}.

b) Let 1,22 € X be points such that fx; = fxy and z1 # x2. Since the
mapping f is globally completely regular, there exists a function g € C(f) such
that g1 = 0 and gzo = 1. Then g € M,, and g ¢ M,,, that is, M,, # M,,.
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c) Let M be a closed maximal ideal of the algebra C(f) and y € Y be a point
such that I, C M. Let us suppose that for each point x € f~!y there exists a
function g, € M such that g,z # 0; the sets Uz = {2/ € X : gya’ # 0}, x €
€ f~ly, constitute an open covering of the compact space f~'y. Let us choose a

n

finite subcovering {Uzy, : k = 1,2,...,n} and put go = Z Gz;, - 9u,.- Then the

(real) function gy belongs to M and goz = Z Gz, T+ G, = Z |ga,z|? > 0 for all

x € f7ly. Let t = inf{gox : x € f~'y}. Then t > 0 since f y is compact ([5],
Corollary 3.2.9), and we can define a function g: X — R C C by putting for each
rzeX
gox if gox > t,
gr = .
tif goxr < t.

Due to Proposition 2.9 we have ny(g — go) = 0, therefore g — go € I, € M and
g € M. But for the element g of the algebra C(f) there is an inverse element since
gxr # 0 for all z € X, and we have got the contradiction: elements of ideals have
not inverse elements ([8], §7.4, the statement I). Hence there is a point x € f~ly
such that g = 0 for all ¢ € M and, consequently, M = M, since M is a maximal
ideal.

d) If z1,20 € X are points such that M,, = M,, then the equality p,, = pa,
is fulfilled since these homomorphisms have the identical kernels. Hence, gx; =
= Pa19 = Pag = gT2. u

C. The space of closed maximal ideals and the space X

3.6. Let My be the set of all closed maximal ideals of the algebra C(f). For
each y € Y let M, = {M € M; : [, C M}. It follows from Lemma 4.4 that
Mr=U{M, :yeY}.

Let us define a map my: X onto, M by the equality mpz = M, for all z € X
(the equality 7y X = 9y follows from Lemma 3.5 ¢) and the preceding equality).

Due to Lemma 3.5 d) for every function g € C(f) we can define the function
g: My — C by the equality g = gﬂj?l since my X = M. Let us equip the set My
with the smallest topology in which all functions g, g € C(f), are continuous. Then
we get the homomorphism ¢¢: C(f) — C(9My) defined by the formula ¢¢g = g for
all g € C(f).

For every point y € Y and an arbitrary function g € C(f) let us set nyg =

= sup{|gM| : M € M, }. As it will be proved in Theorem 3.7, the function n, is
a semi-norm on the algebra C(9My) satisfying the conditions 1)-7) of Theorem 2.7
for each point y € Y. Therefore we can equip the algebra C(9iy) with the topology
generated by the family of semi-norms {n, : y € Y'} (see 2.14).

3.7. Theorem. a) The map s is continuous.

b) The mapping T, = mf|s-1,: [y == M, C My is a homeomorphism for
each point y € Y; hence, the space M, is compact

c) For each point y € Y the function n,: C(My) — R is a semi-norm satisfying
the conditions 1)-7) of Theorem 2.7.

d) The map ¢g: C(f) onte, C(My) is a topological isomorphism preserving all
semi-norms ny, y € Y.

onto

Proof. a) By the definition of the topology of the space M all sets of the form
V(g,U) =g~ 'U, where g € C(f), = psg and U C C is an open set, constitute a
subbase for this topology; obviously, w]?1V(g, U) = g~ U is an open subset of the
space X, therefore the map 7y is continuous.
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b) This statement follows from the preceding one, Lemma 3.5 b), ¢) and Theorem
3.1.13 of the book [5].

c). It follows from the preceding statement that n,g has a finite value for all
y €Y and g € C(My). The rest can be proved in a standard way.

d) The equality ¢¢C(f) = C(My) follows from the statement a), since we can
define the inverse map C'(My) — C(f); the equality ny(¢rg) = nyg for every y €
€Y and g € O(f) follows from the statement b) and Proposition 2.9; the rest is
obvious. O

3.8. Remark. Tt follows from the results of this section that a perfect globally
completely regular mapping f: X 2% ¥ can be restored (up to a homeomorphism)

if its algebra C(f) and the space Y (and the corresponding semi-norms n,, y € Y)
are known: we can set

X={(y,M):yeY, M C C(f) is a maximal ideal such that I, C M},

onto onto

define the maps f: X — Y and 7y: X —— 9 by the equalities f(y, M) =y
and 7y (y, M) = M for all (y, M) € X, and equip X with the smallest topology in
which the maps f and 7y are continuous (the space Mty in this case is the set of all
closed maximal ideals of the algebra C(f) equipped with the topology described in
the book [8], §11.3; see also the item 5.3 below).

§ 4. SOME AUXILIARY LEMMAS

4.1. Lemma. Let C be a normed (complex or real) commutative algebra with
the unit ec and with a norm satisfying the conditions 1)-7) of Theorem 2.7, and
let C be its completion. Then

a) for every closed mazimal ideal M C C the set M = [M] is a mazimal
ideal of the algebra C';

b) for every maximal ideal M c C the set M = M NC is a closed mazimal
ideal of the algebra C;

c) the maps described in a) and b) above are inverse to each other, and the

equality gM = gM s valid for all elements g € C and closed mazimal ideals
M C C (see 5.3).

Proof. a) The set M is an ideal of the algebra C' due to the continuity of the
multiplication. The quotient algebra C'/M is isomorphic to the algebra C (or R)
since the ideal M is maximal. Hence the quotient algebra C'/M contains C/M as
dense (since C is dense in C') and closed (since C'/M is complete) subset. Therefore
C/M coincides with the algebra C'/M, that is, it is isomorphic to C (or R), and
the ideal M is maximal.

The statements b) and ¢) are obvious. O

4.2. In the following lemmas let C be a (complex or real) commutative algebra
with the unit ec equipped with a Hausdorff topology generated by the family of
semi-norms {n, : y € Y’} satisfying the conditions 1)-7) of Theorem 2.7.

4.3. Lemma. Let I C C be a closed ideal and let p: C onto, C/I be a homo-
morphism onto the quotient algebra. Then

a) for every closed mazimal ideal M C C satisfying the condition I C M the
set M = pM is a closed maximal ideal of the algebra C/I;

b) for every closed mazimal ideal M C C/I the set M = p~ M is a closed
mazximal ideal of the algebra C such that I C M;

c) the maps described in a) and b) above are inverse to each other, and the
equality (pg)M = gM ‘s valid for all elements g € C and closed mazimal
ideals M C C satisfying the condition I C M (see 5.3).
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Proof is obvious. O

4.4. Lemma. For each closed maximal ideal M C C there is a point y € Y such
that I, € M, where I, = {g € C' : nyg = 0} (see 5.2).

Proof. Let us note that if M C C is a maximal ideal and I C C is an ideal such
that I\ M # &, then there are elements gy € M and g; € I such that gy + gr =
= ec. Indeed, if go € I is an element such that go ¢ M then there are elements
g1 € M and g € C such that g- (g1 + go) = ec since the ideal M is maximal. Then
we can take gyy = ¢g- g1 and gr = g - go-

Let M C C be a closed maximal ideal. By the definition of the topology of
the algebra C' there exist a number ¢ > 0 and a finite set A C Y such that
V(ec,e,A) N M = &, where

Viec,e,A) ={ge€C:ny(g—ec) <eforallyec A}.
Let us prove that
IA:ﬂ{Iy:yEA}:{gEC’:nygz()forallyeA}gM.

If, on the contrary, there is some element g € I4 \ M, then there are g,y € M
and gy, € I4 such that gy + g7, = ec. Hence, we have pagy = palgy + 91,) =
= paec = ea, where py: C onto, C/I4 is a homomorphism onto the quotient
algebra and e, is the unit of the algebra C/I4. But it is obvious that pzleA -
C V(ec,e, A), therefore gy € V(ec,e, A) N M, that is, V(ec,e, A) N M # &. But
this is impossible by the choice of the neighborhood V(ec,e, A). Hence, 14 C M.

Let us suppose that I, \ M # @ for all y € A. Analogously, for each y € A
there are elements g, € M and g;, € I, such that g, + g, = ec. Then we have
[I{gy + g1, : y € A} = ec. Removing the brackets we get

H{gy (Y € A}—i—Z{g[y-H{gZ cze A\{y}}:ye A}+.. '+H{gfy cy € A} =ec.

In this sum all terms, with the exception of the last one, belongs to M, and
[[{gr, -y € Ay € ({1, : y € A} = 1. Hence, we have got an equality of the
type gnm + g1, = ec, where gpy € M and g7, € I4. But this is impossible since
g1a € In C M and ec ¢ M. Therefore there is an element y € A such that
I, C M. O

4.5. Lemma. For each closed ideal J C C there is a closed mazimal ideal M C C
such that J C M.

Proof. Since the ideal J is closed, there exist a number € > 0 and a finite set
A C Y such that V(ec,e,A)NJ = &. Let us set Iy = ({I, : y € A}. Then
the set J = {g1+ g2 : g1 € J,g2 € 1a} is an ideal such that 4 U J C J/ and
V(ec,e, A)NJ), = @. By the statement VII, §8.1 of the book [8], the set J4 = [J)4]c
is a closed ideal, T4 UJ C J4 and V(ec,e,A)NJs = 2.

Let us define the semi-norm n4 by the equality nag = max{n,g:y € A} for all
g € C. Tt is easily verified that all conditions 1)-7) of Theorem 2.7 are valid. We can
consider the quotient algebra C4 = C/I4 and the corresponding homomorphism
pa: C o0, s, The algebra C4 is normed with the norm defined by the equality
||gl]] = nag for g € Ca where g € C is any element such that pag = g (it is easily
seen that nag = nag if pag = pag’ since na(g—g') = 0). Let C4 be a completion
of the algebra C4.

