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QUADRATIC CONTROL OF AFFINE DISCRETE-TIME,
PERIODIC SYSTEMS WITH INDEPENDENT
RANDOM PERTURBATIONS

VIORICA MARIELA UNGUREANU

Abstract: In this paper we consider the affine discrete-time, periodic systems
with independent random perturbations and we solve, under stabilizability and uniform
observability or detectability conditions, the discrete time version of the quadratic control

problem introduced in [1].

1 — Introduction

We consider the quadratic control problem for the affine discrete-time, peri-
odic systems with independent random perturbations in Hilbert spaces (see [1] for
continuous time case). The existence of an optimal control is connected with the
behavior of the discrete-time Riccati equation associated with this problem. We
study the asymptotic behavior of the solutions of the Riccati equation and we find
an optimal control. In 1974 J. Zabczyk [10] treated a similar problem for time
homogeneous systems and proved that, under stabilizability and detectability
conditions, the Riccati equation (14) has a unique nonnegative bounded solu-
tion. In connection with this problem, he also introduced the notion of stochastic
observability (which is equivalent, in the finite dimensional case, with the one
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considered in this paper). The case of time varying systems in finite dimensions
has been investigated by T.Morozan in [6]. He proved that, under uniform ob-
servability and stabilizability conditions, the discrete-time Riccati equation has
a unique, uniformly positive, bounded on N solution. In this paper we gener-
alize the results of T. Morozan. We also establish that, in the stochastic case,
the uniform observability does not imply the detectability and, consequently, our
result is different from that obtained by J. Zabczyk in the time invariant case.
In [1] G. Da Prato and I. Ichikawa proposed a quadratic control problem for
affine periodic systems (for both deterministic and stochastic cases), which is a
generalization of the average cost criterion, usually considered for time-invariant
systems. They proved that, under stabilizability and detectability conditions,
the optimal control is given by a periodic feedback, which involves the periodic
solution of the Riccati equation associated to this problem. In [9] we consider
differential linear stochastic equations. We replace the detectability condition
with the uniform observability property and, under stabilizability condition, we
prove that the Riccati equation has a unique, uniformly positive, bounded on
R, solution, which is stabilizing for the controlled system. This result can be
used to find the optimal control and the optimal cost for the quadratic control
problem. We also proved in [9] that, in the stochastic case, uniform observabil-
ity does not imply detectability, as in the deterministic case, and our result is
different from the one of G. Da Prato. On the other hand, we note that the
observability property is easier to verify than the detectability condition, both
in the continuous and deterministic cases. So, the results of this paper are (in a
certain sense) the discrete-time versions of those obtained in [9] and [1] for the
continuous case. They are not obtained by a simple discretization of the results
mentioned above (for example the algebraic Riccati equation, involved in the
time invariant quadratic control problem, is not the same in the discrete-time
(see (32)) and continuous cases (see [1])). There are many technical differences
between the discrete time and the continuous cases. For example, in the discrete
time case, we used the induction to prove the existence of the solution of the
Riccati equation with final condition, while in the continuous case we work with
specific properties of the functions, which are continuously time dependent.

2 — Notations and statement of the problem

Let H, V, U be separable real Hilbert spaces and let us denote by L(H,V)
the Banach space of all bounded linear operators which transform H into V.
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If H=V we put L(H,V)= L (H). We write (.,.) for the inner product and ||.||
for norms of elements and operators. If A € L(H) then A* is the adjoint operator
of A. The operator A € L(H) is said to be nonnegative and we write A > 0, if A is
self-adjoint and (Ax,z) > 0 for all z € H. We denote by H the Banach subspace
of L(H) formed by all self-adjoint operators, by K the cone of all nonnegative
operators of H and by I the identity operator on H. We also consider the Banach
space Cy(H) = {p : H — R, ¢ is bounded and continuous}. Let 7 € N,7 > 1.
The sequence L, € L(H,V),n € N is bounded on N if SuII\DI |Ln|| < oo and is
ne

T-periodic if L, = Ly, for all n € N.

Let (2, F, P) be a probability space and £ be a real or H -valued random
variable on €. We write E(&) for mean value (expectation) of £&. We will use the
notation B(H) for the Borel o-field of H.

Let us consider the sequence &,,n € Z of real independent random vari-
ables, which satisfy the conditions E(§,) = 0 and E |§n\2 =b, <oo. If F,is
the o-algebra generated by {¢;,i < n — 1}, then we will denote by L2(H) =
L?(Q, Fy, P, H) the space of all equivalence class of H-valued random variables 7
(i.e.  is a measurable mapping from (2, F,) into (H, B(H))) such that E ||n||* <
oo. Analogously we define L?(Q, F, P, H) and we denote it L.

