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EXISTENCE FOR QUASILINEAR ELLIPTIC SYSTEMS
WITH QUADRATIC GROWTH HAVING
A PARTICULAR STRUCTURE

A. MOKRANE

Abstract: In this paper, we consider the quasilinear elliptic system:

N

0 ou”
- Z m(&j(%“) 8:@) =

ij=1
=G"(z,u,Vu) + F(z,u,Vu) Du” in D'(Q), 1<~vy<m,

u € (Hy(Q) N L>(Q)™

The right hand side of this system consists of two parts: the first one, G7(z,u, Vu),

can have a quadratic growth in Du’ for § < 7, and possibly a small quadratic growth

in Du’ for § > ~; the second part is a coupling term with the particular structure

F(x,u, Vu) Du”, where the nonlinearity F' is the same for all the equations and can have

linear growth in Vu. We approximate the problem and assume that an L°°-estimate

on the approximated solutions is known. Without assuming any smallness on this L*°-

estimate we then prove that the approximations converge strongly in (H2(Q))™ and that

the system admits at least one solution.

Introduction and results

In this paper we prove the existence of at least one solution for a quasilinear

elliptic system whose right hand side has a quadratic growth with respect to the

gradient but has a particular structure. More precisely, we consider the system

— div(A(z,u) Du”) =
(1.1) = G"(x,u,Vu) + F(z,u,Vu) Du” in D'(Q), 1<v<m,

u € (Hg(Q) N L®(Q))™
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where  is a bounded open subset of R, with boundary 9 (no smoothness
is assumed on 0f)), where v7 : Q@ — R (1 < v < m) are the components
of the unknown vector u = (ul,...,u™), where Vu : Q — R™¥ is its gra-
dients, i.e. the matrix whose ~-th row is the vector DuY : © — RY, and

where — div(A(z,u)Du?) = —2%21 %(Aij(x,u)g%;), with 4;;: @ xR™ — R

Carathéodory functions which satisfy for « > 0 and g > O:
ae ze€Q, VseR™, VeEeRY

N
(1.2) Y Aijla,s) &6 > af¢f
ig=1
| Aij(,8)| < B .

The functions G7: Q x R™ x R™N R and F: Q x R™ x R™*N _ RN are
Carathéodory functions which satisfy:

m 'Y m
(1.3) [G'(2,5,5)| < Co+C1 Y €[+ C2 Y €7 +n > €, 1<y<m,
6=1 6=1 d=vy+1

(1.4) |F(.%',S,E)‘ §03+C4’E’ ,

where Z = (¢1,...,6™) € R™N with &7 € RN, and where Cy, Oy, Ca, C3, C4
and 7 are positive constants, n being small enough as precised later in hypothesis
(1.10).

Assuming an L*°-estimate on the solutions of a system which approximates
(1.1), but without assuming any smallness of this L>°-estimate, we will prove that
problem (1.1) admits at least one solution. In fact, we will approximate problem
(1.1) and prove that, whenever they are bounded in (L°°(£2))™, the solutions of

the approximated systems remain bounded and even compact in (H}(€2))™. We
will then pass to the limit and obtain a solution of problem (1.1).

Approximation
For e > 0, let GY(x,5,Z): Q@ x R™ x R™N — R and F.(z,s,Z): Q x R™ x
R™*N _ RN be Carathéodory functions such that:
ae. z€Q, VseR™ VEcR™N 1<y<m,
1 1
€

(1'5) ‘Gz(x"g?E)‘ <-, ‘Fe(x,s,E)f'Y’ <

-
(L6) G, s,2)| < |G (@5, D)], |Fe(w,5,5)] < |F(a,5,5)|

{ Gz(x, Se, Es) - Gv(x’ S, E) ) Fs(% SE?‘EE) - F(l‘, S, E)

when s, —s inR™ and ZE.—ZE in
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Note that hypotheses (1.5), (1.6), (1.7) are satisfied for example when G? and F;
are defined by:

. G'(x,8,E)

- 1+¢|GV(z,5,2)|’

F(z,s,E)

G)l(x,x, =2 = R
< ) 1+¢lF(x,s,2)||ZE]

F.(z,s,E)

Now we consider the approximated problem:
—div(A(z,u:) Dul) =
(1.8) = GY(z,ue, Vue) + Fo(w,ue, Vue) Dul  in D'(Q), 1<y<m,
ul € (HYQ)™ .

