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SOME GENERATING FUNCTIONS INVOLVING THE

STIRLING NUMBERS OF THE SECOND KIND

Abstract. Certain general results on generating functions (associated with
the Stirling numbers of the second kind) are applied here to several in-
teresting sequences of special functions and polynomials in one and more
variables. Relevant connections of the generating functions, which are de-
rived in this paper, with those given in earlier works on the subject are also
indicated.

1. Introduction, Definitions and Preliminaries

Following the work of Riordan [11] (p. 90et seq.), we denote byS(n, k) the Stirling
numbers of the second kind, defined by

(1) S(n, k) :=
1

k!

k
∑

j =0

(−1)k− j
(

k

j

)

j n,

so that

(2) S(n,0) =







1 (n = 0)

0 (n ∈ N := {1,2,3, . . .})

and

S(n,1) = S(n,n) = 1 and S(n,n − 1) =
(

n

2

)

.

Recently, several authors (see, for example, Gabutti and Lyness [3], Mathis and
Sismondi [7], and Srivastava [12]) considered various families of generating functions
associated with the Stirling numbersS(n, k) defined by (1). We choose to recall here
the following general results on these families of generating functions, which were
given by Srivastava [12].

∗The present investigation was carried out during the third-named author’s visit to Chung Yuan Christian
University at Chung-Li in December 2000. This work was supported, in part, by theFaculty Research
Program of Chung Yuan Christian Universityunder Grant CYCU 89-RG-3573-001 and theNatural Sciences
and Engineering Research Council of Canadaunder Grant OGP0007353.
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THEOREM 1 (SRIVASTAVA [12], P. 754, THEOREM 1). Let the sequence
{Sn (x)}∞n=0 be generated by

∞
∑

k=0

(

n + k

k

)

Sn+k (x) tk = f (x, t) {g (x, t)}−n
Sn (h (x, t))

(n ∈ N0 := N ∪ {0}) ,

where f , g and h are suitable functions of x and t.

Then, in terms of the Stirling numbers S(n, k) defined by(1), the following family
of generating functions holds true:

∞
∑

k=0

kn Sk (h (x,−z))

(

z

g (x,−z)

)k

(3)

= { f (x,−z)}−1
n
∑

k=0

k! S(n, k) Sk (x) zk (n ∈ N0) ,

provided that each member of(3) exists.

THEOREM 2 (SRIVASTAVA [12], P.765, THEOREM 2). Suppose that the multi-
variable sequence

{4n (x1, . . . , xs)}∞n=0

is generated by

∞
∑

k=0

(

n + k

k

)

4n+k (x1, . . . , xs) tk(4)

= θ (x1, . . . , xs; t) {φ (x1, . . . , xs; t)}−n

·4n (ψ1 (x1, . . . , xs; t) , . . . , ψs (x1, . . . , xs; t)) (n ∈ N0; s ∈ N) ,

whereθ , φ, ψ1, . . . , ψs are suitable functions of x1, . . . , xs and t. Also let S(n, k)
denote the Stirling numbers of the second kind, defined by(1).

Then the following family of multivariable generating functions holds true:

∞
∑

k=0

kn 4k (ψ1 (x1, . . . , xs; −z) , . . . , ψs (x1, . . . , xs; −z))(5)

·
(

z

φ (x1, . . . , xs; −z)

)k

= {θ (x1, . . . , xs; −z)}−1
n
∑

k=0

k! S(n, k)

·4k (x1, . . . , xs) zk (n ∈ N0; s ∈ N) ,

provided that each member of(5) exists.
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Srivastava [12] also applied his general result (Theorem 1 above)as well asits mul-
tivariable extension (Theorem 2 above) with a view to obtaining generating functions
(associated with the Stirling numbers of the second kind) for a fairly wide variety of
special functions and polynomials in one, two, and more variables, thereby extending
the corresponding results given earlier by Gabutti and Lyness [3] (and, subsequently,
by Mathis and Sismondi [7]). The main object of this sequel tothe work of Srivastava
[12] is to derive severalfurther applications of Theorem 1 and Theorem 2.

For the sake of convenience in our present investigation, wefirst make use of the
following notational changes:

Sn (x) =
1

n!
Tn (x) and 4n (x1, . . . , xs) =

1

n!
3n (x1, . . . , xs)

in order to restate Theorem 1 and Theorem 2 in theirequivalentforms given by Theo-
rem 3 and Theorem 4, respectively.

THEOREM 3. Suppose that the sequence{Tn (x)}∞n=0 is generated by

(6)
∞
∑

k=0

Tn+k (x)
tk

k!
= f (x, t) {g (x, t)}−n

Tn (h (x, t)) (n ∈ N0) ,

where f , g and h are suitable functions of x and t. Also let S(n, k) denote the Stirling
numbers defined by(1).

Then the following family of generating functions holds true:

∞
∑

k=0

kn

k!
Tk (h (x,−z))

(

z

g (x,−z)

)k

(7)

= { f (x,−z)}−1
n
∑

k=0

S(n, k) Tk (x) zk (n ∈ N0) ,

provided that each member of(7) exists.

THEOREM 4. Let the multivariable sequence

{3n (x1, . . . , xs)}∞n=0

be generated by

∞
∑

k=0

3n+k (x1, . . . , xs)
tk

k!
= θ (x1, . . . , xs; t) {φ (x1, . . . , xs; t)}−n(8)

·3n (ψ1 (x1, . . . , xs; t) , . . . , ψs (x1, . . . , xs; t)) (n ∈ N0; s ∈ N) ,

whereθ , φ, ψ1, . . . , ψs are suitable functions of x1, . . . , xs and t. Suppose also that
S(n, k) denotes the Stirling numbers defined by(1).
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Then the following family of multivariable generating functions holds true:

∞
∑

k=0

kn

k!
3k (ψ1 (x1, . . . , xs; −z) , . . . , ψs (x1, . . . , xs; −z))(9)

·
(

z

φ (x1, . . . , xs; −z)

)k

= {θ (x1, . . . , xs; −z)}−1
n
∑

k=0

S(n, k)

·3k (x1, . . . , xs) zk (n ∈ N0; s ∈ N) ,

provided that each member of(9) exists.

