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PERIODIC SOLUTIONS FOR
A THIRD ORDER DIFFERENTIAL EQUATION
UNDER CONDITIONS ON THE POTENTIAL

FeL1z MINHOS

Abstract: We prove an existence result to the nonlinear periodic problem
2" +az” +g(@') +cx=p(t),
{ z(0) = z(2m), 2'(0)=4'(2m), 2"(0)=2"(27),
where g: R — R is continuous, p: [0,27] — R belongs to L1(0,27), a € R, ¢ € R\{0},

under conditions on the asymptotic behaviour of the primitive of the nonlinearity g. This
work uses the Leray—Schauder degree theory and improves a result contained in [EQO],

weakening the condition on the oscillation of g. The arguments used were suggested by
[GOJ, [HOZ] and [SO].

1 — Introduction and statements

Consider the third order differential equation
(1.1) 2" +ax" +g(@')+cx=p(t)
for ¢ € [0, 27], with periodic boundary conditions
(1.2) x(0) = x(27), 2/(0) =42'(27), 2"(0)=2"(2m),

where g: R +— R is continuous, p: [0,27] — R belongs to L(0,27), a,c € R and
¢ # 0. In [EO] Ezeilo and Omari studied problem (1.1)-(1.2) assuming that g
satisfies the following condition

(1.9 m 4 0= (sl) < 22 < (m 1) (15
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for [s| > r > 0, where m € N and h*: [0, 4+00[ — R are two functions such that

(1.4) lim |s| hE(|s]) = +o0 .

|s|—+o0

We observe that conditions (1.3) and (1.4) imply, for |s| big enough, that 9(s)
s

lies strictly between m? and (m + 1)2.

s s
Moreover liminf @ or limsup M may attain either m? or (m + 1)? but
[s|>+o0 8 |s|—+o00 S
“slowly” on account of condition (1.4).

In our work 9(s) is not obliged to stay in the interval [m?2, (m+1)?], although

there is some “desnsity” control given by a condition about the asymptotic be-
haviour of the potential of g, as used in [GO], [SO] and [OZ] (see conditions (g)
and (G)).

We prove the existence of a periodic solution to the problem (1.1)-(1.2),
using degree theory, spaces ILP(0,2n), with norms || ||, (1< p <+o0), C*(0,27),
of k-times continuously differentiable functions, whose norms are denoted by || ||«
(k=0,1,2,...) and the Sobolev spaces Wg’p(o, 27), that consist of functions u in

vy

W3P(0,27) such that u(0) = u(2n), v'(0) = u/(27), " (0) = u”(27).

Consider the eigenvalue problem
(1.5) 2 +ax" +cr=-\a
with conditions (1.2), a € R, ¢ € R\{0} and A a real parameter.

We recall [EO] that:

(a) Any A # m? is not an eigenvalue, for each m = 1,2, ...;

(b) A = m? is an eigenvalue, for some m = 1,2, ..., if and only if ¢ = am?.

Note that, from (a) and (b), the eigenvalue, when exists, is unique and the
corresponding eigenspace, which we denote by &,,, consists of elements x that

can be written as

1 . 4
v = —=(Ane™ + Ay e
V 4T

with m € Ny, A,, € C and A_,,, = A,,. For more details see [AOZ].
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2 — Existence result

Let us consider the problem
2" +ax" +g(x')+cx=pt),
) {x(O) =xz(27), 2'(0)=2'(2n), 2"(0)=2"(2m),
with a,c € R, ¢ # 0, g: R — R continuous and p € IL!(0,27), a real function.
Denote by G the primitive of the nonlinear function g, that is, G(u) = /0 ug(T) dr.

Theorem 1. For m € N, assume that g satisfies

9(u) 9(u)

(9) m? < liminf £ < lim sup < (m+1)>
[ul—+o0 U lu|—to0 U
and
2G 2G
(@) m? < lim sup (v) lim inf gu) < (m+1)>

U——400 u2 ’ U——+00 u

Then problem (P) has, at least, one solution for every p € L.*(0,2m).

To prove Theorem 1 we need some preliminar results.
Let us define an operator A: Wg’;}(o, 27) +— L0, 27) by

Az =2"+az" +cz
and denote the inner product in L2(0,27) as (-, ).
Lemma 1. For every x € Wy?(0,27), we have
<Ax+m2$/, Az + (m+ 1)2x’> >0,

and the equality holds if and only if x=0 or either m? or (m+1)? is an eigenvalue
of (1.5) and x € &y, or x € &1, respectively.

Proof. Using the Fourier expansion of x, we can write

x(t) \/%che

kEZ

and obtain

<Ax+m2x/, Az + (m+1)2x/> >

> Z[kQ (m2 — k?) ((m+1)2—k2>+(c—ak2)2] x> > 0.

keZ
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Furthermore, the equality holds if and only if ¢, = 0 unless
k2=m? or K2=(m+1)? and c=ak?,
that means, if and only if 2 = 0 or either m? or (m +1)? is an eigenvalue of (1.5)
and x € &, or x € €41, respectively. n
For the sequel, let us fix a number 6 such that m? < 6 < (m + 1)? and define
an operator Ly: Wgwl (0,27) — L0, 27), by setting

"

Lor=2a"4+ax" +cx+0z .