In view of (1.5), an application of Schauder’s fixed point theorem implies that
problem (1.8) has at least one solution for € > 0 given. Since the right hand side
of each equation in (1.8) is bounded by 2, this solution belongs to (L>(£2))™ and
satisfies [|[u|| o) < g for some constant C. We will from now on assume that
we have the following L (€2)-estimate:

(1.9) w2l o) <M, 1<y<m,

where M is independent of €. Such an estimate can be proved in particular cases
(see e.g. Theorem I1.2 in A. Mokrane [4]).
We are now able to specify the smallness of the constant 1 which appears in
the growth condition (1.3): we will assume that
Co 1

m
1.10 0<n<—=—%5—— .
(1.10) == (Qmexp(%?M))

We have the following theorem:

Theorem. Under hypotheses (1.2), (1.3), (1.4), (1.5), (1.6), (1.7), (1.9),
(1.10), problem (1.1) has at least one solution.

Remark I.1. In the case m = 2 this existence result has been be proved in
A. Bensoussan and J. Frehse [1]. For m > 3, the result has been announced in
J. Frehse [3]. We prove here the Theorem using a method inspired by L. Boccardo,
F. Murat and J.P. Puel [2], where the system (1.1) is studied under the stronger
hypothesis that |G7(z, s,Z)| < b(|s|) (1+]|Z|) where b: RT — R™T is an increasing
function.

Remark I.2. The second order operator u? — —div(A(z,u)Du?) is the
same for all the equations. On the other hand the coupling between the equa-
tions takes place mainly through the term F'(z,u, Vu) Du” where the nonlinearity
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F has a linear growth in |Vu| (note that F is the same for all the equations),
and secondarily through the principal part of the operator (the matrix A de-
pends on u) and through the term G7(z,u, Vu) (which has a quadratic growth in
Dul, Du?, ..., Du?). Note that if we neglect the coupling term F(z,u, Vu) Du?”
and if we assume n = 0, the right hand side of the first equation has a quadratic
growth only in Du', the right hand side of the second equation has a quadratic
growth in Du' and Du?, etc., until the last equation which has a quadratic growth
in the whole gradient Vu.

Remark 1.3. From hypotheses (1.3) and (1.4) we deduce that H” defined
by

(1.11) H(z,s,2) =G (z,s,2) + F(z,s,2) &7,

where = = (¢!, ..., &™) € R™N gatisfies

m Y m
|HY(2,5,2)| < Co+C1 Y[+ Co D [ +0 Y €
(1.12) 5=1 5—1 S=y+1

+[C5 + Cy [Z[] [€7] -

In the case m = 2 (i.e. two equations, and two unknowns u; and ug) (1.12) implies
that

113 [ (2,5, 2)] < Co + C1llg'] + [€°]] + Cale'|* +mle?|* + Cale?| €]
| [H(x,5,5)| < Cf + CH[1€' +1€°P]
where the constants C{, C1, C5, C}, C{, CY do not depend on 7.
We will prove in the present Remark that in the special case m = 2, whenever
the functions H' and H? satisfy (1.13), then they can be written under the form
(1.11), where G, G? and F satisfy (1.3) and (1.4); this will not be the case in

general when m > 3 (see Remark 1.4 below).
Indeed define

K(z,s,8) = Gy + CllI€"| + €2]] + Cole* * + nl€*” + Cl€%] I€'

lHl 9 ;E !
F(r,5,Z) = C}) K(:E > )‘€2|¢|(|£§1|)

where 1: R — R is a smooth function such that 0 < () <1 for all ¢, ¥(t) =0
if [t| < 3 and ¢(t) = 1 if [t| > 1. Define also

&,

—_
—

(z,5,%)