2. Applications of Theorems 1 and 3

2.1. Hermite Polynomials

For the classical Hermite polynomials defined by (cf., e.g.,[10], Chapter 11)

Hn (x) :=
[n/2]
∑

k=0

(−1)k
(

n

2k

)

(2k)!

k!
(2x)n−2k

or, equivalently, by

Hn (x) = (2x)n 2F0

(

−
1

2
n,−

1

2
n +

1

2
; ; −

1

x2

)

in terms of hypergeometric functions, it is known that (cf. [10], p. 197, Equation (1);
see also [14], p. 419, Equation 8.4 (13))

(10)
∞
∑

k=0

Hn+k (x)
tk

k!
= exp

(

2xt − t2
)

Hn (x − t) (n ∈ N0) ,

which obviously belongs to the family given by (6). Indeed, by comparing (10) with
(6), it is readily observed that

f (x, t) = exp
(

2xt − t2
)

, g (x, t) = 1, h (x, t) = x − t,

and

Tk (x) 7−→ Hk (x) (k ∈ N0) .
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Thus the assertion (7) of Theorem 3 leads us to the following (presumably new) gener-
ating function for the classical Hermite polynomials:

∞
∑

k=0

kn

k!
Hk (x + z) zk

= exp
(

2xz+ z2
)

n
∑

k=0

S(n, k) Hk (x) zk (n ∈ N0) ,

which, forx 7−→ x − z, assumes the form:

∞
∑

k=0

kn

k!
Hk (x) zk(11)

= exp
(

2xz− z2
)

·
n
∑

k=0

S(n, k) Hk (x − z) zk (n ∈ N0) .

In view of the evaluation (2), a special case of (11) whenn = 0 would immediately
yield the classical generating function for the Hermite polynomials (cf., e.g., [15], p.
106, Equation(5.5.7)).

2.2. Bessel Functions

For the Bessel functionJν (z) of the first kind (and of orderν ∈ C), defined by

Jν (z) :=
∞
∑

k=0

(−1)k
(

1
2z
)ν+2k

k! 0 (ν + k + 1)
(z ∈ C \ (−∞,0]) ,

the following generating function is well-known [18], p. 141, Equation 5.22 (5):

∞
∑

k=0

Jν+k (x)
tk

k!
=
(

1 −
2t

x

)− 1
2ν

Jν
(
√

x2 − 2xt
)

(12)

(

ν ∈ C; |t| <
1

2
|x|
)

,

which is in the family given by (6) with, of course,ν 7−→ ν + n (n ∈ N0),

f (x, t) =
(

1 −
2t

x

)− 1
2ν

, g (x, t) =
√

1 −
2t

x
,

h (x, t) =
√

x2 − 2xt, and Tk (x) 7−→ Jν+k (x) (ν ∈ C; k ∈ N0) .
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Thus, by applying Theorem 3, we obtain the following class ofgenerating functions
for the Bessel functionJν (z):

∞
∑

k=0

kn

k!
Jν+k

(
√

x2 + 2xz
)

(

z
√

1 + 2 (z/x)

)k

(13)

=
(

1 +
2z

x

)
1
2ν

n
∑

k=0

S(n, k) Jν+k (x) zk
(

ν ∈ C; |z| <
1

2
|x| ; n ∈ N0

)

.

In the generating function (13), we first setz = X Z/x and then let

x =
√

X2 − 2X Z.

Upon replacingX and Z by x and z, respectively, we finally obtain the generating
function:

∞
∑

k=0

kn

k!
Jν+k (x) zk =

(

1 −
2z

x

)− 1
2ν

(14)

·
n
∑

k=0

S(n, k) Jν+k

(
√

x2 − 2xz
)

(

z
√

1 − 2 (z/x)

)k

(

ν ∈ C; |z| <
1

2
|x| ; n ∈ N0

)

,

which, forn = 0, corresponds to the classical result (12).

2.3. Gottlieb Polynomials

For the Gottlieb polynomialsLn (x; λ) defined by (cf., e.g., [14], p. 185, Problem 47)

Ln (x; λ) := e−nλ
n
∑

k=0

(

n

k

)(

x

k

)

(

1 − eλ
)k = e−nλ

2F1
(

−n,−x; 1; 1− eλ
)

in terms of the Gauss hypergeometric function, it is known that [14], p. 449, Problem
20(i)

∞
∑

k=0

(

n + k

k

)

Ln+k (α; x) tk(15)

= (1 − t)α−n (1 − te−x)−α−1
Ln

(

α; loge

(

ex − t

1 − t

))

(n ∈ N0; |t| < 1) .
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Thus Theorem 1 (or Theorem 3), when applied to (15), yields the following (presum-
ably new) generating function for the Gottlieb polynomials:

∞
∑

k=0

knLk

(

α; loge

(

ex + z

1 + z

))(

z

1 + z

)k

= (1 + z)−α
(

1 + ze−x)α+1
n
∑

k=0

k! S(n, k)Lk (α; x) zk

(n ∈ N0; |z| < 1) ,

which, forz 7−→ z/ (1 − z), assumes the form:

∞
∑

k=0

knLk

(

α; loge

(

z + (1 − z)ex)
)

zk

= (1 − z)−1 (1 − z + ze−x)α+1
n
∑

k=0

k! S(n, k)Lk (α; x)

(

z

1 − z

)k

(n ∈ N0; |z| < 1) .