The set j = [paJa] ¢, is a closed ideal of the algebra C4. There is a maximal
ideal M C C4 such that j C M (see [8], §7.4, the statement IV). The ideal M is
closed by the statement IT 4), §9.4 of the book [8]. By Lemmas 4.1 and 4.3 the set
M =p~'(M N Cy,) is a closed maximal ideal, and .J C M. O
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§ 5. REALIZATIONS OF ABSTRACT ALGEBRAS

5.1. Further on let C' be a commutative complex algebra with the unit e (except
the item 5.22) and the zero O¢, equipped with a Hausdorff topology generated (see
2.14) by a family of semi-norms {n, : y € Y} satisfying the conditions 1)-7) of
Theorem 2.7 (if the algebra C has not an involution then we put g* = ¢ for all
g € C in the conditions 6) and 7); if the algebra C' has not a unit® then we can
add the unit e using the method of the item III, §16.1 of the book [8]*). Tt is not
necessary to suppose that n,, # ny, for y1,y2 € Y such that y; # yo.

Let {ny : y € Yo} be the family of all continuous semi-norms on the algebra C
satisfying the conditions 1)-7) of Theorem 2.7. We shall assume that n,, # n,, for
all y1,y2 € Yo such that y; # yo. Of course, we can use this family instead of the
preceding one.

A. The space of closed maximal ideals

5.2. Let 91 be the set of all closed maximal ideals of the algebra C.

Let y € Y (or y € Y¢) be an arbitrary point. Then the set I, = {g € C' : nyg =
= 0} is a closed ideal of the algebra C. Let us set M, = {M € M : I, C M}. It
follows from Lemma 4.4 that M = J{M, :y € Y} = UM, :y € Yo}

5.3. Every element g € C can be considered as a function g: 9t — C: for
any M € M let ppr: C —— onto —— C/M = C be the homomorphism onto the quotient
algebra; then we put gM = pprg (see [8], §11.2).

Let us equip the set 9t with the smallest topology in which all functions g €
€ C are continuous (see [8], §11.3). The space M with this topology is completely
regular.

5.4. Lemma. Lety €Y (or Yo) be an arbitrary point. Then

a) the subspace M, C M is compact;
b) for each element g € C the equality nyg = sup{|gM|: M € M, } is satisfied.

onto

Proof. Let y € Y and let p,: C —— C, = C/I,, be the homomorphism onto the
quotient algebra equipped with the norm which is defined by the equality ||g|| =
= nyyg for every g € Cy, where g € C' is an element such that p,g = g. Let C’U be
the completion of the algebra Cy. Since the conditions 1)-7) of Theorem 2.7 are
preserved under the completion, as in the proof of Theorem 1, §16.2 of the book
(8], we get 1%l = [|g]|* and sup{|gM| : M € M,} = ||g|| for all functions § € Cy,
where Sﬁy is the space of all maximal ideals of the algebra C‘ The space Sﬁy is
compact due to Theorem 2 of §11.3 of the book [8].

Using Lemmas 4. 1 and 4.3 we get the one-to-one map @y 93? onto, M, defined
by the formula ¢, M = p; YM n¢,) for all M € M, Th1s map satisfies the
condition g(goy]\Zf) = gM for all M € 957y and g € C, where g = p,g. It follows
from the comparison of the topologies that the map ¢, is continuous, and hence it
is a homeomorphism since the space 9, is compact (5], Theorem 3.1.13). Finally,

3Tt is possible that there is an element go € C such that go - g = g for all g € C, but nygo =0
for some y € Y (of course, nyg = 0 for all g € C in this case). We shall call this element by the
quasi-unit since it does not satisfy the condition 5) of Theorem 2.7.

41f the algebra C has not a unit then we consider the algebra C’ = {A-e+g :NeC,¢g €C},
where e is the unit, and for each y € Y, A € C and g’ € C we define

sup{ny(A-g+g -g): g€ C,nyg =1} if there exists g € C such that nyg > 0,

ny(Xe+g’) =
0 g) {)\| if nyg=0forallgeC.
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we have
nyg = ||gll = sup{|gM| : M € 9, } = sup{|gM|: M € M}
for any g € C, where g = pyg. O
B. Preorders on the sets of semi-norms

5.5. Let us equip the set Y with the preorder® by putting i1 < y» for y;,42 € Y
if ny, 9 <ny,g forall g € C.

Analogously the preorder is defined for the set Y¢; in this case this preorder is
a partial order.

Let us define the map jy: Y — Yo by the equality jyy = ¢’ for y € Y where
Yy’ € Yo is an element (unique for any y € Y') such that n,, = n,. Obviously, this
map preserves the preorder, that is, if y1,y2 € Y and y; < y2 then jyy; < jyye.

5.6. Assertion. For all y1,y2 € Y (or Y¢) the following conditions are equiva-
lent:

1) y1 < yo;
2) Iy, 2 I,;
3) myl g myz'
Proof. The implications 1) = 2) and 2) = 3) are obvious, the implication
3) = 1) follows from Lemma 5.4b). O

5.7. Assertion. a) For every finite set A C Y there exists max A € Y.

b) For each mazimal ideal M € 9N there exists and is unique an element yy €
€ Yo such that ny,,g = |gM| for all g € C; moreover, the element yar is minimal
in the set Ye.

¢) A maximal element of the set Yo exists iff the algebra C is normed.

Proof. a) See the item 3.2.

b) It follows from the statement I, §11.2 of the book [8], and Assertion 5.6.

c) This is obvious, since an element y € Yo is maximal iff the semi-norm n, is a
norm on the algebra C. (]

5.8. Lemma. For each point yo € Yo there exists a finite subset A C'Y such
that for all g € C the inequality ny,g < nag is satisfied, that is, yo < max jy A (see
the item 3.2).

Proof. The set V(0¢,1,{yo}) = {g € C : ny,g < 1} is open since the semi-norm
Ny, is continuous. Therefore there are a finite set A C Y and a number € > 0 such
that V(0c,e,A) ={g € C :nyg<eforallye A} CV(0c,1,{yo}).

Let us assume that T4 = ({I, : y € A} is not contained in I, that is, there
exists an element gy € I4 \ Iy,. Then we have nagy = max{nygo : y € A} =0 and
Nyogo = ¢ 7 0. But then for g = % -go we get g € V(0¢,e,A) and g ¢ V(0¢, 1,y0)
since ny,g = 1, and this contradicts the choice of the set V(0¢c,e, A). Therefore
I4 C I,. Since the semi-norm n4 has all properties 1)-7) of Theorem 2.7, there is
y € Yo such that ng = ny, and I, = I, (that is, y = max jy A). Using Assertion
5.6 we get the desirable inequality. (]

5.9. Definition. A family of continuous semi-norms on the algebra C' satisfying
the conditions 1)-7) of Theorem 2.7 will be called sufficient if it defines the given
topology of the algebra C' in the sense of 2.14.

5.10. Of course, the families {n, : y € Y’} and {n, : y € Y¢} are sufficient.

5.11. Corollary. A family {n, : y € Y'} of continuous semi-norms on the
algebra C' satisfying the conditions 1)-7) of Theorem 2.7 is sufficient iff for each
y € Yo there is a finite subset A CY' such that y < max jy+ A.

5A preorder is a transitive reflexive relation.
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C. An involution

5.12. Lemma. If the algebra C' has an involution then it is symmetric, that is,
g*M = gM for all g € C and M € M (see [8], §14).

Proof. Let g€ C, M € M and let y € Y be an element such that M € 9. Let
C'y be defined as in the proof of Lemma 5.4 and let M = [pyM]éy and g = pyg.
Then we have the equalities g* M = g*M and gM = QM.

The algebra C,, satisfies the conditions of Theorem 1 of §16.2 of the book [8] and,
hence, it is symmetric, that is, g*]\Z/ = gM . Therefore the algebra C' is symmetric
too, since g*M = g*M = gM = gM. O

5.13. Let C(9) be the algebra of all continuous functions g: 9t — C.

For each g € C(M) and y € Y let ny,g = sup{|gM|: M € 9, }. Since the set
M, is compact for every y € Y, the function n, is a semi-norm on the algebra
C(9M) satistying the conditions 1)-7) of Theorem 2.7. Moreover, if g € C(9M) is
a function such that nyg = 0 for all y € Y, then gM = 0 for all M € 9M, since
M=U{M, :yeY}.

Let us equip the algebra C'(9) with the topology generated by the family of
semi-norms {n, : y € Y'}.

Due to Corollary 5.11 this topology is independent of the choice of a sufficient
family of semi-norms. Moreover, the algebra C(9) defines the same preorders on
the sets Y and Yo as C does (see Assertion 5.6; this is true for any subalgebra
C C C(9M) such that C C O).

As it was shown in the item 5.3, we can regard the algebra C as a subalgebra
of C(M). Since this embedding preserves all semi-norms n,, y € ¥ (see Lemma
5.4b)), it is a topological isomorphism onto a subalgebra.

The algebra C(91) has the involution defined by the equality g* M = gM for all
g € C(M) and M € M. By Lemma 5.12, if the algebra C has an involution, then
this involution agrees with the involution of the algebra C(90).

D. Topologies on sets of semi-norms

5.14. Let us fix some subalgebra CC C(9) with an involution such that C' C C.
Of course, we can take C' = C(90); if the algebra C' has an involution, then we can
take C' = C.

For each function g € C let Us={y €Y : nyg < 1} (compare with Corollary
2.11). Let us equip the set Y with a topology by taking as a subbase of this topology
the family {U, : g € C}.

Analogously, a topology is defined for the set Y¢.

It follows from Corollaries 2.11 and 5.20 that the defined topology on the set
Y (or Y¢) is the smallest one which is compatible with the algebra C, but we can
use any larger topology (see 5.32). Nevertheless we shall use the smallest topology
until the item 5.32.

5.15. Lemma. a) The family {U, : g € C’} is a base for the topology of the space
Y.

b) The space Y¢ is a Ty-space.

¢) The map jy: Y — Yo (see 5.5) is continuous. The mapping jy is a homeo-
morphism onto jyY C Yo iff ny, # ny, for all y1,y2 € Y such that y1 # y2.

d) For each yo € Y the equality

{yeY y<y} = ﬂ{Uyo :Uyo CY is a neighborhood of the point yo}
holds.