GYx,s,2) = H'(z,8,2) — F(z,5,2) &',
G*(x,s,2) = H*(x,8,Z) — F(z,5,Z) & .
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Then F, G! and G? are Carathéodory functions which satisfy (1.11); moreover
we have

|F(x,s,2)] < CyE3 < C4IE|, e (1.4).
On the other hand

. H'(z,55)
Cllo.sB) = Ty

Co + CLlIE" + 121 + Cole! * + mle®)” + Cale?] €M {1 — w<|51|>}]

K (2,5,2) = Cle?] 1€ w(1¢')] =
_ H'(z,5,E)
- K(z,s,2)

so that, in view of the properties of v,

G (@, 5, D) < Ch+ CLlIE |+ €]+ Chle P+l 2+ Chle2, e, (13) for G .

Finally

|G*(z,5,2)| < |H*(2,8,Z)| + |F(z,s,E)| €]
< CH+CYIEV? + €22 + 41?2, ie. (1.3) for G2 .

Remark I.4. Let us now prove that if m > 3, and if H" satisfy (1.12), then
it can not in general be written under the form (1.11) with G¥ and F satisfying
(1.3) and (1.4).

Consider for that the special case where m = 3, N = 1 (the {7 are therefore
scalars) and where

(1.14) HY(z,5,2)=a" ||, v=1,2,3,

with a” # 0, a* # a?. Then H" satisfies (1.12) with n = 0.
If H' could be written under the form (1.11), with G! satisfying (1.3), we
would have

G (@,5,2) = H'(z,5,2) — F(z,5,2)¢" = [a'|¢®| - F(x,5,2)] £ .

Since the growth condition (1.3) on G does not allow G to have a term of the
form |€3][¢!| (indeed, use of Young’s inequality would give |¢!][€3] < 2|32 +
%\ﬁ 112, but here Co = % would depend on 7), this implies that

a1|€®| — |F(z,5,Z)| <C  when |Z]is large .
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Similarly if H? can be written under the form (1.11), with G? satisfying (1.3),
we will have

G*(z,s,B) = H*(z,5,B) — F(x,s,Z) £
= ¢’ - F(2,5,5)| €
= [ = a']|€% € + [al€’| - F(a,5,5)] € .

But again the growth condition (1.3) on G? does not allow G? to have a term
of the form |¢3]|¢2|. If m = 3 and if H! and H? are given by (1.14) it is thus
impossible to write H” under the form (1.11).

IT — Proof of the Theorem

The proof of the Theorem will be performed in three steps: we will first prove
an (H}(2))™-estimate for u., then the strong convergence in (H3(Q))™ of ue,
and finally we will pass to the limit in the approximated problem (1.8).

I1.1. (H}(Q))"-estimate

We have the following:

Proposition II.1. Assume that (1.2), (1.3), (1.4) and (1.6) hold true. If the
solutions u® of the approximated problem (1.8) satisfy (1.9), and if n satisfies

02( 1 )m
2.1 o<n< 22—~ ) |
21) =T=" 2m exp(2£2 M)

then u. remains bounded in (H}(£2))™.
Note that ¢: R — R satisfies (2.1) as soon as (1.10) is satisfied.

Proof of Proposition II.1: Consider the test function(*)

v = (a)7 ¢ (u?) exp[pup(ue)]

where p: R — R and ¥: R — R are defined by

(22) o) =Mt 2 VieR, w(s)=d (@) ("), Vs R,
y=1

(*) In the notation (a)”, v denotes a power and not a superscript as it does in a”.
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and where A\, i and a are positive constants that we choose as

o2 ;O
a  2me M 'u_2904 20’
(2.3)
Cs

where 6 is any fixed number such that 0 < 6 < (a)™ A v

Since u. belongs to (H}(£2) N L>®(2))™, the test function v belongs to H}(£2)
and defining 1. by . = ¥(u.), we have

(2.4) Dv) = Du(a”) " (u?) exp[utpe] + pp Doc(a)? ' (u)) explp ]

We use v as test function in the v-th equation of system (1.8) and sum up
from v =1 to v = m. We obtain:

(25) % [ Ale,ue) Dud Dud(a) ¢ (u2) expl] do +
y=1

+u Y. [ Alwue) Dl Dyela)” ¢! () explu ) do =
y=1
=3 [ G2, Vo) @) ) explee]
y=17%

+ Z /Q F.(z,ue, Vue) Dul(a)? @' (u) explue] dz .
y=1

Noting that:

m

(2.6) Dipe =) (a)" ¢ (ul) Du
v=1

and using the coercivity condition (1.2) and the growth conditions (1.6), (1.3) on
G we obtain:

- 2 " 2
@7) o3 [ 1D @ (D el ds +an [ D0 expluv]do <

m m Y m
< Z /Q {COJrClZ |Dug]+022 |Dug|2+n Z Dug|2] (@)" | (u)| explu.] dz
y=1 s=1 5=1 S=~+1

+ / Fu(z, ue, Vug) D explue] da .
Q
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We estimate the second integral of the right hand side of (2.7) by using the
growth conditions (1.6), (1.4) on F. and Youngs inequality. We obtain:

/QFg(x,us,vue)Dws explu ] dr < /Q[Cg +C4\vu€|} | D | explu ] dz <
e 0 C2
< v 3 2, Y 2 1 2
_/ [2+29|D¢€| +2|VU€| +29|D¢s| ]eXp[l“/)s]dx

_/[ (—2+%> | Dy * + IVUEIQ] explp 1)e] da

We now estimate various terms of the first integral of the right hand side of
(2.7); for what concerns the third term, we have, splitting the sum into 6 =
and ¢ < v, then reversing the order of }_. and }_;:

(2.8)

m. v
G2y Z [Dug* (a) | (u2)| =
v=16=1

m y—1
=Cy Z |Dul? () |/ (u2)| + C2 Y~ D |Dull? (a) ¢! (ud)]
=1 v=16=1
(2.9) =Gy Z 1Dul? (@) ' (W) + C2 D D [Dull* (a)" | (u2)]
=1 d=1~=56+1
= Cy Z [Dul? () | (u)| + C2 Y > |Dulf? (@)’ ¢ ()] ;
7=1 y=1d=7+1

for the fourth term we write:

nz Z |Dulf? (a ZZ |Dulf? (a)” | (u2)]
(2.10) e o=
03 S D (@) )]

Using (2.8), (2.9) and (2.10), inequality (2.7) becomes:
1) Y [ 1D expluvi) {a(a) ¢ (u2) - Cala) ¢/ (u2)| -
y=179

0 Y @ D 0@ D] - g b+

o=y+1 6=1
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+/]Dz/1|2e [w]{a —C—g—c—‘%}dx<
0 el €XPU Ye H 2 20 <

0 m m
S/Qgexp[uwa] d:c+7§:jl/ﬂ[co+cla§_jl|pug] (@)Y ¢ (u2)| explibe] da .

In view of the choices made in (2.3), of the hypothesis (2.1) made on 7, and of
Lemma II.1 that we state and prove below, we deduce from (2.11) that we have,
for a given by (2.15):

(2.12) Qg Z /Q | Du? |2 expppe] do <
y=1

0 m m
S/Qiexp[we] d:c+7§:jl/ﬂ[co+cla§_jl|pug] (a)7 ¢ (u2)| explpae] da

which using Young’s inequality and the facts that exp[uip.] > 1 and that
|u2|lp@) < M (which implies that . is bounded in L°°(£2)), implies that
u. is bounded in (HE(€2))™. Proposition II.1 is proved. u

Lemma II.1. Let A, a, # and n be such that

2 1

Then for any v, 1 < v < m, and for any u. such that |ul| < M for any &, we have

m

(2.14) a(a)” " (ud) = Co(a) ¢ (ud)] = C2 D (a) |/ (ud)] —
o=v+1

- 0
=0 ()’ | (ud)| = 5 = a9
5=1 2

where o is defined by

Oy

(2.15) apg = (a)™ A 1

Proof of Lemma II.1: Since we have
{w, lt] < M, |¢'#)] < AeM —e M < xeMll < xerM,

90//(t) _ )\2(6)\15 —f—ei/\t) > A2 6)\|t\ 7
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we obtain for 1 <~ < m and for any u. with ]ug\ <M, 1<6<m,