2.4. Meixner Polynomials

The Meixner polynomialsMn (x; β, c) are defined by (cf., e.g., [14], p. 75, Equation
1.9 (3); p. 443, Problem 5)

Mn (x; β, c) :=
(

β+n−1
n

)

n! 2F1
(

−n,−x; β; 1− c−1
)

(16)

= n! P(β−1,−β−x−n)
n

(

2
c − 1

)

,

(β > 0; 0< c < 1; x ∈ N0)

in terms of the classical Jacobi polynomials [15], Chapter 4; in fact, these polynomials
are known to satisfy the generating-function relationship[14], p. 449, Problem 20 (ii):

∞
∑

k=0

Mn+k (α; β, x)
tk

k!
= (1 − t)−α−β−n

(

1 −
t

x

)α

Mn

(

α; β,
x − t

1 − t

)

(n ∈ N0; |t| < min{1, |x|}) ,

which obviously belongs to the family (6) involved in Theorem 3. Thus the following
(presumably new) generating function holds true for the Meixner polynomials defined
by (16):

∞
∑

k=0

kn

k!
Mk

(

α; β,
x + z

1 + z

)(

z

1 + z

)k

= (1 + z)α+β
(

1 +
z

x

)−α n
∑

k=0

S(n, k)Mk (α; β, x) zk

(n ∈ N0; |z| < min{1, |x|}) ,
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which, forz 7−→ z/ (1 − z), assumes the form:

∞
∑

k=0

kn

k!
Mk (α; β, z + (1 − z) x) zk

= (1 − z)−β
(

1 − z +
z

x

)−α n
∑

k=0

S(n, k)Mk (α; β, x)
(

z

1 − z

)k

(n ∈ N0; |z| < min{1, |x/ (1 − x)|}) .

2.5. Ces̀aro Polynomials

For the Cesàro polynomialsG(s)n (x) defined by (cf. [14], p. 449, Problem 20)

G(s)n (x) :=
∑n

k=0

(s+n−k
n−k

)

xk =
(s+n

n

)

2F1 (−n,1; −s − n; x)(17)

= P(s+1,−s−n−1)
n (2x − 1) ,

it is known that [14], p. 449, Problem 20 (iii)

∞
∑

k=0

(

n + k

k

)

G
(s)
n+k (x) tk = (1 − t)−s−n−1 (1 − xt)−1

G
(s)
n

(

x (1 − t)

1 − xt

)

(

n ∈ N0; |t| < min
{

1, |x|−1
})

.

By applying Theorem 1 (or Theorem 3), we immediately obtain the following (pre-
sumably new) generating function for the Cesàro polynomials defined by(17):

∞
∑

k=0

knG
(s)
k

(

x (1 + z)

1 + xz

)(

z

1 + z

)k

= (1 + z)s+1 (1 + xz)
n
∑

k=0

k! S(n, k)G(s)k (x) zk

(n ∈ N0; |z| < 1) ,

which, forz 7−→ z/ (1 − z) andx 7−→ x (1 − z) / (1 − xz), assumes the form:

∞
∑

k=0

kn G
(s)
k (x) zk = (1 − z)−s−1 (1 − xz)−1

·
n
∑

k=0

k! S(n, k)G(s)k

(

x (1 − z)

1 − xz

)(

z

1 − z

)k

(n ∈ N0; |z| < 1) .
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2.6. Generalized Sylvester Polynomials

For the generalized Sylvester polynomialsϕn (x; c) defined by [14], p. 450, Problem
20 (iv)

ϕn (x; c) : =
(cx)n

n!
2F0

(

−n, x; ; −
1

cx

)

= (−1)n L(−x−n)
n (cx)

in terms of the classical Laguerre polynomials [15], Chapter 5, it is known that [14], p.
450, Problem 20 (v)

∞
∑

k=0

(

n + k

k

)

ϕn+k (α; x) tk = (1 − t)−α−n eαxt ϕn (α; x (1 − t))

(n ∈ N0; |t| < 1) ,

so that Theorem 1 immediately yields the generating function:

∞
∑

k=0

kn ϕk (α; x (1 + z))

(

z

1 + z

)k

= (1 + z)α eαxz
n
∑

k=0

k! S(n, k) ϕk (α; x) zk

(n ∈ N0; |z| < 1) ,

which, forz 7−→ z/ (1 − z) andx 7−→ x (1 − z), assumes the form:

∞
∑

k=0

kn ϕk (α; x) zk = (1 − z)−α eαxz

·
n
∑

k=0

k! S(n, k) ϕk (α; x (1 − z))

(

z

1 − z

)k

(n ∈ N0; |z| < 1) .

2.7. Bessel Polynomials

The Bessel polynomialsyn (x, α, β) are defined by [14], p. 75, Equation 1.9 (1)

yn (x, α, β) : =
n
∑

k=0

(

n

k

)(

α + n + k − 2

k

)

k!

(

x

β

)k

= 2F0

(

−n, α + n − 1; ; −
x

β

)

=
(

−
x

β

)n

n! L(1−α−2n)
n

(

β

x

)
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and satisfy the generating-function relationship [14], p.419, Equation 8.4 (8):

∞
∑

k=0

yn+k (x, α − k, β)
tk

k!
(18)

=
(

1 −
xt

β

)1−α−n

et yn

(

x

(

1 −
xt

β

)−1

, α, β

)

(n ∈ N0; |t| < |β/x|) .

On the other hand, for thesimpleBessel polynomialsyn (x) defined by

yn (x) := yn (x,2,2) ,

it is known that [14], p. 419, Equation 8.4 (10)

∞
∑

k=0

yn+k (x)
tk

k!
= (1 − 2xt)−

1
2 (n+1)(19)

· exp
(

x−1
[

1 −
√

1 − 2xt
])

yn

(

x
√

1 − 2xt

)

(

n ∈ N0; |t| <
1

2
|x|−1

)

.

