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HYPERBOLIC EQUATIONSWITH NON-LIPSCHITZ
COEFFICIENTS

Abstract. The goal of this article is to present new trends in the the-
ory of solutions valued in Sobolev spaces for strictly hyperbolic Cauchy
problems of second order with non-Lipschitz coefficients. A very precise
relation between oscillating behaviour of coefficients and loss of deriva-
tives of solution is given. Several methods as energy method together with
sharp Garding’s inequality and construction of parametrix are used to get
optimal results. Counter-examples complete the article.

1. Introduction

In this course we are interested in the Cauchy problem

n
Uit — ) @ (t X)Ueq =0 on (0.T) xR",
k=1

@
u(0, x) = @(x), ut(0,x) = ¥ (x) for x e R".

n
Setting a(t, x, &) := > aw(t, X)&& we suppose with a positive constant C the strict
k=1

hyperbolicity assumption
(2) a(t,x, &) = C &
withay =ak, k.1 =1,---,n.

DEFINITION 1. The Cauchy problem (1) is well-posed if we can fix function spaces
A1, Ay for the data ¢, v in such a way that there exists a uniquely determined solution
u € C([0, T], By) N CL([0, T], B2) possessing the domain of dependence property.

The question we will discuss in this course is how the regularity of the coefficients
a = aw (t, x) is related to the well-posedness of the Cauchy problem (1).

*The author would like to express many thanks to Prof’s L. Rodino and P. Boggiatto and their col-
laborators for the organization of Bimestre Intensivo Microlocal Analysis and Related Subjects held at the
University of Torino May-June 2003. The author thanks the Department of Mathematics for hospitality.
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136 M. Reissig

2. Low regularity of coefficients

2.1. Lj-property with respect to t
In [10] the authors studied the Cauchy problem
n
Utt — Y dx (@K (t, X)du) =0 on (0, T) x Q,

k=1
u0,x) = @(x), ut(0,x) =y (x) on €,

where € is an arbitrary open set of R" and T > 0. The coefficients of the elliptic
operator in self-adjoint form satisfy the next analyticity assumption:

For any compact set K of € and for any multi-index 8 there exist a constant Ak and a
function Ak = Ak (t) belonging to L1(0, T) such that

n
1> dfan (0] < Ak AL
kl=1
Moreover, the strict hyperbolicity condition
n
MIE? < Y ant EE < ADIEIP
kl=1

is satisfied with 1o > 0 and /A (1) € L1(0, T).

THEOREM 1. Let us suppose these assumptions. If the data ¢ and v are real
analytic on €, then there exists a unique solution u = u(t, x) on the conoid Fg C
R™1, The conoid is defined by

.
ry = {(t,x): dist (x, R"\ Q) > /‘/A(s)ds, te [O,T]}.
0

The solution is C* in t and real analytic in x.

QUESTIONS. The Cauchy problem can be studied for elliptic equations in the case
of analytic data. Why do we need the hyperbolicity assumption? What is the difference
between the hyperbolic and the elliptic case?

We know from the results of [8] for the Cauchy problem
Ut —auxx =0, u0,x) =eX), ut0,x) =y(Xx),

that assumptions like a € LP(0,T), p > 1, orevena € C[0,T], don’t allow to
weaken the analyticity assumption for data ¢, v to get well-posedness results.
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THEOREM 2. For any class £{Mp} of infinitely differentiable functions which
strictly contains the space A of real analytic functions on R there exists a coefficient
a = a() € C[0,T], a(t) > 1 > 0, such that the above Cauchy problem is not
well-posed in £{Mp}.

2.2. C*-property with respect to t

Let us start with the Cauchy problem
Ut —a(®uxx =0, u(0,x) = (x), ut(0,x) =y (x),
where a € C¥[0, T], « € (0, 1). From [5] we have the following result:

THEOREM 3. If a € C¥[0, T], then this Cauchy problem is well-posed in Gevrey
classes GS for s < ﬁ To ¢, ¥ € GS we have a uniquely determined solution

u e C%([0,T], G9).

We can use different definitions for GS (by the behaviour of derivatives on compact
subsets, by the behaviour of Fourier transform). If

oS5 — - L

, then we should be able to prove local existence in t;

[y

e s> =, then there is no well-posedness in GS.

The paper [22] is concerned with the strictly hyperbolic Cauchy problem

n
Uit — Z aw (t, X)Uxx + lower order terms = f (t, x)
KI=1

u(0, x) = @(x), ut(0,x) = ¥ (x),

with coefficients depending Holderian on t and Gevrey on x. It was proved well-
posedness in Gevrey spaces GS. Here GS stays for a scale of Banach spaces.

One should understand

e how to define the Gevrey space with respect to x, maybe some suitable depen-
dence on t is reasonable, thus scales of Gevrey spaces appear;

o the difference betweens = t2- and's < L, in the first case the solution

should exist locally, in the second case globally in t if we constructed the right
scale of Gevrey spaces.

REMARK 1. In the proof of Theorem 3 we use instead of a € C*[0, T] the condi-
T—1
tion [ Ja(t+t) —a(t)|dt < At forr € [0, T/2]. But then the solution belongs

0
only to HZ([0, T], GS).
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3. High regularity of coefficients

3.1. Lip-property with respect to t

Letus supposea € C1[0, T], a(t) > C > 0, in the strictly hyperbolic Cauchy problem

Uit —a(tuxx =0,
u(0, x) = @(x), ut(0,x) = ¥ (x).

Using the energy method and Gronwall’s Lemma one can prove immediately the well-
posedness in Sobolev spaces HS, that is, if ¢ € HSTL(R"), ¢ e HSR"), then there
exists a uniquely determined solutionu € C([0, T], HS*H)NCL([0, T], HS) (s € Np).
A more precise result is given in [20].

THEOREM 4. If the coefficients ay € C([0,T],BS) n C([0,T],B% and
¢ € HSTL 4 e HS, then there exists a uniquely determined solution u e
C([0,T], HStY) N CL(J0, T], HS). Moreover, the energy inequality Ex(u)(t) <
CkEk(u)(0) holds for 0 < k < s, where Ex(u) denotes the energy of k’th order of
the solution u.

By B°° we denote the space of infinitely differentiable functions having bounded
derivatives on R". Its topology is generated by the family of norms of spaces BS, s €
N, consisting of functions with bounded derivatives up to order s.

REMARK 2. For our starting problem we can suppose instead of a € C[0, T]
T—1
the condition f latt + t) —a)|dt < A r fort € [0,T/2]. Then we have the

0
same statement as in Theorem 4. The only difference is that the solution belongs to
C([0, T1. HSHN HEZ([0, T] H) NHZH([0, T], HS™Y).

PROBLEM 1. Use the literature to get information about whether one can weaken
the assumptions for ay from Theorem 4 to show the energy estimates Ey(u)(t) <
CkEx(u)(0) for0 <k <s.

All results from this section imply that no loss of derivatives appears, that is, the
energy Ex(u)(t) of k-th order can be estimated by the energy E(u)(0) of k-th order.

Let us recall some standard arguments:

o If the coefficients have more regularity C1([0, T], B®), and the data ¢ and v
are from H®°, then the Cauchy problem is H *® well-posed, that is, there exists a
uniquely determined solution from C2([0, T], H®®).

This result follows from the energy inequality.

e Together with the domain of dependence property from H ° well-posedness we
conclude C> well-posedness, that is, to arbitrary data ¢ and ¢ from C° there
exists a uniquely determined solution from C2([0, T], C).
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This result follows from the energy inequality and the domain of dependence
property.

Results for domain of dependence property:

THEOREM 5 ([5]). Let us consider the strictly hyperbolic Cauchy problem

n
Ut — D @ (DUxeq = f(t,%), U0, %) = p(X), Ut(0,X) =¥ (X) .
k=1

n
The coefficients a = ajk are real and belong to L1(0, T). Moreover, > ak (HééE >
k,|=

rol&[2 with Ag > 0. Ifu € H2Y([0, T], A" is a solution for given ¢, v € A’ and
f e L1([0,T], A", thenfrom ¢ = ¢ = f = 0 for |x — Xo| < p it follows thatu = 0
on the set

t
(A, X)e[0, T]xR": |x —Xo| < p — / Vla(s)|ds}.
0

Here |a(t)| denotes the Euclidean matrix norm, A’ denotes the space of analytic func-
tionals.

THEOREM 6 ([20]). Let us consider the strictly hyperbolic Cauchy problem

n
Ut — ) ai (t, Uxeq = F(E %), U0, %) = 9(x), Ut(0,X) = ¥ (X).
k=1

The real coefficients a = ayk satisfy ay € C1 ([0, T] x R NC([0, T], BY). Letus

define Aﬁw = sup ay (t, X)&é&. Theng =y =0onDN{t=0}and f =0
|€]=1,[0, T]xR"

on D implies u = 0 on D, where D denotes the interior for t > 0 of the backward cone

{(X, 1) 1 IX = Xol = Amax(to — 1), (Xo,to) € (0, T] x R"}.

3.2. Finite loss of derivatives

In this section we are interested in weakening the Lip-property for the coefficients
ay = ag(t) in such a way, that we can prove energy inequalities of the form
Es—s,(U)(t) < Es(u)(t), where sp > 0. The value sg describes the so-called loss
of derivatives.

Global condition

The next idea goes back to [5]. The authors supposed the so-called LogLip-property,
that is, the coefficients ay satisfy

lak (1) —ax (t2)| < Clty —t2| [In|ty —t2| | forall t3,t2 €[0,T].t1 #t2.
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More precisely, the authors used the condition

T—1
/ lag t + 1) —a@)|dt <C z(JIn z|+1) for 7€ (0,T/2].
0

Under this condition well-posedness in C° was proved.

As far as the author knows there is no classification of LogLip-behaviour with
respect to the related loss of derivatives. He expects the following classification for
solutions of the Cauchy problem uyt —a(t)uxx = 0, u(0, x) = ¢(x), ut(0, X) = ¥ (X):

Let us suppose |a(ty) —a(t2)| < Clty —to| | In|ty —to||¥ forallty, to € [0, T], t1 #
to. Then the energy estimates Es_s,(u)(t) < C Es(u)(0) should hold, where

eso=0if y=0,

e Sp is arbitrary small and positive if y € (0, 1),

e Spis positiveif y =1,

e there is no positive constant sg if y > 1 (infinite loss of derivatives).

The statement for y = 0 can be found in [5]. The counter-example from [9] implies
the statement for y > 1.

OPEN PROBLEM 1. Prove the above statement for y € (0, 1)!

OPEN PROBLEM 2. The results of [9] show that y = 1 gives a finite loss of deriva-
tives. Do we have a concrete example which shows that the solution has really a finite
loss of derivatives?

We already mentioned the paper [9]. In this paper the authors studied strictly hy-
perbolic Cauchy problems with coefficients of the principal part depending LogLip on
spatial and time variables.

e Ifthe principal part is as in (1.1) but with an elliptic operator in divergence form,
then the authors derive energy estimates depending on a suitable low energy of
the data and of the right-hand side.

o If the principal part is as in (1.1) but with coefficients which are B> in x and
LogLip in t, then the energy estimates depending on arbitrary high energy of the
data and of the right-hand side.

o Inall these energy estimates which exist for t € [0, T*], where T * is a suitable
positive constant independent of the regularity of the data and right-hand side,
the loss of derivatives depends on t.