(216) a(a)” ¢ (u2)~Cala)" I¢/ (2)|=Co 3" (@) |/ () -3 (a)” ' (ud) |5 >
d=vy+1 6=1

S a)d \ eMM ma‘;)\e)‘M—Q

) n;:l( ) 5

> a(a)? \? eMuel Ca(a)” A Ml — oy Z (
o=v+1

Since o A2 > Cy A, the infinimum of the right hand side of (2.16) is achieved for
|u)| = 0; using also the fact that

0<(@™<(@™ <. <@<@ <.<(@'<@ =1

we estimate from below the right hand side of (2.16) by

(2.17)  ala)? A2 = Co(a) A= Com(a)" T XM —pmare™ —

N D

= (a)”)\[oa)\—Cg)\—Cgmae)‘M} — [nma)\e)‘M—i— g} .

In view of the values of A, a, 6 and 7 given by (2.13), the right hand side of
(2.17) is greater than

C?
5

m  Ca m C2 A

> e 22
> (a) )\2 [(a) 42+

(2.18) (a)” A [nma)\e/\M + g} >

Lo my G2l ey O2
i(a) )\Z = (a) )\Z )
which is ag by definition (2.15). Lemma II.1 is proved.

Remark I1.1. In the proofs of Proposition II.1 and of Lemma II.1, € is a fixed
number such that 0 < 8 < (a)m)\%. Actually, in these two proofs, we could have
chosen 6 = (a)m)\%. But it will be important in the proof of Proposition I1.2 to
have the possibility of choosing 6 as small as we want.

I1.2. Strong convergence in (H{(Q2))™

Since by Proposition I1.1 u. remains bounded in (H{(€2))™, we can extract a
subsequence, still denoted by wu., such that

(2.19) ue —u in (H3(Q))™ weak .
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Proposition I1.2. Assume that (1.2), (1.3), (1.4) and (1.6) hold true. If the
solutions u. of the approximated problem (1.8) satisfy (1.9) and (2.19), and if n
satisfies

Ch 1 mo
0<n< 4<2mexp(%M))  (ie. (110))

then u. converges strongly to u in (Hg(9))™.

Proof of Proposition II.2: Let us set @) = u) — 7, and write the system
(1.8) under the form:

(2.20) — div(A(x, Ue) Dﬂz) - diV(A(J}, Ue) Du”) =
= Gl(x,us, Vue) + F(x,ue, Vue) DU + Fe(z,ue, Vue) Du”, 1<y<m .
We use in he v-th equation of system (2.20) the test function:
vl = (@)% (@) exp[pv], with 9. =P(T)
where : R — R and ¢: R — R are defined by

@21) PH= e X2 VIER, PE=> @ FE), VSR,
y=1

and where ), 71 and @ are positive constants that we choose as

sodC 1 G ot

where 6 is any fixed number such that 0 < 6 < (@)™ X % .

Summing up from v = 1 to v = m, we obtain:
(223) Y [ Alw.we) D2 D (@) 7 (@) explp ) do +

#EY [ Ale) DI DY@ (72 xpl .
= | Alwwe) Do D (@) (@) expli ] do

+HZ/AI‘UE ) Du”Y D (@)Y @' (u)) exp[p v, de =
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= [ G2 ue, Vue) @) 7 ) expl ] da
y=1"9

4 / Fu(x, ue, Vo) DT (a)" 3 (0)) expli ] dee
Q

3 [ Fel,ue, Vo) Du (@) 7 () explp ) do
y=1

Using the coercivity condition (1.2) and the growth condition (1.6), (1.3), and
the fact that

D%, = 3 (@) 7'(@) D,
y=1

we have:

< —Y12(=\Y = (= — — 712 — 7
(2.24) a; /Q |Da2 2(a) 9" () explfd.) de + o /Q DY [? expld,] da <

<=3 [ Ateue) DU DR S ) expl ] de
v=1

1Y [ Alw,u) Du? DY@ @ (@) expl ] da
y=1
m m Y
4 Z/ [00+012|Du§| LS Dl ¢
y=1 @ =1 =1