Thus, in view of the obviously independent results (18) and (19), Theorem 3 yields the
following (presumably new) generating functions for the Bessel polynomials:

∞
∑

k=0

kn

k!
yk

(

x

(

1 +
xz

β

)−1

, α − k, β

)

zk

=
(

1 +
xz

β

)α−1

ez
n
∑

k=0

S(n, k) yk (x, α − k, β) zk

(n ∈ N0; |z| < |β/x|) ,

which, for

x 7−→ x

(

1 −
xz

β

)−1

,

assumes the form:

∞
∑

k=0

kn

k!
yk (x, α − k, β) zk =

(

1 −
xz

β

)1−α
ez

·
n
∑

k=0

S(n, k) yk

(

x

(

1 −
xz

β

)−1

, α − k, β

)

zk

(n ∈ N0; |z| < |β/x|) ;
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∞
∑

k=0

kn

k!
yk

(

x
√

1 + 2xz

)(

z
√

1 + 2xz

)k

=
√

1 + 2xz exp
(

−x−1
[

1 −
√

1 + 2xz
])

·
n
∑

k=0

S(n, k) yk (x) zk
(

n ∈ N0; |z| <
1

2
|x|−1

)

.

2.8. Generalized Heat Polynomials

For the generalized heat polynomialsPn,ν (x,u) defined by [14], p. 426, Equation 8.4
(52)

Pn,ν (x,u) : =
n
∑

k=0

22k
(

n

k

)(

ν + n − 1
2

k

)

k! x2n−2kuk

= (4u)n n! L

(

ν− 1
2

)

n

(

−
x2

4u

)

,

it is easily observed that

∞
∑

k=0

Pn+k,ν (x,u)
tk

k!
= (1 − 4ut)−ν−n− 1

2

· exp

(

x2t

1 − 4ut

)

Pn,ν

(

x
√

1 − 4ut
,u

)

(

n ∈ N0; |t| <
1

4
|u|−1

)

,

so that Theorem 3 yields the generating function:

∞
∑

k=0

kn

k!
Pk,ν

(

x
√

1 + 4uz
,u

)(

z

1 + 4uz

)k

= (1 + 4uz)ν+
1
2 exp

(

x2z

1 + 4uz

)

n
∑

k=0

S(n, k)Pk,ν (x,u) zk

(

n ∈ N0; |z| <
1

4
|u|−1

)

.

2.9. Modified Laguerre Polynomials

For themodifiedLaguerre polynomialsf αn (x) defined by (cf. [8], p. 68; see also [14],
p. 425, Equation 8.4 (45))

(20) f αn (x) :=
n
∑

k=0

(−1)n−k
(

−α
n − k

)

xk

k!
= (−1)n L(−α−n)

n (x) ,
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it is readily seen that (cf. [8], p. 70, Equation (4))
∞
∑

k=0

(

n + k

k

)

f αn+k (x) tk = (1 − t)−α−n exp(xt) f αn (x (1 − t))

(n ∈ N0; |t| < 1) .

Thus Theorem 1 immediately yields the generating function:
∞
∑

k=0

kn f αk (x (1 + z))

(

z

1 + z

)k

= (1 + z)α exp(xz)
n
∑

k=0

k! S(n, k) f αk (x) zk

(n ∈ N0; |z| < 1) ,

which, forz 7−→ z/ (1 − z) andx 7−→ x (1 − z), assumes the form:
∞
∑

k=0

kn f αk (x) zk = (1 − z)−α exp(xz)(21)

·
n
∑

k=0

k! S(n, k) f αk (x (1 − z))

(

z

1 − z

)k

(n ∈ N0; |z| < 1) .

2.10. Poisson-Charlier Polynomials

For the Poisson-Charlier polynomialscn (x; α) defined by (cf., e.g., [14], p. 425, Equa-
tion 8.4 (47); see also [15], p. 35, Equation (2.81.2))

cn (x; α) : =
n
∑

k=0

(−1)k
(

n

k

)(

x

k

)

k! α−k

= (−α)−n n! L(x−n)
n (α) (α > 0; x ∈ N0) ,

it is not difficult to observe that (cf. [8, p. 71])
∞
∑

k=0

cn+k (α; x)
tk

k!
=
(

1 −
t

x

)α

et cn (α; x − t)(22)

(n ∈ N0; |t| < |x|) .

Thus, by means of (22), Theorem 3 would yield the following (presumably new) gen-
erating function for the Poisson-Charlier polynomials:

∞
∑

k=0

kn

k!
ck (α; x + z) zk =

(

1 +
z

x

)−α
ez

n
∑

k=0

S(n, k) ck (α; x) zk

(n ∈ N0; |z| < |x|) ,
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which, forx 7−→ x − z, assumes the form:

∞
∑

k=0

kn

k!
ck (α; x) zk =

(

1 −
z

x

)α

ez
n
∑

k=0

S(n, k) ck (α; x − z) zk

(n ∈ N0; |z| < |x|) .

2.11. Sequences of Generalized Hypergeometric Functions

We first consider the sequence of generalized hypergeometric functions:

{

ω
(λ)
n,N [α1, . . . , αu; β1, . . . , βv : x]

}∞

n=0

defined by (cf., e.g., [13], p. 18, Equation (4.4); see also [14], p. 428, Equation 8.4
(59))

ω
(λ)
n,N [α1, . . . , αu; β1, . . . , βv : x](23)

:= N+u Fv [1(N; λ + n) , α1, . . . , αu; β1, . . . , βv : x]

(n ∈ N0; N ∈ N) ,

where, for convenience,1(N; λ) abbreviates the array ofN parameters

λ

N
,
λ+ 1

N
, . . . ,

λ+ N − 1

N
(N ∈ N) .