Itis clear, that these energy estimates are an important tool to prove (locally in t) well-
posedness results.
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Local condition

A second possibility to weaken the Lip-property with respect to t goes back to [6].
Under the assumptions

(3) aeC[0,TINnCY0,T], jta’t)] <C for te(0,T],

the authors proved a C> well-posedness result for uyy — a(t)uxx = 0, u(0,x) =
e(X), ut(0, x) = ¥(x) (even for more general Cauchy problems). They observed the
effect of a finite loss of derivatives.

REMARK 3. Let us compare the local condition with the global one from the pre-
vious section. If a = a(t) € LogLip[0, T], then the coefficient may have an irregular
behaviour (in comparison with the Lip-property) on the whole interval [0, T]. In (3)
the coefficient has an irregular behaviour only att = 0. Away from t = 0 it belongs to
C1. Coefficients satisfying (3) don’t fulfil the non-local condition

—

—-T

lat+ 1) —aM)dt <Ct(]Int|+1) for e (0,T/2].

O"\

We will prove the next theorem by using the energy method and the following gener-
alization of Gronwall’s inequality to differential inequalities with singular coefficients.
The method of proof differs from that of [6].

LEMMA 1 (LEMMA OF NERSESJAN [21]). Let us consider the differential in-
equality

y'®) < KOy + f()

fort € (0, T), where the functions K = K(t)and f = f(t) belongtoC(0, T], T > 0.
Under the assumptions

5 T
e [K(n)dr =00, [K(r)dT <00,
0 5
- t t -
. 5|—I>TOSIEXp ({ K(r)dt) f(s)ds exists,

t
. aﬂrﬂoy((s) exp <5f K(l’)d‘f) =0

forall § € (0,t) andt e (0, T], every solution belonging to C[0, T]NC (0, T] satisfies

t t

y(t) < /exp(/ K(r)dr)f(s)ds.

0 S
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THEOREM 7. Let us consider the strictly hyperbolic Cauchy problem
Ut —a(®uxx =0, u(0, x) = ¢(x), ut(0,x) = ¥(x) ,
where a = a(t) satisfies with > 0 the conditions
(4) aeC[0,TInCY0,T], |tYa'(t)] <C for te(0,T].
Then this Cauchy problem is C*> well-posed iff y € [0, 1]. If

e y € [0, 1), then we have no loss of derivatives, that is, the energy inequalities
Es(u)(t) < Cs Es(u)(0) hold fors > 0;

e y =1, then we have a finite loss of derivatives, that is, the energy inequalities
Es—s,(U)(t) < Cs Es(u)(0) hold for large s with a positive constant so.

Proof. The proof will be divided into several steps.

Step 1. Cone of dependence

Let u € C2([0, T], C*®(R)) be a solution of the Cauchy problem. If x = x(x) €
Cy’(R)and x =1on[xo—p,Xo+p], thenv =y u e C2([0, T], A" is a solution of

Uit — a(t)vXX = f(tv X) 3 v(07 X) = (,Z(X), Ut(o, X) = w(x) )
where @, € Cg°(R) and f e C([0, T], A’). Due to Theorem 5 we know that v =

t
v(t, x) is uniquely determined in {(t, x) € [0, T] x R": |x — Xo| < p — [ +/[a(s)[ds}.
0

Hence, u is uniquely determined in this set, too. This implies ¢ = = 0 on [xo —
0, Xo+ p] gives u = 0 in this set. It remains to derive an energy inequality (see Section
3.1).

Step 2. The statement for y € [0, 1)

Ify € [0, 1), then

T—1 Toe T_TC

/ att+o —a® g, _ / |a’(9(t,r>>|dtsf at=C.
T

0 0 °

Thus the results from [5] are applicable.
Step 3. The statement for y > 1
From the results of [6], we understand, that there is no C°° well-posedness for y > 1.
One can only prove well-posedness in suitable Gevrey spaces. Now let us consider the
remaining case y = 1.
Step 4. A family of auxiliary problems
We solve the next family of auxiliary problems:
u =0, u@0,x) =) . u®0.x)=vx).
u =amuQ . u®P0,x)=uP0,x)=0,
u? =atu® . u@©,x)=u®0,x)=0,-,
ul =amul . u®0,x) =u0,x)=0.
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r
For the solution of our starting problem we choose the representationu = 3~ u® v,
k=0

Then v solves the Cauchy problem vt — a(t)vxx = a(t)u&rﬁ, v(0,X) =1(0,x) =0.
Now let us determine the asymptotic behaviour of u(") near t = 0. We have

W@, )| < lp0Ol + iy, U (t, %) < C t2(loxx(X)] + tigxx (X)),
U@, x)| < C t*(adel + t|adv )

and so on.

LEMMA 2. If ¢ € HSYL | o e HS, then u® e C?([0,T], HS %) and
U™ e o ns-2) < Ckt*fork =0,--- . rands > 2r + 2.

Step 5. Application of Nersesjan’s lemma
Now we are interested in deriving an energy inequality for a given solution v = v(t, x)
to the Cauchy problem

vt — a(tvxx = abuly , v(0,%) = vr(0,x) =0.

Defining the usual energy we obtain

E'®) < Cal@'® E@)®) +E®®) +CIuRt, )IIZ 2,
C
< = EO +E®O + Calludt, )2,
< P EQ® +EQ®) + Cart” .

t

If 4r > C4 (Ca depends on a = a(t) only), then Lemma 1 is applicable with y(t) =
E)(®), K(t) = and f(t) = Cart*. It follows that E (v)(t) < Cart*.

LEMMA 3. If v is a solution of the above Cauchy problem which has an energy,
then this energy fulfils E (v)(t) < Cqrt*.

Step 6. Existence of a solution
To prove the existence we consider for ¢ > 0 the auxiliary Cauchy problems

e — at + &)vxx = a®ul) e C([0, T], L3(R)) ,

with homogeneous data. Then a, = a.(t) = a(t + &) € C1[0, T]. For solutions
ve € CL([0, T], L2(R)) which exist from strictly hyperbolic theory, the same energy
inequality from the previous step holds. Usual convergence theorems prove the exis-
tence of a solution v = v(t, x). The loss of derivatives is so = 2r + 2. All statements
of our theorem are proved.
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A refined classification of oscillating behaviour

Let us suppose more regularity for a, let us say, a € L°°[0, T] N C2(0, T]. The higher
regularity allows us to introduce a refined classification of oscillations.

DEFINITION 2. Let us assume additionally the condition

1 1y \K
) T (int _
(5) la (t)|§Ck<t (Int) > , fork=1,2.

We say, that the oscillating behaviour of a is
e veryslowify =0,

e slowify € (0,1),

fastify =1,

very fast if condition (3.3) is not satisfied for y = 1.

ExamMpPLE 1. Ifa =a(t) =2+sin (In % a, then the oscillations produced by the

sin term are very slow (slow, fast, very fast) ifo <1 (@ € (1,2), 0 =2, > 2).

Now we are going to prove the next result yielding a connection between the type
of oscillations and the loss of derivatives which appears. The proof uses ideas from
the papers [7] and [14]. The main goal is the construction of WKB-solutions. We
will sketch our approach, which is a universal one in the sense, that it can be used to
study more general models from non-Lipschitz theory, weakly hyperbolic theory and
the theory of L, — Lq decay estimates.

THEOREM 8. Let us consider
Ut —a®uxx =0, u0,x) =eX), U0,x)=v¥x),

where a = a(t) satisfies the condition (5), and the data ¢ , y belong to HS*1, HS
respectively. Then the following energy inequality holds:

(6) EW®) |gs—% < C(T)EW)(0) |s forall t € (0,T],
where

e 50=0 if y =0,

e Sp is an arbitrary small positive constant if y € (0, 1),

e Sp is a positive constant if y = 1,

o there does not exist a positive constant sg satisfying (6) if y > 1, that is, we have
an infinite loss of derivatives.
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Proof. The proof will be divided into several steps. Without loss of generality we can
suppose that T is small. After partial Fourier transformation we obtain

) vt +abEv =0, v(0,&) =¢E) , w08 =y .

Step 1. Zones

We divide the phase space {(t,&) € [0, T] x R : |§] = M} into two zones by using the
function t = t¢ which solves tz (§) = N(In{¢))”. The constant N is determined later.
Then the pseudo-differential zone Z pa(N), hyperbolic zone Znyp(N), respectively, is
defined by

Zpd(N) ={(t.§) ‘t <te}, Znyp(N) ={(t. &) 1t = e} .

Step 2. Symbols
To given real numbers mq, m2 > 0, r < 2, we define

Sr{mi,mo} ={d =d(t,&) e L*(0, T] x R) :

1/ 1\"\Mtk
IDEDE(t, £)] < Ciea (6)™ ! (; (In ;) ) K=1 (L8) € Znyp(N)).

These classes of symbols are only defined in Znyp(N).
Properties:

o  Srpa{ma, ma} C S{mg, ma};

e Si{m1— p,mz} C S {my, my}forall p > 0;

e S{my1 — p,m2+ p} € S {my,my} forall p > 0, this follows from the
definition of Zpyp(N);

o ifae S {mq, mo}andb e Si{ky, ko},thenab € S;{m1 + ki, m2 + ka};

e ifa € S{mq,my}, then Dia € S_1{my, m> + 1}, and Dfa € S{my —
la|, m2}. '

Step 3. Considerations in Z pg(N)
Setting V = (£v, Dyv) T the equation from (7) can be transformed to the system of first
order

_ 0o ¢ .
(8) DV = < A0E 0 )v = AL, )V .

We are interested in the fundamental solution X = X (t, r, &) to (8) with X (r,r, &) = |
(identity matrix). Using the matrizant we can write X in an explicit way by

0 t ty k1
Xtro) =1+ Y1 [ Ao [ Ato)- [ Atcodidu.
k=1 /

r r
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The norm ||A(t, &)|| can be estimated by C(&). Consequently

G
/ [AGs, £)[lds < Ctg(§) = Cn(In(g))”.
0

The solution of the Cauchy problem to (8) with V (0, &) = V(&) can be represented in
the form V (t, &) = X(t, 0, £)Vo(&). Using

t
[IX(t, 0, &) < EXIO(/ IAGs, &)llds) < exp(Cn(InE)”)
0

the next result follows.

LEMMA 4. The solution to (8) with Cauchy condition V (0, §) = V(&) satisfies in
Zpd (N) the energy estimate

IV (t, &) < exp(Cn(nEN) Vo) .

REMARK 4. In Zpg(N) we are near to the line t = 0, where the derivative of
the coefficient a = a(t) has an irregular behaviour. It is not a good idea to use the
hyperbolic energy (v/a(t)é v, D;v) there because of the “bad” behaviour of a’ = a’(t).
To avoid this fact we introduce the energy (¢ v, Dtv).

Step 4. Two steps of diagonalization procedure
Substituting V := (v/a(®& v, Div)"T (hyperbolic energy) brings the system of first
order

0 JamE Dia/1 0 B

The first matrix belongs to the symbol class S»{1, 0}, the second one belongs to
. ) 11 -1

S1{0, 1}. Setting Vo := MV, M = 2( 11

the first order system

0 Jat)é 1 Dia 10 1y
DIVO—M<\/Wg 0 )M Vo—l\/l§<0 0)I\/I Vo=0,

71 O Dia/ 0 1 _
DtVO-(O T2>VO_H<1 0>V0—0,
where 11,2 = F/at)é + ‘—11 %. Thus we can write this system in the form D;Vo —
DVo — RoVo = 0, where

A . _1Da o0 1
D—(O T2>€Sl{1,o},R0—ZT<1 0)681{0,1}

), this system can be transformed to
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This step of diagonalization is the diagonalization of our starting system (9) modulo
Ro € S1{0, 1}.
Let us set

NOD -:_}% 0 Tlifz — Dia 01
T 4 a L 0 8a%2% \ -1 0 )~

R’

Then the matrix N1 := | + ND is invertible in Zhyp(N) for sufficiently large N. This
follows from the definition of Znyp(N), from

1 1\ C, (In:\" c, 1
N1 — 1] = @ <Chi— (In= < 22 t <—a<—,
INL = 1] = NP < atig] < t> =N \iney) SN =2

if N is large, and from
In(g) — In% > InN + In(In{&)”.

