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GENERAL EXISTENCE RESULTS FOR
SECOND ORDER NONCONVEX SWEEPING PROCESS
WITH UNBOUNDED PERTURBATIONS *

MESSAOUD BOUNKHEL °

Abstract: This paper is devoted to study the existence of solutions for general
second order sweeping processes with perturbations of the form #(t) € K(z(t)), #(¢) €
—N(K(x(t));2(t))+ F(t,z(t),z(t)) + G(t, z(t), £(t)), where K is a nonconvex set-valued
mapping with compact values, I’ is an unbounded scalarly upper semicontinuous convex
set-valued mapping, and G is an unbounded continuous non convex set-valued mapping

taking their values in separable Hilbert spaces.

1 — Introduction

The existence of solutions for the second order differential inclusion
(SDI) i(t) € G(t2(1),2(t))

has been studied by many authors (see for example [1, 7, 8, 15, 17, 18, 22]).
In [7], Castaing studied for the first time the existence problem for the following
particular type of second order differential inclusions

(SSP) :i(t)e—N(K@(t));i(t)) and () € K(z(t)) ,
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where K is a convex set-valued mapping with compact values. Many papers
(for example [7, 8, 17, 22]) studied since this particular problem. The general
problem (SDI) has been treaded in several ways. For instance, the authors in [1]
solved the problem when G takes the following particular type: G(t,x(t),2(t)) =
v@(t) + 0f (x(t)), where v > 0 and f is a lower semicontinuous convex function.
Their motivations come from a mechanical problem that they called the heavy
ball problem with friction. For more details we refer the reader to [1] and the
references therein. In [4], the authors studied the following particular problem of
(SDI)

(SSPP1) i(t) € —N(K(a(t); (1)) + F(t, (1)) -

They proved several existence results when K: H = H is nonconvex set-valued
mapping with compact values, H is a finite dimensional space, and the pertur-
bation F': [0,+oo[xH = H is bounded with convex values. Their proofs are
strongly based upon the fixed point theorems and some new existence results
by [6] for first order sweeping processes. They also proved existence results for
another particular problem of (SDI)

(SSPP2) i(t) € —N(K(a(t);2(t)) + F(t, (1)) ,

when K is a nonconvex set-valued mapping with compact values, H is a separable
Hilbert space, and F' is a nonconvex continuous set-valued mapping. Note that
the problem (SSPP2) with memory has been studied in [15] when K is a convex
set-valued mapping with compact values.

Our aim in this paper is to prove existence results for the following general
problem

(SSPMP)  i(t) € —N(K(x(t));y’c(t)) +F(t,w(t),:'c(t)) —|—G(t,x(t),3’c(t)) :

where K is a nonconvex set-valued mapping with compact values, H is a separable
Hilbert space, F' is a scalarly upper semicontinuous convex set-valued mapping,
and G is a nonconvex continuous set-valued mapping. This general problem
covers all the problems studied before and mentioned above. We will call it the
Second order Sweeping Process with Mixed Perturbations (in short (SSPMP)).

This paper is organized as follows. In section 2, we recall some definitions
and prove some useful results that will be needed in all the paper. In Section 3
we prove our main existence theorems. We start with a general existence result
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(Theorem 3.1) of (SSPMP), when K is assumed to be contained in a convex
compact set in H, the perturbation F' is globally scalarly upper semicontinuous
with convex values, and G is nonconvex continuous, and both F' and G satisfy
the linear growth condition. The main difficulties we met in the paper and
in particular in the proof of Theorem 3.1 is the nonconvexity of the set-valued
mapping K and G. To overcome those difficulties posed by the nonconvexity of K,
we use some new techniques developed by Bounkhel and Thibault in [6] for first
order sweeping processes and used later by [4] for second order sweeping processes
without perturbations. We adapt the techniques used in [15] to overcome the
difficulties posed by the nonconvexity of G. In Theorem 3.2 and Theorem 3.3 we
will be interested with the case when the assumption “K is contained in a convex
compact set in H” is replaced by “K is bounded”. An existence result for such
case is proved under the following additional assumptions: K is anti-monotone,
G satisfies a weak linear growth condition, and F' is either monotone with respect
to the third variable or satisfies a weak linear growth condition (see Theorems
3.2-3.3 for such condition). The proofs of those theorems are based strongly
upon new properties of uniformly prox-regular sets proved in [6]. The result of
Theorems 3.2-3.3 cannot be covered by Theorem 3.1 because the compactness
assumption on K cannot be distorted in the proof of Theorem 3.1. In Section 4
we prove existence results for (SSPCP) (the Second Order Sweeping Process with
a Convex Perturbation F') when the perturbation F' is assumed to be globally
measurable and only upper semicontinuous with respect to the second and the
third variables. The idea of the proof is based on an approximation method.
We approximate the set-valued mapping F' by a sequence of globally u.s.c. set-
valued mapping F;, and we study the convergence of the solutions x,, of (SSPCP),,
associated with F, (the existence of such solutions is ensured by our results in
Section 3). In Section 5 we study the compactness and the closedness of the
solution sets of (SSPCP). Section 6 is reserved for a particular case of (SSPMP)
when the perturbation F' is defined in terms of the subdifferential of Lipschitz
functions.

2 — Preliminaries

Throughout the paper H will denote a real separable Hilbert space.
Let S be a closed subset of H. We denote by dg(-) or d(-,.S) the usual distance
function to S, i.e., dg(z) := ing |z — wu||. We need first to recall some notation
ue

and definitions that will be used in all the paper.
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Let f: H— RU {400} be a lower semicontinuous (l.s.c.) function and let =
be any point where f is finite. We recall that the proximal subdifferential O f(x)
is the set of all £ € H for which there exist §,0 > 0 such that for all 2’ € z + § B

(€2’ —a) < f(@') ~ fla) +ola’ —z|*.

Here B denotes the closed unit ball centered at the origin of H.

By convention we set OF f(x) = ) if f(x) is not finite. Note that 07 f(z) is
always convex but may be non closed.

Let S be a nonempty closed subset of H and z be a point in S. We recall (see
[14]) that the proximal normal cone of S at z is defined by N¥'(S;x) : = 0Fg(x),
where 1)g denotes the indicator function of S, i.e., ¥g(z’) = 0 if 2’ € S and +oco
otherwise. Note that the proximal normal cone is also given by

NP (S;z) = {§€H: Ja>0 s.t.xeProj(:L’—i-ozﬁ,S)}

where
Proj(u, §) := {y € S: ds(u) = [lu—y|l} -

Recall now that for a given r € ]0, +0o0] a subset S is uniformly r-prox-regular (see
[19]) or equivalently r-proximally smooth (see [14]) if and only if every nonzero
proximal normal to S can be realized by an r-ball, this means that for all z € S
and all 0 # ¢ € NP(S; %) one has

1
(repo=7) < 3 le =3l

for all x € S. We make the convention % = 0 for r = 400. Recall that for
r = +00 the uniform r-prox-regularity of S is equivalent to the convexity of S.
The following proposition summarizes some important consequences of the uni-
form prox-regularity needed in the sequel. For the proof of these results we refer
the reader to [14, 19].

Proposition 2.1. Let S be a nonempty closed subset in H and let r €
10, 4+00]. If the subset S is uniformly r-prox-regular then the following hold:

(i) For all x € H with dg(x) < r, one has Proj(zx, S) # 0;

(ii) The proximal subdifferential of dg coincides with all the subdifferentials
contained in the Clarke subdifferential at all points x € H satisfying
ds(z) < r. So, in such case, the subdifferential ddg(z) := 0Fds(z) =
0%dg(x) is a closed convex set in H.
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As a consequence of (ii) we get that for uniformly r-prox-regular sets, the
proximal normal cone to S coincides with all the normal cones contained in the
Clarke normal cone at all points = € S, i.e., NP (S;2) = N(S;x). In such case,
we put N(S;z) := NFP(S;2) = NY(S;z). Here 9dg(z) and NY(S;x) denote
respectively the Clarke subdifferential of dg and the Clarke normal cone to S
(see [14] for their definitions and properties).

In [6], the authors established a new characterization of the uniform prox-
regularity in terms of the subdifferential of the distance function. We recall here
a consequence of their result that will be used in the proofs of our main results.

Proposition 2.2 ([6]). Let S be a nonempty closed subset in H and let
r € ]0,+00]. Assume that S is uniformly r-prox-regular. Then

for allz € S, and all{ € ddg(z) one has
2
(P) (€0 —a) < 2l ol +ds(@)

for all ' € H with dg(a’) <r.

Now, we recall some preliminaries concerning set-valued mappings.