We introduce the controlled system
0 { Tni1 = Antn + EnBntn + Dptin + fn

rzp=x€ H keN

where A,,, B, € L(H),D,, € L(U, H). The control {ug,ug+1,...} belongs to the

class Uy defined by the property that u,, n > k is an U-valued random variable,

Fp-measurable and sup E ||u,||* < co. For every # € H and k € N, fixed, we will
n>k

denote by U} ., the subset of admissible controls from Uy, with the property that
(1) has a bounded solution.

If f, =0 for all n € N we use the notation {A : D, B} for the system (1).
In the sequel we need the hypotheses:

Hy: The sequences A,,B, € L(H),D,, € L({U,H),C, € L(H,V), K, €
L(U), fn,bn,n € N are bounded on N and

(2) K, >0I,6>0 for all n € N.

Hy: The sequences Ay, By, Dy, Cp, Ky, fn,n € N by, n € Z introduced above
are T-periodic.
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If Hy (respectively H) holds we will use the notation Z =sup || Zy|| (respec-
neN

tively Z = max || Z,]) for Z=A,B,D,C.F,K.b.
n = T—

slyeaey

Assuming the hypotheses Hy, H; we study the following problem:
For every k € N and x € H, we look for an optimal control v = {ug, ug+1,-..},
which belongs to the class Uy, , and minimizes the following quadratic cost

1 9-1
(3) It(z,u) =lim ——F Z[chxn|]2+ < Kptn, up >],
k n==k

q—0o0 ¢ —

where z;, is the solution of (1) for all n € N, n > k. (It is clear that if u € Uy,
then Ij(z,u) < 00).

We will establish that under stabilizability and uniform observability (or de-
tectability) conditions (see Theorem 26) the optimal cost, given by (28), is ob-
tained for the optimal control (29).

3 — Preliminaries

3.1. Properties of the solutions of the linear discrete time systems

We associate to (1) the linear stochastic system {A, B}

(4) Tpt1 = Apzy + Sanxn
rp=x € HnkeN.

The random evolution operator of (4) is the operator X (n,k) n > k > 0,
where X (k, k) =T and X(n, k) = (Ap—1+&u—1Bn-1)...(Ax + &k By), for all n > k.

Definition 1. A sequence {x,},n € Z of H-valued random variables is
7-periodic (7 € N,7 > 1) if

(5) Plzp, +r € A1, .i@p, 47 € A} = P{ap, € A1, .. 20, € A},
for all ny,ng,...,ny € Z and all A, € B(H),p=1,..,m.o
It is known that (5) is equivalent with

E@(xnl-‘r’rv "'7xnm+7') = E(P(xnm "7xnm)7

for all ¢ € Cp(H™).
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Remark 2. Assume that H; holds and the sequence {{, },n € Z is T-periodic.
There exist the functions F, ; : R®* — H measurable (B(R"~*), B(H)) such

that X(nv k).l‘ = Fn,k(én—la ) ‘Sk)v X(n + 7,k + T)x = Fn+T,k+T(§TL—1+T7 ) §k+~r)
and Fyy; p4r = F, j. Since the random variables &,,n € Z are independent and
T-periodic, then it follows that the random variables X (n, k)z and X (n+7, k+7)z
have the same distribution function for all n > k,n,k € Z. o

If x, = wzp(k,z) is the solution of the system (4) then it is unique and
xn(k,z) = X(n, k)z.
It is not very difficult to see that we have the following lemma:

Lemma 3. X(n,k) is a bounded linear operator from L3(H) into L2(H) and
we have

E X (n, K)OI < ([An-1l” + b1 [|Bat[*)-.. (I ARI + by | Bil*) E [I€]1*

for alln >k and £ € L2(H).

From the above considerations it is clear that (1) has a unique solution
Zn(x, k;u). Using the induction it follows that z,(x, k;u) satisfies the relation

n—1
(6) Tp(x, kyu) = X(n, k)x + Z X(n,i+1)(Dyu; + fi)
i=k

for n > k + 1. Moreover, z,(z, k;u) is F,-measurable and &,-independent.
Now, we introduce the mappings U, T(n, k) : H — H

Un(S) = A%SA, + by B:S B,

7
@) T(n,k) = UgUgs1...Up—1,for alln — 1 > k and T'(k, k) = I,

where I € L(H) is the identity operator. It is easy to see that U,, and T'(n, k) are
linear and bounded operators.