We observe that on the one hand DN1 — N1D = Rg and on the other hand (Dy —
D — Ro)Ng = Ni(Dt — D — Ry), where Ry := —N; 1 (DN® — RN D). Taking
account of V@ e S;{—1, 1}, Ny € S1{0,0} and Ry € So{—1, 2} the transformation
Vo =: N1V1 gives the following first order system:

DiVi—DVi— R1V1 =0, D e S1{1,0}, Ry € So{-1,2}.
The second step of diagonalization is the diagonalization of our starting system (9)
modulo Ry € Sp{—1, 2}.

Step 5. Representation of solution of the Cauchy problem
Now let us devote to the Cauchy problem

DiVi—DV:i—R1V1 =0,
(10)
Vi(ts, &) = Vi0) = Nfl(ts,é)M V(te, §).
If we have a solution Vi = Vi(t,&) in Znyp(N), then V = V(t,§) =

M~INy(t, £)Va(t, &) solves (9) with given V (g, &) ont = tz.
The matrix-valued function

t
exp <i [(—va®)E + sz’gg))ds) 0
Ex(t,r, &) = r t
0 exp <i rj(«/a(s)g + 3;?§>)ds>
solves the Cauchy problem (D; — D)E(t,r, &) = 0, E(r,r, &) = |. We define the

matrix-valued function H = H(t, r, &), t,r > tg, by

H(t,r.§) == Ea(r, 1, §)Re(t, ) Ea(t, 1, §) .
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t B
Using the fact that [ 3550 ds = In a(s)Y/* |} (this integral depends only on a, but is
r
independent of the influence of &) the function H satisfies in Znyp(N) the estimate
C (1, 1\r\?
an Heron = = (¢ (ng)) -
Finally, we define the matrix-valued function Q = Q(t, r, &) is defined by

1 -1

00 t
Q,r,£) :=Zik/H(tl, r,g)dtlfH(tz, r, g)dtz.../ H (t, r, £)dtc .
k=1

r r r

The reason for introducing the function Q is that

Vi =Vi(t, &) ;= Ea(t, te, £)(I + Q(t, te, £))V1,0(8)

represents a solution to (10).
Step 6. Basic estimate in Znyp(N)
t

Using (11) and the estimate [ ||H (s, te, §)[lds < Cn(In(§))” we get from the repre-

te
sentation for Q immediately

t
(12) 1Q(t, ts, &) < EXP(/ IIH(S,ts,S)IId5> <exp(Cn(In{gN?) .
te

Summarizing the statements from the previous steps gives together with (12) the next
result.

LEMMA 5. The solution to (9) with Cauchy condition on t = tg satisfies in
Znyp(N) the energy estimate

IV(t. &) < C expCnUINENIV (. &) -

Step 7. Conclusions
From Lemmas 4 and 5 we conclude

LEMMA 6. The solution v = v(t, &) to

vt +aME =0, v(0,6)=9®F), w0 & =PE)

satisfies the a-priori estimate
‘(Sv¢€)> (é@@)ﬂ
v (t, §) V(&)

forall (t,&) €[0,T] x R.

< C exp(Cn(n{ENT)
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The statement of Lemma 6 proves the statements of Theorem 8 for y € [0, 1]. The
statement for y > 1 follows from Theorem 9 (see next chapter) if we choose in this

theorem o (t) = In9 & withq > 2.
O

REMARKS
1) From Theorem 5 and 8 we conclude the C°° well-posedness of the Cauchy problem

Ut —auxx =0, U0, x)=ex), ut0,x)=1yX),

under the assumptions a € L>[0, T]N C2(0, T] and (5) for y € [0, 1].
2) Without any new problems all the results can be generalized to

n
Uit — > @ (Dl =0, U0, %) = p(X), Ur(0,X) = Y (x),
k=1

with corresponding assumptions for ay = ay (t).

3) If we stop the diagonalization procedure after the first step, then we have to assume
in Theorem 8 the condition (4). Consequently, we proposed another way to prove the
results of Theorem 7. This approach was used in [6].

OPEN PROBLEM 3. In this section we have given a very effective classification of
oscillations under the assumption a € L°°[0, T] N C2(0, T]. At the moment it does
not seem to be clear what kind of oscillations we have if a € L°°[0, T] N C1(0, T]

satisfies |a’(t)| < C & (In %)V , ¥ > 0. If y = 0, we have a finite loss of derivatives.
What happens if y > 0? To study this problem we have to use in a correct way the low
regularity C1(0, T] (see next chapters).

OPEN PROBLEM 4. Let us consider the strictly hyperbolic Cauchy problem
Uit +bMux —a®uxx =0, u(0,x) = @(X), Ut(0,X) = Y (x) .

Does the existence of a mixed derivative of second order change the classification
of oscillations from Definition 3.1? From the results of [1] we know that a,b €
LogLip [0, T] implies C° well-posedness of the above Cauchy problem.

REMARK 5. Mixing of different non-regular effects
The survey article [11] gives results if we mix the different non-regular effects of
Holder regularity of a = a(t) on [0, T] and L integrability of a weighted deriva-
tive on [0, T]. Among all these results we mention only that one which guarantees C *°
well-posedness of

Ut —a®uxx =0, U0,x) =¢X), Uut0,x)=1y(Xx),

namely, a = a(t) satisfies t9%a € LP(0, T) forg+1/p = 1.
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4. Hirosawa’s counter-example

To end the proof of Theorem 8 we cite a result from [7] which explains that very fast
oscillations have a deteriorating influence on C > well-posedness.

THEOREM 9. [see [7]] Let w : (0,1/2] — (0, o0) be a continuous, decreasing
function satisfying limw(s) = oo fors — +0 and w(s/2) < c w(s) for all s €
(0,1/2]. Then there exists a function a € C®°(R \ {0}) N CO(R) with the following
properties:

e 1/2 <a(t) <3/2forallt € R;

o there exists a suitable positive T and to each p a positive constant Cp such that
1 1\p
aP ) < cpa)(o(f In f) forall t (0, To) ;

o there exist two functions ¢ and ¢ from C*°(R) such that the Cauchy problem
Uit — atuxx = 0, u(0,x) = ¢(x), u(0,x) = ¥(x), has no solution in
co(o,r), P'(R)) forallr > 0.

The coefficient a = a(t) possesses the regularity a € C*(R \ {0}). To attack
the open problem 3 it is valuable to have a counter-example from [14] with lower
regularity a € C2(R \ {0}). To understand this counter-example let us devote to the
Cauchy problem

1 N2 ]
uss—b<(lng)q> AU=0, (s,%) € (0,1] xR",

(13)
u(l, x) = @(x), us(d, x) = ¥ (x), x e R".

Then the results of [14] imply the next statement.

THEOREM 10. Let us suppose thatb = b(s) is a positive, 1-periodic, non-constant
function belonging to C2. If g > 2, then there exist data ¢, v € C°(R") such that
(13) has no solution in C2([0, 1], D' (R")).

Proof. We divide the proof into several steps.

Due to the cone of dependence property it is sufficient to prove H > well-posedness.
We will show that there exist positive real numbers s = s(||) tending to 0 as |£| tends
to infinity and data ¢, ¥ € H>(R") such that with suitable positive constants C1, C»,
and Cg,

1 10(sg, &) + [0s(s, §)| = C1lé|2 exp(Ca(In C3l£])") .

Here 1 < y < g — 1. This estimate violates H> well-posedness of the Cauchy
problem (13). The assumption b € C? guarantees that a unique solution u e
C2((0, T], H®(RM)) exists.
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Step 1. Derivation of an auxiliary Cauchy problem
After partial Fourier transformation we get from (13)

v +b((n 9¢) TePr =0, (5.6) € (0.2 xR
VL) =§®) . vsL.H =TVE) . §eR",

where v(s, &) = ((s, &). Let us define w = w(t, &) = r(t)%v(s(t),é), where t =
t(s) := (In %)q, T=1() = —g—;(s(t)) and s = s(t) denotes the inverse function to
t = t(s). Then w is a solution to the Cauchy problem

wie +bMZAE Hw =0, (&) e[t(1),00) x R",
1 n
w(t(1), &) = T (1) IGE) . we(t(d), &) = r(t(l))—%<§rt<t<1>)¢<s> — P (&),
where A = A(t, &) = A1(t, &) + Aa(t), and

HE o(t)

L TN _ 12 "
r(t)2 ) )‘-Z(t) = b(t)z‘[(t)z 5 0=t 27t .

At &) =

-1 1 1

Simple calculations show that z(t) = q th exp(ta) and 6(t) ~ — exp(2ta). Hence,
tIim A2(t) = 0. Let A be a positive real number, and let us define te = tz (10) by the
— 00

definition A(te, £) = Ao. It follows from previous calculations that lim tg = co.

[§|—>o00 °

Using the mean value theorem we can prove the following result.

LEMMA 7. There exist positive constants C and § such that

T'(1) 7/(t)
s Mt &) L [r2t) —rt—-d) <C s

A1(t, &) =t —d, &) <Cd

forany0<d <3$ f,((tt)). In particular, we have

~ ~ ‘L'/(tg) ‘C(ts)
Mt 6) — At —d 6] <Cd TS At ). 1=d =8 o

We have the hope that properties of solutions of wy; + b(t)2A(t, £)w = 0 are not
“far away” from properties of solutions of wt; + b(t)2A(ts, £)w = 0. For this reason
let us study the ordinary differential equation wet + Aob(t)%w = 0.

Step 2. Application of Floquet’s theory
We are interested in the fundamental solution X = X(t, tg) as the solution to the
Cauchy problem

d (0 —xob(t)? (10
(14) EX_<1 0 )x, X(to,to)_(o 1),

Itis clear that X (tg + 1, to) is independent of tp € N.
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LEMMA 8 (FLOQUET’S THEORY). Let b = b(t) € C?, 1-periodic, positive and
non-constant. Then there exists a positive real number 1 such that Ao belongs to an
interval of instability for wyt + Agb(t)2w = 0, that is, X (to + 1, to) has eigenvalues 1o
and g * satisfying |uol > 1.

Let us define for t: € N the matrix

X11  X12
Xt +1.t) = ( X21  X22 )

According to Lemma 8 the eigenvalues of this matrix are o and ugl. We suppose

1 _
(15) IX11 — pol = 3 [0~ 1ol

Then we have [x22 — pg | = 310 — g, too.
Step 3. A family of auxiliary problems
For every non-negative integer n we shall consider the equation

(16) wit + Ats — N+ t, E)b(te +)%w = 0.

It can be written as a first-order system which has the fundamental matrix X, =
Xn(t, to) solving the Cauchy problem

diX = ApX, X(to,t0) = |

(17

0 —A(te —n+t, &bt +1)?
An= An(t. &) = (emna L OB+ 07,
1 0
LEMMA 9. There exist positive constants C and § such that
max [ Xn(tz. t)l] < €70
to,t1€[
T(tg)
for0<n<$ ng) and t¢ large.