(x) Let K: X = H be a compact-valued mapping from a normed vector
space X to a Hilbert space H. We will say that K is Hausdorff-continuous
(resp. Lipschitz with ratio A > 0) if for any x € X one has
(2.2) lim H(K(:c),K(x’)) =0

' —x

(resp. if for any x,2’ € X one has
H(K (@), K@) < Ml =a'll ) -

Here 'H denotes the Hausdorfl distance relative to the norm associated with the
Hilbert space H defined by

H(A, B) := max{sup dp(a), sup dA(b)} .
acA beB

() Let ®: X =Y be a set- valued mapping defined between two topological
vector spaces X and Y. We recall that ® is upper semicontinuous (in short u.s.c.)
at T € dom(®) := {z € X: ®(x) # 0} if for any open O containing ®(Z) there
exists a neighbourhood V' of z such that ®(V) C O.
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We close this section with the following theorem by Bounkhel and Thibault [6].
We give the proof here for the convenience of the reader (see also [4]). It proves
a closedness property of the subdifferential of the distance function associated
with a set-valued mapping. Note that the statement of this theorem in [6] is
given with X = R, but the same arguments of the proof still work for any normed
vector space X because the proof is based on the uniform prox-regularity of the
values of the set-valued mapping and it is independent from the structure of the
space X. The key of the proof is the characterization of uniformly prox-regular
subsets proved in Theorem 3.1 in [6]. Another version of this result is given in
[3] to study some nonconvex economic models.

Theorem 2.1. Let r € |0,+00], 2 be an open subset in a normed vector
space X, and K: 2 = H be a Hausdorff-continuous set-valued mapping with
compact values. Assume that K(z) is uniformly r-prox-regular for all z in Q.
Then for a given 0 < § < r the following holds:

“forany ze€Q, z€ K(Z)+ (r—0)B, z,— &, z,— Z with z, € ,
(z, is not necessarily in K(z,)) and &, € 9dy(,,)(xn) with & —" €
one has £ € Odg(z)(7).”

Here —" means the weak convergence in H.

Proof: Fix z€(, and 7€ K(2)+ (r—96)B. As x,— T one gets for n
)
sufficiently large x,, € T + ZB On the other hand, since the subset K(Z) is

uniformly r-prox-regular one can choose (by Proposition 2.1) a point § € K(z)
with dg (5 (%) = ||§ — Z||. So, one can write by the definition of the Hausdorff
distance,

dic () () < H(K(20), K(Z)) + 20— 7]

and hence the Hausdorff-continuity of K yields for n large enough

) _ o ) )
dK (z) (Tn) < 1+|!$n—$ll+llx—yll < Z+Z+r_5 =r—g<r.
Therefore, for any n large enough, we apply the property (P/) in Theorem 3.1 in

[6] with &, € Odk (., (7n) to get

8

I e s

] |lu — an2 + dK(zn)(u) - dK(zn)(x”) ’

for all uw € H with dg.,)(u) < r. This inequality still holds for all u € 7 4 §'B
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0
with 0 < &' < 1 because for such u one has

0 4]
dg () (u) < fu—Z|| + |7 — 2| + dg (2, (70) < 5/+Z+r_ d <

Consequently, by the continuity of the distance function with respect to (z,z)
(because of (2.2)), the inequality (2.3) gives, by letting n — +o0,

_ - 8 19 B o,
U —T) < ————— Ju — Z||* + dg 5 (v) — dg (T forall uez+dB.
(€ ) o (@) | 17 + dr(z)(v) — dr(z)(@)

This ensures that £ € 0d K(2)(7) and so the proof of the theorem is complete. u

Remark 2.1. As a direct consequence of this theorem we have the upper
semicontinuity of the set-valued mapping (2,z) +— Jddg(.y(z) from T'xH to H
endowed with the weak topology, which is equivalent (see for example Propo-
sition 1.4.1 and Theorem 1.4.2 in [2]) to the u.s.c. of the function (z,z) +—
o(0dg ) (v),p) for any p € H. Here o(S,p) denotes the support function asso-
ciated with S, i.e., 0(S,p) := sup,eg (s, p). Following the terminology used in [10]
and their references we will say that a set-valued mapping K : X == H is scalarly
u.s.c. on X if and only if for every p € X* the support functions o(K(-),p) are
u.s.c. on X. Recall that when X = H = R"™ and K is convex-valued mapping one
has the upper semicontinuity of K is equivalent to its scalar upper semicontinuity.
See for instance Castaing and Valadier [11]. o

3 — Existence results for second order nonconvex sweeping processes
with perturbations

In the present section and Section 4 let r € ]0, +o0], g € H, ug € K(x0), Vo be
an open neighbourhood of g in H, and K : cl(}y) = H be a Lipschitz set-valued
mapping with ratio A > 0 taking nonempty closed uniformly r-prox-regular values
in H. Our aim in this section is to prove the local existence of (SSPMP) on
cl(Vp), that is, there exists T > 0, Lipschitz mappings z : [0,7] — cl(}y) and
u: [0,7] — H such that

u(0) =up, u(t) € K(z(t)), forallte|0,T];

x(t) =x0+ [ u(s)ds, forall te[0,T];
0

a(t) € =N(K@®);u®) + F(t2(t),u(®t) + G(t2@),ut), ae [0,T].
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We begin by recalling the following lemma proved in [16].

Lemma 3.1. Let (X,dx) and (Y, dy) be two metric spaces and let h: X —Y
be a uniformly continuous mapping. Then for every sequence (€y)n>1 of positive
numbers there exists a strictly decreasing sequence of positive numbers (€, )n>1
converging to 0 such that

(1) for any n > 2, enl,l and “=% are integers > 2;

(2) for any n > 1, and any x1,x2 € X, one has

dx(xl,xg) <e, = dy(h(l‘l),h(xg)) <e€ .

We prove our first main theorem in this section.

Theorem 3.1. Let G, F: [0,400[x Hx H = H be two set-valued mappings
and let ¢ > 0 such that xo + <B C Vy. Assume that the following assumptions
are satisfied:

(i) Forallz € cl(Vy), K(x) C Ky C B, for some convex compact set K1 in H
and some [ > 0;

(ii) F is scalarly u.s.c. on [O,%] x gph K with nonempty convex weakly com-

pact values;

(iii) G is uniformly continuous on |0, S] x aB x | B into nonempty compact

subsets of H, for o := ||| +¢;

(iv) F and G satisfy the linear growth condition, that is,
F(t,o,u) C pr(1+ ol + [ul) B and  G(t,2,u) C pa(1+ o] + ul) B,
for all (t,z,u) € [0, %] x gph K for some p1, pa > 0.

Then for every T € 0, %} there exist Lipschitz mappings x: [0,T] — cl(Vo)
and w: [0,T) — H such that

(3.1) w(0)=wug, u(t)e K(z(t)), z(t)=wx0 —l—/otu(s) ds, forallte[0,T];
(3.2) ) e —N(K(a:(t));u(t)) + F(t,x(t),u(t)) + G(t,m(t),u(t)), a.e. [0,7],

with ||z(t)|| <1 and ||a(t)|| <IN+2(1+a+1)(p1+ p2) a.e. on [0,T].



SECOND ORDER NONCONVEX SWEEPING PROCESS 277

In other words, there is a Lipschitz solution x: [0,T] — cl(Vy) to the Cauchy
problem for the second order differential inclusion:

{ i(t) € ~N(K@®);2() + F(t2(6), (1) + G(t,2(),2()), ae [0,T];
z(0) =z9, #(0)=wuo, @(t)€ K(z(t)), forallte|0,T],

with ||z(t)|| <1 and |Z(t)]| <IN+2(p1 + p2)(1+a+1) a.e. on [0,T].

Proof: We give the proof in four steps.

Step 1. Construction of the approximants.

Let T € 0, %] andput I :=[0,7] and K := I x aB x [B. Then by the assump-

tion (iv) we have

(3.3) [E(¢ 2wl < pr(X+ [z + flul) < pi(Q+a+1) =: G,
and
(34) |Gtz )l < pa(1+ 2l + Jul) < po(l+a+1) =: G |

for all (t,z,u) € KN (I x gphK). Note that £ N (I x gph K) # § because
(x0,up) € (oB x IB) Ngph K.
Let €, = %, (n=1,2,....). Then by the uniform continuity of G' on the set K
and Lemma 3.1, there is a strictly decreasing sequence of positive numbers (e;,)
n—1

converging to 0 such that e, < 1, and % and ee— are integers > 2 and the

following implication holds:
(35)  ltz,w) — (2w <nen = H(G(tz,u),G(t,2/,0)) < en,

for every (t,z,u),(t',2’,u') € K where |(t,z,u)| =t|+ |z|+ ||u| and
n=1+314+\+2(G+G)) .
As the sequence e,, — 0T, one can fix a positive integer ng such that

r
(3.6) (/\l + ¢+ Cg) eny < 5 .
For each n > ng, we consider the partition of I given by

T
(37) P, = {tn,z‘ =ien: 1=0,1,..., up = _} )

€n

We recall (see [16]) some important properties of the sequence of partitions
(Py)n needed in the sequel.
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(Pry) P, C Pyy1, for all n > ny;

(Prg) For every n > ng and for every t,; € P, \ P} there exists a unique couple
(m, j) of positive integers depending on t,, ;, such that ng < m <n, t,; ¢ Ps for
every s <m, t,; € Ps for every s >m, 0 < j < pp, and t, 5 < tni < by jy1.