6The long line means the complex conjugation.
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Proof. a) Let elements g1, g2 € C and Yo € Y satisfy the condition yo € Uy, NU,,.
In order to prove our statement we have to find a function g € C such that Yo €
cUy, CUy NU,.

By the equality Uy = Uy.4« for all g € C, we can assume that the functions g1
and go are real and non-negative. Let ¢; = ny,g1 and ¢z = ny,g2. Then 0 < ¢; <1
and 0 < ¢ < 1. Therefore there exist numbers my, mo € N such that ¢ < % and
3 < L. Hence the function g = gi** + g5 € C satisfies the conditions, which
follows from the definition of seminorms n,, y € Y (see 5.13):

1) Nyo g < nyo(ginl) +ny0(g72712) = CT1 + C;nQ < %4— % = 1’
2) if nyg1 > 1 or nyge > 1 for some y € Y then n,g > 1.

b) Let y1,y2 € Yo and y1 # ya. Since n,, # n,, by the definition of the set Y,
there exists a function gy € C' C C such that Ny, go 7 Ny,go- Let us suppose, for
example, that ny,go < ny,g0. Let ¢ = % - (ny, g0 + ny,90) and g = 1 - go. Then
y1 € Uy and ya ¢ U,,.

¢) This statement is obvious.

d) It is sufficient to note that the following statements hold:

1) if elements y,yp € Y and g € C satisfy the conditions yo € Uy and y < yo
then y € Uy;

2) if elements y,yo € Y do not satisfy the condition y < yo then there exists a
function go € C' C C such that n,go > ny,go; if ¢ = 1 (nygo + ny,90) and
g=1.gotheny ¢ U, and yo € U,.

Therefore the required equality is fulfilled. ([

E. A construction of mappings

5.16. Let us set
X={({y,M)eY xM: M cMm,}

onto onto

and define maps f: X — Y and n: X —— 91 by the equalities f(y, M) =y
and w(y, M) = M for all (y, M) € X. For each function g € C(9M) let us define
a function g: X — C by the equality g(y, M) = gM for all (y, M) € X, that is,
g=gr.

Let us equip the set X with the smallest topology in which all maps f and g,
g € C(M), are continuous. Obviously, this topology coincides with the topology of
the subspace of the product Y x 91, and the map 7 is continuous.

Thus, we have the homomorphism ¢: C(9) — C(f) defined by the formula
pg = g for all g € C(M).

We shall write X¢, fo, mo and ¢¢ instead of X, f, m and ¢ if Y = Y in this
construction.

The algebra C is defined in the item 5.14.

5.17. Lemma. For each point x € X and each closed set F C X such that x ¢ F
there exist a neighborhood U fxz C Y and a function g € C such that the following
conditions are satisfied:

1) gM is real and gM > —3 for all M € M;
2) gx = gnx = —%;
3) gx' =1 forallx’ € FN f~1U fu.
Proof. By the definition of the topology of the space X (see 5.3 and 5.16) there

are functions g1, go, ..., g, € C and neighborhoods U fx C Y and Ugyx,Ugax, ...,
Ugnr C C such that x € f'Ufen{g, 'Ugrz : k=1,2,...,n} C X\ F.
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For k = 1,2,...,n let ¢, = inf{|]c — gxz|?> : ¢ € C\ Uggz}. Then ¢t > 0 for

k=1,2,...,n, and we can define the function
i i (9k — Grw - ec) - (gr — Grw - €0)" — Lo
2Ck 2

The function g € C' and the neighborhood U f C Y have the required properties
1), 2) and 3). O
5.18. Lemma. For each point y € Y, each compact set ® C f~'y and each
closed set I C X such that F N ® = & there are a neighborhood Uy C'Y and a
function g € C such that the following conditions hold:
1) gM is real and gM > —% for all M € M;
2) =2 <gx=grx <0 foralzed;
3) gr>1foralxe Fnf~tUy.
Proof. For each point x € ® there exist a neighborhood U,y C Y and a function
g» € C satisfying the conditions 1)-3) of Lemma 5.17. The sets Uz = {z’ €
€ X : g2’ <0}, z € ®, g, = g,, form an open covering of the compact set ®. Let
{Uz1,Uzs,...,Uzx,} be its finite subcovering and Uy = (\{U,,y: k=1,2,...,n}.
If n = 1 then our Lemma is proved. Let us suppose that n > 1 and show that
the number n can be decreased.
Let A = sup{max{0, gz, %, gz, 2} : * € Uz1 UUx2}. The function g = 2 g4, - ga,
satisfies the following conditions (g = gm):
a) gr=2foralle € Fn f~1Uy;
B) —A< gz < % for all x € Uxy U Uzzs;
v) gr = —Aforallz € X.

m
Let us find a number m € N such that (Ajff) < 1. Then (A—ﬁ) >2>3
m
since AA+J£’15 . ﬁ—ﬁ > 1, therefore the function g1 o = (gt{‘%) — % ec satisfies

the following conditions (1,2 = g1,27):

a') glzx 1forallz € Fnf~tUy;
8) —5 < g12x <0 forall x € Uxy UUxs;
¥ §172x >—1forallz € X,
Let Uy 2 = {z € X : g1 22 < 0}. Then we can use the covering {U; 2, Uxs, ...,
Uz, } and the functions g1 2, gz, - - - Ga,.-
Repeating this reasoning we can decrease the number n to 1. O

onto

5.19. Lemma. The mapping f: X —— Y 1is perfect and globally completely
reqular.

Proof. The mapping f is globally completely regular by Lemma 5.17.

The mapping f is compact by Lemma 5.4 a). Let us prove the closedness of the
mapping f. For this end it is sufficient to prove that if U C X is an open set and
y € Y is a point such that f~!y C U, then there exists a neighborhood Uy C Y such
that f~'Uy C U. Indeed, for a given open set U C X there exist, due to Lemma
5.18, a neighborhood Upy C Y and a real function g € C such that —% <gr<O0
forallz € f~'y and go > 1 for all z € f~'Upy \ U. Since n,g < % by Lemma 5.4
b), the set Uy is a neighborhood of the point y, and the set Uy = U, N Upy is a
required neighborhood. U

5.20. Corollary. a) For each y € Y and g € C(IM) the equality
nyg = inf{sup{|gnz| : 2 € f Uy} : Uy CY is a neighborhood of the point y}
is fulfilled, and, hence, the set Uy ={y € Y : nyg < 1} is open for each g € C(IM).
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b) The topology of the space Y is independent of the choice of the algebra C in
the item 5.14.

F. Realizations of algebras

5.21. Corollary. The map ¢: C(IM) — C(f) (see 5.16) is a topological iso-
morphism onto a subalgebra preserving all semi-norms ny, y € Y. Moreover, if
the mapping 7 is quotient (in particular, if it is closed or open) then wC(IM) is a
closed subalgebra of the algebra C(f).

Proof. By Corollary 5.20 a) the isomorphism ¢ preserves all semi-norms n,,
y € Y. Hence, it is a topological isomorphism onto a subalgebra of C(f).

If the mapping 7 is quotient then the closedness of ¢C(9M) in C(f) can be proved
in a way analogous to the proof of the statement 2) of Theorem 2.23. (]

5.22. Theorem. Let C' be a Hausdorff topological commutative complez algebra.
Let us suppose that {n, : y € Y} is a sufficient family of continuous seminorms on
the algebra C satisfying the conditions 1)-7) of Theorem 2.7. Then there exist a
topology on the set'Y , a topological space X and a perfect globally completely reqular

mapping f: X MO0 Y such that the algebra C' is topologically (and isometrically)
isomorphic to a subalgebra of the algebra C(f).

Proof follows from the items 5.1, 5.14, 5.16, 5.19 and 5.21. O

5.23. Lemma. If (y1, M), (y2, M) € X and y1 < ya2, then for each continuous
function g: C — C the equality g(y1, M) = g(ya, M) holds.

Proof. By the definition of the topology of the space X for any couples (y1, M),
(y2, M) € X satisfying the condition y; < y2, every neighborhood of the point
(y2, M) contains the point (y1, M). Therefore a function g: C — C which is con-
tinuous at the point (y2, M) has to satisfy the condition g(y1, M) = g(yz2, M). O

5.24. Assertion. Let us assume that there exists a subspace ' C X such that
onto

the mapping ™ = ww|on : MM —— M is a homeomorphism. Then the map h: C(f) —
— C(M) defined by the formula hg = ga~t for g € C(f) is a continuous homo-
morphism such that he is the identity map and ©h is a retraction. In particular,

the algebra oC (M) is closed in C(f).

5.25. Corollary. Let the assumption of Assertion 5.24 be valid and let for each
elements (y1, M), (y2, M) € X there exists a couple (y, M) € X such that the ele-
ment y is comparable with y1 and yo in the sense of 5.5. Then the homomorphisms
h and ¢ are mutually inverse topological isomorphisms preserving all semi-norms

{ny:yeY}.
5.26. Lemma. a) The correspondence M — yp for M € M (see 5.7 b)) defines
a homeomorphic embedding ic: M — Ye.
b) The mappings f = flow: D 2% i and 7 = 7|on : M 222 0N, where
M = f~LicM, are homeomorphisms.
Proof. a) Let us note that all sets of the form
Ulg,e,c) ={MeM:|gM —c| <e}={MecM: M < &%},

where g € C, e >0, c€ Cand j = (g—c-ec)-(g—c-ec) (ec is the unit),
constitute a subbase for the topology of the space M.
Analogously, all sets of the form

Ug={y€icM: nyg <1} ={ym: M e M, |gM| <1} ={ym: M €M, gM < 1},
where g € C and g = g-g*, constitute a subbase for the topology of the space icMN1.
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Comparing these definitions, we get that icU(g,¢,c) = Uy, where § = % (g —
—c-ec), and ialUg =U(g,1,0) forall g € C, e > 0 and ¢ € C. Hence, the map i¢c
is a homeomorphism onto i since i is one-to-one.

b) This statement is obvious. O
5.27. Corollary. Let one of the following conditions holds:
a) the set Y has the largest element yo € Y (that is, yo 2 y for ally € Y);
b) jyY D i (see 5.5).
Then C(IM) = C(f).
5.28. Corollary. The map ¢c (see 5.16) is a topological isomorphism of the
algebra C(9M) onto the algebra C(fc) preserving all semi-norms.