Proof. The fundamental matrix X,, has the following representation:
lj—1
Xn(to, t1) = | +Z/An(r1, g)/An(rz,g) / An(rj, £)drj ---drq
I= 1t1

By Lemma 7 we have

max ||Xn(t2, t) < exp(l+bf(a(te —n, &) + sup [A2(t)])
t2,t1€[0 t(H<t

= exp(1 + bf(ha(te — N, &) — Aa(te, &) + Ao — Aa(te) + SlUp [22(D))
t()=t

< ec)»o
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T(te)

forlargete , 0<n <3$§ B[] , Where by = r[rajaf](b(t).

LEMMA 10. Let n = n(t) be a function satisfying

T'(b)
(1)
Then there exist constants C and § such that [[Xn(1,0) — X(tz + 1,tg)]| <
C ron(te) X for 0 < n < 8 5(ty). Consequently, | Xn(1,0) — X(t: + 1,t)]| < &

T(te)
for any given ¢ > 0, sufficiently large t: € Nand 0 < n < 8 n(te).

(18) Jim 5 ~0.

Proof. Using the representation of Xn(1, 0) and of X (tz + 1, t¢), then the application
of Lemma 7 to | Xn(1, 0) — X (tz + 1, te)]| gives

T/(té‘) _L./(ts)
IXn(1,0) = X(ts + 1, te)|| <C ro(n+1) Tts) exp(C ro(n + 1) ) )
= Chon(t) +1) "0 60(C 2065 n(te) +1) T, o
= T(te) (te)

forte > coand1 < n < 8 n(te).

Repeating the proofs of Lemmas 9 and 10 gives the following result.
LEMMA 11. There exist positive constants C and § such that

T'(t — n)

X 1,00 - Xn(1,0) <Cx
[Xn+1(1, 0) = Xn(1, 0l r—

forl <n <én(te) and large €.

We will later choose n = n(t) ~ t* with o € (% qT_l). That the interval is
non-empty follows from the assumptions of our theorem. If we denote X,(1,0) =
( x11(n)  X12(N)

, then the statements of Lemmas 8 and 10 impl
X21(n)  X22(n) ) P

® |un — mol < &, where un and Mgl are the eigenvalues of X (1, 0);

linl > 14 ¢ fore < (Juol — 1)/2;

1 -1 — 1 -1
X11(N) — pnl = Zlro — g 1. IX22(n) — puptl = Zlo — g -

From Lemma 11 we conclude

‘[/(tg—n)

o [Xij(n+1) —Xxjj(n)] =C Ao =

. This implies
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'(ts—n)
o [unt1— unl <C Ao i(t; n -

Step 4. An energy estimate from below

LEMMA 12. Let ng satisfy 0 < ng < § n(tg) < no + 1. Then there exist positive
constants Co and Cj such that the solution w = w(t, &) to

wie +bA)ZA(t, £)w =0,

wts —no—1,&) =1, wi(te —ng—1,8) = X12(No)

Hng — X11(No)
satisfies
(19) |lw(te, &)] + |wi(te, )| = Co exp(C1 n(te))

for large &€ and n = n(t) fulfilling (18).

Proof. The function w = w(tz — ng +t, &) satisfies (16) with n = nq. It follows that

Fuwts, s | _
<dt w(tg,s)) = X1(1,00X2(1,0)---

& w(te —no, £)
.. Xno—l(l’ O)Xno(l, O) < dt w(té — Np, f) ) '

The matrix

X12(N) 1
B _ n—X12(N)
n = 1 %21(N)

1
Hn~—X22(N)

is a diagonalizer for Xn(1,0), that is, Xn(1, O)Bn = Byp diag (un, upt). Since
det Xn(1,0) = 1 and trace of Xn(1, 0) is s + u;; L we get det Bp = % Us-

M“n
ing the properties of un from the previous step we conclude | det Bp| > C 5 0 for all
0 < n < 6 n(ts). Moreover, by Lemma 9 we have [xjj(n)] < C, ||Bnll + [IB; I <c
forall 0 < n <4 n(te). All constants C are independent of n. These estimates lead to

't — n)

-1 -1
(20) 1Bn=1Bn — 1 = IB,Z1(Bn — Bn—1)l =C 20 Tt =
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for large te. If we denote G, := Bn‘_l1 Bn — I, then we can write

xl(ls 0)X2(17 O) e Xno—l(ls 0)xn0(17 O)
Mn1 0 -1 ( n2 0 )
= B _ BB _
l( 0 Nll ) 1 0 “21
_ 7 0 _
82183 BnO 1Bno< (’)‘0 = ) Bnol
_ mr 0 nz 0
N Bl( 0 MI1>(I+GZ)< 0 MfEl)
0 _
(I +Gg)--- (I +Gno)< o 0, ) Byl
Hno
We shall show that the (1, 1) element y11 of the matrix
ur 0 n2 0 )
_ I+ G _ I +G3)---
<0 Mll)( 2)(o le ( 3)

Mng 0
I +G
o ”°)< MEJ)

can be estimated with suitable positive constants Co and C1 by Coexp(C1n(te)). Itis
evident from (20) that

lyi - ﬂ pnl < CH I Z AUl

‘L'(t,g—n)
for large tg. We have
No / 57)“&’) / 1 1
T =
o e —n) Tt —t—-1) Tt —dn(ty) =D
Tt — 1)\t

Hence, we can find a positive real v such that
lyal = (1—v) H lunl = (L =v)(o— &)™ > (1—v)(po—e)° "™,

The vector of data on t = t¢ — ng is an eigenvector of By,. Thus the estimate for y11
holds for the vector (diw(te, &), w(te, £))T too. This proves the energy estimate from
below of the lemma.

O



156 M. Reissig

Step 5. Conclusion
After choosing s = s(tg) = exp(—tsl/q) for large tg and taking account of wt(t, &) =

Lart)~2 v(s(t), &)+ T(t)?2 vs(s(t), &) we obtain
[w(t(s), &) + [wi(t(s), )|

1 7t (1()) _1
T(1(s))2 (1+ 2r(t(s))) [v(s, &) + T((s)) ™ 2|vs(S, &)

27 (t(8)Z[u(s, )] + T(1(S)) " Z|vs(s. £))|

for large &. Finally, we use t(t(s)) ~ |&|. This follows from the definition A(te, &) =
Ao and . lim Ax(tz) = 0. Thus we have shown
~;’:—>OO

IA

IA

E110Gse. ) + 10s(S¢. §)] = Cilé|Z exp(Ca n(te)) .

The function n(t) = t* satisfies (18) if ¢ < qT_l. The function tg behaves as (In|£])9.
Together these relations give

&) 10(se. £)] + 0s(se. &) = Cal&|Z exp(Ca (In[E)T)
> Cy1)£]2 exp(Ca (N[€))Y) . where y e (1.q—1) .

From this inequality we conclude the statement of Theorem 10.
O

REMARK 6. The idea to apply Floquet’s theory to construct a counter-example
goes back to [25] to study C°° well-posedness for weakly hyperbolic equations. This
idea was employed in connection to L, — Lq decay estimates for solutions of wave
equations with time-dependent coefficients in [24]. The merit of [14] is the application
of Floquet’s theory to strictly hyperbolic Cauchy problems with non-Lipschitz coef-
ficients. We underline that the assumed regularity b € C2 comes from statements of
Floquet’s theory itself. An attempt to consider non-Lipschitz theory, weakly hyperbolic
theory and theory of L, — Lq decay estimates for solutions of wave equations with a
time-dependent coefficient is presented in [23].

5. How to weaken C? regularity to keep the classification of oscillations

There arises after the results of [6] and [7] the question whether there is something
between the conditions

(21) e aelL®[0,TINC0,T], |tVa'(®)] <C for te (0,T];
k
(22) e aclL®[0,TINC%0,T], [a® )| < Ck G (ln %)y>

for te 0, T], k=1,2.
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The paper [15] is devoted to the model Cauchy problem
(23) ux—at,x)Au=0, u(, x)=¢x), u(T,x)=vyX),

where a = a(t, x) € L®°([0, T], B®(R") and ag < a(t, x) with a positive constant
ap.

DEeFINITION 3. Definition of admissible space of coefficients. Let T be a positive
small constant, and let y € [0,1] and 8 € [1, 2] be real numbers. We define the
weighted spaces of Holder differentiable functions Al = Aff((o, T] in the following
way:

AJ(O.TD = (a=atx) € L¥(0.TLB*®Y) ;. sup_lla®llgxer)

+ sup lldta(t) ll gkwny l8callme—1(je, 17, BR(RMY)
teor) UHInt=hyr o T idntThyr)R

where || F[[\s-1(, With a closed interval | is defined by

[F(s1) — F(s2)|
IFlme-10y = Sup  ————7—7—
syl si£s, 51— 82|

forall k > 0},

o Ifasatisfies (21) with y = 1, thena € A},
o Ifasatisfies (22) with y € [0, 1], thena € AZ.

DEFINITION 4. Space of solutions. Let o and y be non-negative real numbers. We
define the exponential-logarithmic scale H, , by the set of all functions f € L2@R™)
satisfying

1/2
Ifin,, = (/|exp(G('”(S))y)fA(S)lzdé) <o00.
Rn

In particular, we denote H, = |J H, ., .

o>0

THEOREM 11. Lety € [0,1]and B8 € (1, 2]. Ifa € Af((o, T]), then the Cauchy
problem (23) is well-posed in H, on [0, T], that is, there exist positive constants
C,.g, o and o’ with ¢ < ¢’ such that

IVu®, ut)lin,, = Cypll(Ve, ¥)lin,,, forallt e [0, T]

REMARK 7. In the Cauchy problem (23) we prescribe data ¢ and i on the hy-
perplanet = T. It is clear from Theorem 4, that a unique solution of the backward
Cauchy problem (23) exists for t € (0, T]. The statement of Theorem 11 tells us that
in the case of very slow, slow or fast oscillations (y € [0, 1]), the solution possesses a
continuous extension to t = 0.
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OPEN PROBLEM 5. Try to prove the next statement:
Ifa=a(,x) e Aﬁ((o, T] with y > 1 and B8 € (1, 2), then these oscillations are
very fast oscillations!

The energy inequality from Theorem 11 yields the same connection between the
type of oscillations and the loss of derivatives as Theorem 8.

THEOREM 12. Let us consider the Cauchy problem (23), where a € Aff((O, TD
with y € [0, 1] and B € (1, 2]. The data ¢, ¥ belong to HSt1, HS, respectively. Then
the following energy inequality holds:

E(u)(t) . <C(MEW)() s forall t €[0,T],
where
e Sp = 0if y = 0 (very slow oscillations),
e Sp is an arbitrary small positive constant if y € (0, 1) (slow oscillations),

e Sp is a positive constant if y = 1 (fast oscillations).

Proof of Theorem 11. The proof follows that for Theorem 8. But now the coefficient
depends on spatial variables, too. Our main goal is to present modifications to the proof
of Theorem 8.

To Step 2. Symbols

To given real numbers my, m > 0, we define S{m1, m»} and T™ as follows:

S{imi,m2) = {a=a(t, x, &) € L0, T), CORM) :
19797a(t, x, £)| < Cq (&)™l <1(|n1)y>m2 in Zhyp(N)}:
x 9 a(l, X, 8)| = Ly i t yp ;

TM = {a=a(t,x, &) eL®,T), C®RM):

|05 a7a(t, x, £)] < Co (&)™ in Zpg(N)).