Theorem 4 ([8]). If X(n,k) is the random evolution operator associated to
(4), then T'(n, k)(K) C K and we have

(8) (T(n,k)(S)x,y) - E(‘SX(n:k)x?X(nv k)y>

forall S € H,n>k >0 and z,y € H. Moreover ||T (n,k) (I)|| = ||T (n,k)]|| .
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Remark 5. If H; holds then T'(n,k) is 7-periodic that means T'(n,k) =
Tn+7,k+7)foralln>k>0.0

3.2. Uniform exponential stability and uniform observability

Definition 6. We say that {A, B} is uniformly exponentially stable iff there
exist 3> 1, a € (0,1) and ng € N such that we have

9) E|X(n,k)z|* < Ba" 7 |z|?

foralln>k>ngand x € H.o

If B, = 0 for all n € N, we obtain the definition of the uniform exponential
stability of the deterministic system x,+1 = Apxn, 2 = x € H,n > k denoted

{A}.

Definition 7 ([4]). The deterministic system { A} is uniformly exponentially
stable iff there exist § > 1, a € (0,1) and ny € N such that we have
|An_1An_2...Ag|| < Ba™* for all n > k > ng. o

It is easy to see that if {A, B} is uniformly exponentially stable then (9) holds
for ng = 0. The following result is known [4] for the finite dimensional case but
it is presented for the readers’ convenience.

Proposition 8. If H; holds and {A} is uniformly exponentially stable then
the system

(10) Yn = A:Lyn—i-l + fn

has a unique T-periodic solution.

Proof: Using the condition required by the 7-periodic sequences we can ex-
tend the sequences Ay, f, for all n € Z. Let us denote Y (n, k) = Ay A; .. A}
if n # k and Y (k,k) = I (the identity operator). If {A} is uniformly exponen-
tially stable then it is easy to see that there exist a € (0,1) and § > 1 such as

o0

1Y (n, k)*|| = ||Y (n, k)|| < Ba™*. Hence the series pZ::nY(p, n)fp converges in H.
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[e.°]
It is not difficult to see that y, = > Y(p,n)f, satisfies (10). From H; it follows
p=n

Y(p+7,n+7)=Y(p,n) for all p > n and consequently

00 oo
Yntr = Z Y(p,n+7)fprr = Zy(p"‘Ta”"‘T)fp:yn'
p=n+t p=n

Thus y,, is a T-periodic solution of (10). If 7, is another T-periodic solution of (10)

we have [[yn+1 = Fppa|| < V(0 k)| max lyx =7l < Ba”F  max
k = 0,.7-1 k= 0,.7-1

lyr —Uill- As kB — —oo we get ynt1 = Y,4q for all n € Z and the proof is
complete. n

Now we consider the discrete time stochastic system {A, B; C'} formed by the
system (4) and the observation relation z, = Cyz,, where C,, € L(H,V),n € N.

Definition 9 (see Definition 6 in [6]). We say that {A, B;C} is uniformly
observable if there exist ng € N and p > 0 such that

k+ngo
(11) Y ECX(n,k)z)* > p x|’
n=~k

forall ke Nand z € H. o

If the stochastic perturbation is missing, that is B,, = 0 for all n € N, we will
use the notation {A, _; C'} for the observed (deterministic) system. We have the
following definition of the deterministic uniform observability (see [3] and [2]).

Definition 10. We say that {A, ;C} is uniformly observable iff there exist
k+n,
no € N and p > 0 such that ZO |CpAn_1An_o.. Agz||* > pllz|? for all k € N
n=k
and z € H. o

Remark 11. It is not difficult to see that, in the time-invariant, finite di-
mensional case, the deterministic system {A, ;C} is uniformly observable iff
rank(C*, A*C*, ..., (A*)"~1 C*) = n, where n is the dimension of H. o

The following proposition is a consequence of the Theorem 4.
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Proposition 12 ([§]).

a) The system (4) is uniformly exponentially stable if and only if there exist
B>1,a€(0,1) and ng € N such that we have

(12) IT(n, k)| < Ba™*

for alln > k > ng.

b) The system {A, B;C} is uniformly observable if and only if there exist
no € N and p > 0 such that
k+ng
(13) Y T(n,k)(CrCn) = pl

n=~k

for all k € N.

Conclusion 13. From the above proposition it follows that if the determinis-
tic system {A, _; C'} is uniformly observable then the stochastic system {A, B;C'}
is uniformly observable.

Proposition 14. Assume that Hy holds, D, = 0 for all n € N and the
sequence {&,},n € Z is T-periodic. If {A, B} is uniformly exponentially stable
then the system (1) (without initial condition) has a unique T-periodic solution
in L?.