G. Homomorphisms and mappings

5.29. Proposition. a) Let jx: X — Xc be a map defined by the formula
ix(y, M) = (jyy, M) for all (y, M) € X. This map is continuous and satisfies

the conditions fcjx = jyf and m = wojx. Moreover, for every point y € Y the

mapping jx|g-1y: fly onto, fc_ljyy is a homeomorphism.

b) If for any y1,y2 € Y such that y1 # y2 the inequality n,, # ny, is valid, then
the mapping jx is a homeomorphic embedding.

¢) The map ¢: C(fc) — C(f) defined by the formula g = gjx for allg € C(f¢)
is a topological isomorphism onto a subalgebra which preserves all semi-norms n,,
y € jvY (that is, nj,y =ny for ally € Y), and satisfies the condition ¢ = pc.

Proof follows from the constructions of mappings f, fo, 7, ¢, ¢, pc and jy in
the items 5.3, 5.5 and 5.16. ([
5.30. Proposition. Let fy: Xg — Yy be a mapping satisfying the condition

onto

[foXolv, = Yo, and let f: X —— Y be the mapping constructed in the item 5.16
by using the algebra C = C(fo) with the family of semi-norms {n, :y € Yo}. Then

1) the identity map jo: Yy MOy s continuous; the mapping jo is a home-
omorphism iff for each point y € Yy and its neighborhood Uy C Yy there
ezists a function g € C(fo) such thaty € Uy C Uy (see 2.11);

2) the map j: Xo — X defined by the formula jz = (jo fox, M), where M, =
={g € C(fo) : gx = 0} for all x € X, (see Lemma 3.5 a)), is continuous
and satisfies the condition [jXo]|x = X;

3) if the mapping fo is globally completely regular, and for each point y € foXo
and its neighborhood Uy C Yy there exists a function g € C(fo) such that
y € Uy1 C Uy, then the mapping j is a homeomorphic embedding;

4) if the mapping fo is perfect then jXo = X; the mapping j is a homeomor-
phism iff the mapping fo is perfect and globally completely reqular and the
mapping jo is a homeomorphism;

5) the map : C(f) onto, C(fo) defined by the equality 1vg = gj for all g €
€ C(f) is a topological isomorphism preserving all semi-norms ny, y € Yo.

Proof. 1). This follows from Corollary 2.11 and the definition of the topology of
the space Y (see 5.14).

2). The continuity of the map j follows from the definition of the space X (see
5.16 and Lemma 3.5 a)). The equality [jXo]x = X follows from the statement 4)
of Theorem 2.20 (let us note that pMg,, = M, for all x € X).

3). This statement follows from Lemma 3.5 b), the definition of the space X and
Definition 2.18.

4). The equality jXo = X follows from the definition of the space X, Lemma
3.5 and properties of perfect mappings (see [11], Lemma 8, and [3], Chapter I, §10,
Proposition 5).
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5). This is obvious. O

5.31. Theorem. Let C; be a commutative complex algebra with the unit ec
equipped with a Hausdorff topology generated by a family of semi-norms {n, : y €
€ Y} satisfying the conditions 1)-7) of Theorem 2.7, and let Co C Cy be a subalge-
bra with an involution containing the unit ec (with the same family of semi-norms).
Let My, Yie, Xk, [, Tk, ok, C(OMk) and C(fir) be topological spaces, mappings and
algebras constructed by using of the algebras Cy, k = 1,2, in the items 5.2, 5.3,
5.14 and 5.16. Then

1) there exists a unique map h: My — My satisfying the condition gh = @g
for all g € Cy (see 5.3), where p: Cy =N C1 is an identity embedding; the
map h is continuous; the map ¢¥: C(My) — C(My) defined by the equality
g = gh for all g € C(M2) is a continuous homomorphism satisfying the
conditions Y|c, = ¢ (see 5.13) and ny(g) < nyg for ally € Y and g €

S O(Sﬁg),
2) the identity map ho: Y1 onto, Ys is continuous and preserves the preorder
(see 5.5);

3) there exists a unique map hy: X1 — Xo satisfying the conditions fohy =
= hao f1 and (p2g9)h1 = p19g for all g € Co; the map hy is continuous and
satisfies the condition hmy = mahy; the map y¢: C(f2) — C(f1) defined by
the formula Vg = ghy for all g € C(f2) is a continuous homomorphism
satisfying the conditions Yrps = @19 and ny(Yg) < Np,yg for ally € Y1
and g € C(f2).

2

XQ m?
i ) \C /
// \ h
X, - M,
C -
Ya Co —= C(Mz) —> C(f2)
fi
b Nl e L by
c C
Vi Oy —=> (M) — C(f)

Proof. 1). It is possible to define the map h: M — My by the equality hM =
= M NCy for all M € M. Due to the equality prar = pamp (see 5.3) we get
ghM = pppg = pupg = (wg)M for all M € My and g € Cy. The uniqueness of
the map h follows from the fact that for any My, My € 95 satisfying the condition
My # M, there exists a function g € Cs such that gM; # gM,. The continuity of
the map A follows from the definition of the topologies of the spaces 99t and 9,.
The remaining statements about the homomorphism v are obvious.

2). The continuity of the map hs follows from the definition of the topologies
of the spaces Y7 and Y5 since the algebra Cy has an involution. The fact that the
mapping ho preserves the preorder follows from the continuity of the map hy and
Lemma 5.15 d).
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3). The map hy: X1 — X2 can be defined by the formula hq(y, M) = (hay, M N
N Cy) for all (y, M) € X1. The equalities hm; = mohy and fohy = hofi follow from
the definitions of the maps h and h;. The remaining statements can be proved
analogously to the proof of the statement 1). O

5.32. Remark. The topology of the space Y defined in the item 5.14 is the small-
est topology which is compatible with the algebra C, but it is possible to use any

larger topology. Indeed, let p: Y 2% ¥ bea (one-to-one) mapping. Let X be
the fan product of the spaces X and Y relative to the mappings [ and p, and let

: X — X and f: X — Y be the projections of the fan product to its factors. Then
due to the lemmas “on Parallels”, the map ¢ is continuous, “onto” (and one-to-one),
and the map f is perfect and “onto” ([1], §2 of Supplement to Chapter I). Moreover,
it is easy to verify using the definition of the fan product that the space X is a
subspace of the product ¥ x 91 (see 5.16) and the mapping f is globally completely
regular. By Theorem 2.23 and Proposition 2.9 the map ¢: C(f) — C(f), defined
by the formula ¢g = gq for all g € C(f), is a topological isomorphism onto a
subalgebra such that n,,g = n, (wg) forally €Y and g € c(f).

The statements 5.17-5.22, 5.24, 5.29 a) and 5.29 c¢) will remain correct if the
mapping f is replased by the mapping f .

5.33. Theorem. Let Cy and Cy be commutative complez algebras with the units
ec, and ec, equipped with Hausdorff topologies generated by families of semi-norms
{ny : y € Y1} and {ny : y € Ya} satisfying the conditions 1)-7) of Theorem 2.7.
Let, moreover, a homomorhism ¢: Cy — C7 and a map he: Y1 — Ya, satisfying
the conditions pec, = ec, and ny(pg) < Npyyg for all y € Y1 and g € Ca, be
given. Let My, Xk, fx, Tk, vk, C(My) and C(fx) be topological spaces, mappings
and algebras constructed by using the algebras Cy, k = 1,2, in the items 5.2, 5.3,
5.14 and 5.16. Let us suppose that a perfect globally completely reqular mapping
fg: Xg onto, }72 and one-to-one mappings ps: }72 onto, Yo and qo: Xg onto, X
satisfying the condition pgfg = faqa (see Remark 5.32) are given. Then

1) there exists a unique map h: My — My satisfying the condition gh = @g
for all g € Cy (see 5.3); the map h is continuous; the map ¥: C(My) —
— C(9M) defined by the formula g = gh for all g € C (M) is a continuous
homomorphism satisfying the conditions |c, = ¢ (see 5.13) and n,(vg) <
< Npyyg for all y € Y1 and g € C(OMy);

2) there exist a perfect globally completely regular mapping fl X, onto, Y; and

one-to-one mappings pi : Y1 onto, Y1 and q1: )N(l NOL> Xy, satzsfymg the

condition p1f1 = f1q1, such that the unique map ho: Y7 — YQ, satisfying
the condition pgﬁg hap1, is continuous;

3) there exists a unique map hi: X1 — X, satisfying the conditions f2h1 =
= h2f1 and (¢2¢29)h1 ¢1<p1<pg for all g€ Cy; the map h1 is continuous
and satisfies the condition hmiqy = 7T2(]2h1, the map ¢f (f2) — C(fl)
defined by the equality wfg = ghy for all g € C(fg) s a continuous homo-

morphism satisfying the conditions 1/)f~1;2<p2 1/)1<p1¢ and ny(d)fg) < N,y
for ally € Y1 and g € C(f2).
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X2 X2/ mQ
ﬁ \ ‘//
Xy @ X1 = My
}'}_2 p2 }/2
fi f1
ho ha
Y Y1

N

Cy —=—> C(My) —— C(f2) ——= C(fz)

P2
L«p lw lwf
C1 —=— C(@) —> C(fH) —— C(f)

The continuity of the map ho is not necessary, even if this map preserves the
preorder.

Proof. 1). This statement can be proved analogously to the statement 1) of
Theorem 5.31.

2). We can equip the space Y; with the smallest topology such that the maps p;
and hy are continuous; then we can use Remark 5.32.

3). The proof of this statement is analogous to the proof of the statement 3) of
Theorem 5.31. (I

§ 6. A COMPLETENESS OF ALGEBRAS OF FUNCTIONS ON MAPPINGS

A. The standard completeness

6.1. We shall assume that f: X — Y is a mapping of topological spaces such
that [fX]y =Y (the latter condition is not essential; see the foot-note in the item
2.25). Further for g € C(f) we shall write Uy instead of Uy (see 2.11).