Regularization

Our goal is to carry out the first two steps of the diagonalization procedure because only
two steps allow us to understand a refined classification of oscillations. But the coeffi-
cienta = a(t, x) doesn’t belong to C2 with respect to t. For this reason we introduce
a regularization a, of a. Let x = x(s) € B*(R) be an even non-negative function
having its support on (—1, 1). Let this function satisfy [ x(s)ds = 1. Moreover, let
the function u = u(r) € B*°[0, co) satisfy 0 < u(r) <1, u(r) = 1forr > 2 and
w(r) = 0forr < 1. We define the pseudo-differential operator a, = a,(t, X, Dx) with
the symbol

t(&) t(&)
ap(t’ X’S) =u (WW) bp(t, X7$)+ (1 — M (WW)) jg/ )
Zpd(N

Znyp(N) pd (
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where

by(t, x,§) = (g)/a(s, X)x ((t —s)(E)ds.
R

regularization of a

LEMMA 13. The regularization a, has the following properties:

a,(t, x, &) > ao;
a,(t,x, &) € 89 ;

dha,(t, X, &) € ${0, 1} N T ~°°;

d2a,(t, X, &) € S{—B+2,B1NT >,

at,x) —a,(t,x,£) € S{—B, 81N TO.

To Step 4. Two steps of diagonalization procedure
We start with uyy — a(t,x) A u = 0. The vector-valued function U =
(/a@,(Dx)u, D;u)T is a solution of the first order system

(Dt — Ao — Bo— Ro)U =0,

Ao ::< 0 V@ (Dx) )
V@ (Dx) 0 ’

Bo ;:( op| 3] 0 ) |
(a—a,)(Dx)/a* 0

where Rp € S° uniformly for all t € [0, T], that is, Rop = Ro(t,x,&) €
L>°([0, T], SO).

First step of diagonalization, diagonalization modulo L>([0, T], S{0,1}NT1).
Using the same diagonalizer in the form of a constant matrix we obtain from the above
system

(Dt —A1—B1—Rp)U1 =0,
1 0

By e L®([0,T], S{0,1}NTY,
Ry € L°([0, T], SO).

REMARK 8. We can split By into two parts

Dta, 11
4a, 11

1
Bi1:= 3 (@ —a,)(Dx)/a," < _11 _11 > :
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The second part By belongsto S{—g+1, inTforallt € [0, T]. If 8 > 1, then this
class is better than S{0, 1} N T1. We need B > 1 later, to understand that the influence
of B11 is not essential. This is the reason we exclude in Theorem 11 the value g = 1.

Second step of diagonalization, diagonalization modulo
L0, T], S{=B+1,8NTH +L>(0,T], 9.
We define the diagonalizer M2 = Ma(t, x, Dx) = ( : _Ip ) where p =

p
pt,x, &) = %\%@). Then a suitable transformation U, := M2U; changes the

above system to
(Dt —A1—A2—-B2—-RU2=0,

Dtap 10
4a, 01

Boe L®([0,T], S{—B+1,8NTYH,
Ry € L*®([0,T], SO).

Transformation by an elliptic pseudo-differential operator.

T
We define M3 = Ms(t, X, &) = exp (—f a;i” ds ( (1) 2 ) The transformation
t

U, := M3Uj3 gives from the last system (D — A1 — B3 — R3)Uz = 0, where B3, R3
belong to the same symbol classes as B2, Rz, respectively.

REMARK 9. The last step corresponds to the fact from the proof of Theorem 8,

t B
that rf %) ds depends only on a.
Application of sharp Garding’s inequality for matrix-valued operators.

We generalize an idea from [2] to our model problem.

GoAL. Let us find a pseudo-differential operator 6 = 6(t, Dy) in such a way that after

. —}9(5, Dy)ds .

transformation V (t, x) :=e t Us(t, x) the operator equation (Dy — A;— B3z —
R3)U3z = 0 is transformed to (; — Pg — P1)V = 0, where we can show that for the
solution V of the Cauchy problem an energy estimate without loss of derivatives holds.

A simple computation leads to
Po+P1 = i(A1+ B3+ R3)+0(t, Dyl

T T
— [ 6(s,Dx)ds [ 6(s,Dx)ds
t ,A+B+R et .

+ ife
The matrix-valued operator Aj brings no loss of derivatives, here we feel the strict
hyperbolicity. Taking account of the symbol classes for B3, Rz and our strategy due to
Garding’s inequality that 8 = 6(t, &) should majorize i (Ba(t, X, £) + R3(t, X, £)) the
symbol of 6 should consist at least of two parts:
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e a positive constant K, due to Rz € L*®([0, T], $9);

» Koo(t.8) 1= K u (e ) = (£ (n %y)ﬁ
K (1 —u (%)) (£), dueto Bg € L®([0, T], S{—B + 1, B} N TY).

It turns out that the symbol of the commutator doesn’t belong to one of these symbol
classes. For this reason we introduce a third part

» Kout.&) 1= K i () (Ind) + K (1- 0 (i) (Ind)
Defining

e Pog=i(A1+ B3+ R3) + K(1+ 6p(t, D)),

. —}0(5, Dx)ds }0(5, Dx)ds
e PL=K6oi(t,Dx)l +i|e T , A1+ B3+ R3 | et

one can show

det<PCH2r . ) (t, X, &) = 6o(t, &) € L=([0, T], St o) ,

det<PlJ; . ) (t.x,§) = 61(t, ) € L¥([0, T], S{p) -

We use the sharp Garding’s inequality with (see [19]) with
eco=0, m=1, p=1, §=0 forPp,
eCco=0, m=¢, p=¢, 8§=0 forPq,

thus Re(Pgxu, u) > —Cg ||u||f2 for k = 1,2. These are the main inequalities for
proving the energy estimate

IV )IE, <eTIV(T. )IE, for te[0,T].
T

It remains to estimate [ 6(s, £)ds. This is more or less an exercise. A careful calcula-
0

T
tion brings f@(s, £)ds < C (In{&))”. The statements of Theorem 11 are proved.
0
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6. Construction of parametrix

In this section we come back to our general Cauchy problem (1) taking account of the
classification of oscillations supposed in Definition 2 and (5). We assume

(24) ay € C([0, T], B @®R™) N C>((0, T], B*@R")).

The non-Lipschitz behaviour of coefficients is characterized by

(25) IDEDfay (t, x)| < Cip (fl (In %)V)k

for all k, 8 and (t,x) € (0, T] x R", where T is sufficiently small and y > 0. The
transformation U = ((Dy)u, Dtu)T transfers our starting Cauchy problem (1) to a
Cauchy problem for D{U — AU = F, where A = A(t, x, Dy) is a matrix-valued
pseudo-differential operator. The goal of this section is the construction of parametrix
to Dy — A.

DEFINITION 5. An operator E = E(t,5),0 < s <t < To, is said to be a
parametrix to the operator Dy — A if D{E — AE e L([0, Tg]?, W~°(R™M)). Here
W~ denotes the space of pseudo-differential operators with symbols from S~ (see

[19D).

We will prove that E is a matrix Fourier integral operator. The considerations of
this section are based on [17], where the case y = 1 was studied, and on [23]. We will
sketch this construction of the parametrix and show how the different loss of derivatives
appears. It is more or less standard to get from the parametrix to the existence of C1
solutions in t of (1) with values in Sobolev spaces.

Step 1. Tools
With the function t = tg from the proof of Theorem 8 we define for (§) > M the
pseudo-differential zone Z ,q(N), hyperbolic zone Znyp(N), respectively, by

(26) Zpd(N) = {(t, %, &) € [0, T x R : t <t¢},
(27) Zhyp(N) = {(t, X, €) € [0, T] x R : t > t¢}).

Moreover, we divide Znyp(N) into the so-called oscillations subzone Zosc(N) and the
regular subzone Zeq(N). These subzones are defined by

(28) Zose(N) = {(t,x, &) € [0, TI x R*": te <t <f},
(29) Zreg(N) = {(t,x,6) € [0, TI x R : & <t}

where t = f¢ solves
(30) fe () = 2N(In(E)?.

In each of these zones we define its own class of symbols.
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DEFINITION 6. By Ton we denote the class of all amplitudes a = a(t, x, &) €
L>°([0, T], C>®(R2")) satisfying for (t, x, &) € Zpd(2N) and all «, B the estimates

(31) €SS SUP ¢ x)e[0,t:] xR0 | 0% DE AL, X, £)] < Cpo (£)1711.

By S”} s (R™) we will denote the usual symbol spaces (see [19]).
To describe the behaviour in oscillations subzone Z osc(N) we need the following class
of symbols.

DEFINITION 7. By Sy{m1, m2}, m2 > 0, we denote the class of all amplitudes
a=al(t,x, &) € C®((0, T] x R?") satisfying
mp+k
(32) oo agact, x, )] = Ciga &)™ (an by )™
forallk, , g and (t, x, &) € Znhyp(N).

Finally, we use symbols describing the behaviour of the solution in the regular part

DEFINITION 8. By Sy {m1, mz2}, m2 > 0, we denote the class of all amplitudes
a=al(t,x, &) € C®((0, T] x R?") satisfying

mp+k
(33) ok agact, x, )] = Ciga &)™ (an 7)™
forallk, o, B and (t, x, §) € Zreg(N).
To all these symbol classes one can define corresponding pseudo-differential op-
erators. To get a calculus for these symbol classes it is useful to know that under

assumptions on the behaviour of the symbols in Z pq(N) we have relations to classical
parameter-dependent symbol classes.

LEMMA 14. Assume that the symbola € Sn{mz, m2} is constantin Z pg(N). Then
(34) ac Loo([o’ T], STSX(O,mHmz)(Rn))’ atka c Loo([o’ T], S]T(:L)+m2+k(Rn))
forall k > 1.

The statements (34) allow us to apply the standard rules of classical symbolic cal-
culus. One can show

a hierarchy of symbol classes Sn{m1 k, m2} for mq x — —oo.

LEMMA 15. Assume that the symbols ax € Sn{mik, mz2}, k > 0, vanish in

Zpd(N) and that my k — —oo as k — oo. Then there is a symbol a € Sn{my,0, M2}
with support in Zhyp(N) such that

k-1
a— Za| € Sni{mik.mp}  forall k> 1.
1=0
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The symbol is uniquely determined modulo C*° ([0, T], ST (RM)).

a hierarchy of symbol classes Sy{m1 — k, mo + k} for k > 0.

LEMMA 16. Assume that the symbols ax € Sy{m1 —k, m2 +k}, k > 0, vanish in
Zpd(N). Then there is a symbol a € Sy {m1, m2} with support in Zpyp(N) such that
k—1
a—Y aeSnfmi—k,ma+k} forall k>1.
=0

The symbol is uniquely determined modulo () Sn{m1 — I, m2 +1}.
1>0

Asymptotic representations of symbols vanishing in Z pq(N) by using these
hierarchies.

A composition formula of pseudo-differential operators whose symbols are constant in

LEMMA 17. Let A and B be pseudo-differential operators with symbolsa := o (A)
and b := o(B) from Sn{m1, m2} and Sn{k1, ko}, where we use the representations

A(t, X, Dyu = ﬁOs— [ [ e Y, x, £)u(x + y)dedy;
RN Rn

B(t, X, Dx)U = = O0s- [ [ e™¥b(t, x, §)u(x + y)d&dy.
RN R"

Let us suppose that both symbols a and b are constant in Z ,g(N). Then the operator
Ao B hasasymbol ¢ = c(x, t, &) which belongs to Sy {m1+ k1, m2+ko} and satisfies

1
Ct. X, &) ~ Y —DFact, x, H)ob(t, x, &)

modulo a regularizing symbol from C°°([0, T], S™%°).