Proof: As in the proof of the Proposition 8 we consider the system (1) on Z.
n—1
Let us consider the series Y. X(n,p+1)f, in the Hilbert space L?. We have

p=—00
n—1 n—1
Yo Xp+1)fp| < D X (np+ D) fll
p=—00 L2 p=—00

n—1
= S VEIX(mp+ 1)1,

p=—00

If T(n,k) is the operator associated to the system {A, B} according to the
Theorem 4, we deduce by Remark 5 and Proposition 12 that (12) holds for all
n>k>—oo.
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Using Theorem 4 and the above considerations we get

n—1 n—1

2: ‘X(nﬂp'+])f% S }E: \/<7T”wP‘F1)ﬁwf}>
p=—00 L2 p=—00
n—1

< Z 51/2a(n7p71)/2f< 00.

p=—00

n—1
Consequently the series converges in L?. We denote 3, = Y. X(n,p+ 1) fp-

p=—00
It is a simple exercise to verify that y, satisfies (1). Now we will prove that
it is a 7-periodic solution of (1). We consider the random variables y, ,, =

n=1 n—1
Z X(n,p—{—l)fp and Yn+rm+1 = Z X(n+77p+7—+1)fp-
p=m p=m

Since X(n,p +1)f, and X(n + 7,p + 7 + 1)f, have the same distribution
functions for all n > p 4+ 1 > m it is clear that the distributions of y, ,, and
Yn4r,m coincide.

Thus E@(Yn,m) = E@(Yntrm+r) for all ¢ € Cy(H). Since |[ynm — ynll 12

— 0 we deduce that there exists a subsequence y, ,,, such that y, ,,, con-
m——00

verges to y, P.a.s, as k — oo.

Analogously, from ||Yntrm+r — Yntrll;2  — 0 it follows that there ex-
mp—>—00

ists a subsequence Yntrmp, +7 such that Yntrmp, 47 —  Yntr P.a.s. We con-
— 00

h
sider now the last subsequence and we denote Yntrmmi, +7 = Ynirmptr: It is

clear that both sequences y, , . in 12 Ynmy, CODVETgES to their limit P.a.s and we
@(yn) (respectively o(y, . = . ) . ©(Yn+r))

—
h—o00 h

P.a.s for all ¢ € Cy(H). Using the Bounded Convergence Theorem it follows
that Be(y,5,) ,—  Eelyn) (respectively Ep(y, 5, 1) —>  Ep(ynir))-
From Remark 2 we deduce that Y., and y,, T have the same distribution
function and E¢(y, ) = E@(Y,, 7, 1,). Hence E@(yn) = E@(ynyr) for all
¢ € Cy(H) and yp, Yn+r have the same distribution function. Using the same

deduce that ¢(y,, ~ )

way of proof it can be shown that yn,, Ynys - Yn,, 30 Yni 415 Yngtrs -r Yrup+r LOT
all ni,ng, ...,y € Z have the same joint distribution functions and it follows
that y, is 7-periodic.

If z, € L?,n € Z is another 7-periodic solution of (1) then we have

E[yni1 — 2o |> = E(T(n, k) (I) (yx — 21) , Yr — 21)

2 1 n—k 2
ST, k)l max  Ellyy — 2l < f2a72"  max  Elly, — 2|

— Uy



312 VIORICA MARIELA UNGUREANU

for all n > k. As k — —o0 we get yn4+1 = 2pt1 P.a.s for all n € Z and the proof
is complete. n

The above proposition is the infinite dimensional version of the statement i)
of Theorem 3 from [5].

4 — Optimal quadratic control for affine discrete-time systems

In this section we assume that the hypothesis Hy holds.

4.1. The discrete-time Riccati equation of stochastic control and
the uniform observability

We consider the transformation
Gn: K —K,Gn(S) = A%SD, (K, + D:SD,) D SA,,

which is well defined. Let U, € L(H) be the linear operator defined by (7).
We consider the following Riccati equation

(14) Rn - un(RnJrl) + C;;Cn - gn(RnJrl)
on K, connected with the quadratic cost (3).

Definition 15. A sequence {R,}nen, Rn € K such as (14) holds is said to
be a solution of the Riccati equation (14). o

We need the following definitions (see D.3 from [6]).

Definition 16. A solution R = (Ry,)nen of (14) is said to be stabilizing for
{A:D,B} if {A+ DF, B} with

(15) F,=—(K,+ D!R,1D,) 'D}R,1A,,n €N
is uniformly exponentially stable. o
Definition 17 ([6]). The system {A : D, B} is stabilizable if there exists a

bounded on N sequence F' = {F}, }nen, Fr, € L(H,U) such that {A + DF, B} is
uniformly exponentially stable. o
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Proposition 18. The Riccati equation (14) has at most one stabilizing and
bounded on N solution.

Proof: Let R, and R, 2 be two stabilizing and bounded on N solutions of
equation (14). We introduce the systems

(16) Tn41,i = (An + DnFn,i)xn,i + ganxn,z
T =T € H

foralln > k,n,k € N, where F,; = —(Kp+D}:Rp+1:Dpn) 1D Rpi1An, i = 1,2.
If we denote Q,, = R,,,1 — Ry, 2, we get
E <Qn+1$n+1,1,xn+1,2> =F <Qn$n,la$n,2> , for all n > k.