So, Lg is invertible with the inverse Kg: L1(0,27) — W31 (0, 27). By the com-
pact imbedding of W;} (0,27) into C'(0,27), problem (P) can be reformulated
as a compact fixed point problem in the form

(2.1) = Ko|0a' — g(z') + p(t)]
in, say, C1(0,2m).
We consider the homotopy
(2:2) v =pko[02' = ga) +p(t)] ,
with u € [0,1] and the corresponding problem
2" +ax +cr=(p-1)02" +ulpt) - g,
i) { 2(0) = z(27), 2'(0) =2'(27), 2”(0) = "(2n) .

In order to apply Leray—Schauder degree theory we prove the existence of a
bounded set  in C1([0, 27]), containing the origin, such that no solution of (P,),
or equivalently of (2.2), for any p € [0, 1], belongs to the boundary of 2.

Next steps will guarantee the tools for building such set €.

Claim 1. Let x be a solution of (P,). Then there are constants dg > 0 and
K > 0, independent of x, such that when ||x||c1 > dy we have ||z]|c < K||2/||oo-

Proof: Integrating the equation of (P,) one obtains

c/oxt t:,u,/27r )}dt.

By (g) there exist a1,as € RT such that |g(z')] < a1]2’| + a2. So, using the
Mean Value Theorem, for some ¢y € [0, 27],

271'
t

—+ Ko .
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By the Fundamental Theorem of Calculus and Hoélder’s inequality,

t
[z(t)] < /t |2/ ()] dt + |z(to)] < m3llafloo + ka4
0

where the constants 1, k2, k3 and k4 are independent of x. But this inequality
implies that if ||z||c1 — 400 then ||2/||cc — +00 and so the thesis follows easily.

The above estimate on the solutions of (P,) will be very useful in several steps
of the proof of Theorem 1 and will play an important role in the construction of
a set 2, where the degree is well defined.

Claim 2. Let (x,) be a sequence of solutions of
) { o+ ax + ez = (= 1) 07, + pa|p(t) - g(al,)] |
Pr

2n(0) = 2n(2m),  23,(0) = 2,(2m),  27,(0) = a7, (27)

n

with p, € [0,1], m? <6 < (m+1)%, such that ||2},||cc — +00.
T

Then, for a subsequence, converges in Wg’ﬂl (0,27) to some function

[EAPS
v Z 0, when p, — 1.

Moreover, either

2

(@) —m?a,

7]l

m? is an eigenvalue of A, v e &, and

1 -0 7
or
l9(@r) = (m+1)2ay, |

17 ]l

(m+1)? is an eigenvalue of A, vE€&ny1 and

Proof: Consider, as in [HOZ] (Prop. 2.1), g(u) = ¢(u) v+ r(u) with ¢ and r
continuous functions such that

(2.3) m? < qu) < (m+1)2, VYueR,
and
\u\hﬂoo w0
In

Applying this decomposition and setting v,, = W, then v, satisfies
Zh || oo

"

t) —r(x!
Un +av7/1,+cvn = (ﬂn—l)evg—unq(x%)v;—kunw

/
27l

vn(0) = vp(2m), v, (0) = v, (27), vl (0) =l (27) .

n

i
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The second member of the equation is bounded in L°°(0, 27) and so, for a sub-
sequence, it converges weakly in L!(0,27). By the continuity of the inverse
operator, it follows that v,, converges weakly in Wgﬂl (0,27) and then strongly in
C1(0,2m) to a function v # 0, since [|v|loc = 1. Furthermore, we can suppose
that, for a subsequence, u, — po € [0,1] and ¢(x},) converges in L°°(0, 27), with
respect to the weak™ topology, to a function go(t) € L°°(0,27), where

m? < qo(t) < (m+1)%.

If we set

(2.4) q(t) = (po = 1)0 = po go(t) ,

the weak continuity of Ly implies that v verifies

{ V" +av" +cv = G(t)v

(2.5)

v(0) =v(27), 0'(0)=7'(27), 2"(0)=2"(27),
with

(2.6) —(m+1)?<g< —m?.

Using Lemma 1, (2.5) and (2.6) we obtain
0 < (Avtm?d, Av+(m+1)20) =
2T
= [T@rm?) (a4 o+ 1?) @2 a < 0,
0

which implies (Av +m2v’, Av+ (m+1)2v') = 0. Since v # 0, if ¢ # am? and
¢ # a(m+ 1), by Lemma 1, the above equality can not hold and then Claim 2
is trivially satisfied. So suppose that either ¢ = am? or ¢ = a(m + 1)2. Then
either

(2.7) m? is an eigenvalue of A, v €&, and §=-m?,
or

(2.8)  (m+1)%is an eigenvalue of A, v € &pyy and §= —(m+1)%.