The existence of parametrix to elliptic matrix pseudo-differential operators belonging
to Sn {0, 0} and which are constant in Z pg(N).

LEMMA 18. Assume that the symbol a := o (A) of the matrix pseudo-differential
operator A belongs to Sn{0, 0} and is a constant matrix in Zpq(N). If A is elliptic,
this means | deta(t, x, &)| > C > Oforall (t,x,&) € [0, T] x R, then there exists a
parametrix A7, where a* := o (A?) € Sn{0, 0} is a constant matrix in Z pg(N), too.

Proof. We set ag(t, X, &) 1= a(t, x, &)L The symbol ag belongs to Sy {0, 0}. Using

Lemma 14 we can recursively define symbols al’i by

k
> A(prac x. ) (a8, (LX) = —a(t, x, .. ).

la|=1
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It is clear that aﬁ(t, X, &) =0in Zpg(N) and aﬁ € Sn{—k, 0}.
The application of Lemma 15 gives a symbol afq € Sn{0, 0} and a right parametrix A’:R
with symbol o (A%) =: a% and
k—1
ap— > _aj € Sn{—k,0},
1=0
ah(t, x, £) = aj(t, x, &) in Zpa(N),
AAL — 1 € C®([0, T], W),
where | denotes the identity operator. In the same way we can show the existence of
a left parametrix Af_ with Af_A — 1 e C*([0, T], ¥==°). As usual one can show

that A’f_ and A’iR coincide modulo C*([0, T], ¥~°°). This gives the existence of
a parametrix with symbol belonging to Sy {0, 0}. It is uniquely determined modulo
C([0, T], ¥~™).

([l

Step 2. Diagonalization procedure
We have to carry out perfect diagonalization. The main problem is to understand what
the perfect diagonalization procedure means. Here we follow the following strategy:

e The first step of perfect diafonalization we carry out in all zones.

e The second step of perfect diagonalization we only carry out in Zpyp(N).

e The perfect diagonalization we only carry out in Zyeg(N).
Perfect diagonalization means diagonalization modulo Toy N (Son {0, 0}+Son{—1, 2})
n{Nssi-rr+u}

r>0

Let us explain these steps more in detail. We start with

n
Lu:=Dfu— Y au(t.x)Df,u=g.

k=1
u(@0, x) = p(x),
Dtu(0, x) = =iy (x),

-
where g := —f from (1). The transformation U = (U, Up)T = ((Dx)u, Dtu)
transfers this Cauchy problem to

(Dx)o(X)
35 DiU—-AU =G, U@, x) = ; ,
(3) : JUCRSE Qv
where

«Q o
N——

) 0 (Dx)
A= > an(t,x)DZ, (Dx)™* 0 » G = (

k=1
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LEMMA 19. Symbol o (A) belongs to Toy N Sn{1, 0.

Now we care for the main step of diagonalization, this means, for the step which
transforms A to a diagonal matrix pseudo-differential operator modulo an operator
with symbol from Ton N Sy {0, 1}. Therefore we define the pseudo-differential opera-
tors of first order ®x = dk(t, X, Dx), k =1, 2, having symbols

(36) u(t. x. §) = (&) x (et ) + et x. (1 — x (it ) ) -
Here d» = —d is a positive constant and
n
@7 Wt X6 =DMVt X, ), at, x,£) = ) au(t, )&d-
k=1

The function x = x(s) is from C3°(R), x(s) = Lfor|s| <1, x(s) =0for|s| > 2
and 0 < x(s) < L.

LEMMA 20. a) The non-vanishing symbols ¢k = ¢k(t, X, &), k =1, 2, belong
to Ton N SN2, O}.

b) The special choice of dx, k = 1, 2, yields g2 — ¢1 = 2¢5.

To start the diagonalization procedure we define the matrix pseudo-differential op-
erator (h(Dx) = (D))

| |
M(t, X, D) =( ®1(t, X, Dh~1(Dy)  Pat, x, Doh~1(Dy) )

Due to Lemma 18 we have the existence of M?. This follows from the analysis of

1 1
oM) =1 atxs eexs |

h() h()

that by (36) and (37) the symbol o (M) is a constant matrix in Z ,4(N), deto (M) =
2205 > C > 0for (t,x, &) € [0, T] x R?". Hence, M is elliptic with a symbol

belonging to SN {0, 0}. The parametrix MF¥ belongs to Sy {0, 0}, too. We will later
apply Duhamel’s principle to find a representation of the solution to (35). Therefore we
devote to find a fundamental solution to (35), this is a solution E = E(t, s) satisfying

(38) D(E — AE =0, E(s,s) = I.
Setting Eg = M*E leads to

MEDE + DiM?E = M?AE + D{M?E
MEAMEQ + DiM*MEg + Roo E,

DiEo
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where Ry € C®([0, T], ¥ ~°°). The symbols o (M*), o(M) are constant in Zpd(N).
Consequently,

o(MPAM) = o (MH)o (A)o (M) + fo(t, X, &) + reo(t, X, £),

where
and ro, € C([0, T], S~ (R")). Straightforward calculations yield
(40) o (MHo (Ao (M) = { Cei(;_,zil,’é) in Znyp2N)
where

st =(PORD 0 )

and

2,2 22
nter -5

J(Mt)a(A)a(M)z( 2p, 202 )(t,x,g) in Zpa(2N).

oi-1f  htes
201 290

Consequently, the following identity holds in Z pq(2N):

o (M¥o (A)a (M) = < %1 ;)2

)o@

where the symbol o (Q) € Ton N Sn{l, 0} and o (Q) = 0 in Znyp(2N). Finally, let us
devote to DiM*M = —M?D¢M + Roo. We have

o (MID{M) = o (MH)o (DyM) + fo(t, X, €) + reo(t, X, £) ,

where
(41) folt, x, £) —{ € Ton N Sn{-1.1},
and ro, € C°([0, T], ST (RM)). Using
_ -1 2 1 0 0

_ (23 OF)
h D D

and (38) to (41) we arrive at the next result. In the formulation of this result we use
due to the influence of Q some symbols in Znyp(2N) and take into consideration that
symbols from Sy {1, 0} supported in the transition zone Z pq(2N) \ Zpa(N) belong to
T2N .
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LEMMA 21. The fundamental solution E = E(t, s) solving (38) can be repre-
sented in the form E(t, s) = M(t)Eq(t, s)yM¥(s), where M is an elliptic operator with
symbol o (M) € Sn{0, 0} and Eg = Eq(t, S) solves

(42) DtEo — DEo + P1Eo+ P2Eo + QEo + R E = 0.

The matrix pseudo-differential operators D, P1, P2, Q, Reo possess the following
properties:

o D: o(D) € Ton N Sn{1, 0},
h @2
+ 5o Dt # 0
o(D) = LT 20 h hpoe |
0 (,02+2_(/)2DtF

e P1:  diagonal, o (P1) € Tan NSN{0, 0}, 0 (P1) =0in Zpg(N);

e P>:  antidiagonal, o (P2) € Ton N SN{O, 1}, o(P2) =0in Zpa(N);
Q: 0(Q) €Ton, 0(Q)=0inZpyp(2N);

e Ro:  0(Rx) € C®([0, T], ST (RM)).

This finishes the first step of perfect diagonalization, this step yields a diagonaliza-
tion modulo Ton N Son {0, 1}

In the next step of perfect diagonalization our goal consists in the diagonalization
of the antidiagonal matrix operator P2 with symbol o (P2) modulo Spn{—1, 2}. In the
hierarchy of symbols described in Lemma 16 the corresponding pseudo-differential op-
erator has a better smoothing property than pseudo-differential operators with symbols
from Son {0, 1}. We restrict ourselves to

(43) DtEo — DEo + P1Eo+ P2Eo + QEo = 0.

LEMMA 22. There exist an elliptic pseudo-differential operator N1 with o (Ny) €
Sn{0, 0},
o(N1) = | in Zpg(N), and pseudo-differential operators Fy of diagonal structure
and P3 with o(F1) € Ton N SN{0,0}, o(F1) = 0in Zpd(N), and o (P3) € Ton N
Son{—1, 2} such that

(44) (Dt =D+ P1+ P2+ Q)N1 = N1(Dt — D + F1 + Ps)

holds modulo an regularizing operator R, with symbol o(R.,) belonging to
C([0, T], ST°(RM)).

Proof. We localize our considerations to Znyp(N) by using the pseudo-differential op-

erator | — x (t, Dy) with symbol | (1 - X<N<+fs>>)y)) We define F1 with the symbol

o (F(t, X, &) = (1— X(ng))y))a(m)(t, X, &), which belongs to Toy N Sn {0, 0}.
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Moreover, we introduce

P12

0
nt,x, £) = ( 5" ) (1 - X(Natrfs)w)) € Tan N Sn(=1.1),

P2—¢1
where
oy =( 9O P2 ) € Tan N SN0, 1.
par O
Setting N1 = | + N{l) , a(N{l)) = n(ll), we are able to conclude that the symbol
o(BD) of
BY = (Di—D+Pi+Pa+ QU +NP)— (1 +NP)Dy — D+ Fy)
= Pi+P2+Q—[D.NPT—Fi+ DiN{” + (PL+ P2 + QN{”

—NPFy
belongs to Ton N Son{—1, 2}. This follows from
o o(DiNP) € Tan N SN{=1,2}, o (DNY) =01in Zpg(N);

o o(Pi+P)NP —NPFy) € TannSn{-1,2}, o (P1+PINSY—NPF) =0
in Zpd(N);

e o((L—x)P2—[D, NP e TanNSNI-1,2}, o((L—x)P2—[D, NP =0

The last relation is a conclusion from

(1= 0Pe DN = ( @ e E™)

[ o1+ 2D 0 5 0 CuP
0 2+ LDt% A-x)p21 0

202 2—91
A-x)p12 h 92
+( (1—)?)|021 vz ) ( T Z_WDIF g ¥2 )
P2—¢1 0 0 92+ 24, Dty
00
= ( 0 0 ) mod Sn{-1, 2}.

The symbol o ((1 — x)P> — [D, N{l)]) vanishes in Zpq(N) because of o(Py) =
a(N{l)) = 0 and belongs to Ton. The remainder Ry := (P1 + P2)x + QNj be-
longs to Ton and vanishes in Znpyp(2N). Summarizing these observations we see
that B = B® 4 Ry, where o(BY) e Ton N Sn{—1,2}, = 0in Zpg(N) and
o(R1) € Ton, = 0in Zpyp(2N). Now let us show that a sufficiently large N in (30)
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guarantees that N1 is an elliptic pseudo-differential operator with symbol belonging to
Sn {0, 0}. Due to our construction o (N1) = | in Zpg(N). We know that

1 .
Yoot e < SEINDY < G in Zngp(N).

Consequently, a large N yields |0 (N1)| > 1/2in [0, T] x R?". Using o (N1) = | in
Zpd(N) gives together with Lemma 18 the existence of Nf with o(Nf) € Sn{0,0}. It
is clear that the symbol of

(45) P3:= NiB® = N} (B® 4+ Ry)
belongs to Ton N Son{—1, 2} modulo a regularizing operator R, with symbol o (Roo)

belonging to C*°([0, T], ST (RM)).
O

This finishes the second step of perfect diagonalization, this step yields a diagonal-
ization modulo Toy N Son{—1, 2}.