Put I,; := [tn,tnit1], forall i =0,...,u,—1 and I, ,, := {T'}. For every
n > ng we define the following approximating mappings on each interval I, ; as

Un(t) 1= un, ,
t

Tn(t) = zo + [ un(s)ds,
(3.8) 0

fn(t) = fn,i € F(tn,hxn(tn,i)aun,i) 5 and

gn(t) = gn,i E G(tn,i7xn(tn,i)a un,i) 9
where u, 0 = ug and foralli=0,...,pu,—1, the point u, ;41 is given by
(39) Un,i+1 € PI‘Oj (un,i + en(fn,i + gn,i)7 K(xn (tn,i+l))) .

Although the absence of the convexity of the images of K, we have the last
equality is well defined. Indeed, as

tn,l
Zn(tn1) = o +/ up(s)ds € xo+t, 1B Cxo+<BCVy,
0

then by the Lipschitz property of K and the relations (i), (3.3), (3.4), (3.8), and
(3.9) we get for x 1= xy,(tn1)

k(i) (100 + €n(Fr0+00)) < H(K (@altno)), K(2n(tn1) + enll faot gnol
MZn(tno) — Tn(tn1)l| + en(C1 + C2)

A(tna = tno) lunoll + en(C1 + C2)
<IN+ G+ ) en, < g <r

IN

IN

and hence as K has uniformly r-prox-regular values, by Proposition 2.1, one can
choose a point uy 1 € Proj(un,o + en(fno + gno); K(zn(tn,1))). Similarly, we can
define, by induction, the points (uni)o<i<u,)> (fni)0<i<un) a0d (Gn.i)(0<i<pn)-

Let us define 6,,(t) := t,;, if t € I, ;. Then, the definition of x,(-) and u,(-)
and the assumption (i) yield for all ¢ € I,

(3.10) Uun(t) € K (zn(0,(1))) C K1 C IB .
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So, all the mappings z,(-) are Lipschitz with ratio [ and they are also equi-
bounded, with ||z,|c < ||zo|| + {T. Here and thereby ||z|oc := sup ||z(t)].
tel

Observe also that for all n > ng and all ¢ € I one has
(3.11) zn(t) € aBNYVy .

Indeed, the definition of z,(-) and wu,(-) ensure that, for all ¢t € I,
t
xn(t) = :L‘o—l-/ un(s)ds € zo+tIB C zo+<B C aBNVy,
0

and hence K(x,(t)) is well defined for all ¢ € 1.
Now we define the piecewise affine approximants

(3.12) ’Un(t) = Upg t e;l(t — tn,z’) (un7i+1 — um), if te In,i .

Observe that v, (0, (t)) = up,, for all i = 0,..., u, and so by (3.9), (3.11), and
the assumption (ii), one has v, (0, (t)) € K(zn(tn:)) = K(xn(0n(t))) C IB. Then
by (3.3),(3.4), (3.8), (3.11), and the last relation we obtain for all ¢ € I and all
n > ny

Fa(®) € F(0(8), 2 (0n(1)), 0a(6(4) ) NGB and

(3.13)
9n(t) € G(0n(t), 2 (0n(£)), vn(0n(£)) N B .

Now we check that the mappings v,, are equi-Lipschitz with ratio IA + 2((1 + (2).
Indeed, by (3.9) and the Lipschitz property of K one has

lunitr = tnll < [Juniss = (wni+ en(foi+ 900)) || + €l foi + gnil
< dK(@n(tnis1)) (Um + en(fni + gn,z‘)) + (1 +G)en
10 < H(K(xn(tn,i))’ K(xn(tn,z‘ﬂ))) +2(¢1+¢2)en
< (N +2(G+G))ens
and hence,

loa(t) = va()l| = €t = sl unir = wnill < (IN+2(G+G)) | =] .
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It is also clear, by the definitions of u,(-) and v,(+), that

(315)  Jloa(t) = un(®] < et = il fun i — wnill < (IA+2(G1+G)) en -

and hence
|vn — unlloo — 0 .

Let us define, v, (t): =ty 41 ift € In; and i = 0,. .., u,— 1. The definition of
vn(+) given by (3.12) and the relation (3.9) yield

(3.16) Un(Vn(t)) € K(zp(vn(t))), forall tel,; (i=0,...,u,—1),
and for all t € I\{ty;: i =0, .., up } one has
(3.17) On(t) = e (Univ1 — Uns) -
So, we get for all t € I\{t,;: i =0,..,un}
en(0n(t) = (fult) + 90(1))) = et = (s + enlfui + 90))
€ Proj(uwn + en(fui + o) K @n(tuirn))) = (o + enlfoi + g00)) -

Then, the properties of the proximal normal cone to subsets, ensure that we have
forall t € I\{tpi: i =0,.., n}

On(t) — (fu(t) +gn(t)) € _N(K(xn(tn,i+1);un,i+l))

= —N<K(3:n(vn(t))é ”n(’/n(t)))) '

On the other hand, by (3.14) and (3.17), it is clear that

(3.18)

(3.19) lim(®) < (1A +2(G + ) -

Put § := (IN+3(¢1 + ¢2)). Therefore, the relations (3.13), (3.18) and (3.19), and
Theorem 4.1 in [6] entail for all ¢t € I\{t,;: i =0,.., un}

(3'20) 'Dn(t) - (fn(t) + gn(t)) € —0 adK(acn(yn(t))(Un(Vn(t))) :

Step 2. Uniform convergence of both sequences y(-) and vy ().

Since e;l(t—tnvi) <1, forallt € I,; and uy;, uni+1 € K1, and Ky is a convex
set in H one gets for all t € I,

Un(t) = Up,; + e;l(t — tn,i) (umﬂ — Un,i) € Kl .
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Thus for every ¢ € I, the set {v,,(t): n > ng} is relatively strongly compact in H.
Therefore, the estimate (3.19) and Theorem 0.4.4 in [2] ensure that there exists
a Lipschitz mapping w: I — H with ratio A + 2(¢1 + (2) such that:

(vp,) converges uniformly to w on I;
(V) weakly converges to @ in L'(I, H).
Now we define the Lipschitz mapping z: I — H as

t

(3.21) x(t) = xo +/u(s) ds, forall tel.
0

Then by the definition of z,, one obtains for all ¢ € I,

fn(t) = )] = | [ nls) —u(sD) ]| < Tl — e

and so by (3.15) we get
(3.22) |Zn — Z|loo < Tt — Vnlloo + T||vn — tlloc — 0 as n— oo .
This completes the second step.

Step 3. Relative strong compactness of (gn).

The points (gn,i)i=,0...u, defining the step function g, (-) was chosen arbitrar-
ily in our construction. Nevertheless, by using the uniform continuity of the
set-valued mapping G over K and the techniques of [16] (see also [15, 23]), the
sequence gy (-) can be constructed relatively strongly compact for the uniform
convergence in the space of bounded functions. The construction of the sequence
gn(+) is similar to the one presented in [15, 23]. We give it here for the complete-
ness and for the reader’s convenience.

To prove the relative strong compactness for the uniform convergence in the
space of bounded functions we will use a very useful compactness criterion proved
in Theorem 0.4.5 in [2]. First we need to prove that for all ¢t € I, the set
{gn(t): n > ng} is relatively strongly compact in H. By the definition of 6,,(-)
we have for all t € I and all n>ng |6,,(t) — t| < e,. Then (z,, 080,) and (v, 0 6,,)
converge uniformly on I to x and u respectively. Now, by (3.13) and the continuity
of G on I x gph K one has

At a(t) ue)) (90 (1)) < H(G(0(t), 20 (02(1)), va(0n(1))) )
G(t,xz(t),u(t)) -0 as n— oo .
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This implies the relative strong compactness of the set {g,(t): n > ng} in H for all
t € I because G(t,z(t),u(t)) is a strongly compact set in H. Now, we have to show
that the sequence is an equioscillating family of bounded functions in the sense of
[2]. Recall that a family F of bounded mappings z: I — H is equioscillating if for
every € > 0, there exists a finite partition of I into subintervals J; (j =0,...,m)
such that for all x € F and all j = 0,...,m one has wy,(7) < ¢, where w ()
denotes the oscillation of x in J defined by

(3.23) wy(@) = sup{[la(s) —2(t)||: st €T} .

Fix any € > 0 and let mg > ng such that 4 ¢,,, < e. Consider the finite partition
Jj = [tmojstmoj+1[ (J =0,..., ftme—1) of I. We shall prove that

(3.24) wy(gn) <€, forall n>mng andall j=0,...,pm,—1.