Let us remind that a net” {g, : t € T} C C(f) is a Cauchy net (with respect
to the natural uniformity of the algebra C(f)) if for each neighborhood U C C(f)
of the zero of the algebra C(f) there exists an element ¢y € T such that for any
t1,to € T satisfying the conditions t1 > to and te > to we have g¢, — g4, € U.

6.2. Proposition. If for each subset G C C(f) the set (\{Uy : g € G} is open
in the space Y then the algebra C(f) is complete.

Proof. Let {g: : t € T} C C(f) be a Cauchy net. For any elements t1,to € T
and a number & > 0 let U(t1,t2,e) = Uy where g = 1 - (g¢, — g4,).

Let us choose an arbitrary point yo € Y and for every n € N construct a
neighborhood W,yy C Y of the point yy and an element ¢y, € T satisfying the

"See (6], §20, the item IX, or [5], §1.6.
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following condition:
. 1
if t1,t9 € T, t1 = ton, t2 = ton and Yy e Wnyo, then ny(gt1 — th) < ﬁ

To begin let Wyyo =Y and let tg9 € T be an arbitrary element.

Let us suppose now that for some n € N the set W,,_1yo and the element
ton—1 have been constructed. Since {g; : t € T} is a Cauchy net, there exists an
element tg, € T, to, = ton—1, such that for any ¢1,ts € T satisfying the conditions
t1 > ton and to > to, the inequality ny,(ge — g1,) < % is fulfilled (we put U =
= Ve (0c, 2,{yo}) in the definition of a Cauchy net, where O is the zero of C(f)).
Further, we set

1
Wayo = Wa1yo N[ ) {U <75177527 ﬁ) ity €Tty 2> ton, t2 2 L‘On} :

This set is an open neighborhood of the point yy due to the condition of our
Proposition. It is possible to continue the construction.

Finally, let Wyo = ({Whayo : n € N}. This set is an open neighborhood of the
point yo since this set is an intersection of sets of the form Uy, g € C(f).

Let us set 7" = {t € T : t > to1 } and consider the net {(g: — gro, )| 1wy : t €
€ T'}. Tt is easily seen that this net is a Cauchy net in the algebra C*(f ~1Wyq) with
respect to its standard norm (see 2.3). Hence this net converges to some function
Iy, € C (f~'Wyo). Therefore by Proposition 2.16 the net {g¢| -1y, : t € T}
converges to the function gwy, = gy, + Gtor | r-1wyo € C(flr-1wy,)-

Being made for all points yg € Y, the preceding reasonings give us an open
covering {Wy : y € Y} of the space Y and a family of continuous functions {gw, :
y € Y} such that for all y1,y2 € Y and x € f~1(Wy; N Wys) the equality gw,,z =
= gwy,« holds. Therefore (see [5], Proposition 2.1.11) there is a continuous function
g: X — C such that g|wy = gwy for all y € Y. Since for each y € Y the set Wy is
open and gwy € C(f|s-1w,), the function g belongs to C(f). Analogously, the net
{gt : t € T} converges to the function g. Hence, the algebra C(f) is complete. [

6.3. Proposition. Let the mapping f be closed. Let for each point yo € Y and
for each point y € Y \ go, where §o = ({Uy : g € C(f), yo € Uy}, there exists a
function g € C(f) such that gxr <0 for allz € f~ 'y and gz > 1 for allx € f~1y.8
If the algebra C(f) is complete then the set (\{Uy : g € G} is open for every subset
G CC(f).

Proof. Let us assume that there exists a subset G C C(f) such that the set
A= ({U, : g € G} is not open. Let us choose any point yo € AN[Y \ Aly. Of
course, we have yg € JoN[Y \ §o]y. Moreover, for each function g € C(f) and every
point y € 7o the inequality nyg < ny,g is satisfied.

Let T ={M : M CY \ g is finite} be the set with the following partial order:
My < My if My C M, for all My, My €T.

Let M € T. For each point y € M there is a continuous function g, : X — [0,1]
such that gy,@ = 0 for all z € f~1§y and g,o = 1 for all z € f~ly: if ¢’ € C(f) is
a real function such that ¢’z < 0 for € f~'yo and ¢’z > 1 for x € f~1y then the
function g, : X — [0, 1], defined for z € X by the formula

0if g’z < %,
gyr=142-gz—1if 3 <ga <1,
lif g’z > 1,

8For example, it is valid if for every different points yo,y € Y there is a continuous function
g: Y — R such that gyo # gy (in this case the space Y is called functionally Hausdorff).
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has the required properties since gjo C U,,. Let us define the function grs € C(f)
by the equality grprz = max{g,z:y € M} for all z € X.

Thus we have a net {gas : M € T} in the algebra C(f). Let us prove that it is a
Cauchy net. Let Vi (0¢, €, Mp) be an arbitrary neighborhood of the zero O¢ of the
algebra C(f) (e > 0, My CY is a finite set). Let us set M = M\ §o. Then for any
M',M" € T such that M’ > M and M"” > M we have gppx — gy =0—0=10
for x € f~19o and gypx — gayrr = 1 —1 = 0 for © € f~'M; therefore due to
Proposition 2.9 the equality n,(ga — gam) = 0 holds for all y € M Ugy O My and,
hence, gy — gy € Vo (0c, €, My). Hence, {gns : M € T} is a Cauchy net.

Let us suppose that the net {gas : M € T} converges to some function g: X — C.
Then the equalities gz = 0 for all z € f~ 19y and gz = 1 for all z € f~1(Y \ o)
hold, but this function is not continuous since the mapping f is closed and the set
Y \ %o = fg~'1 is not closed (hence, the set g~'1 is not closed). Therefore due to
Proposition 2.15 the net {gy : M € T} does not converge to the function g. Hence,
the algebra C(f) is not complete. This contradiction proves that the set A must
be open. O

6.4. Corollary. If the mapping f is closed, the space Y is functionally Hausdorff
and the algebra C(f) is complete then the space Y is discrete.
B. The convergence in the algebra C(f)

6.5. Assertion. Let a net {g: : t € T} C C(f) converges to a function g €
€ C(f). Then for each point y € Y the net {g¢|s-1, : t € T} uniformly converges
to the function g|p-1, in the algebra C*(f~1y).

Proof is obvious. O

6.6. Proposition. Let the mapping f be closed and ® C C(f) be a closed subset.
Let {g; : t € T} C ® be a net such that for each point y € Y the net {g¢|p-1, : t €
€ T} uniformly converges to a function g, € C*(f~'y). If the function g: X — C,
defined by the equality gr = gr.x for all x € X, is continuous, then g € ® and
the net {g: : t € T} converges to the function g with respect to the topology of the
algebra C(f).

Proof follows from Proposition 2.9. O

6.7. Corollary. Let the mapping [ be perfect and C C C(f) be a closed sub-

algebra. Let us suppose that g € C' and that Y a, - z" is a series with complex
n=1

o0
members which converges for all z € gX. Then the series’ Y a, - g" converges to

n=1
some element of C' with respect to the topology of the algebra C.

6.8. Proposition. Let C C C(f) be a closed linear subspace and let g: [a,b] —
— C' be a mapping. Then there is a function gg € C such that for any x € X the
following equality holds:

b
JoT = /(gt)x - dt.
Proof is standard. O

9Here and further g =9g-9g-...-g.
| S

n times
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b
6.9. Remark. If we use the usual definition of a Riemann type integral for [ gt-dt

a
then its integral sums converge to the function gg with respect to the topology of
b

the space C' due to Proposition 6.6. Therefore we can write go = [ gt - dt.
a

6.10. Lemma. For a non-empty set A C C(f) and y € Y let us define the
function d?’;‘: C(f) — R by the formula

dy g =inf{n,(g—¢'): ¢’ € A}
for g € C(f). Then
1) |ditgr — di' ga| < ny(g1 — g2) for all g1, g2 € C(f);
2) the function d;‘ s continuous;
3) if A is a linear subspace then d’y“(x\-g) = [A-ditg and |d’y4g1—d’y492| <dg (g1+
+g2) < d’;gl + d’y“gg for all g,g1,92 € C(f) and \ € C;
4) if A is a linear subspace and g: [a,b] — C(f) is a mapping then d;‘ fbgt-dt <

< fdﬁ (gt) ~dt;
5) szI s a subalgebra then d‘y“(gl g2) < d’;gl Ny g2 + Ny g1 -d;jgg —|—d‘;gl -d‘y“gg
for all g1,92 € C(f);
6) if A is an ideal then d;;‘(gl ~g2) < d’y4g1 “nyge for all g1,92 € C(f).
Proof is very simple. O

6.11. Lemma. Let ® C C(f) be a closed subset and let a net {g; : t € T} be
such that for every number € > 0 and every point y € Y there exists an element
to € T satisfying the condition d;bgt <eforalt>ty, teT. If thenet{g::t €T}
converges to some function g € C(f) then g € ®.

Proof is obvious. O
C. A Y-completeness

6.12. Further on let C' be a commutative complex algebra with a family of semi-
norms {n, : y € Y’} which satisfy the conditions 1)-7) of Theorem 2.7 and determine
a Hausdorff topology (see 5.1). Moreover, let the set Y be equipped with the
topology which is compatible with the algebra C' (see 5.14!° and 5.32); the set Y
with this topology will be denoted by the symbol Y. Let ¢ = ¥y|c: C — C(f) be
the topological isomorphism onto a subalgebra constructed in the items 5.3, 5.16
and 5.32. This isomorphism satisfies the conditions ¢g = gmq and ny(@g) = nyg
for all g € C' (see 5.4, 5.21 and 5.32). Let C = ¢C.

6.13. Definition. The algebra C' will be called Y—gomplete if the embedding
@: C — C(f) is closed, or, equivalently, if the algebra C is closed in C(f).

6.14. In particular, if the algebra C is Y-complete then C'is a closed subalgebra
of C(9M) since Pp: C(IM) — C(f) is a topological isomorphism onto a subalgebra.