For the sequence defined by (23), it is known that [14], p. 429,Equation 8.4 (60)

∞
∑

k=0

(

λ+ n + k − 1

k

)

ω
(λ)
n+k,N [α1, . . . , αu; β1, . . . , βv : x] tk(24)

= (1 − t)−λ−n ω
(λ)
n,N

[

α1, . . . , αu; β1, . . . , βv :
x

(1 − t)N

]

(n ∈ N0; N ∈ N; |t| < 1) ,

which is of the form (6) with

f (x, t) = (1 − t)−λ , g (x, t) = 1 − t, h (x, t) =
x

(1 − t)N
,

and

Tk (x) 7−→
(

λ+ k − 1

k

)

k! ω(λ)k,N [α1, . . . , αu; β1, . . . , βv : x] (k ∈ N0) .
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Thus, by appealing to Theorem 3 once again, we obtain

∞
∑

k=0

(

λ+ k − 1

k

)

kn ω
(λ)
k,N

[

α1, . . . , αu; β1, . . . , βv :
x

(1 + z)N

](

z

1 + z

)k

= (1 + z)λ
n
∑

k=0

(

λ+ k − 1

k

)

k! S(n, k) ω(λ)k,N [α1, . . . , αu; β1, . . . , βv : x] zk

(n ∈ N0; N ∈ N; |z| < 1) ,

which, upon letting

z 7−→
z

1 − z
and x 7−→

x

(1 − z)N
,

yields the following generating function:

∞
∑

k=0

(

λ+ k − 1

k

)

kn ω
(λ)
k,N [α1, . . . , αu; β1, . . . , βv : x] zk(25)

= (1 − z)−λ
n
∑

k=0

(

λ+ k − 1

k

)

k! S(n, k)

· ω(λ)k,N

[

α1, . . . , αu; β1, . . . , βv :
x

(1 − z)N

](

z

1 − z

)k

(n ∈ N0; N ∈ N; |z| < 1) ,

which, in thespecialcase whenλ = 1, reduces immediately to Srivastava’s result [12],
p. 765, Equation (4.15).

For another sequence of generalized hypergeometric functions:
{

ζ
(λ)
n,N [α1, . . . , αu; β1, . . . , βv : x]

}∞

n=0

defined by [1], p. 171, Equation (5.14)

ζ
(λ)
n,N [α1, . . . , αu; β1, . . . , βv : x](26)

:= uFN+v [α1, . . . , αu;1(N; 1 − λ− n) , β1, . . . , βv; x]

(n ∈ N0; N ∈ N) ,

it is known that [1], p. 171, Equation (5.15)

∞
∑

k=0

(

λ+ n + k − 1

k

)

ζ
(λ)
n+k,N [α1, . . . , αu; β1, . . . , βv : x] tk(27)

= (1 − t)−λ−n ζ
(λ)
n,N

[

α1, . . . , αu; β1, . . . , βv : x (1 − t)N
]

(n ∈ N0; N ∈ N; |t| < 1) ,
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which also belongs to the family (6) with

f (x, t) = (1 − t)−λ , g (x, t) = 1 − t, h (x, t) = x (1 − t)N ,

and

Tk (x) 7−→
(

λ+ k − 1

k

)

k! ζ (λ)k,N [α1, . . . , αu; β1, . . . , βv : x] (k ∈ N0) .

Theorem 3, when applied to the generating function (27), yields

∞
∑

k=0

(

λ+ k − 1

k

)

kn ζ
(λ)
k,N

[

α1, . . . , αu; β1, . . . , βv : x (1 + z)N
]

(

z

1 + z

)k

= (1 + z)λ
n
∑

k=0

(

λ+ k − 1

k

)

k! S(n, k)(28)

· ζ (λ)k,N [α1, . . . , αu; β1, . . . , βv : x] zk (n ∈ N0; N ∈ N; |z| < 1) ,

which, upon letting

z 7−→
z

1 − z
and x 7−→ x (1 − z)N ,

assumes the form:
∞
∑

k=0

(

λ+ k − 1

k

)

kn ζ
(λ)
k,N [α1, . . . , αu; β1, . . . , βv : x] zk(29)

= (1 − z)−λ
n
∑

k=0

(

λ+ k − 1

k

)

k! S(n, k)

· ζ (λ)k,N

[

α1, . . . , αu; β1, . . . , βv : x (1 − z)N
]

(

z

1 − z

)k

(n ∈ N0; N ∈ N; |z| < 1) .

For the KonhauserbiorthogonalpolynomialsZαn (x; κ) (κ ∈ N) of thesecondkind,
defined by (cf. [5], p. 304, Equation (5); see also [14], p. 197, Problem 65)

Zαn (x; κ) :=
(

α + κn

κn

)

(κn)!

n!
1Fκ

[

−n;1(κ; α + 1) ;
(x

κ

)κ]

(30)

(κ ∈ N) ,

which incidentally were consideredearlier by Toscano [16]withouttheirbiorthogonal-
ity property (emphasized upon in Konhauser’s work [5]), it is easily seen by comparing
(26) and (30) that

Zα−k
n (x; κ) =

(

α − k + κn

κn

)

(κn)!

n!
ζ
(−α)
k,κ

[

−n; :
( x

κ

)κ]

(31)

(k ∈ N0; κ ∈ N) .
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In view of the relationship (31), the generating function (27) can easily be specialized
to the form [4], p. 157, Equation (5.29):

∞
∑

k=0

(

k − α − κn − 1

k

)

Zα−k
n (x; κ) tk = (1 − t)α Zαn (x (1 − t) ; κ)(32)

(n ∈ N0; κ ∈ N; |t| < 1) .

Upon replacingn andα in (32) byN andα− n, respectively, if we apply Theorem
3 to the resulting generating function, we obtain

∞
∑

k=0

(

k − α − κN − 1

k

)

knZα−k
N (x (1 + z) ; κ)

(

z

1 + z

)k

(33)

= (1 + z)−α
n
∑

k=0

(

k − α − κN − 1

k

)

k! S(n, k) Zα−k
N (x; κ) zk

(n ∈ N0; κ ∈ N; |z| < 1) ,

which, for

z 7−→
z

1 − z
and x 7−→ x (1 − z) ,

assumes the form:

∞
∑

k=0

(

k − α − κN − 1

k

)

knZα−k
N (x; κ) zk = (1 − z)α(34)

·
n
∑

k=0

(

k − α − κN − 1

k

)

k! S(n, k) Zα−k
N (x (1 − z) ; κ)

(

z

1 − z

)k

(n ∈ N0; κ ∈ N; |z| < 1) .