For that purpose, we have to choose g, ; in (3.8) in such way that the following
condition holds for every n > ng and i =0, ..., fiym, — 1:

Hgn(tn,i) - gn(tn,ifl)n <eé, I ti€P,
1gn(tn,i) — gn(tmp)ll < €m, if th; ¢ Pr,
where (m,p) is the unique pair of integers assigned to t,; such that m < n,
tni & Pjfor j <m, t,; € Pj for j > m and tp,p < ty; < tmp+1. For i =0 we
take gn0 € G(0,z0,up). By induction we assume that g, ; € G(tn j, Tn(tn,j), Un ;)
have been defined for all j € {0,...,7i — 1}.
If t,; € Py, it suffices to take gy ; € G(ty i, Tn(tni), Un,i) such that:

(3.25)

lgni = gni-1ll < H(Gltnis Taltni)s i), Gltni1, Taltni1), uni1)) -
Indeed, by virtue of (3.10), (3.14), and (3.19) we have
”(tn,ia xn(tn,i)a un,i) - (tn,ifla xn(tn,ifl)a un,ifl)H < (1 +1I+IN+ 2((1 + 42)) €n
< Neén
which in combining with (3.6) gives
1gn (tn.i) = gn(tni-D)Il = llgn.i = gni-1ll < en .

If t,; ¢ P1, then t,,, € P,(because m < n) and so there is a unique integer
q < such that t,,, =t,, Hence t,; —tng=1ni—tmp <tmpr1 —tmp < €m.
This with (3.10) and (3.19) imply

||(tn,i7 mn(tn,i)a Un,i) - (tn,qa xn(tn,q)a un,q)” < (1 +I+IN+ 2(<1 + CQ)) €m

nem ,

IN
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which together with (3.6) yield
H(G(tn,ia xn(tn,i)a un,i)a G(tn,(p Tn (tn,q)a Un,q)) < €m -

Since gn(tmp) = gn(tng) = gng € G(tn g Tn(tng), Ung), we may choose g,; €
G(tn,i, xn(tni), un ) such that

||9n(tn,i) - gn(tm,p)H = Hgn,i - 9n7q|| < €m ,

which is the second inequality in (3.25).
Next, we prove that (3.24) holds.
If n < myg, then = is an integer and every J; is contained in some interval
mo

[tnk, tnk+1[ in which g, is constant. Thus (3.24) is trivial in this case:

wy(gn) =0, forall j=0,...,m, and all n <mg .

e

Let n > mg. As —C is an integer, then 2e, < en,. By property (Pry),
it follows that ., j,tmg,j+1 € Pn. Thus, there exist o, ¥ such that 0 < 9 < p,
tmo,j = tny and tmg 41 =tn,e.  The values of the mapping g, on J; =
[tmo.js tmoj+1] = [tno,tnol are gn(tns) = gns, with ¥ < s < p. So we shall
prove that, for all ¥ < s < p,

(3.26) Hgn(tn,S) _gn(tMO,J’)H < 2€mg

and so [|gn(t) — gn(tmo,j)|l < 2€my, for all t € J; and all n > mg. Then it will
follow that, for all ¢ and s in Jj,

192(8) = gn ()| < llgn(t) = gn(tmo )l + 90 (o 5) = gn()l| < 4eme < €.

Hence wy,(gn) < ¢, and (3.24) holds.

Let t,, s € P, such that 9 <s<p. Then t,, s ¢ P, and consequently t,, s ¢ P;.
Now by property Pro, there exists a unique couple (mi,p1) such that my < n,
tns € P41\ P, and t, p < tns < tmy pi+1, With p1 < piy,,. By virtue of the
second inequality in (3.25), we obtain that

(3.27) Hgn(tn,S) _gn(tmhm)H < €m, -

Using the same techniques in [16, 15, 23] we can show that t,,, j <ty p;-

If ty,j = tmip, then (3.26) is true, by (3.27) and the fact that m; > mg
implies €., < €y -

If tino,j < tmgpi, then since ty,, p < tmg j+1 it follows that ¢, », & P, and so
tmip1 & Pi. Then, by Prg, there is a unique couple (mg, p2) such that mg < my,
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tn,s € Prot1\Prms and ti, po < tmy pr < tmopot1, With pa < fiy,. Again by virtue
of the second inequality in (3.25), we obtain that

(3.28) ||gn(tm2,p2) - gn(tm1,p1)|| < €my

because ty, p, € Py (m1 < n implies P, C P,). As mentioned above for the
couple (my,p1), it is not hard to check that t,,,; < tmope- I tmgj = tmopos
then (3.26) follows by summing (3.27) and (3.28), since €., + €m, < €, (because
my,mg > mg). The case If tmo,j < tma,p, 18 treated as above.

The inductive procedure is now clear: There exists a finite sequence {(m;, p;)},
t=0,...,k such that mo<mp <mp_1 <...<m1<n, oy pp= tmo,j>
tm;p; € Pm; C Py for all 7 and

Hgn(tmi,pi) - gn(tmi+l7pi+1)H < €miy1s for 7= 07 cee :k —-1.

Consequently, by applying these inequalities, (3.27), and the triangle inequality,
we obtain

H9n<tn,8) - gn(tmhm)H < €my t+lmy Tty < 26, -

Thus completing the proof of (3.26) and so we get the relative strong compact-
ness for the uniform convergence in the space of bounded mappings of the se-
quence ¢n(-). Therefore there exists a bounded mapping ¢(-): I — H such that

lgn = glloo — 0.

Step4. Existence of a solution.

Since (z,, 0 6,) and (v, 0 6,,) converge uniformly on I to z and u respectively,
then by the continuity of G on I xaB xIB, the closedness of the set G (¢, z(t), u(t)),
and the fact that g,(t) € G(0,(t), 2, (0n(t)), v (0n(t))) a.e. on I (by (3.13)), we
obtain ¢(t) € G(t,z(t),u(t)) a.e. on I.

Recall that v,(0,(t)) € K(x,(0,(t))), for all ¢ € T and all n > ng. It follows
then by the closedness and the continuity of K that u(t) € K(z(t)), for all t € T
and hence (3.1) holds.

By (3.13) one can assume without loss of generality that the sequence f,, con-
verges weakly in L' (I, H) to some mapping f. Therefore, from (3.13) once again,
we can classically (see Theorem V-14 in [11]) conclude that f(t) € F(t,z(t), u(t))
a.e. on I, because by hypothesis F' is scalarly u.s.c. with convex weakly compact
values. We apply now Castaing techniques (see for example [8]). The weak con-
vergence of (0n, — (fn + gn)) to @ — (f + ¢) in LY(I, H) (by what precedes and
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Step 2) entails (Mazur’s lemma) that for a.e. t € 1

a(t) = f(t) - g(t) € (70|in(t) — fult) - gi(t), k >n] .

n

Fix such ¢ in I an any £ € H. Then the last relation gives
(00 = £(8) = 9(0), €) < infsup(in(®) = o (6) = gn (1), )
Hence by (3.20), one obtains
(alt) = £(8) = (), €) < limsup o(—0 Odic(a, () (vn(val1)). €) -

Since |y (t) —t| < ey on [0, T, then v, (t) — ¢ uniformly on [0, 7. It follows then
by Remark 2.1 and Theorem 2.1 that for a.e. t € I and any £ € H,

(a(t) = £(t) = g(t), €) < o( =0 0dapey (ult)), €) -

By Proposition 2.1 we have Jd g (1)) (u(t)) is a convex closed set and so the last
inequality entails

i(t) = £() — 9(t) € ~8Ddcaie () © —N(K(x(t):u(t)) .
because u(t) € K(xz(t)) (by (3.1)). Thus

a(t) € =N (K(@(®);u(®) + f(t) + g(t)

C =N (K(2();u@®) + F(t,z(t),u)) + G(t,z(t),u()) ,
and so (3.2) holds and the proof of the theorem is complete. u

It would be interesting in the infinite dimensional setting to ask whether
the compactness assumption on K, i.e., K(z) C K; C [B, can be replaced by,
K (z) C IB, the boundness of the set-valued mapping K. Here we give a positive
answer when K is anti-monotone, G satisfies the strong linear growth condition,
that is,

Gt z,u) C M+l + llul)se € p2(1+ [z + [ul)B

for all (¢,z,u) € [0, E] x gph K, where ko is a convex compact subset in H and
p2 > 0, and F satisfies one of the two following assumptions:
1 — The monotony with respect to the third variable on [0, %] x gph K, that

is, for any (t;, x;,u;) € [0, %] x gph K and any z; € F(t;, z;,u;) (i = 1,2)
one has

(21 — 22, up —ug) > 0;
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2 — The strong linear growth condition, that is,
Ft,z,u) C (14 [lz] + lulDsr € pr (X + 2] + llul)B

for all (¢,z,u) € [0, %] x gph K, where k1 is a convex compact subset in
H and p; > 0.

We need to recall the definition of anti-monotone set-valued mappings.
We will say that K is anti-monotone if the set-valued mapping —K is mono-
tone in the usual sense, that is, for any (z;,u;) € gph K (i = 1,2) one has

<U1—’U,2, $1—x2> § 0.

In the following theorem we prove the first case when F' is monotone with respect
to the third variable.