From (2.4), we also conclude that po = 1 and ¢(z},) — —¢ in L*°(0,27), with
respect to the weak* topology. Therefore if (2.7) holds, using (2.3) we have

ot~ w2, = [latey - mar = [ (atwl) - m?) it — 0.
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Hence
, /
g([gjn) _m2’l}/ _ q(x/)v/ + T(xn) m2vl S
|27 [0 ) [ 1
r(z)
< ‘|Q($;m)||00 HU;L — v/”1 + ”q(:ﬂln) — m2H1 HU,HOO + Hl‘/ |T — 0.
nlloo |1

If (2.8) holds the proof is similar.

Claim 3. There are constants d; > 0 and 0 < 11 < 1 < ny such that if x is
a solution of (P,), for some p € [0, 1] and satisfying ||z’||oc > d1, then

P max z’
maxz, -minz, <0 and m <-——— <n2.

/

—minx

Proof: Assume, by contradiction, that the first part of the thesis does not
hold. So, there is a sequence (z,,) of solutions of (P,) such that ||z/,|c — 400

and max z}, - minz,, > 0.
/

By Claim 2, e T‘ — v in Wg#(O,QTF) and, therefore, a7 ” — v in
o oo
C°(0, 27) with either v € &, or v € £,41. Moreover, we can write

V' (t) = A, cosmt + By, sinmt
or

V'(t) = Apyr cos(m+1)t + Byyq sin(m+1) ¢

and, on both cases,

), . 5, I
max — - min — — maxv -minv <O0.
|27 oo |27 [0

For proving the second part, we suppose, again by contradiction, that, for
every n € N there is a (z,,) solution of some (P,,), with ||2],||cc > d1, such that

/
max &, 1 max x, . .
7/ < —. Then 7/ — 0, which contradicts
—minz,, ~ n’ min x/,
/
x?’l
T el /
x max v
n ,OO — — >0.
xy, — minv

P ol

The proof for 7 is similar. m
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In the proof of next claim we shall use the condition on the potential.

Claim 4. Suppose that conditions (g) and (G) hold. Then there is a sequence
(Yn), with 7, — 400, such that, if x is a solution of (P,), for some p € [0,1], we
have max x’ # 7y, for every n.

Proof: By condition (G) we can take a sequence of real numbers (v;,), with
Yn — 400, such that

(2.9) lim  2G0n)

R N =\ € |m? (m+1)?.
m n

Assume, by contradiction, that there is a subsequence of (v,), which we shall
note by (v,) too, and a sequence pu, € [0,1] such that if (z,,) is a solution of
(P, ), one has maxx), = y,. Therefore, by (2.9), for ¢ > 0 small enough and
large n, we can write

2G
(2%) >m?4e ,
n
that is,
oYe! C2A2 2
(2.10) Cn) =™ o o
B[P B [FS

Due to the first part of Claim 3, there exist tp,, tn, € [0,27] such that

Yo = max(z,,(t)) = z7,(tn,) and  z;,(tn,) = 0.

Then
m2 mQ
Glm) = 5 = Clah(tn,)) = G (tn)) = - [0 (tny) = 23 (tny)|
= [ o) - m? o) a0y

< [T otat®) - m a0 kol ar

By Claim 2 and the continuous imbedding of W3 (0, 27) into C2([0, 2]), one
has

dt

2G() —m2r2 (2 |a(@h(t) — mEa(t)] 2 (1)
FAE! AR
g(ap (1) — m? (1)

< /
27l

[v7 ()l — 0,
1

since (v)') is bounded in L*°.

This fact contradicts (2.10). m
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Proof of Theorem 1: Let (v,) be a sequence given by Claim 4 and let ng
be such that 7, > max{do, d; }, where dy and d; are referred in Claims 1 and 3,
respectively. Take also K > 0 and 0 < 17 < 1 as in Claims 1 and 3 and define
the open set Q in C1([0,27]), containing the origin:

0= {oeci(.2r): -2 <a(t) <y A ol <K 22, Vie o2}
m m
Let  be a solution of (P,,), for some y € [0, 1], such that z € Q. From Claims
3, 4 and 1 we deduce that x € ). So, the degree is well defined and it is nonzero
for every u € [0,1]. Then, the homotopy invariance of the degree guarantees the

existence of a solution of (P,) for, say, ;1 = 1, that is, a solution of (P). u

Remark. The statement of Theorem 1 still holds if (G) is replaced by one
of the following conditions

2G(u)

G
@) < tmap 2Ot 2O < )
or
2 G
(G2) m? < lim sup (u) ,  liminf (u) < (m+1)?%,
Uu——+00 u2 U——00 U2
or
2G G
(G3) m? < lim sup gu) ,  liminf gu) <(m+1)?%.0
U— — 00 u U——00 u

In fact, under condition (G1), we can prove as Claim 4 that solutions of (P,)
are bounded in C!, by following similar lines. If (Gg) or (G3) is assumed, the
result can be easily derived from the previous ones by the change of variable
vi=—u.
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