The generating functions (33) and (34) canalternativelybe deduced from the cor-
responding general results (28) and (29), respectively, byappealing to the relationship
(31).

2.12. Jacobi and Laguerre Polynomials

Srivastava [12] did not consider severalunusualgenerating functions for the classi-
cal Jacobi polynomialsP(α,β)n (x) and the classical Laguerre polynomialsL(α)n (x) in
which the summation index appearsonly in these polynomials’ indicesα andβ, just as
in the generating function (32) for the KonhauserbiorthogonalpolynomialsZαn (x; κ)
(κ ∈ N) defined by (30). However, as pointed out earlier by Chen and Srivastava [1],
p. 180, each of theseunusualgenerating functions is actually a special case of the hy-
pergeometric generating function (27)with N = 1. Consequently, instead of applying
Theorem 3 to each of the following known generating functions individually, we can
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deduce the corresponding result by suitably specializing the generating functions (28)
and (29) (cf. [1], pp. 168, 171 and 177):

∞
∑

k=0

(

k − α − n − 1

k

)

P(α−k,β+k)
n (x) tk(35)

= (1 − t)α P(α,β)n (x − (x − 1) t) (n ∈ N0; |t| < 1) ;

∞
∑

k=0

(

k − β − n − 1

k

)

P(α+k,β−k)
n (x) tk(36)

= (1 − t)β P(α,β)n (x − (x + 1) t) (n ∈ N0; |t| < 1) ;

∞
∑

k=0

(

k − α − n − 1

k

)

P(α−k,β)
n (x) tk(37)

= (1 − t)α
{

1 +
1

2
(x − 1) t

}n

P(α,β)n

(

x − 1
2 (x − 1) t

1 + 1
2 (x − 1) t

)

(n ∈ N0; |t| < 1) ;

∞
∑

k=0

(

k − β − n − 1

k

)

P(α,β−k)
n (x) tk(38)

= (1 − t)β
{

1 −
1

2
(x + 1) t

}n

P(α,β)n

(

x − 1
2 (x + 1) t

1 − 1
2 (x + 1) t

)

(n ∈ N0; |t| < 1) ;

∞
∑

k=0

(

α + β + n + k

k

)

P(α+k,β)
n (x) tk(39)

= (1 − t)−α−β−n−1 P(α,β)n

(

x + t

1 − t

)

(n ∈ N0; |t| < 1) ;

∞
∑

k=0

(

α + β + n + k

k

)

P(α,β+k)
n (x) tk(40)

= (1 − t)−α−β−n−1 P(α,β)n

(

x − t

1 − t

)

(n ∈ N0; |t| < 1) ;

∞
∑

k=0

(

k − α − n − 1

k

)

L(α−k)
n (x) tk(41)

= (1 − t)α L(α)n (x (1 − t)) (n ∈ N0; |t| < 1) ,
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which indcidentally is an obvious special case of (32) whenκ = 1, since

Zαn (x; 1) = L(α)n (x) (n ∈ N0) .

Thus, by settingκ = 1 in (34), we immediately obtain the generating function:

∞
∑

k=0

(

k − α − N − 1

k

)

kn L(α−k)
N (x) zk = (1 − z)α(42)

·
n
∑

k=0

(

k − α − N − 1

k

)

k!S(n, k) L(α−k)
N (x (1 − z))

(

z

1 − z

)k

(n ∈ N0; |z| < 1)

for the classical Laguerre polynomials. Furthermore, corresponding to each of the
generating functions (35) to (40), we similarly find from thegeneral result (29) that

∞
∑

k=0

(

k − α − N − 1

k

)

k! P(α−k,β+k)
N (x) zk = (1 − z)α(43)

·
n
∑

k=0

(

k − α − N − 1

k

)

k!S(n, k) P(α−k,β+k)
N (x − (x − 1) z)

(

z

1 − z

)k

(n ∈ N0; N ∈ N0; |z| < 1) ,

∞
∑

k=0

(

k − β − N − 1

k

)

kn P(α+k,β−k)
N (x) zk = (1 − z)β(44)

·
n
∑

k=0

(

k − β − N − 1

k

)

k!S(n, k) P(α+k,β−k)
N (x − (x + 1) z)

(

z

1 − z

)k

(n ∈ N0; N ∈ N0; |z| < 1) ,

∞
∑

k=0

(

k − α − N − 1

k

)

kn P(α−k,β)
N (x) zk(45)

= (1 − z)α
{

1 +
1

2
(x − 1) z

}N n
∑

k=0

(

k − α − N − 1

k

)

k! S(n, k)

· P(α−k,β)
N

(

x − 1
2 (x − 1) z

1 + 1
2 (x − 1) z

)

(

z

1 − z

)k

(n ∈ N0; N ∈ N0; |z| < 1) ,
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∞
∑

k=0

(

k − β − N − 1

k

)

kn P(α,β−k)
N (x) zk(46)

= (1 − z)β
{

1 −
1

2
(x + 1) z

}N n
∑

k=0

(

k − α − N − 1

k

)

k! S(n, k)

· P(α,β−k)
N

(

x − 1
2 (x + 1) z

1 − 1
2 (x + 1) z

)

(

z

1 − z

)k

(n ∈ N0; N ∈ N0; |z| < 1) ,

∞
∑

k=0

(

α + β + N + k

k

)

kn P(α+k,β)
N (x) zk = (1 − z)−α−β−N−1(47)

·
n
∑

k=0

(

α + β + N + k

k

)

k! S(n, k) P(α+k,β)
N

(

x + z

1 − z

)(

z

1 − z

)k

(n ∈ N0; N ∈ N0; |z| < 1) ,

and
∞
∑

k=0

(

α + β + N + k

k

)

kn P(α,β+k)
N (x) zk = (1 − z)−α−β−N−1(48)

n
∑

k=0

(

α + β + N + k

k

)

k!S(n, k) P(α,β+k)
N

(

x − z

1 − z

)(

z

1 − z

)k

(n ∈ N0; N ∈ N0; |z| < 1) ,

respectively.