Theorem 3.2. Let F,G: [0,+o00[x H x H = H be two set-valued mappings
and ¢ > 0 such that vo + ¢<B C Vy. Assume that the following assumptions are
satisfied:

(i) K is anti-monotone and for all x € cl(Vy), K(x) C IB, for some | > 0;

(ii) F is scalarly u.s.c. on [0, E] x gph K with nonempty convex weakly com-

l

pact values;

(iii) G satisfies the strong linear growth condition and it is uniformly con-
tinuous on |0, E] x aB x IB into nonempty compact subsets of H,

for o := ||zl +;

(iv) F satisfies the linear growth condition, that is,
F(t,z,u) € pr(L+ [zl + [[ul)B

for all (t,z,u) € |0, %] x gph K for some p; > 0;

(v) F is monotone with respect to the third variable on |0, %] x gph K.

Then for every T € 0, %] there is a Lipschitz solution x: I :=1[0,T] — cl(Vy)
of (SSPMP) satistying ||@(t)|| < and ||Z(t)|| < IX+ 2(p1+p2)(1+a+l) a.e. on I.

Proof: An inspection of the proof of Theorem 3.1 shows that the compactness
assumption on K was used in Step 2 and Step 3 to get the uniform convergence
of both sequences z,,(-) and v,(-) and the relative strong compactness of g,(-).
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Then we have to prove Step 2 and Step 3. First, we need, for technical reasons,
to fix ng satisfying ((4v/T + 3)I\ + 2(¢1 + G)Ve,, <5

Observe by (3.13) and the strong linear growth of G that for every ¢t € I and
every n > ng

gn(t) € G(0(t), 2 (0n(£)), tn(0n(1))) € (L+a+1)5s .

Then the set {g,(t): n > ng} is relatively strongly compact in H for all ¢ € I. On
the other hand as g, (-) is equioscillating by the same arguments in Step 3 in the
proof of Theorem 3.1, then we get the relative strong compactness of g, (+) for the
uniform convergence in the space of bounded mappings. Consequently, we may
assume without loss of generality that g,(-) converges uniformly to a bounded

mapping g, i.e.,
(3.29) lgn — gllc = 0 as n — 400 .

Now we prove the uniform convergence of z,(-). Put for all positive integers m

and n > nyg
1
W (t) 1= BY |lzn (t) — xm(t)H2 .
Then
d+ m,n
;”t (1) = (2 (t) = (1), um(t) — un(t)), forall te[0,7T],

since w,, is the right-derivative of x,,. Observe that for any ¢ € [0, T, there exist
positive integers ¢ and j such that ¢ € I,,; N I, j. Then up(t) = up; belongs
to K(@m(tmj)) and un(t) = up; belongs to K(xy(tn,:)). It follows by the anti-
monotony of K that

<l‘m(tm,j) - xn(tn,i)v U (t) — Un(t)> <0,

and thus
d W p
T (t) < <$m(t) _xm(tm,j)a Um (t) —Un (t)>+ <$n(tn,i) —Tn (t), Um (t) _un(t)> :
Since (3.10) holds and since all the mappings x,, have the same Lipschitz constant
[, we have

d+wm,n

yr (t) < 20|t —tyj| + 212t —tni] < 21%(em +en) -
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Moreover, W, ,(0) = 0. Hence wy,n(t) < 21%(ey + €,)t, and so
(3.30) [#m — Zplleo < 2l\/T(\/Evrz'|‘\/En) ’

which ensures that x,(-) is a Cauchy sequence for the uniform convergence, hence
it converges uniformly to a Lipschitz mapping z(-) with ratio I. So, we have

|n — x|loc = 0 as n— +oo.

Now, we proceed to prove the Cauchy property of the sequence v,(:) for the
uniform convergence in the space of continuous mappings C(I, H). We will follow
the idea used in [6].

Fix m,n > ng and fix also t € I with ¢t # ¢,, ; for j =0, ..., upm—1 and ¢ # ¢, ;
for ¢ = 0,..., up — 1. Observe by the Lipschitz property of K and the relations
(3.16), (3.19), and (3.30) that

IN

H(K (2 (0n (), K (@ (v () + [0m @m (1)) = v (8)]
< A a()) = 2V @)]] + [[om (Vi (1)) = vm ()]

Az @n(8) = @m@n ()| + lmm (£)) = 2 (0 (1)
+ (l)\ + 206+ cg)) U (t) — ¢

A[z INT /e, +e,) + l|um(t)—un(t)|] + (lA + 2(Cl+Cz)) em
(VT + 1) e, + (2VT + 1) I +2(G+ G)) Ve,
[(AVT +3)In+2(G1+ ©)| Veu, < g <r.

AK (2 (vn ())) (Vm (1))

AN

IN

IN

IN

A

Put aq:=2(v/T +1) and &, := max{v/e,, ||gn — gllc}, for all n > ng . Then, by
(3.20) and (P,) in Proposition 2.2 entail

(0n(t) = (fa() + gu(), va(vn(®)) = v (1)) <

< [0 (Vn(£)) = Vi (O)[1* + 6 i (2 (vn (1)) (Um (£))

?N%Wﬂﬂ—%@Wﬂ%@—wﬁMQ

+6an 102, + (a1 1A+ 2(G + C2) ) 2

IN

< 275 [5 En + |lun(t) — vm(t)u]2 +6 (a1 I+ 2(G + @)) (En + &m) -
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This last inequality and (3.19) yield
(0n(t), va(t) = vm(®))) <

< (Falt) + 9u(0), vnt) = va(va(D))) + (Fn1), va(t) = va(vn(1)))

+ 275 (62 + lon(t) - vm(t)H]z +8(01 TN +2(C1 + &) (@ + m)

< (Fal0) + 90 (0), vn(®) — 00 (0)) + 2287 + ont) — vn()]]”

+0(a1IA+2(G +G)) (Bn+ Em) + 86
On the other hand by (3.13) and (3.19) we have
(Falt) + a(t), vm(t) = va(vn(t))) =
= (F2(8) + n(t), v (B (1)) — 0n (B (1))
+ (falt) + u(t)s V() = V(O ()
+ (Fal®) + ga(1), va(Oa(t)) = va(va(®)))

< <fn(t) + gn(t), v (Om(t)) — vn(en(t))> + 52(€m +en)

Therefore, we get for some positive constant ay independent of m,n, and ¢

(5 (®), vn() = v (1)) < {falt) + ga(t), 0m(Om(t) = 0n(Bn(1)) + A2(Em+En)
26 1 ?
4 7 [5 en + H’Un(t) — Um@)”} :

In the same way, we also have

(m (). vm(t) = vn () < (fin®) + gn(®), 0a(Bn(t) = 0 (O (1)) + Q2(Em+ En)
+ 22 [+ llontt) — om®)]]”

It then follows from both last inequalities (note that ||v,(¢)|| < ||uol| + 8 T) that
we have for some positive constant 31 independent of m,n, and ¢

<7>m(t) - @n(t)7 Um(t) - 'Un(t)> < <fm(t) — fa(t), vn(en(t» - 'Um(em(t))>

+ (9m() = ga(t), va(Bn()) = Vi (Om (1)) )

+ 275 0n(t) — v (t)]|* + %(ém +&n) -
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By (3.13) one has for all t € I

(20(0n(£), v (00())) € gph K and  fu(t) € F(00(t), 2(0n (1)), va(0a(1)) )

and hence by the monotony of F' with respect to the third variable on I x gph K
we get

(Fmnt) = Jn(8), va(0n(1)) = vm (B (1)) < 0.
On the other hand, one has for some 33 > 0 (because ||vy,(t)| < |luo|| +0T)

<gm(t) — gn(t), vn(On(t)) — Um(em(t))> < % lgm — gnlleo < % (€n +€m) -

Thus we obtain

d

T lom(t) = vn(B)]1* -

(o (®) = 0 (DI2) < (81 + Bo) @+ 8) + —

r

As ||vm (0) — v,(0)]|?> = 0, Gronwall’s inequality yields for all ¢ € I

Jom(®) = en@1P < [ [+ 82) @+ 2) exp [ (L2 ar) | s

and hence for some positive constant 3 independent of m,n, and ¢t we have
[om(t) = va(@)[I* < B(Em +€n) -

The Cauchy property in C(I, H) of the sequence (v,),, is thus established and
hence this sequence converges uniformly to some Lipschitz mapping u with ratio
IN+2(C + ().

Thus the proof of the theorem is complete. n

Now, we prove the case when I satisfies the strong linear growth.

Theorem 3.3. Let F,G: [0,4+00[x H x H = H be two set-valued mappings
and ¢ > 0 such that xg + <B C Vy. Assume that the following assumptions are
satisfied:

(i) K is anti-monotone and for all x € cl(Vy), K(x) C IB, for some [ > 0;

(ii) F is scalarly u.s.c. on [0, %] x gph K with nonempty convex weakly com-
pact values;
(iii) G is uniformly continuous on |0, %] x aB x IB into nonempty compact

subsets of H, for a := ||xol| + <;
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(iv) F and G satisfy the strong linear growth condition.

Then for every T € 0, %] there is a Lipschitz solution x: I :=1[0,T] — cl(Vy)
of (SSPMP) satistying ||z(t)|| <1 and ||Z(t)|| < IX+2(p1+ p2)(1+a+l) a.e. on I.