6.15. Theorem. Let {n,:y €Y1} and {n, :y € Yo} be families of semi-norms
on the algebra C which satisfy the conditions 1)-7) of Theorem 2.7 and determine
the same Hausdorff topology. Moreover, let the sets Y1 and Ys be equipped with
topologies which are compatible with the algebra C (see 5.32; the sets Y1 and Ys
with these topologies will be denoted by Y: and }72) Let us suppose that there exists
a mapping h: )71 — )72 such that nyg < npyg for all y € )71 and g € C. Let M, Xy,

10Let us note that the algebra C' in the item 5.14 must contain the unit of the algebra C/(901)
due to the assumptions 5.1.
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Xk; Yk; fk; fk: Pk, Qk; Tk, Pk, 1;](}! 95/6: C(m); C(fk): C(fk) and ék be tOPOZOQiCGZ
spaces, mappings and algebras constructed by using the algebra C, the sets Yy and

the spaces Yy, k = 1,2, in the items 5.2, 5.3, 5.14, 5.16, 5.32 and 6.12. Then
1) there is a unique map h: )~(1 — Xz such that fgiz = hf; and 7T2(]2f~l =T1q1;
the map h is continuous; R
2) the map Y C(f2) — C(f1), defined by the formula Vg = gh for all g €
€ C(f2), is a continuous homomorphism satisfying the conditions ’Q[wagng =
= Y11 and ny (Y 5g) < nnyg fory € Y1 and g € C(fa);
3) if the algebra C is Yi-complete then it is Yo-complete.

. q2

X2 X2

~ C%

>
/
~N

Xl q1 Xl
Ys = Yy
fi f1
h
}71 P1 Yl
C -
C(f2) —=C(f2)
g P2
p2
C——C(M) V5
L
Y1
C

C(f1) = C(f1)

Proof. 1). Due to Assertion 5.6 and the constructions 5.16 and 5.32 we can define
the map h by the formula h(y, M) = (hy, M) for (y, M) € X;. The continuity of
the map h follows from the definition of the spaces X; and Xo.

2). Obviously, the map 17 is a homomorphism and ¢f~1/~)2<p2 = t1p1. The
continuity of the map v follows from the inequality n, (¢ 79) < npyg for all y € Y;
and g € C(fa).

3). Let us denote ¢ = impﬂc, k = 1,2 (see 6.12). Let the algebra C be Yi-
complete and {g; : t € T} C Cy = @2C be a net which converges to some element
g€ C(fg). We have to prove that g € Cs.

Since the map wf is continuous, the net {wfgl :teT}C Cy = p1C converges
to g € C(f). We have Vig € C1 because of the set Cy is closed in C(f1). By the
construction the map v f~| ¢, 1s a topological isomorphism onto C4, therefore there
exists an element g’ € Cy such that the net {g; : t € T'} converges to ¢’. Since the
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a}gebra C( fg) is Hiiusdorff, we have ¢’ = ¢ and, hence, g € C,, that is, the algebra
Cy is closed in C(f2). O

6.16. Definition. A net {g; : t € T} C C will be called Y -fundamental if for
each number & > 0 there exists a family {O; : t € T'} of open sets O; C Y, t € T,
satisfying the following conditions:

1) for every y € Y there is ty € T such that y € O; for all t > ¢, t € T}
2) if t1,t2 € T and y € Oy, N Oy, then ny(g:, — gr,) < €.

6.17. Theorem. The algebra C is Y -complete iff every Y -fundamental net {g+ :
t €T} C C converges to some element g € C.

Proof. Necessity. Let the algebra C' be Y-complete and {g; : t € T} be a
Y -fundamental net in C. Let us denote §; = @g; for t € T. Then the net {gt: t €
€ T} C Cis Y-fundamental in C(f) because of the homomorphism ¢ preserves all
semi-norms n,, y € Y.

It follows from Definition 6.16 and Proposition 2.9 that for each y € Y the net
{gtl -1, : t € T} is a Cauchy net in the complete algebra C*(f~'y) and, hence, one

converges to some function g, € C*(f~'y). Let us define the function §: X — C
by the equality gz = Gz for all x € X.

We must prove that g € C(f), that is, that the function g is continuous. Let
¢ > 0 be an arbitrary number. By Definition 6.16 there is a family {O; : t € T'} of
open subsets of the space Y satisfying the following conditions:

1) for each y € Y there exists an element t, € T such that y € O, for all
t>t,, teT;
2) if t1,to € T and y € Oy, N Oy, then ny(gy, — gi,) <

Then in a usual way we get the inequality |gz — G|
S f_lOt.

For a given point zg € X let yo = fa:o and let tg € T be any element such
that yo € Oy,. Since the function gy, is continuous, there is a neighborhood Uz C
- f710t0 such that |g,x — g4, 70| < 5 for all z € Uxg. Then for every x € Uz we
have the inequality

£
§.
g%foralltETand

|§CE - §$0| = |§$ - gtox + gtox - gtoxO + gtoxo - §$0| <
- . - - _ _ e € €
< g2 = gto] + 1900 = Growol + Geeo — gowo| < 5+ 5+ 3 =¢,
that is, the function g is continuous.

By Proposition 6.6 the net {g; : t € T} converges to the function g in the algebra
C(f). Since the set C'is closed in C(f), we have g € C. Therefore the net {g; : t €
€ T’} converges in the algebra C' to the element g = »~1g because of ¢: C oo, &
is a topological isomorphism. R

Sufficiency. Let us suppose that each Y-fundamental net in the algebra C' con-
verges. We have to prove that the algebra C' is closed in C(f).

Let g € [é]c(f)- Then there exists a net {g, : t € T} € C which converges to §.
To prove that this net is Y-fundamental, let us define for a given number & > 0 and
any t € T the set Oy = {y ey : ny(§— ge) < %} The sets Oy, t € T, are open by
Corollary 2.11. It is easily seen that the conditions 1) and 2) of Definition 6.16 are
valid. ~

Thus, the net{@ 1§, : t € T} is Y-fundamental since the isomorphism @: C' 2%
C C C(f) preserves all semi-norms n,, y € Y. Hence, this net converges to some
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element g € C. Since the algebra C(f) is Hausdorff, we have § = g, that is, the
algebra g is closed in C(f). O

6.18. Corollary. If the algebra C' is complete with respect to the natural unifor-
mity (see 6.1) then it is Y -complete (see also 6.3 and 6.2).

Proof. Tt is sufficient to note that each Y-fundamental net is a Cauchy net. [
D. Some properties of Y-complete algebras

6.19. Theorem. Let the algebra C have not a unit and let C' be the algebra
which is obtained by the addition of the unit e (see the foot-note in the item 5.1).

If the algebra C is Y -complete then the algebra C' is Y -complete’ also, and C is
closed in C'.

Proof. We have to prove the Y-completeness of the algebra C’ only.

Let {\i-e+gt:t €T} CC bea Y-fundamental net (A € C and g; € C for
t € T'). First of all we shall prove that there exists an element ¢y € T such that the
set {At : t > to, t € T} is bounded.

Let us suppose that the set {A; : t > to, t € T} is unbounded for all ty € T.
We shall write t1 > to for t1,t2 € T 1f t1 = to and |Ay| = |At,|; the set T with
the relation “>>” will be denoted by T. It is easily seen that the set T is directed

under our assumption. Let us prove that the net {e + )\—t cgt:t € T} converges to

the zero 0¢c € C'.

Let ¢ > 0 and y € Y be arbitrary. Since the net {\,-e+ g, : t € T} is Y-
fundamental, there are t; € T' and B, € R such that n,()\; - e + g;) < B, for all
t>1t,, te€T. Since the set {\; : ¢t > T, t € T'} is unbounded, there is ¢, > t,
ty € T, such that |\, | > l - By. Then for all t > t,, t € T, we have the inequality

ny(e+>\ gt)_P\I ny(/\t e+ g:) < MI -By <e.

Thus for every neighborhood Ver(Oc, €, A) of the zero (e > 0, A C Y is finite)
and every t > ta,t € T, where t4 € T is an element such that t4 > ¢, forally € A,

we have e + )\% gt € Vor(Og, €, A), that is, the net {e + )\% ‘gt € T} converges
to O¢. It means that the net {—)\% cgr:te T} converges to e; in particular, this

net is Y-fundamental. Hence, e € C' because of the algebra C is Y-complete, and
we have got a contradiction.

Thus, there exists an element ¢ty € T such that the set {A\; : t > to, t € T}
is bounded. Therefore the net {A\; : ¢ € T} has a cluster point A\g € C (see [5],
Theorem 3.1.23). By Proposition 1.6.1 of the book [5] there exists a net {A; - e +
+ gt : t € T'} which is finer than the net {\, - e+ g; : t € T} such that the net
{At : t € T'} converges to the point A\g. It is easily seen that the nets {A; - e +
+gi:t €T’} and {\-e:t e T’} are Y-fundamental, therefore the net {g; : t € T"}
is Y-fundamental too. Since the algebra C' is ff—complete7 the latter net converges
to some element gy € C. Hence, the net {\;-e+g: : t € T’} converges to Ao - e+ go.

Using the fact that the net {A\; e+ g4 : t € T} is Y-fundamental, we can
easily verify that this net converges to Ag - € + gg too. Hence, the algebra C’ is
Y — complete. O

et us note that the topology of the space Y is compatible with the algebra C’ by the
assumptions 5.1: we have to add the unit before to define the topology.
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6.20. Theorem. Let the algebra C be ?-complete and have the unit ec. An
element g € C has inverse element %C e C iff it does not belong to any closed

mazimal ideal M C C. 2

Proof. Necessity is obvious (see [8], §7.4, the statement III).

Sufficiency. Let gg € C be an element such that gg ¢ M for every closed maximal
ideal M C C. Let us consider the set Jy = {g-go : g € C}. The following cases are
imaginable.

1). If ec € Jy then the element gy has the inverse element in C.

2). If ec ¢ J = [Jo]c then J is a closed ideal, and we get a contradiction using
Lemma 4.5, since gg € Jo € J C M for some closed maximal ideal M C C.

3). If ec € [Jo]c \ Jo then there is a net {g: - go : t € T} C Jy which converges
to ec (gr € C for t € T'). Let us denote go = $go, G+ = wgi for t € T (see 6.12). Of
course, Gec = e is the unit of the algebra C(f) by the construction.