In view of some well-knownindicial relationships between Jacobi polynomials
themselves (cf. [14] and [15]), the generating functions (35) to (40) (and hence also
their consequences (43) to (48)) are allequivalentto one another (see, for details, [1]).
Furthermore, since [15], p. 103, Equation (5.3.4)

(49) L(α)n (x) = lim
|β|→∞

{

P(α,β)n

(

1 −
2x

β

)}

,

the generating function (41) can also be deduced as a limit case of (for example) (35)
and (37). On the other hand, by appealing to the limit relationship (49), each of the
generating functions (36) and (39)with

x 7−→ 1 −
2x

β
and t 7−→ ±

t

β

would yield the following well-known (rather classical) result (cf., e.g., [14], 172,
Problem 22 (ii)]):

∞
∑

k=0

L(α+k)
n (x)

tk

k!
= et L(α)n (x − t) ,
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which, by means of Theorem 3, leads useventuallyto the generating function (cf.
Equation (42)):

∞
∑

k=0

kn

k!
L(α+k)

N (x) zk = ez
n
∑

k=0

S(n, k) L(α+k)
N (x − z) zk

(n ∈ N0; N ∈ N0)

associated with the Stirling numbersS(n, k) defined by (1).

In the cases of the polynomials which are related rather closely to the classical Ja-
cobi or classical Laguerre polynomials, some of the generating functions presented in
this section canalternativelybe derived from the corresponding results considered by
Srivastava [12], Section 3, by suitably exploiting these relationships. For example, in
view of the relationship (20) with the classical Laguerre polynomialsL(α)n (x), the gen-
erating function (21) for themodifiedLaguerre polynomialsf αn (x) canalternatively
be deduced from the following result of Srivastava [12], p. 760, Equation (3.27):

∞
∑

k=0

knL(α−k)
k (x) zk = (1 + z)α exp(−xz)(50)

·
n
∑

k=0

k! S(n, k) L(α−k)
k (x (1 + z))

(

z

1 + z

)k

(n ∈ N0; |z| < 1)

by first lettingα 7−→ −α and z 7−→ −z, and then applying the relationship (20) on
both sides of the resulting equation.

3. Applications of Theorems 2 and 4

3.1. Generalized Bessel Functions

In terms of the generalized Bessel functionJ(µ)ν (x, y; τ ) defined by (cf., e.g., Dattoli
et al. [2])

J(µ)ν (x, y; τ ) :=
∞
∑

l=−∞
Jl (x) Jν+µl (y) τ

l ,

so that

lim
x→0

{

J(µ)ν (x, y; τ )
}

= Jν (y)

and

J(−1)
ν (x, y; 1) =

∞
∑

l=−∞
Jl (x) Jν−l (y) = Jν (x + y) ,
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a generalization of the generating function (12) in the form:

∞
∑

k=0

J(µ)ν+k (x, y; τ )
tk

k!
=
(

1 −
2t

y

)− 1
2ν

(51)

· J(µ)ν

(

x,
√

y2 − 2yt; τ [1 − 2 (t/y)]−
1
2µ

)

(

µ, ν ∈ C; |t| <
1

2
|y|
)

was given recently by Pathanet al. [9, p. 179, Equation (3.4)]. Thus, by applying
Theorem 4 to the generating function (51), we obtain

∞
∑

k=0

kn

k!
J(µ)ν+k

(

x,
√

y2 + 2yz; τ [1 + 2 (z/y)]−
1
2µ

)(

z
√

1 + 2 (z/y)

)k

=
(

1 +
2z

y

)
1
2ν

n
∑

k=0

S(n, k) J(µ)ν+k (x, y; τ ) zk

(

µ, ν ∈ C; |t| <
1

2
|y| ; n ∈ N0

)

,

which, under such variable and notational changes as in the transition from (13) to (14),
but involvingz andy (instead ofz andx, respectively), yields

∞
∑

k=0

kn

k!
J(µ)ν+k (x, y; τ ) zk =

(

1 −
2z

y

)− 1
2ν

(52)

·
n
∑

k=0

S(n, k) J(µ)ν+k

(

x,
√

y2 − 2yz; τ [1 − 2 (z/y)]−
1
2µ

)(

z
√

1 − 2 (z/y)

)k

(

µ, ν ∈ C; |t| <
1

2
|y| ; n ∈ N0

)

,

where we have also set

τ 7−→ τ

(

1 −
2z

y

)− 1
2µ

after the aforementioned transition.

The generating function (52) unifies (as well as extends) each of the results (12),
(14), and (51) above.
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3.2. Lauricella Polynomials

Another application of Theorem 4 involves the so-called Lauricella polynomials in
several variables (cf. [6]):

F (s)D [−n,b1, . . . ,bs; c; x1, . . . , xs]

:=
k1+···+ks5n

∑

k1,...,ks=0

(−n)k1+···+ks (b1)k1
· · · (bs)ks

(c)k1+···+ks

xk1
1

k1!
· · ·

xks
s

ks!
,

where, as usual in the theory of hypergeometric series,

(λ)0 := 1 and (λ)k := λ (λ+ 1) · · · (λ+ k − 1) (k ∈ N) .

These Lauricella polynomials are known to satisfy a generating-function relationship
in the form (cf. [17], p. 240; see also [14], p. 439, Equation 8.5 (8)):

∞
∑

k=0

(c + n)k
k!