It is easy to see that E (Qnt1Tn+1,1, Tnt1,2) = (Qrz,z) for alln >k, x € H.
Since R, ;,% = 1,2 are bounded on N we deduce that there exists M > 0 such
that ||Qn|| < M for all n € N. Thus,

0 < [(Qrz, 2)| < M/ E||zns1 1] B |20 112]>

From the hypothesis and from the Definition 17 it follows that the systems (16)
are uniformly exponentially stable and F Hxn_l'_lﬂlHQ — 0, 9 = 1,2, uniformly
n—oo

with respect to x.
As n — oo in the last inequality, we deduce that @ = 0 and Ry = Ry for
all k € N. The proof is complete. n

Let x,, be the solution of system {A : D, B}. By Uy ar, M € N* we denote the
set of all finite sequences uff\/l = {ug, Ugs1, ...upr—1} of U-valued and F; measurable
random variables u;, i = k, ..., M — 1 with the property E ||us]|* < co. Now, we
introduce the performance

M-1
V(M,k,z,u) =F Z 1Cnznl|? + < Kptin, tn >].

n==k

Let us consider the sequence R(M, M) =10 € K,
R(M,n) =U,(R(M,n+1))+ C;Cp, — Go(R(M,n + 1))

for all n < M — 1.

The following lemma prove that the sequence R(M,n) is well defined for all
0 <n < M. It is called the solution of the Riccati equation (14) with the final
condition R(M,M) = 0.
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Lemma 19.
a) R(M,n)e K forall0<n<M;
b) 0 < R(M —1,n) < R(M,n) forall0 <n <M —1.

Moreover, if Hy is satisfied then

(17) R(M+7,n+7)=R(M,n),0 <n< M.

Proof: We will prove the first assertion by induction. Forn = M, R(M,n) =
0 € K. Let us assume R(M,n) € K foralln e Nk <n < M.

We will prove R(M,k) € K. Let x, be the solution of system {A : D, B}
with the initial condition x; = x and let us denote F,, = —[K,, + D} R(M,n +
1)D,| 'D:R(M,n + 1)A, and 2, = u, — F,x,. We have

E(R(M,n+ 1)xpt1,Tnt1) =
E(R(M,n)xy,xn) — E{(C;Cpn, Tn) — E (Kpup, un) +
E{((Kn+ D,R(M,n+1)Dy)zp, zn) -

Now, we consider the last equality for n = k,k+ 1,..., M — 1 and summing,
we obtain

V(M,k,x,u) = (R(M,k)x,z)+

(18) EMz_:l ((Ky + DiR(M,n +1)Dy) 2, 2,)
n==k

Let z,, be the solution of system

(19)

bl

rp=x € H

where F,, was introduced above.

It is clear that T, is also the solution of {A : D, B} with u,, = F;,Zp, k <n <
M —1 and {tp, k <n < M —1} € Up ur.

Thus we obtain, for all 0 < k < M
(20) min V(M,k,z,u) =V(M,k,z,u) = (R(M, k)x,x) .

uEUkJ\/[

We deduce that R(M, k) > 0 and the induction is complete.

b) Let ufy_l = {Ug, Ugt1,...,Upr—2}. It is clear that ukM_l € U m—1 and

from the definition of V/ (M, k,x,u) we get V(M — 1, k,x,u) < V(M, k,z,u).
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If we consider (20) for M — 1, we have, for all 0 < k < M

(R(M —1,k)x,xz) = min V(M —1,kz,a) <V(M-1kx,u).

~
ueUg_1,m

From (20) and the last inequalities it follows the conclusion. The proof of last
statement is trivial. m

Proposition 20. Assume that {A : D, B} is stabilizable. Then the Riccati
equation (14) admits a bounded on N solution. If H; is satisfied then the solution
of the Riccati equation is T-periodic.

Proof: Since {A : D, B} is stabilizable it follows that there exists a bounded
on N sequence F' = {F), }nen, F, € L(H,U) such that {A + DF, B} is uniformly
exponentially stable.

Let us consider @, = F,x,, where x,, is the solution of {A + DF, B} with the
initial condition zj = x . Since F}, is bounded on N, it is not difficult to see that
Uy € Uk We have

o
V(M k2,1 <n Y Flla,|
n=k
for all M > k, where n = C2+KF?. Since {A+DF, B} is uniformly exponentially
stable, it is not difficult to see that there exists A\; > 0 such that V(M, k, z,u7) <
|z = Alel* @ € H.

Let R(M,n) be the solution of the Riccati equation (14) with R(M, M) = 0.

Using (20) and the above inequality, we deduce that

(R(M, k)z,z) < A

Using Lemma 19 it follows that there exists R(k) € L(H) such that 0 <
R(M,k) < R(k) < XX for M € N, M > k and the sequence
{R(M, k)}pen,m>k converges to R(k) in the strong operator topology.