Proof: As in the proof of Theorem 3.2 we have to prove Step 2 and Step 3
in Theorem 3.1, i.e., the uniform convergence of both sequences z,(-) and v,(-)
and the relative strong compactness of g,(-). Using the anti-monotony of K
we can show as in the proof of Theorem 3.2 the uniform convergence of xy(-)
and so we may assume that (3.30) holds. Also, the relative strong compactness
of gn(+) can be proved as in the proof of Theorem 3.2 by using the strong linear
growth condition of G. So we may assume that (3.29) holds. Thus it remains
only to prove the uniform convergence of v, (-). To do that we need, for technical
reasons, to fix ng as in the proof of Theorem 3.2, i.e., satisfying ((4v/T + 3) I\ +

2(¢1 +C2)) ény < 5.

t
Put hy,(t): :/ fn(s)ds and wy(t) := vy, (t) — hy(t) for all t € I. By the strong
0

linear growth condition of F' and our construction in Theorem 3.1 we have
(3.31) fu®)e(l4+a+l)k; and h,(t) eT(1+a+1)ky forall tel.

Then Arzela—Ascoli’s theorem ensures that we may extract a subsequence of h,,
t

that converges uniformly to a mapping h with h(t)= / f(s)ds and f is the weak
0

limit of a subsequence of f,, in L'(I, H). Put for all n > ng

(3.32) én i=max{07 by = hlloo, &}, forall n>mng.

Now, we proceed to prove the Cauchy property of the sequence v,(-) for the
uniform convergence in the space of continuous mappings C(I, H).

Fix m,n > ng and fix also t € I with ¢t # ¢,, ; for j =0, ..., upm—1 and t # ¢, ;
for i =0, ..., ip—1. As in the proof of Theorem 3.2 we get for almost every ¢t € 1

(10(8) = gn0), 0o o (0) = vn(0)) < 22 [520+ [fn(t) — v (1))

+6(a1 I A +2(C1+ G2) ) (Gt Em) -
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Then by (3.19), (3.13), (3.31), and (3.32) one gets
(0 (1), wa(t) = w(t)) <
< (tn(®), walt) = wa(va(t))) + (Ga(t), va(va(t)) = V(1))

+ 6(ar LA +2(G + G)) (En + Em) + (n(t), hin(t) = hu(va (1))
+ 22 [520 + lwn(®) — wn() + ln®) — B ()]
< 62677, +Gade, + <gn(t)a Un(t) - Um(t)>

n 5(a1 IXN+2(¢r + Cz)) (Ent Em) +0(0En +0&m + Cren)
26 ~
+ 2 [26(@0 + Em) + lun(t) — win ()]

Therefore, we get for some (1 > 0 (independent of m,n, and t)

(in(8), wn(t) = (1)) < (g (8), 0a0) = v 0)) + 2 (B + )

+ 22 (2660 4 2m) + en(t) — wn()]]”

In the same way, we also have

(1), (1) = (1)) < (g (0), v (1) — vn(8)) + 22 (B 1)
+ Q—f (2580 + m) + llwn(t) — wa )]

It then follows from both last inequalities, the relation (3.32), the definition of
e, and the equiboundedness of v,, and w,, that for some G5 > 0 independent of
m,n, and t one has

(1) — (1), (1) — 0(1)) < 22 a0 (0) = w0 D + 2 Bt 220)

Thus we obtain
d N N 40
2 (lw(®) = wa®I?) < Ba(@n +20) + == wn(t) = wa I -

As ||wim (0)—w, (0)]|? = 0, Gronwall’s inequality yields for some 3 > 0 independent
of m,n, and ¢
[wm(t) = wa ()] < B%(Em +n) ,
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for all t € I. Finally, by (3.32) one obtains
[om () = on(B)l| < B(@m + )" +8(Em + &) < (B+3) (m + )"/ .

The Cauchy property in C(I, H) of the sequence (vy), is thus established and
hence this sequence converges uniformly to some Lipschitz mapping « with ratio
IAN+2(¢1 + (2). Thus the proof of the theorem is complete. u

Remark 3.1. Observe that in the proof of Theorems 3.1, 3.2, and 3.3,
the constant of Lipschitz of & (the derivative of the solution x) as well as the
construction of the sequences and their convergences depend upon the initial
point xg, the neighbourhood V), and the constant T'. Nevertheless, an inspection
of the proof of Theorem 3.1 shows that if we take Vo = H and if we replace
the linear growth condition of F' and G by the following bounded-linear growth
condition (bounded in z and linear growth in u)

(BLGC) F(t,z,u) C pt(1+||u)B  and Gt z,u) C p2(1+ |lul)B

for all (t,z,u) € [0,+00[x gph K for some p1, p2 > 0, then for every T' > 0 there
exists a solution x: [0, 7] — H independently upon the constant 7. Consequently,
by extending in the evident way the solution z to [0,+oco[ by considering the
interval [0,1] and next the interval [1,2], etc, we obtain the following global
existence result:

Theorem 3.4. Let zg € H, ug € K(x¢), and G, F': [0,+oo[x Hx H = H be
two set-valued mappings. Assume that the following assumptions are satisfied:

(i) Forallz € H, K(x) C K1 C B, for some convex compact set K1 in H
and some | > 0;

(ii) F' is scalarly u.s.c. on [0,400| x gph K with nonempty convex weakly
compact values;

(iii) For any o > 0, G is uniformly continuous on [0,4o00[ x aB x [B into
nonempty compact subsets of H;

(iv) F and G satisfy the bounded-linear growth condition (LGC).
Then there is a Lipschitz solution x: [0,4+o00[— H to

i(t) € =N (K(@(t));a(t)) + F(t,x(t),2(t)) + G(t2(1),2(1)), ae. [0,+00];
x(t) € K(x(t)), forall te[0,4o00[;

z(0) =29 and #(0)=1wugp .n
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Remark 3.2. As in Remark 3.1, global existence results can be obtained
in Theorems 3.2 and 3.3 when we take Vy = H and we replace in Theorems 3.2
(resp. Theorems 3.3) the linear growth for F' and the strong linear growth for G
(resp. the strong linear growth for both F' and G) by the bounded-linear growth
(BLGC) for F' and the strong bounded-linear growth for G (resp. the strong
bounded-linear growth for both F' and G, i.e.,

F(t,z,u) C (14 |jul]) k1 and  G(t,z,u) C (1 4+ ||ul|) ke ,

for all (t,x,u) € [0,00[x gph K, where k1 an kg are two convex compact sets
in H.) o

4 — Existence results when F' is globally measurable and scalarly u.s.c.
w.r.t. (z,u)

In the previous section we have proved many existence results for the prob-
lem (SSPMP) when the perturbation F' is assumed to be globally scalarly u.s.c.
Our aim in the present section is to prove that for the problem (SSPCP)
(the Second order Sweeping Process with a Convex Perturbation F', i.e., the case
when G' = {0}), the global scalarly upper semicontinuity of F' on [0, ] x gph K
can be replaced by the following weaker assumptions:

(A1) For any t € [0, 7], the set-valued mapping F'(¢;-,-) is scalarly u.s.c. on
gph K;

(A2) F is scalarly measurable with respect to the o-field of [0, 3] x gph K

generated by the Lebesgue sets in [0, ] and the Borel sets in the space
H.

Our proof here is based on an approximation method. The idea is to ap-
proximate a set-valued mapping F' that satisfies (A1) and (Az2) by a sequence
of globally scalarly u.s.c. set-valued mappings F), and study the convergence of
the solutions z,, of (SSPCP),, associated with each F,, (the existence of such
solutions is ensured by our results in Theorems 3.1-3.3). We will use a special
approximation F,, of F' defined by

1
F,(t,x,u) := — F(s,z,u)ds
777L Itv"]n
for all (t,z,u) € IxHxH, where I is some compact interval, n, is a sequence

of strictly positive numbers converging to zero and I, := I N [t,t + n,]. For
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more details concerning this approximation we refer the reader to [22, 10] and
the references therein. We need the two following lemmas. For their proofs we
refer to [22, 10].

Lemma 4.1. Let T > 0, S be a Suslin metrizable space, and F: [0,T] x S
be a set-valued mapping with nonempty convex weakly compact values. Assume
that F' satisfies the following assumptions:

(a) For anyt e [0,T], F(t;-) is scalarly u.s.c. on S;

(b) F is scalarly measurable w.r.t. the o-field of [0,T] x S generated by the
Lebesgue sets in [0,T] and the Borel sets in the topological space S;

(¢) F(t,y) C p(1+|lyl)B, for all (t,y) €[0,T] xS and for some p > 0.
Then F, is a globally scalarly u.s.c. set-valued mapping on [0, T|x.S with
nonempty convex compact values satisfying

Fat,y) € pT(1+ly[)B,
for all (t,y) € [0,T] x S and all n.