_ Since go ¢ M for every M € 9, we have gox # 0 for all z € X. The mapping
f is perfect and the function §o is continuous, therefore for each point y € Y there
exists the number

l, = inf{|goz| : x € fly} =
= inf{sup{|goz| : z € f~ Uy} : Uy C Y is a neighborhood of the point y} > 0

(compare with Proposition 2.9). Moreover, we can define a function g € C(f) by
the equality ghz = gDLw for all = € . Obviously, n, g, = i for all y € Y. We shall
prove that the net {g; : t € T'} converges to the function gj.

Let a number € > 0 and a finite set A C Y be given. We have to find an element
to € T such that g, € Vo (g, e, A) for all t > tg, t € T. Let us define a number
l4 =min{l, : y € A}. Since the set A is finite, the inequality /4 > 0 holds.

Since the net {g; - §o : t € T'} converges to the function e, there is an element
to € T such that §: - Go € Vo(Ge, € - la, A), that is, ny (s - o — Ge) < € - la for all
yeAandt >tg,t €T. Then forall y € Aand t > tg, t € T, we get the inequality

ny(Ge — G0) = 1y (9t - Go — Je) - 90) < 1y(Gt - Jo — Ge) - MyGo < €-la - ll <€,
y
that is, g, € Vo(g), ¢, A) for all ¢t > to, t € T. Hence, the net {g, : ¢ € T} converges
to the function gj. The algebra C' is Y-complete, therefore the algebra C' = ¢C is
closed in C(f) and, hence, g} € C.

Thus, the net {g; : t € T} converges to some element g) = @~ 1§, € C because
of ¢ is a topological isomorphism onto C. Since the multiplication is continuous,
we have ec = g( - go € Jo, but this contradicts the assumption ec € [Jo]c \ Jo.

Thus, the case 1) is possible only, and the proof is completed. O

6.21. Let the algebra C' be Y-complete and have the unite ec. Theorem 6.20
means that element g € C has the inverse element %C e C iff gM # 0 for all

M € 9 (or, that is the same, iff (pg)z # 0 for all z € X). In particular, for each
element g € C' its spectrum

Spcg = {A € C: the element g — X - ec has not an inverse element in C'}
coinsides with the set g9 = (¢g)X.
6.22. Corollary. If the algebra C is ff—complete and has the unit ec, and an
element g € C satisfies the condition nyg < B for ally € Y, where B € R is some

121¢ means that the algebra C' is advertibly complete (see [7], Chapter III, the statement
(5.12)).
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number, then the element gffec exists for all A € C such that |A| > B; moreover,

o0

ec 1 —n—1
.~ . _ AR on
g—X-ec N e Z 9

n=1

(the series converges with respect to the topology of the algebra C); if, in addition,
A C C is a subalgebra such that ec € A and d‘;g = 0 for some y € Y then
dA—2c— = (see 6.10).

Y g—Xec

6.23. Let the algebra C' be ?—complete and have not a unit. Let C’ be the algebra
described in 6.19. Then by a definition we shall consider that Spcg = Spcrg for
gedC.

The set Mc = C is a closed maximal ideal of the algebra C’ and gM¢ = 0 for
all g € C, therefore 0 € Spcg for any g € C; of course, the equality Spcg = g9 =
= (¢g)X holds in this case also, if 9 is the space of closed maximal ideals of the
algebra C’.

It follows from Theorem 6.20 that for each element g € C' such that gM # 1 for
all M € 9 (or, that is the same, (¢g)z # 1 for all € X) there exists an element
g~ € C satisfying the equality g~ M = 91?/1]\{ 7 for all M € 9 (the element g~ is
called quasi-inverse to g). Indeed, the element g~ exists in C’ since 1 ¢ Spcrg, and
g~ Mc =0, therefore g~ € C.

Let us note that the element (§-g) exists for g € C and A € Ciff A ¢ Spcy.

By the same reason for every g,¢’ € C and A € C such that A\ ¢ Spcg there is

’

an element g” € C satisfying the condition ¢’ M = g%/[ M 5 for all M € M. We shall

g9
g—Xe’

write ¢" = gf;\_e in this case. In particular, (3 -g) =

6.24. Corollary. If the algebra C is Y -complete and has not a unit, and an
element g € C satisfies the condition nyg < B for ally € Y, where B € R is some
number, then the element (% . g)_ exists for all X € C such that |\| = B; moreover,

1 — fe'e)
- — )\—n s
(e) =X
(the series converges with respect to the topology of the algebra C); if, in addition,
A C C is a subalgebra such that d;jg =0 for some y € Y then d‘; (% -g)_ =0.
6.25. Lemma. Let the algebra C' be Y—complete and g € C be an element such
that Spcg C R(C C) (that is, gM s real for all M € 9M). Then there exists an

element g’ € C such that ¢ M = |gM| for all M € 9 (it is natural to write ¢’ =
= lg|); if, in addition, A C C is a subalgebra and d;jg =0 for somey € Y then

ditg' = 0.
Proof. It is well known that the series

1 1 1-3
t=v1-(1-8)=1-=-1-t}) - — - (1-t})* - (1=t -
t TP =1-5 (1= )= 57 (=) = 2 (1)

uniformly converges for ¢t € [—+/2,v/2]. In particular, for each n € N there is a
number m,, € N such that |[t| — p,t| < 2 for all t € [—/2, V2], where

i 1 1 1-3-...-(2-my, —3)
t=1—=-(1-t3)—— - 1-t)2—... — &

b 3 =) =57 (1=1) 246 ... (2 my)
Then the function p,,: R — R defined by the formula p,t = p,t—p,0 for t € T is

a polynomial and p,,0 = 0, therefore g, = n-p, (% . g) is an element of the algebra

C for all n € N. Moreover, we have |[gM| — g, M| < n- (% + %) = 2 for all

n? n2) T n

M € 9 and n € N such that |gM| < n-v/2. It easily follows from this fact that

(1 = ¢2)mn,




ALGEBRAS OF FUNCTIONS ON MAPPINGS 135

the sequence {g, : n € N} is Y-fundamental (one can take O,, = @ for n < 2 and
On={ycY :n,g<n-\2} forn> %, n € N, in Definition 6.16, where ¢ > 0
is a given number). Since the algebra C is ff—complete7 this sequence converges to
some element ¢’ € C. Of course, ¢ M = |gM| for all M € M.

The last statement follows from Lemma 6.10 5). g

6.26. Corollary. Let the algebra C' be ff—complete and g1,92 € C be elements
such that Spcgr € R for k = 1,2. Then there exist elements g',g" € C such
that ¢’ M = max{g1M, g2M} and ¢"M = min{g1M, g2 M} for all M € M (it is
natural to write ¢’ = max{g1, g2} and ¢"" = min{g1, g2}); if, in addition, A C C is
a subalgebra such that d‘;gk =0 for k=1,2 and some y € Y, then d‘y“g’ =0 and
ditg" = 0.

(LN

6.27. Theorem. Let the algebra C be Y—complete and have the unit ec and an
inwvolution. Then the following conditions are equivalent:

1) the space M of closed mazimal ideals of the algebra C is compact;
2) all maximal ideals of the algebra C are closed.

Proof. Let the space 9t be compact, and let My C C be some maximal ideal.
For each g € C' we can define the closed set Z, = {M € M : gM = 0}. If we assume
that ({Z, : g € My} = @ then there is a finite family {g, : k = 1,2,...,n} C My
such that () Z,, = @ because of the space 91 is compact, but then the element

k=1
9191 +92-95+ ...+ gn - g, € My has the inverse element by Theorem 6.20, but
this is impossible by the statement IIT of §7.4 of the book [8]. Hence, there exists a
closed maximal ideal M € (\{Z, : g € My}. We have My C M; moreover, My = M
since the ideal M, is maximal, therefore the ideal My is closed.

Let all maximal ideals of the algebra C' be closed. Let us suppose that the space
M is not compact. Then there exists a filter F of closed subsets of 9t such that
(WF:FeF}=a. Let

J={geC: thereis F € F such that Z;, D F'}.

It is clear that J is an ideal. We shall prove that for every M € 9 there is an
element g € J such that gM # 0.

Let My € M. There exists a closed set F' € F such that My ¢ F. By the
definition of the topology of the space 91 there are functions g1, g2, ..., g, € C and
open sets Uy, Us, ..., U, C C such that

Mo € () g, U SM\ F.
k=1
For k = 1,2,...,n we have the number ¢}, = inf{|c — gxMo|?> : ¢ € C\ U} > 0.

Therefore we can define the function
n

o= L. (9k — g Mo - ec) - (gx — g Mo - ec)”
k=1 CF
It is obvious that the element gy € C' has the following properties:
o) goM is real for all M € M;
B) goMo = 0;
) goM > 1 for all M € F.
Due to Corollary 6.26 the algebra C' contains the element g = max{0¢, ec — go};
since gM =0 for all M € F, we get g € J and gMy = 1.
Thus, J ¢ M for each M € M, therefore every maximal ideal containing J is
not closed, and we have a contradiction with the condition 2). Hence, the space I
is compact. U
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6.28. Theorem. Let the algebra C be Y—complete and have the unit ec and an
involution. Then the algebra C is topologically (and isometrically) isomorphic to
the algebra C (M) of all continuous functions on the space of closed mazximal ideals
with the topology defined in the item 5.13. Hence, the algebra C' is topologically
(and isometrically) isomorphic to the algebra C(fc) (see the end of the item 5.16).

Proof. We shall prove that the algebra C is dense in C(91) (we suppose that
C C C(M); see 5.3).

Let go € C(9M) be any function and V(o) (9o, €, A) be its arbitrary neighborhood
(Ve (90,6, A) = {g € C(M) : ny(g — go) < e forall y e A}, e >0, AC Y is a
finite set). The set M4 = (J{M,, : y € A} is compact in consequence of Lemma 5.4.
The algebra C4 = {g|m, : ¢ € C} has the unit and the involution and separates
points of the space M 4, therefore it follows from Stone - Weierstrass theorem that
C4 is a dense subset of the algebra C*(M4). In particular, it means that there
exists an element g € C such that |[gM — goM| < ¢ for all M € M4. It is easily
seen that g € Vo) (go, €, A), that is, the algebra C' is dense in C().