We denote L :A}iinoo (< Gn(R(M,n+1))z,2 > — < Gp(R(n+1))x,x >) and
Pty = Ko+ DiR(M, 1+ 1)Dy, Py = Ky + DER(n+ 1)Dy. If

Ly = lim_ HPA;}nH ID:R(M,n+ 1)Apz — DX R(n+ 1)Anz|| -

|DyR(M,n+ 1)Apz + D} R(n + 1)Apz|| and
Ly = lim ((Pyl, = PY) DyR(n + 1) A2, DyR(n+ 1) Anz),

M—o0
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then
|L| < L1+ Lo

Since Py, > Ky, > 01,0 > 0 we deduce that HP]‘}I"H < % forall M > n+1 >k
and from the strong convergence of {R(M,n)}reN, p>n it follows Ly = 0.
We see that HPJ\}lnac —P,jle < HPJ\}lnH | Prrny — Poyll, where y = P la.
Since lim || Parny — Poy|| =0 we get lim HPA}lnx - P{le = 0.
M—00 ’ M—o0 ’
Now it is clear that Ly = 0. Hence L = 0 and
lim (Gu(R(M,n + 1))z,2) = (Ga(R(n + 1)), 7).

M—o0

From the definition of R(M,n) and the above result we deduce that R(n) is
a solution of (14). If H; holds then we take M — oo in (17) and it follows that
R(n) is T-periodic. u

Theorem 21. Let us assume that the system {A, B; C'} is uniformly observ-
able. If R,, is a nonnegative bounded on N solution of (14) then:

a) there exist m > 0 such that R, > mlI, for all n € N (R,, is uniformly
positive on N).

b) R, is stabilizing for (1).

Proof: The main idea is the one of [6] .
Let R, be a nonnegative, T-periodic solution of (14) and let X (n, k) be the
random evolution operator associated to system {A + DF, B} with

(21) F,=—(K,+ D:Rpi1Dy) "D Rpi1 A

Let ng and p be the number introduced by the Definition 9. We have (see the
proof of Lemma 19)
(Thx,z) = (Ryz,x) —

(22) - ~
E <Rn0+n+1X(n0 +n+1,n)z, X(no+n+1, n)x> ,

where the operator T;, € H is

(23) (Thz,z) = nio(E lc;X G, n)xH2 + B (KX (j,n)z, B X (j,n)).

j=n
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From (6), we deduce that for all j > n 4+ 1 we have
i=n
where @; = F;X (i,n)z and X (n, k) is the random evolution associated to {A, B}.
Thus

n+ng 7j—1 2 1
(Toyw,x) > > E|CiX(j,n)z+C;) X (j,i+1)Dsu +§||Cn€6||2
Jj=n+1 i=n
1 o ntng |51 2
2 5l Y EC;X(Gn)x)|*) - C* Y B> X(ji+1)Dyi
j=n j=n+1 ||i=n

Using Hy, Lemma 3 and (23) it follows

2

j—1 _ n+no _ 9
E | X (i + D)Diii|| < Dy Y. B|FEX(n)a|| < c(Tur,a),
i=n i=n

0

where Hng = (no max{l’ (AVQ +E§2)n0}> and ¢ = %
Since the system {A, B; C'} is uniformly observable then we have

1 ~
(Tpa, o) > 5p |z)|? — C?noe (T, x)).

From the last equality and from the hypothesis we deduce that there exist
M > m such that

(24) mllz|® < (Tuw, 2) < (Roz,z) < M ||
We obtain from (22) and (24)

—m/M (Rpx,x) > — (Ryx,x) +
E <Rn0+n+1)~((n0 +n+41,n)z, X(ng+n+1, n)x> .

Thus E <Rn0+n+1)~((n0 +n+1,n)z, X(ng+n+1, n)$> < q¢(Rpz,x) for all n €
N and x € H, where g =1—m/M,q € (0,1).

Let T(n, k) be the operator introduced by Theorem 4 for the system {A +
DF, B}, where the sequence F,, is given by (21). Then the previous inequality
can be written

T(no+n+1,n) (Ruygini1) < qRy.
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Since T'(n, k) is monotone (T(n,k)(P) < T(n,k)(R) for P < R, n > k) we
deduce from (24) that T(n, k) (f(no +n+1,n) (Rn0+n+1)) < ¢T'(n,k)(Ry,) and
T(no+n+1,k) (Rugsni1) < qT'(n, k)(R,) for all n > k.

Let n > k arbitrary. Then there exists ¢,r € N such that n—k = (ng+1)c+r
and 0 <r < ng. We obtain by induction:

T(n, k)(Rn) < ¢“T(r + k, k)(R,).