Lemma 4.2. Let T >0, S be a Suslin metrizable space and F': [0,T] xS = H
be a set-valued mapping with nonempty convex weakly compact values. Assume
that F' is bounded on [0,T] x S and that satisfies the hypothesis (a), (b) and (c)
in Lemma 4.1. Then for any sequence y,, of Lebesgue measurable mappings from
[0,T] to S which converges pointwisely to a Lebesgue measurable mapping v,
any sequence z, in L'([0,T], H) weakly converging to z in L'([0,T], H) and
satistying z,(t) € F,,(t,yn(t)) a.e. on I one has

z(t) € F(t,y(t)) a.e. on [0,T].

Now we are able to prove our first result in this section.

Theorem 4.1. Let F: [0,400][ x H x H = H be a set-valued mapping and
¢ > 0 such that xo+sB C Vy. Assume that the hypothesis (i), (iv) in Theorem 3.1
are satisfied and assume that F satisfies (A1) and (Az). Then for every T € |0, ]
there exists a Lipschitz solution x: [0, T] — cl(Vy) of (SSPCP) satistying ||z (t)|| <1
and [|Z(t)]| <IN+2Tp1(1+a+1) a.e. on [0,T].

Proof: Let T' €0, 3] and put I :=[0,7] and S := oB x IB. Clearly S is a
Suslin metrizable space. Let 7, be a sequence of strictly positive numbers that
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converges to zero. For each n > 1 we put

1
F.(t,z,u) := — F(s,xz,u)ds
T’n Itv"]n
for all (t,z,u) € I x Hx H. By Lemma 4.1 the set-valued mappings Fj, are

scalarly u.s.c. on I x S with nonempty convex compact values and satisfies
Eu(t,z,u) € Tor(L+ |zl + [[ul)B € Tpi(1+a+ DB =: TGB,

for any (t,x,u) € IxS and all n>1. So that we can apply the result of Theorem
3.1. For each n > 1, there exists a Lipschitz mapping x,,: I — cl(Vp) satisfying

in(t) € —N(K(wn(t));:tn(t)> +Fn(t,xn(t),j3n(t)>, a.e. on I
(SSPCP),, S in(t) € K(2n(t)), forall tel;
zn(0) =29 and @,(0) =wug ,

with [|Z,(¢)]| <1 and ||Z,(¢)|| <IN+2T ¢ a.e. on I and for all n > 1.

Since &y, (t) € K(x,(t)) C Ky for all n > 1 and all ¢ € I, then we get the rela-
tive strong compactness of the set {&,(t): n > 1} in H for all t € I. Therefore, by
Arzela—Ascoli’s theorem we may extract from #, a subsequence that converges
uniformly to some Lipschitz mapping #. By integrating, we get the uniform
convergence of the sequence z,, to x because they have the same initial value
xn(0) = zg, for all n > 1. Now, by (SSPCP),, there is for any n > 1 a Lebesgue
measurable mapping f,: I — H such that

(1) fult) € Fu(t2a(t) 3a(t))  Tor(1+ lza(®)] + |lia®)])B € TGB
and
(42)  falt) = in(t) € N(K(@n®);@0(t)) 1B = 6 ddic(w, (1) (@n (1)) |

for a.e. t € I, where § :=[\+3T(;. Observe by (4.1) and (SSPCP),, that f,, and
#n(-) are equibounded in L'(I, H) and so subsequences may be extracted that
converge in the weak topology of L'(I, H). Without loss of generality, we may
suppose that these subsequences are f,, and (&), respectively. Denote by f and
w their weak limits respectively. Then, for each t € T

t t t
uo —l—/o Z(s)ds = #(t) = lim @,(t) = uo+ lim [ Z,(s)ds = ug -l-/o w(s)ds ,

n—oo n—oo 0

which gives the equality #(t) = w(t) for almost all ¢t € I, that is, (&, ), converges
weakly in L'(I, H) to i.
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It follows then from (SSPCP),, and the Lipschitz property of K that
dic(aie (in(t)) < H(K(@(1), K(2a(t)) < llzn(t) = 2(t)] =0,

and hence one obtains #(t) € K(x(t)), because the set K (x(t)) is closed.

Now, we apply Castaing techniques (see for example [8]). The weak conver-
gence in L' (I, H) of (i,), and (fn), to & and f respectively entail for almost all
t € I (by Mazur’s lemma)

F(t) = #(t) € (oo fult) — Ex(t): k> n} .

n

Fix any such ¢ € I and consider any £ € H. The last relation ensures
(6 70~ i(0) < mtsup (& fu(t) ~ iu(®))
and hence according to (4.2) and Theorem 2.1 we get
(& £(6) (1)) < limsupo (80des, ) (n(t)). §) < 0(80dxc(aqe (1)), €) -
As the set ddg 4 (u(t)) is closed and convex (see Proposition 2.1), we obtain

(43) F(£) = () € §0dx(nuy (1)) © N(K(2();i(t)) |

because #(t) € K(x(t)). Now we check that f(t) € F(t,z(t),%(t)) a.e. on I.
Since F is bounded on Ix S, f, converges weakly to f in L'(I, H), and (zy,, )
is a sequence of Lebesgue measurable mappings from I to S (because &,(t) €
K(zn(t)) C IB and ||z, (t)| < « for all t € I) converging uniformly to (x, ),
it follows then from Lemma 4.2 that f(¢) € F(t,z(t),2(t)) for a.e. on I.
Consequently, we obtain by (4.3)

i(t) € —N(K(z@®);a(t) + F(ta(t), (1))
Thus completing the proof of the theorem. n

Now we prove our second main result in this section.

Theorem 4.2. Let F': [0,+o00[ x H x H = H be a set-valued mapping and
¢ > 0 such that zo + <B C Vy. Assume that the hypothesis (i) and (iv) in
Theorem 3.3 and (A1) and (Ag) are satisfied. Then for every T' € 0, 3] there
exists a Lipschitz solution x: [0,T] — cl(Vy) of (SSPCP) satistying ||&(t)|| < I
and ||Z(t)]| <IAN+2Tpi(1+a+1) a.e. on [0,T].
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Proof: We do as in the proof of Theorem 4.1 to get, for all n > 1, a Lipschitz
solution z, of (SSPCP),, with the estimates with ||z, (¢)| <! and ||Z,(t)| <
IN+2T(; a.e. on I. Then, we prove the uniform convergence of the sequences
zn(-) and iy (-). For this end, we denote wy,,(t) := %{|lzn(t) — zm(t)|?, for all
t € I and for every m,n > 1. Then

d Wy,
dt

(1) = (im(t) = @n(t), 2m(t) = 2a(t)), forall te[0,T].
Therefore by (SSPP),, and the anti-monotony of K we get

d W,
dt

(t)<0,

for all t € [0, T[. Moreover, by (SSPP),, one has wy, »(0) = 3| 2,(0)— 2 (0)]|* = 0.
Hence wy, »(t) = 0 for all ¢ € I and then z,(-) is a constant sequence. Let = be
its limit. Then (&,) and (Z,) converge uniformly to & and & respectively.

Now, by (SSPP),, there is for any n > 1 a Lebesgue measurable mapping
fn: I — H such that

(44)  falt) € Fa(ta(0),8()) < T(1+ @] + @)K © TGB
and
(45)  fal) = #(t) € N(K(@®):3(t)) N0B = §ddxcaqey (1))

for a.e. t € I, where § := IXA 4+ 3T(;. Observe by (4.4) that f, is equibounded
in L'(I, H) and so a subsequence may be extracted that converges in the weak
topology of L'(I, H). Without loss of generality, we may suppose that this sub-
sequence is f,. Denote by f its weak limit. Then, by using Mazur’s lemma and
the properties of the subdifferential of the distance function in Proposition 2.1,
it is easy to conclude that for almost every t €

(46)  f(t) € 0dxauy (@) + () € N(K(w(t);it)) + i) -

Finally, with the same arguments, as in the proof of Theorem 4.1, we can check
that f(t) € F(t,z(t),2(t)) a.e. on I and so we obtain by (4.6)

i(t) € =N (K(@(t);a(t)) + F(t,2(t),i(t)) -

Thus completing the proof. n
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Remark 4.1. The generalization of Theorem 3.2, in the same way as like in
Theorems 4.1-4.2, to the case of set-valued mappings F' satisfying the assump-
tions (A1) and (As2), depends on the monotony of the approximation F,, which
is the key of Theorem 3.2. Since one cannot be sure that the monotony of F
whether implies or not the monotony of F},, then it is not clear for us the gener-
alization of Theorem 3.2. Thus, the question will be what are the assumptions
on F implying the monotony of F},? Under such assumptions the both proofs in
Theorems 4.1-4.2 still work to obtain a generalization of Theorem 3.2. o

5 — Solution sets

Throughout this section, let r €]0,4+00], © be an open subset in H,
F: [0,4+00] x H x H= H be a set-valued mapping, and K: cl(Q2) = H be a
Lipschitz set-valued mapping with ratio A > 0 taking nonempty closed uniformly
r-prox-regular values in H. In this section we are interested by some topological
properties of the solution set of the problem (SSPCP). Let zp € Q, up € K(z9),
and T' > 0 such that o + T'IB C . We denote by Sg(zg,up) the set of all
continuous mappings (z,u): [0,7] — cl(2)x H such that

u(0) = ug ;
z(t) = o —i—/u(s) ds, forall te[0,7T];
(SSPCP) 0
u(t) € K(z(t)), forall tel0,T];
a(t) € ~N(K(@@®)ut) + F(t2(#),ut)), ae on [0,7].