Summarizing we have proved the next result.

LEMMA 23. The fundamental solution Eqg = Eg(t, s) solving (43) can be rep-
resented in the form Eg(t,s) = Nl(t)El(t,S)Nlﬁ(S), where Nf and N1 are elliptic
pseudo-differential operators with symbols a(Nf), o (N1) € Sn{0, 0}, both symbols
are constant in Z og(N). The matrix operator E; = E4(t, s) solves

D{E; — DE1+ F1E1 4+ P3sE1 + RwE1 =0,

where the matrix pseudo-differential operators D, F1, P3, Ry possess the following
properties:

ﬂDﬂ 0
e D:o(D) e Ton NSN{L, 0}, 0(D) = ( P17+ 26, Pt >;

0 2+ %Dt%
e Fi: diagonal,o(F1) € Ton NSN{0,0}, o(F1) =0 in Zpg(N);

e P3: o(P3) € Tan N Son{—1, 2};

e Ro:  0(Ruo) € C®([0, T], ST RM).

Now let us sketch the perfect diagonalization.

REMARK 10. Let us explain our philosophy to carry out further steps of perfect
diagonalization. We will localize further steps of diagonalization to Z;eg(N). In this
part of Znhyp(N) we get the improvement of smoothness of the remainder Pp_ . This
improvement of smoothness can be understood after calculating for y € (0, 1]

[ oo x.0far
te

t
Cp (1 1\7\ Pl Cplnig)?®P+d ¢ 112
S/fg ﬁ(;(ln ;) ) dr < =& (©)P = (2Np)p(|n<§>))/(p )=2rp,
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where ¢ is defined as in formula (30). In the oscillations subzone we use for the
construction of parametrix a behaviour of the symbol of remainder like Son {0, 0} +
Son{—1, 2}. It turns out that the perfect diagonalization means diagonalization modulo

operators with symbols from Tony N (San {0, O} +Son{—1, 2HN { ﬁo Soni=p, p+1} }
p>

LEMMA 24. There exist a matrix elliptic operator N2 with o (N2) € Sn{0, 0},
o(N2) = l'in Zpg(N) U Zosc(N), a diagonal matrix pseudo-differential operator F»
with o (F2) € (S} {0,0} + Sx{=1,2}), 0(F2) = 0 in Zpg(N) U Zose(N), and a
matrix pseudo-differential operator P, with o (Px)(t, X, &) € Ton N (S2n{0, 0} +

Son{=1,2) N { N Si(—p.p+ 1}} such that
p>0

(46) (Dt =D+ F1+ P3)N2 = N2(Dy — D + Fo + P).

This identity holds modulo a regularizing operator R, with symbol o (R) belonging
to C°([0, T, ST (R")).

Proof. We choose the representation N ~ | + ) Ng) and Fo ~ Fz(r). Our goal
r>1 r>0
is to show the relation

(Dt—D+Fi+P)+ Y N~ (1 +Y NYD—D+ > F + P,

r>1 r>1 r>0

For further constructions we use P3 = P31 + P32, where P31 denotes the diagonal
part of P3 and P32 denotes the antidiagonal part.
We localize our considerations to Zreg(N) by using the pseudo-differential opera-

tor I — x1 with symbol I(l — X(ﬁ)) We define FZ(O) with the symbol

2N(In(g))r
e (FE X6 = (1 - x(ggsksz) )o (F + Pan)(t.x, &), which belongs to
Sxi10, 0} + S§ {—1, 2}. Moreover, we introduce
0 P13
@ ) - t *
ny (L, x,8) = ( wzpjz(tpl mowz ) (1_ X(W)) € Sn(=2.2),

where

0
o(P32) = ( Da1 pSB > € Ton N Son{-1, 2}

Setting N2 = | + Nél) , o(Nél)) = n(zl), we get similar as in the proof of Lemma 22
that the symbol o (B@) of
BY: = (Di—D+Fi+P)(l +N) = (1 + NSO =D+ F?)

belongs to Ton N (S2n {0, 0} + Son{—1,2}) N S5 {—2, 3}. Moreover, we can show
that B® = BD + Ry, where o (BD) € S {—2,3}, = 0in Zpa(N) U Zosc(N) and
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o (R1) € Tan N (S2n{0, 0} + Son{—1,2}), = 0in Zreg(2N). Now we are able to start
an induction procedure. Let us suppose that B is already constructed and its symbol
o(BM) € S{{—( +1),1r +2}, = 0in Zpa(N) U Zose(N). Then Fs” := B has
the same properties, where Igf), Eg) denote the diagonal part and antidiagonal part of
B™), respectively. We introduce

+D) 0 Pir+3

r+ . o —0r

n, (X, §) = Pr+3)1 (P10<P2
v2—¢1

as the symbol of N+ where

a(|§§”)=< 0 Pir+3) )e Sx{—(r41),r42}, =0 in Zpa(N)UZosc(N).
Prr+3)1 0

Then we have to check the operator

r+1 r+1 r
BI*Y = (Dt =D+ F1+ Pl + Y NS — (1 + Y N —D+ Y F)
=1 =1 =0

and can show that B+ = BC+D 4 Ry, where o (BT*Y) € S} {—(r+2),r+3}, =0
in Zpg(N) U Zgsc(N) and Ry is as above. By Lemma 16 we find a symbol ny =

na(t,x, &) ~ | + Zo(Nér))(t,x,é), nz € Sy {0,0} modulo () Sy {-r,r}, and

r>1 r>0
N2 = 1in Zpa(N) U Zose(N), and a symbol fp = fa(t,x, &) ~ Y o (Fi)(t, x, €),
r>0
f2 € (S{{0, 0} 4 S} {—1, 2}) modulo () S} {—r.r+1}, f2=0in Zpg(N)UZosc(N).
r>0
Then the above operator identity holds with o (N2) := ny and o (F2) := fo, where
P~ can be represented in the form P, = Fo + R, where ¢(R) = o(F1 +

t(€)
Pa)x (2N<In<s>>zv )
The first pseudo-differential operator F, has a symbol o (Foo) from { () Sp{=r.r+
r>0
1}], 0(Fxo) = 01in Zpg(N) U Zosc(N). The second pseudo-differential operator R
has a symbol o (R) belonging to Ton N (S2n{0, 0} + Son{—1, 2}). Moreover, o (R)
vanishes in Zyeg(2N).
O

Thus we finished our perfect diagonalization modulo Ton N (Son{0, 0} +
Son{—1, 2})0{ N Sy (1T +1}}.
r>0

To complete the perfect diagonalization it remains to understand that a parametrix
Ng to N2 exists. From the construction we know that (N2 — 1) € S§{—1, 1} and
vanishes in Zpa(N) U Zosc(N). A suitable large constant N in the definition of zones
guarantees that Ny is elliptic and its symbol is equal to | in Z pg(N) U Zsc(N). Hence,
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the statement of Lemma 18 gives the existence of Ng with symbol from S {0, 0} and

equal to I in Zpg(N) U Zosc(N). Thus we can formulate the next result.

LEMMA 25. The fundamental solution Eqg = Eg(t, s) solving (43) can be rep-
resented in the form Eg(t,s) = Nl(t)Nz(t)El(t,s)Ng(s)Nlﬁ(s), where Nf, N1 and
Ng, N2 are elliptic operators with symbols o(Nf),a(Nl) € Sn{0, 0}, both sym-
bols are = | in Zpg(N) and o—(Ng), o(N2) € Sy {0, 0}, both symbols are = | in
Zpd(N) U Zosc(N). The matrix operator E; = Ea(t, s) solves

DitE1 —DE1+ F2E1 + PE1 + RE1 =0,

where the matrix pseudo-differential operators D, F2, P, Roo possess the following
properties:

e D: o(D) € Ton N Sn{L, 0},

h
o(D) = (pl“l‘z—(pth% 0 .
0 ¢2+2L¢2Dt% '

e F2: diagonal, o(F2) € (S§{0,0} + Sy{—1,2}), o(F2) =0 in Zpg(N) U
Zosc(N);

* Pl o(Pa) € Ton N (Sn(0.0 + Son(=1. 20 0 { ) Sil=p. P+ 11]:
p=

e Reo: 0(Rx) € C®([0, T], ST @RM)).
All the statements together yield the following result.

LEMMA 26. The determination of a parametrix to the matrix pseudo-differential
operator D; — A can be reduced, after transformations by elliptic matrix pseudo-
differential operators (corresponding to perfect diagonalization), to the determination
of a parametrix to the matrix pseudo-differential operator D; — D+ F2+ P, where the
matrix pseudo-differential operators D, F2, P, possess the following properties:

e D: o(D) e Ton N SnIL, 0},

£ p e
o = T 2P0 (g) :
0 92+ 55 D%

e Fo: diagonal, o (F) € (S*N{O, 0} + S,’{l{—l, 2}),0(F2) =0 in Zpd(N) U
Zosc(N);

e P! 0(Px) € Ton N (S2n{0, 0} + Son{—1,2) N { ﬂOSEN{—p, p+ 1}}-
p=
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Here we use
t t
ok (t, X, &) = dg (&) X(%) + w(t, X, 5)(1 - X(N(ngfg)))y))’

where d2 = —djs is a positive constant and

n
w(t, X, &) = (=D V/at, x, £) , at,x, &) = Y acit, )&
k=1
The function x = x(s) is from C3°(R), x(s) = 1for[s| <1, x(s) = 0for|s| > 2
and0 < x(s) < 1.

Step 3. Construction of parametrix
We need four steps for the construction of the parametrix.

Transformation by an elliptic pseudo-differential operator.
Let K be the diagonal elliptic pseudo-differential operator with symbol

( Y )
oK)= .
0 \/%

This symbol is constant in Zpq(N), o(K) e Sn{0, 0}. Then the following operator-
valued identity holds modulo a regularizing operator:

(47) (Dt =D+ F)K =K(Dt — D1+ F3),

where
(e O —ai
o(Dy) 1= ( 0 ) . 0(Fg) =0 in Zpa(N),
o(F3) € Ton N (Sn{0, O} + S*N{—l, 2.
REMARK 11. This transformation corresponds to the special structure of our start-
ing operator and explains that we have no contribution to the loss of derivatives from

D. This we already observed in Section 3 during the proof of Theorem 8. In the rep-

resentation of Vq from (10) there appears Ex = Ex(t, t¢, £). Although in E> there

appears the term %%‘ which belongs to S1{0, 1} (see Definition 7), this term has no

contribution to the loss of derivatives.

Parametrix to Dy — Dj.

LEMMA 27. The parametrix Ex(t, s) = diag(E; (t,s), E;(t, s))to Dy — Dy isa
diagonal Fourier integral operator with

EF(t, 9)w(x) = /ei‘f’ﬂt’s’x”é)e;(t,s,x,f;‘)uﬁ(é)dé ,
RN
¢F(s,8,%x,6) =x-§, €J(s,8,x,§) =1.
The phase functions ¢ satisfy
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o pT(L, s, X, §) =x-E+dk(§)(t—s), k=1forg—, k =2forgptif0 <s,t <tg;
o 13 (@F(t.5. %, §) =X - )] < Cap(§)1* max(s, t) if max(s. t) = te.
The amplitude functions eJ satisfy
o ef(t,s,x,8)=1if0<s,t <t;
o e € C([0. To?. 87, (R™).