- . 2

From (24) and Theorem 4 we get mT'(n, k)(I) < Mq° || X (r + k, k)H I

Using Lemma 3 we put G = M JJnax {(A2+4bB?)"} and we get mT (n, k)(I) <
r<ng

¢°GI. Now we take a = ¢"/(0t1) p = g=no/(0+)(G/m) > 1 and it follows
T(n, k)(I) < ba™ 1.

From Theorem 4 we deduce E | X (n, k:)acH2 < ba™ % ||z||? for all 2 € H and
0 <k <n, k,n € N. Therefore R,, is stabilizing for (1). The proof is complete. m

Now, we can state the main result of this section.

Theorem 22. Assume that

1) the system {A: D, B} is stabilizable and
2) the system {A, B;C'} is uniformly observable.

Then the Riccati equation (14) admits a unique uniformly positive, bounded
on N and stabilizing solution. Moreover, if Hy holds then the solution of the
Riccati equation is T-periodic.

Proof: From the Proposition 20 and the assumption 1) we deduce that
(14) admits a nonnegative, bounded on N (or 7-periodic, if H; holds) solution.
Now, using the above theorem and 2), we deduce that this solution is stabilizing.
A stabilizing and bounded on N solution of the Riccati equation is unique by
Proposition 18. The proof is complete. u

The above theorem is proved in [6] for the discrete time stochastic systems in
finite dimensional spaces. The continuous case, for stochastic systems on infinite
dimensional spaces, is treated in [9].

Definition 23. The system {A, B; C'} is detectable if there exists a bounded
on N sequence P = {P, }nen, P, € L(U, H) such that {A + PC, B} is uniformly
exponentially stable. o
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The next result is the infinite dimensional version of Proposition 9 from [7],
where we replace the Markov perturbations with independent random perturba-
tions. So, it can be proved similarly the following proposition.

Proposition 24. If{A, B;CY} is detectable then every nonnegative bounded
solution of (14) is stabilizing.

Now, it is clear that if we replace the observability condition in Theorem 22
with the detectability property we deduce that the Riccati equation (14) has
a unique nonnegative, bounded on N (7-periodic, if H; holds) and stabilizing
solution. The obtained result is already known for the time invariant case (see
[10]) and for the continuous, time-varying case (see [1]).

We only will prove that observability does not imply detectability and it fol-
lows that our result is different to those mentioned above. Before to give the
counter-example, which will solve this problem we need the following remarks.

Remark 25. Let us consider the time invariant case A,,= A, B,= B, b, = b,
C,=C and K, = I. It is not difficult to see that, in the finite dimensional case,
the system {A, B;C} is detectable if and only if the controlled system {A* :
C*, B*} is stabilizable. Thus, it follows from Proposition 20 that if {A, B;C'}
is detectable then the Riccati equation (14), where we replace the operators A
with A*, B with B*, C with I, and D with C* has a nonnegative bounded on
N solution. Using Lemma 3.1 from [11] we deduce that the Riccati equation
associated to the above detectable system becomes

(25) Rn = A(Rn+1)

where A: K — K A(S) = bBSB* + I + AS(I + C*CS)~1A*. By Proposition 20
it follows that if the system {A, B;C} is detectable then the algebraic Riccati
equation

(26) R = A(R)

has a nonnegative solution. o

The following counter-example prove that the stochastic observability doesn’t
imply detectability.
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Counter-example

Let us consider the stochastic system {4, B; C} where H = R?2, V =R (R? is

the real 2-dimensional space), 4, = A = (1) g ,Cp=0C = (1 1), b, =1 and
10
B, =B = 0 0) for all n € N.

Since rank(C*, A*C*) = 2 then the deterministic system {A;C} [3] is ob-
servable. Therefore (see Conclusion 13) the stochastic system {4, B;C} is uni-
T1 T2
T2 T3
of (26), which satisfies the conditions z1x3 > 3,27 > 0, we obtain z3 =
3z371 + 3w3 + 21 + 1 > 323 + 1, that is impossible. Thus the equation (26) has
not a nonnegative solution. Then, from Remark 25, we deduce that {A, B;C'}
cannot be detectable.

formly observable. It is easy to see that if we look for a solution K =

4.2. Optimal quadratic control and the uniform observability

The following theorem gives the optimal control, which minimize the cost
function (3). Let Hy and H; hold.