Proposition 5.1. Assume that the hypothesis of one of the Theorems 3.1,
3.2 and 3.3 are satisfied and that gph K is strongly compact in cl(2) x [ B. Then
the set Sp(xo,up) is relatively strongly compact in C([0,T], HxH).

Proof: By Theorem 3.1, 3.2, and 3.3 the set of solution (z, u) of (SSPCP) are
equi-Lipschitz and for any ¢ € [0, 7] one has {(x(t),u(t)): (z,u) € Sp(zo,u0)} is
relatively strongly compact in H x H because it is contained in the strong compact

set gph K. Then Arzela—Ascoli’s theorem gives the relative strong compactness
of the set Sp(xo,up) in C(I, HxH). n

Remark 5.1. Assume that Q = H and let T be any strictly positive number.
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Put

Sr(gphK) = |J  Sr(o,u0) -
(:Eo,uo) € gth

With the same arguments, as in the proof of Proposition 5.1, we can show that
under the same hypothesis in Proposition 5.1 the set Sp(gph K) is relatively
strongly compact in C([0,T], HxH). o

Now we wish to prove the closedness of the set-valued mapping Sp.

Proposition 5.2. Assume that the hypothesis of one of the Theorems 3.1,

3.2, and 3.3 are satisfied. Then the set-valued mapping Sg has a closed graph in
Qx K(Q) xC([0,T], HxH).

Proof: Let ((zf,ug))n € QxK () and ((z",u™)), € C([0,T], HxH) with
(", u™) € Sp((xf,uy)) such that (zg,ul) — (zo,uo) € X K(Q) uniformly, and
(2™, u") — (x,u) € C([0,T], HxH) uniformly. We have to show that (z,u) €
Sr(zo, up). First observe that for n sufficiently large z € zo + 1T B. Now, it is
not difficult to check that the closedness of gph K and the uniform convergence of
both sequences ((z{, ug))n and ((™,u™)), imply that (z(0),u(0)) = (zo,uo) and
that u(t) € K(xz(t)) for all ¢t € [0,T]. On the other hand one has for all ¢ € [0, 7]

t t
z(t) = lima"(t) = xg +lim/u”(s) ds = xg —|—/u(5) ds .

It remains then to show that
a(t) € —N(K(z®);u(t)) + F(t2(t),u(t)), ae on [0,7].

For every n, one has

W'(t) € =N(K(@"();u"(t)) + F(t,2"(8),u"(1)), ae on [0,7].
Then for every n there exists a measurable selection f™ such that
(5.1) () € F(t,2"(1),u"(t)) and —a"(t) + (1) € N(K(z"(#);u" (1)) ,
for a.e. t € [0,T]. By Theorems 3.1, 3.2, and 3.3 one has for n sufficiently large
(5.2) JJa" @) < IN+2p1(1+ |2l +T1+1) < IN+2p1(1 + ||lzol| +2T1+1) .
By (iv) in Theorems 3.1, 3.2, and 3.3 and the fact that v"(¢) € K(z™(t)) one gets

(5-3) LF*@OI < pr(1 4+ [loll + TL+1) -
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Therefore, we may suppose without loss of generality that 4" — u and f* — f
weakly in L'([0,7T], H). Since F(t,-,-) is scalarly upper semicontinuous with
convex compact values, then we get easily that f(t) € F(t,z(t),u(t)) a.e. t €
[0,T]. Now by (5.1), (5.2), (5.3) and Theorem 4.1 in [6] we have for § := I\ +
3p1(L+ [lzol + 2T +1)

—u"(t) + f(t) € 56dK(xn(t))(u”(t)) a.e. t€[0,7T].

Then by using Mazur’s lemma and Theorem 2.1, it is easy to conclude that for
a.e. t € (0,7

F(#) = a(t) € §0dx ) (ult)) C N(K(a(t);u(t)) -

Thus we get for a.e. t € [0,T]

a(t) € —N(K(z();u(t)) + F(t,z(t),u()) ,
which completes the proof of the proposition. n

Remark 5.2. The proof of Proposition 5.1 shows that the the solution set
Sr(xg,ug) associated to the problem (SSPMP) is relatively strongly compact in
C([0,T], Hx H) whenever the graph gph K is strongly compact in H. Contrarily,
our proof in Proposition 5.2 cannot provide the closedness of the graph of the
set-valued mapping Sp associated to the problem (SSPMP). The difficulty that
prevents to conclude is the absence of the convexity of G. o

6 — Particular case

In this section let H be a finite dimensional space and let us focus our attention
to the special case when F' is defined by

F(t,z,u) = —Bcft(az) +yu,

where v € R, fi := f(t,), f: [0,T] x cl(Vy) — R is a globally measurable
function and (-equi-Lispchitz w.r.t. the second variable, Vy is an open neigh-
bourhood of zg, and T > 0 satisfies o + TIB C Vy. Here 0% f;(x) denotes the
Clarke subdifferential of f; at x given by

O°filx) = {€ € H: (&,h) < f{(a;h), forallhe H}
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where f2(z;h) is the Clarke directional derivative of f; at x in the direction h,
that is,

x;h) = limsupé_l[f(t,:r’+5h) — f(t,x’)} :
510

It is not difficult to see that the set-valued mapping F' satisfies the hypothesis
(A1), (A2), and (iv) in Theorem 4.1. Indeed, for the hypothesis (A1), (Asg) it

suffices to observe that the support function associated with F' is given by
o(F(t,w,u), h) = o (=0 fu@), h) +7(u,h) = (=f1)°(@;h) +(u, ) ,
for all h € H. Then the measurability and the scalar u.s.c. of F' follow easily

from the hypothesis on f and the properties of the Clarke directional derivative.
Since f; is f-equi-Lispchitz w.r.t. the second variable we get

F(t,z,u) = =0 f(z) +yu C BB+yu C pr(1+||ul) B

with p; := max{f,|y|} and so the hypothesis (iv) is satisfied. Now applying
Theorem 4.1 we get the following result.

Theorem 6.1. For every wg € K(x¢) there is a Lipschitz solution
xz: [0,T] — cl(Vy) to the Cauchy problem for the second order differential
inclusion:

#(t) € =N (K(2(0)):#(1)) = 0 fi((t)) +7i(1).  a.c.on [0.7];

)
)

mm

(
x(t K(x(t)), for all t€[0,T];
(0) = and %(0) =up ,

with ||2(t)|| <1 and ||Z(t)]| <IN+2Tp1(1+a+1).n

8

It would be interesting to ask whether the result in Theorem 6.1 remains true
if we take f; is not necessarily Lipschitz? Such problem is till now open and in our
opinion is so hard to attacked it in a direct manner. Nevertheless in what follows
we give a positive answer for a special case when f; is the indicator function
associated to some set-valued mapping C. To this aim we use the result stated
in Theorem 6.1 for the distance function which satisfies all the hypothesis of that
theorem and then we prove the viability of the solution x, that is, z(t) € C(¢t)
for all ¢ € I. So applying Theorem 6.1 for f; = d¢(;) we get a Lipschitz mapping
x: [0,T] — cl(Vy) such that

i(t) € —N(K(@@®);2(t)) — 0%eq(@(t)) +7i(t),  ae on [0,7];
z(t) € K(z(t)), forall tel0,T];
z(0)=xz9 and z(0)=wuyg,
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with [|2(t)|| <l and [|Z(t)]| <IN+2Tp1(1+a+1), where p;:= max{|y|,1}. Now
we come back to our construction in Theorem 3.1. Observe that the solution x
is always bounded by ||zg|| + !7T. Thus if we assume that for all ¢t € [0, 7] the
set C(t) contains the ball MB where M := ||zo|| + [ T, then we get x(t) € C(t)
and consequently the solution would satisfy acdc(t) (z(t)) € NC(C(t);2(t)) =
8C¢C(t) (x(t)) and so

i(t) € —N(K(z@®);a(t)) — N(C(t)2(t)) +yat)
Therefore we obtain the following result.

Theorem 6.2. Let C': [0,7] = H be any set-valued mapping such that its
associated distance function to images (t,r) — d¢)(z) is globally measurable.
Assume that [, T, and xq satisfy (||xo| +1T)B C C(t) for all t € [0,T]. Then,
for every ug € K (x¢) there is a Lipschitz mapping x: [0,T] — cl(Vy) satisfying

i(t) € ~N(K@@®)a(t) - N(C(t)2(t) +7i(t),  ae on [0,7];
z(t) € K(x(t)), forall te[0,T];
z(0)=x9 and %(0)=up,

with ||z(t)|| <1 and ||Z(t)|| <IN+2p1(1 4+ a+1), where p; :=max{|y],1}. n
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