To prove this result we follow the following steps:
Study of the Hamiltonian flow generated by ¢1 = ¢1(t, X, &) and g2 = @2(t, X, &).

Construction of phase functions
Let us denote by & = A(t, X, &) one of the functions gk = ¢k(t, X, &), k = 1,2. The
Hamiltonian flow (q, p) = (g, p)(t, s, Y, n) =: Hst(y, n) is the solution to

dp
dt

d
_q:VE)\'(t’q7 p)? q(555’y’n)=y;

= = —VxA(t,q, p), PG,s,y,n) =n.

Using o (1) € Ton N Sn{1, 0} we know that the growth of A with respect to g and p is
at most linear. Thus the solution (g, p) exists globally in time, t € [0, T], forall (y, n).
For the following considerations we need suitable estimates for q = q(t, s, y, n) and
p = p(,s,y,n). Following the approach of [12] and [26] one can prove the next
results.

LEMMA 28. There exists a (in general small) positive constant Tg such that

IV iq(t,s). dsa(t.s) € L=([0, To]2, 2 o(RY x RM)):
PAIZE  dip(t.s). dsp(t.s) € L=([0, To]2 ST o(RY x RM)).

t—s

LEMMA 29. If Tg is small, then the inverse function y = y(t,s, x,n) to x =
q(t,s, Y, n) exists and satisfies

YEIX  dry(t,s), dsy(t,s) € L0, Tol2, S2o(RY x RD)).

Construction of phase functions ¢ ¥ solving the eikonal equations.

Let us construct the phase function ¢ = ¢(t, s, X, &) solving the eikonal equation
at¢(t5 S’ X5 E) - )\'(tv Xv VX¢(t5 S’ X5 E)) = 07 4)(8, 87 X’ S) =X E

LEMMA 30. The phase function ¢ = ¢ (1, s, X, &) is defined as follows:
(s, %, &) ==v(t,s, y(,s, X, £), &), where

t
vts.y.6) =y £~ [ (p- Vo= 2)(ra(s.y. 6. pr.5.y. )
S
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Construction of amplitudes eJ by solving the transport equations and by using the
asymptotic representation theorem.

Following our representation

EF(t s)w(x) = /ei‘f’ﬂt’s’x’f)e;(t,s,x,f;‘)uﬁ(&)dé
]Rn

with ¢T(s,s,X, &) =Xx-&, ej(s, s, X, &) = 1, as usual, the asymptotic representation

o0
eJ (t.s.x.£) ~ ) ef;(t.s.x.§) modulo C([0. To]?, S™(R")),
j=0
50,8, x.6) =1, e];(s,5,x,§) =0 for j>1,
allows us to derive so-called transport equations.
We have to study the action of Dy — ¢1(t, X, Dx), Dt — @2(t, X, Dx) respectively on
E; . E;. We consider (Dt — ¢1) E; and suppose that all assumptions are satisfied for
the action of the pseudo-differential operator D; — ¢1(t, X, Dx) on the Fourier integral
operator E, . On the one hand we get formally

- o0 o0
DiEj (t, )w(X) = /e"” XD (g™ 3 e + For X €5 ) (L5, x, )i E)dg:
R0 j=0 j=0
on the other hand we use formally

p1(t. X, DOE; (1 () = [ €735 g (1.x, Vag™ (L 5.x.6))
RN

o (0.¢]
3 €565, %, 6) + Vepr (1. X, Vxp~ (15,6, 6)) - F 3 Vxep (6,5, X, 6)
j=0 j=0

—5 2 02gea(tx, Ve (6.5, %, 6) (926 j;oezj)(t, S, X, €)

k=1

+12(t,5, %, §) | (§)ds,

where
00 1
rats,x,6) ~ Y 205 (gt x. [ Ved s,y +r(x - y), £)dr )
lor|=2 0

Jng)ez‘qj(t,s, y,é))yzx.

Supposing that all series converge uniformly and using that ¢~ solves the eikonal equa-
tion with A = ¢1 we arrive at the transport equations to determine ejj for j > 0.
Finally we arrive at the statements of Lemma 27.

Parametrix to Dy — D1 + Fa.
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LEMMA 31. The parametrix E4 = E4(t, s) to the operator Dy — Dy + F3 can be
written as Ea(t, s) = Ea(t,s)Qa(t, s), where Ex = Ex(t, s) is the diagonal Fourier
integral operator from Lemma 27 and Q4 = Qa(t, s) is a diagonal pseudo-differential
operator with symbol belonging to W>°([0, Tq]?, S o(R™).

To prove this result we follow the following steps:

Application of Egorov’s theorem, that is, conjugation of F3 by Fourier integral opera-
tors, here we use the diagonal structure.

We will construct the parametrix to Dy — D1 + F3. Using E2 = Ea(t, s) from the
previous step we choose the representation

Ea(t,s) = Ea(t,5)Qa(t,s), Qa(s,s) ~ I.
This implies the Cauchy problem

Dt Qs+ E2(s, ) F3(t)E2(t,5)Q4 ~ 0, Qua(s,s) ~ I.

According to Egorov’s theorem [26] (here we can use the diagonal structure of Dy —
D1+ F3) the matrix operator Ra(t, ) := Ex(s, t) F3(t) E2(t, s) is a pseudo-differential
operator whose symbol is ra = ra(t, s, X, &) = fa(t, Hst(x, &)), f3 := o(F3), mod-
ulo a symbol from Sn{—1, 0} + S} {—2, 2}, where Hst(x, &) denotes the Hamiltonian
flow starting at (x, &) and generated by the symbols px = ¢k (t, X, €), k =1, 2.
Fort € [0, To] with a sufficiently small To we understand to which zone the Hamilto-
nian flow belongs to.

We can write fa(t,x,&) = fao(t,x,&) + fz1(t,x,&), where fzg €
Sn{0,0}, fz1€ S,’{‘{—l, 2},
f3o=0in Zpd(N), f31=0in Zpd(N) U Zosc(N).

LEMMA 32. Let us denote by A = A(t,x,&) one of the functions ¢x =
ek(t,x, &), k =1,2. The Hamiltonian flow (g, p) = (q, p)(t,s,y,n) =! Hst(y,n)
is the solution to

dg

d
a ZVE)"(t7 q5 p)5 q(8787 y7 n) =y 5 d_f Z_VX)"(t7 q5 p)5 p(555’ y’ n) ZTI'

Then the symbols fz ¢ and f3 1 satisfy

04 0F faot, Hsr(x, £))| = Caup ()7,
2
A0 faa(t, Hsi(x,£)| = Cop(Fan By ) ()2

for all (t, x, &) € [0, To] x RN,

The statement of this lemma makes it clear that the following representation is
reasonable for Q4 = Qq(t, s):

Qa(t, S)w(x) = /ei X$qa(t, s, X, £)W(E)AE, da(s,s, X, &) = I.

RN
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We determine the matrix amplitude g4 by equivalence to a series, that is q4(t, s, X, &) ~
Z‘j’ioqll,j(t,s,x,é). After determination of q4; = 04,j(t,s,x,&) for j > 0 we
obtain the statement of Lemma 31.

Parametrix to D; — D + Fo.

LEMMA 33. The parametrix E3 = E3z(t,s) to the operator D; — D + F, can
be written as Ea(t,s) = K (t)Ex(t, s)Qa(t, s)K¥(s), where K and its parametrix K
having symbols from L>°([0, To], S 4(R")) N C>((0, To]2, S o(R™) are the elliptic
pseudo-differential operators from the above transformation.

REMARK 12. From Lemma 33 we conclude that the parametrix to Dy — D + F»
gives no loss of derivatives of the solution to (1). In the next point we will see that this
loss comes from Pyo.

Parametrixto Dy — D + F» + Poo.

LEMMA 34. The parametrix E; = E1(t,s) to the operator D; — D + F2 +
Ps can be written as E1(t,s) = Ej(t,s)Qx(t,s), where Q1 = (gl(t,s) is a
matrix pseudo-differential operator with symbol from L ([0, To]?, Sl_og’g(R”)) N

w0 ([0, Tol?, Sf_o;”g (RM)) for every small ¢ > 0. Here the constant Ko describes

the loss of derivatives coming from the pseudo-differential zone Z pq(2N) and the os-
cillations subzone Zosc(2N).

To prove this result we use the next observations and ideas:
e Egorov’s theorem is not applicable because P, has no diagonal structure.
o We have to use the properties of P, after perfect diagonalization.
e The next result is a base to get a relation between the type of oscillations and the loss
of derivatives.

LEMMA 35. The Fourier integral operator Po (t)EJ (t, s) is a pseudo-differential
operator with the representation

Pwa)Eia,wumx)=L/e”fr¢a,ax,shb@oda
]Rn
where the symbol satisfies the estimates
+1
Capep (2n 27 )" () PHeIAI=(-0)il in 7,9 2N),

BaaxF 2
8X 35 rm(t,s,X, é)‘ < C(xﬂe (1 + (%(ln %)y <§>—1) (g)elﬁl—(l—e)\al in Zosc(2N),
Cape (§)1HeIPImU=0lelin Zpq 2N,

for every p > 0,small ¢ > Oand all s € [0, t].

Step 4. Conclusion
Using Lemma 34 and the backward transformation (from the steps of perfect diagonal-
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ization) we obtain the parametrix for Dy — A. The backward transformation doesn’t
bring an additional loss of derivatives. Therefore we can conclude the following result.

THEOREM 13. Let us consider

n
Ut — Y &t XUy =0,  U(0,%) = ¢(x), ur(0,X) = ¥ (x),
k,1=1

where the coefficients satisfy the conditions (24) and (25). The data ¢, v belong to
HS+1, HS, respectively. Then the following energy inequality holds:

(48) EWlps-o®) = C(T)EW)IHs(0) for all t € (0, T],

where

e Sp = 0if Yy = 0,

e Sp is an arbitrary small positive constant if y € (0, 1),

e Sp is a positive constant if y = 1,

o there doesn’t exist a positive constant sg satisfying (48) if y > 1, that is, we have an
infinite loss of derivatives.

It seems to be remarkable that we can prove the same relation between types of
oscillations and loss of derivatives as in Theorem 8.

7. Concluding remarks

Let us mention further results which are obtained for model problems with non-
Lipschitz behaviour and more problems which could be of interest.

REMARK 13. Lower regularity with respect to x. The results and the approach
from [15] motivate the study of the question of how to weaken the regularity with
respect to x (compare with [9]). From this paper we understand to which class the
remainder should belong after diagonalization. Thus pseudo-differential operators with
symbols of finite smoothness or maybe paradifferential operators should be used.

REMARK 14. Quasi-linear models. Quasi-linear models with behaviour of suitable
derivatives as O(%) were studied in [3] and [18]. Here the log-effect from (5) could
not be observed.

REMARK 15. Applications to Kirchhoff type equations. A nice application of non-
Lipschitz theory with behaviour a’(t) = O(T —t)~1) fort — T — 0 to Kirchhoff
equations was described in [16]. The assumed regularity of data could be weakened
in [13] by proving that these very slow oscillations (in the language of Definition 2)
produce no loss of derivatives (see Theorem 8).

REMARK 16. p-Evolution equations. The paper [1] is devoted to the Cauchy prob-
lem for p-evolution equations with LogLip coefficients. The paper [4] is devoted
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among other things to p-evolution equations of higher order with non-Lipschitz co-
efficients. Concerning our starting model this means p-evolution equations of second
order with respect to t with coefficients behaving like |ta’(t)] < C on (0, T]. An
interesting question is to find p-evolution models with log-effect from (5).
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