Theorem 26. Assume that the hypothesis 1) of the Theorem 22 holds and
the system { A, B; C'} is either uniformly observable or detectable. Let R,, be the
unique solution of Riccati equation (14). If g, is the unique T-periodic solution
of the Lyapunov equation

(27) gn = (An + DpFy) gni1 + R fo
where F,, is given by (21), then

- e
in k(w,u) = I(z,u)

(28) T—1
= 2> g S |

1=

VoDt — (Ria i £,

where the optimal control is
(29) Uy = _VnilD; (Rn-l—lAnfn + gn—i—l) s

n >k >0, T, is the solution of the system (1) and V,, = K, + D} Ry, 11Dy,
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Proof: First we note that if the above hypotheses hold, then the Riccati
equation (14) has a unique nonnegative, bounded on N and stabilizing solution
R,, according Theorem 22 and Proposition 24. Since the Riccati equation is
stabilizing we can apply Proposition 12 to deduce that { A+ DF'} (see Definition 7)
is uniformly exponentially stable, where F), ,en is given by (21). Using the
Proposition 8 it follows that (27) has a unique 7-periodic solution. Let z,, be the
solution of the system (1) and let us consider the function

v H — Rﬂ-’n(l') = <Rnl'a$> +2 <gn+17 (An + DnFn)$> .
Arguing as in the proof of Lemma 19 we have

Bvpi1 (Tny1) = Evp (zn) — E[chanQ + (K, up)|+
E(V,, (up — Fpzy) yun — Fpxy) +
2E <D:19n+1> Up — ann> +2 <gn+1, fn> - <Rn+1fm fn> .

If we put a, =V, 1D} gns1 + un — Fpa, we have

E (Vaan,a,) — E Hanl/QD:ngnHHZ = E(V, (up, — Fpzy) , (uy, — Fpzy)) +
2FE (D} gni1, un — Fpay) .

Hence we deduce that

Evng1 (2n11) = Bvg (@) = E[|Cazal® + (Kntin, un)] + B (Vaan, an) —

(30) anfl/2D;gn+1H2 Y. fn> B <Rn+1fn7 I

Let 7, be the solution of system (1), where @, = F,Z, — V, 'D}gni1. It is
not difficult to see that z,, and u, are bounded on N. Thus u € U} ,.
Using (30) we get

1 _ 1 n—1 B L
sy B T B Gral) = 50 B Gl + (Kiis, )] -

Vz._l/QngiHHQ + (Riv1fis fi) -

2(gi+1, fi) +‘

Since g, R, are T periodic and R, is stabilizing we deduce that there exists
P > 0 such that Ev,41 (Zp41) < P for all n € N.
As n — oo in (31), it follows

n—1

I (2, 1) = lim > 12{gi1, fi) — ‘

n—oo n —k “

Vfl/szgiHHz — (Rit1fi, f3)]




322 VIORICA MARIELA UNGUREANU

Thus
1 n—1
in [ < ] w) = li 2(gix1, fi) —
Zin Ii(@,u) < Ii(,7) nggon_k;[ (gi+1, fi)

V;_I/QngiﬂHQ — (Rit1fi, fi)]-

If u € Uy, it is not difficult to deduce from (30) that Iy (z,u) > Ii(x, ).
Thus m[ijn I(x,u) = Ix(x,u). Using Hy we see that for n = pr + k then

uelUi »

» T—1 _ 2 .
Ii(z,u) =1 20[2 (Git1, fi) — ’ Vi l/szgz‘HH — (Rit1fi, fi)] and the conclusion
1=

follows. =

From the above theorem it follows that the optimal cost does not depend on
the initial condition. It is not difficult to see that the conclusions of the above
theorem stay true if we consider the initial condition z) = ¢ € LZ(H). Thus,
using Proposition 14 we have the following result:

Proposition 27. If the hypothesis of the Theorem 26 holds and the sequence
{&n},n € Z is T-periodic, then the optimal cost is given by (28) and the optimal

n—1
control is (29), where T, = 3. X(n,p+ 1) ( f —Dpv;;lp;gpﬂ) gy is the
p=—00

r-periodic solution of (27) and X (n,k),n > k is the random evolution operator
associated with the system {A + DF, B} considered on Z.

The time invariant case

In this subsection we work under the hypotheses Hy and
Hy: Z,=ZforallneN (orneZ)and Z=A,B,D,C,F,K,b, f.

We consider the algebraic Riccati equation
(32) R=U(R)+ C"C —G(R),

where U(R) = A*RA +bB*RB and G(R) = A*RD(K + D*RD)"'D*RA.

Remark 28. It is easy to see that if the hypotheses 1) and 2) of the Theo-
rem 22 hold then

a) the algebraic equation (32) has a unique positive solution;
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b) the system (10) has a unique time-invariant solution given by

(33) g= i (A* + F*D*\ f.
p=0

Corollary 29. If the hypotheses of the Theorem 26 are verified then the
Riccati equation (32) has a unique nonnegative solution R and the optimal cost
is

(34) 1) = 2(g. ) — |20

— (R, f),

where g and the optimal control u are given by (33) respectively (29) and V =
K + D*RD.
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