F (s)D [−n − k,b1, . . . ,bs; c; x1, . . . , xs] tk(53)

= (1 − t)−c−n
s
∏

j =1

{

(

1 +
x j t

1 − t

)−b j
}

· F (s)D

[

−n,b1, . . . ,bs; c;
x1

1 − t + x1t
, . . . ,

xs

1 − t + xst

]

(

n ∈ N0; |t| < min
15 j 5s

{

1,
∣

∣x j − 1
∣

∣

−1
}

)

,

which fits easily into the pattern (8) with, of course,

θ (x1, . . . , xs; t) = (1 − t)−c
s
∏

j =1

{

(

1 +
x j t

1 − t

)−b j
}

,

φ (x1, . . . , xs; t) = 1 − t, ψ j (x1, . . . , xs; t) =
x j

1 − t + x j t

( j = 1, . . . , s),

and

3k (x1, . . . , xs) 7−→ (c)k F (s)D [−k,b1, . . . ,bs; c; x1, . . . , xs] (k ∈ N0) .
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Theorem 4, when applied to the generating function (53), yields

∞
∑

k=0

(c)k kn

k!
F (s)D

[

−k,b1, . . . ,bs; c;
x1

1 + z − x1z
, . . . ,

xs

1 + z − xsz

]

(54)

·
(

z

1 + z

)k

= (1 + z)c
s
∏

j =1

{

(

1 −
x j z

1 + z

)b j
}

·
n
∑

k=0

(c)k S(n, k) F (s)D [−k,b1, . . . ,bs; c; x1, . . . , xs] zk

(

n ∈ N0; |z| < min
15 j 5s

{

1,
∣

∣x j − 1
∣

∣

−1
}

)

,

which, for

z 7−→
z

1 − z
and x j 7−→

x j

1 − z + x j z
( j = 1, . . . , s) ,

assumes the form:
∞
∑

k=0

(c)k kn

k!
F (s)D [−k,b1, . . . ,bs; c; x1, . . . , xs] zk(55)

= (1 − z)−c
s
∏

j =1

{

(

1 +
x j z

1 − z

)−b j
}

n
∑

k=0

(c)k S(n, k)

· F (s)D

[

−k,b1, . . . ,bs; c;
x1

1 − z + x1z
, . . . ,

xs

1 − z + xsz

](

z

1 − z

)k

(

n ∈ N0; |z| < min
15 j 5s

{

1,
∣

∣x j − 1
∣

∣

−1
}

)

.

For c = 1, these last generating functions (54) and (54) were derived earlier by
Srivastava [12], p. 768, Equations (5.11) and (5.12).

3.3. Multivariable Sequences

Some general multivariable extensions of the hypergeometric generating functions (24)
and (27) were considered by Chen and Srivastava [1], who investigated the multivari-
able generating functions [1], p. 172, Equation (5.19):

∞
∑

k=0

(

λ+ n + k − 1

k

)

�
(λ)
n+k (σ1, . . . , σs; x1, . . . , xs) tk(56)

= (1 − t)−λ−n�(λ)n

(

σ1, . . . , σs;
x1

(1 − t)σ1
, . . . ,

xs

(1 − t)σs

)

(n ∈ N0; |t| < 1) ,
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where

�(λ)n (σ1, . . . , σs; x1, . . . , xs)

:=
∞
∑

m1,...,ms=0

(λ+ n)M A (m1, . . . ,ms) xm1
1 · · · xms

s

(

M := σ1m1 + · · · + σsms; m j ∈ N0; λ, σ j ∈ C; j = 1, . . . , s
)

,

and [1], p. 172, Equation (5.20)

∞
∑

k=0

(

λ+ n + k − 1

k

)

Z
(λ)
n+k (σ1, . . . , σs; x1, . . . , xs) tk(57)

= (1 − t)−λ−n Z(λ)
n

(

σ1, . . . , σs; x1 (1 − t)σ1 , . . . , xs (1 − t)σs
)

(n ∈ N0; |t| < 1) ,

where

Z(λ)
n (σ1, . . . , σs; x1, . . . , xs) :=

∞
∑

m1,...,ms=0

A (m1, . . . ,ms)

(1 − λ− n)M
xm1

1 · · · xms
s

(

M := σ1m1 + · · · + σsms; m j ∈ N0; λ, σ j ∈ C; j = 1, . . . , s
)

,

{A (m1, . . . ,ms)} being a suitably bounded multiple sequence of complex numbers.
These multivariable generating functions (56) and (57) are, in fact, very specialized
cases of much more general multivariable generating functions given earlier by Srivas-
tava (cf., e.g., [14], p. 491, Problem 3; see also [1], p. 173).

By applying Theorem 4 to each of the generating functions (56) and (57), wefinally
obtain the following multivariable generalizations of ourresults (25) and (29) above:

∞
∑

k=0

(

λ+ k − 1

k

)

kn �
(λ)
k (σ1, . . . , σs; x1, . . . , xs) zk

= (1 − z)−λ
n
∑

k=0

(

λ+ k − 1

k

)

k! S(n, k)

·�(λ)k

(

σ1, . . . , σs;
x1

(1 − z)σ1
, . . . ,

xs

(1 − z)σs

)(

z

1 − z

)k

(n ∈ N0; |z| < 1)



Generating functions involving the Stirling numbers 223

and

∞
∑

k=0

(

λ+ k − 1

k

)

kn
Z
(λ)
k (σ1, . . . , σs; x1, . . . , xs) zk

= (1 − z)−λ
n
∑

k=0

(

λ+ k − 1

k

)

k! S(n, k)

· Z(λ)
k

(

σ1, . . . , σs; x1 (1 − z)σ1 , . . . , xs (1 − z)σs
)

(n ∈ N0; |z| < 1) .

Many other applications ofeachof the general results (Theorems 1 to 4 above) can
indeed be presented in an analogous manner.
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