Thus we have C' = C'(9) since the algebra C'is closed in C(9) (see 6.14). The
equality pcC = C(f¢) follows from Corollary 5.28. O

6.29. Corollary. Let the algebra C' be Y -complete and have an involution but
have not a unit. Then the algebra C is topologically (and isometrically) isomorphic
to the algebra Co(IM) = {g € C(M) : gMc = 0} where the closed mazimal ideal
Me C C' have been defined in the item 6.23.

6.30. Theorem. Let C; and Cy be commutative complex algebras with the units
ec, and ec, equipped with Hausdorff topologies generated by families of semi-norms
{ny 1y €Y1} and {n, : y € Yo} which satisfy the conditions 1)-7) of Theorem 2.7.
Let the sets Y1 and Ys be equipped with topologies which are compatzble (see 5. 14)
with algebras Cq1 and Cy (these topological spaces will be denoted by Y: and Yg)
Moreover, let C C Cy be a dense subalgebra containing the unit ec,, h: Y1 — Yg
be a mapping and 1: C — Ci be a homomorphism such that ny(¥g) < npyg for all
yeYi andgeC.

If the algebra Cy is Y -complete then there is a unique continuous homomorphism
Y: Cy — Oy such that ¥|c = 1; besides that, ny(1g) < npyg for all y € Y; and
g S CQ.

Proof. Let {g; : t € T} C C be a net converging to a given element gy € Cs.
We shall prove that the net {g; : t € T} C Cq, where g; = g for t € T, is
Y;-fundamental.

Let us take an arbitrary number € > 0. For every element ¢t € T let us define
the sets Oy = {y €Ys: ny(9: — go) < %} and O, = h=10;. It is easily seen that
the family {O; : t € T} satisfies the conditions 1) and 2) of Definition 6.16. The
inequality n,(1g) < npyg for all y € Y1 and g € C forces that the net {g, : t € T'}
and the family {O; : t € T} satisfy the above mentioned conditions, therefore the
latter net is }71—fundamental.

Since the algebra C] is Yi- complete, there is an element g{, € Cy such that the
net {g; : t € T} converges to g;. It follows from the above-mentioned inequality
that we can define the map : Cy — C; by letting gy = gj) for go € C1, and this
map is a continuous homomorphism possessing all required properties. O

6.31. Remark. It follows from Remark 5.32 that the algebra C' (see 6.12) is
isometrically isomorphic to a dense subalgebra of some Y- complete algebra C. This
algebra C' can be called a Y -completion of the algebra C. The uniqueness of a Y-

completion (up to an isometrical isomorphism) is a simple consequence of Theorem
6.30.



ALGEBRAS OF FUNCTIONS ON MAPPINGS 137

6.32. Let A C C be a subset of the algebra C. For each g € A let g: 9 — C
be the corresponding function (see 5.3; if the algebra C' has not a unit then we add
the unit e to define the space ). Then we can define the diagonal mapping

gA:A{g:geA}:SJT%SDTAQH{(CQ:QEA},

where Cy = C for g € A (see [5], §2.3), and the sets M} = g9, for all y € ¥
(see 5.2). Let C(94) be the algebra of all continuous complex functions with the
topology'® generated by the family of semi-norms {n,, : y € Y}, which are defined
by the formula n,g = sup{|gz| : z € M2} for all g € C(MA) and y € Y (the sets
M,y € Y, are compact by Lemma 5.4 and Theorem 3.1.10 of the book [5]).

For each g € A there exists the unique element g € C(9M*) such that g = gga
(see [5], §2.3; the function g is the restriction of the natural projection [[{C, : g €
€ A} — C, = C to the set M*). The unit of the algebra C(9M*) will be denoted
by e4.

Let C4 be the smallest closed subalgebra of C(914) which contains all functions
g, g € A, and satisfies the following conditions:

1) if the algebra C has the unit ec then C4 contains e4;

2) if the algebra C has an involution then C4 also has an involution (the
complex conjugation; see Lemma 5.12);

3) if the algebra C' has the unit then C4 contains all functions of the form
gf)fm, where g € A and A € C\ Speg (see 6.20, 6.21);

4) if the algebra C has not a unit then C4 contains all functions of the form

g_i—,,eA, where g,¢g' € A and A € C\ Spcg (see 6.23).

6.33. Theorem. a) If the algebra C has an involution then Cs = C(IMA) (if C
has the unit ec) or Ca = Co(IMMA) = {g € C(MA) : g0 = 0} (if C has not a unit)
where 0 € MA C [[{C, : g € A} is the (unique) point such that g0 = 0 for all
g€ A

b) The map ¢a: C(MA) — C(IM) defined by the equality pag = gga for all
g € C(MA) is an isometrical isomorphism satisfying the condition pag = g for all
g€ A

¢) If the mapping ga: M o1, 9MA s quotient then @4 is an isomorphism onto
a closed subalgebra of C(9M).

d) If the algebra C is Y -complete then ¢ 4C4 C C (compare with [4], §1.4 and
§1.5).

Proof. a) This can be proved in the same way as Theorem 6.28.

b) This is obvious.

¢) This can be proved by analogy with the proof of the statement 2) of Theorem
2.23.

d) Due to the definition of the algebra C'4 and the statements 6.20, 6.23 the set
CNpaCly is dense in p4Cy. Since the algebra C is closed in C(9N) (see 6.14), we
get paCy C [CQQDACA]C(W) cC. [l

6.34. Example. Let the algebra C' be Y-complete and gy € C be any element.
Let A = {go}. Then M4 = Spcgo (see 6.21, 6.23) and g4 = go. Theorem 6.33
d) means that for each function h € Cy4 there is an element g, € C such that
gnM = hgoM for all M € M.

6.35. Let Yy be the set Y (see 6.12) equipped with the discrete topology and

onto

p: Yy 2% Y be the identity mapping. Let X4 be the fan product of the spaces

131f we would use the topology of the uniform convergence on compact subsets (that is, the
compact-open topology) then the algebra C4 defined below would be lesser.
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X and Yy relative to the mappings f and p, and let ¢: Xg — X and fa: Xqg— Yy
be the projections of the fan product to its factors. By the same reasons as in 5.32
the mapping f; is perfect, globally completely regular and “onto”, the mapping ¢ is
“onto” and one-to-one, the space Xy is a subspace of the product Yy x 91. The map
g C(f) — C(fa), defined by the formula ¥49 = gq for g € C(f), is an isometrical
isomorphism onto a subalgebra.

Let us define the isometrical isomorphism ¢q: C' — C(fq) (onto a subalgebra)

by the equality ¢4 = qp (see 6.17).

6.36. The algebra C(f4) is complete due to Proposition 6.2, therefore the algebra
C = [0aClc(s,) is a completion of the algebra C' (since the completion is unique
up to a topological isomorphism). Let us note that C' = w;lé =t (CNYaC(f))
is a closed subalgebra of C/( f) such that C' = ¢C C C is a dense subalgebra of C.
Hence, the algebra C is the ?:completion of the algebra C. In particular, if the
algebra C'is Y-complete then C' = C, and we get the following useful tool:

if the algebra C' is Y-complete and g € C C C(fq) is an element such that the
function § = g~ ': X — C is continuous™* then g € wqaC.

6.37. Example. Let the algebra C' be Y-complete, a set A C C be finite, and
let ga: M 222 oA C ClAl = [I{C, : g € A} be the mapping defined in 6.32.

Moreover, let V' be a manifold, ¢: V' — Cl4l be a local homeomorphism (that is,
onto

for each point z € V there exists a neighborhood Oz C V such that £|p.: Oz ——

onto

222, ¢07 C €4l is a homeomorphism onto an open subset of (C‘A‘) and0: 91—V
be a mapping such that £ = g4. The manifold V is equipped with a complex
structure by means of the local homeomorphism ¢ (see [7], Chapter VI).

Xd q q g M 0 v

X X
lfd l f lf lgA l&
v, — Ly oy mA —=> Al

Let us equip the algebra C(6901) with the topology generated by the family of
semi-norms {n, : y € Y}, which are defined by the formula n,g = sup{|géM|: M €
e M,} for all y € Y and g € C(69). The map n: C(69) — C(IM) defined by the
equality ng = g0 for g € C'(690) is an isometrical isomorphism onto a subalgebra.

For each neighborhood U C V of the set 9 let Hol(U) be the set of all
holomorphic functions h: U — C equipped with the compact-open topology, and
wuy: Hol(U) — C(69M) be the restriction homomorphism (pyh = hlgon for h €
€ Hol(U)). The restriction homomorphism ¢ is continuous.

Let Hol(09M) = U{puHol(U) : U C V is a neighborhood of the set 9t} and
Cu = [Hol(09M)]c(gam) if the algebra C' has the unit; otherwise let Holo(09) =
= {h € Hol(0M) : hOM¢c = 0}, where Mc € 9 is the ideal defined in the item
6.23 (gMc = 0 for all g € C), and Cy = [Holo(M)]c(gom) -

We can define the isometrical isomorphism ¢x: Cg — C(fz) by the formula

wo = wdiﬁgmﬂcm that is, o ah = hfimqq for h € Cy. It follows from Theorem
4.1 and Scholium 4.2 of Chapter VI of the book [7] that ¢sCu C [Cle(s,) =
= [wiCle(ty) = C. Since for each h € Cp the function (peh)g™' = hémq is
continuous, we get p Ch C cn ¢dC(f) = hgC = 4C (the latter equalities hold
because the algebra C' is Y-complete). Thus, we get nCy C C, that is, there is the
isometrical isomorphism pc = 1|, : Cg — C onto a subalgebra.

14T his definition is correct since the mapping § is one-to-one and “onto”.
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C(69m)
c n
T c c(om)
C NI e
ml v ml
C(fa) = () =—————C)

In particular, for each neighborhood U C V of the set #91 and each function
h € Hol(U) (such that hMc = 0 if the algebra C has not a unit) there exists an
element g, € C such that g, = hf. Hence, there is the “functional calculus” in the
Y -complete algebra C.
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