+n Y IDudP| @ 1P expfv) do
o=v+1

+ / FE(.CL‘, Ug, VUE) Daa eXp[ﬁﬂa] dx
Q

S || Pl e, Vue) D (@) (@) explpd] do
y=1

We estimate the fourth integral of the right hand sided of (2.24) by using the
growth conditions (1.6), (1.4) on F. and Young’s inequality, as well as (a + b)? <
2a? + 2b%. We obtain:

(2.25) /QFE(QS, Ue, Vue) D) expli),] doe <
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< [ (o +CulVul) DT | expld) da
< / —+ =2 DY > + < |Vue|” + = |DY.* | exp[av,] da
Ql2 20 2 20

< [[o(5+19u?) + (5 + ) D512 + i9al?] expl.] o

We now estimate various terms of the third integral of the right hand side of
(2.24); for what concerns the third term, we have, as in (2.9), (splitting the sum
into § = v and ¢ < v, then reversing the order of and >°, and >75), and then
using (a + b)? < 2a® + 2b%:

m Y
(2.26) ) Z |Dul* (@) [¢' ()| =
v=16=1

=Cy Y |DulP@) [P @) +Cody . Y [Dull@) 7 (@)
y=1

y=1d6=y+1

<20y ) |DT (@) (UV)I+202ZIDWI a)" @' (a2)|

y=1 y=1
m m m m
+2C0 ) Y DR P@) [P @) +2C ) Y |DuP@)’ @ (@) ;
=1 §=v+1 y=16=~+1

for the fourth term we write:

(2.27) 772 Z |Dul*(@) @' (W) <
y=10=vy+1
m m m m
<y Y IDuP@) @ @) =n>. Y [Dul*@)° @ (@)l
y=16=1 y=16=1
m m m m
<23 (D@ @) 7 (@) + 20 ZZ DU (@)’ [ ()] -
v=16=1 v=16=1

Using (2.25), (2.26) and (2.27), inequality (2.24) becomes:

(228) Y [IDm P explpv] {a@w(ag) — 20, (a)"[7' (@) -
=1

20, Y @’ \—2772 |—9}dm+

0=7y+1



72 A. MOKRANE

_ cz 2
D2 (—__3__4>d <
+/Q! VP explrd,]( om TR

/1 _
9/ (2 + \Vu|2> explad.]de + R. |

where R. is defined by:

Re= = [ Alw,u) Du Dwl (@) @' (@) expli ] do
y=17¢

"y | Alw,u) D™ D (@) 7 (@) expl -] do
[ [Co+r S 1Dl @) [ (@) expli ] da
=1 6=1
(2.29) + Y [ Fulaue, Vuo) Di'(@) @'(@2) expld.] do
y=1

+20, 3 [ D@ ) |explide

£2033° 30 [ Du @) [ )| ol da

v=10=+1

+on >0 3 [ 10w @) 7@ explp ) da

v=16=1

We now apply to the first integral of (2.28) Lemma 11.1, where ¢, A and a are
replaced by @, A and @, and where Cy, 7, 6, and M are replaced by 2Cs, 27, 20
and 2M (note indeed that we now have |@§| < 2M); in view of the choices made
n (2.22), of the hypothesis (1.10) made on 7, and on Lemma II.1, we deduce
from (2.28) that for @y given by:

_ ) ( 1 )m 2C3
2.30 = A== ,
(2.30) a0 = [@" X rmen(Ci) o

we have:
(2.31) @ Z/ |D@ |2 exp[E .| dx < 6/ < + \Vu]2> exp[fit.] dx + Re

Since
{ug —0 in H}(Q) weak*, L®(Q) weak and a.e.x € Q

. =0 in H}(Q) weak*, L®(Q) weak and a.e.x € Q



EXISTENCE FOR QUASILINEAR ELLIPTIC SYSTEMS 73

and since ¥'(0) = 0 while F satisfies (1.6), (1.4), it is easy to prove that:
R.—0.

Similarly we have:

/Q(% + !VW) explE ] dr — /Q(% + yvuP) do .

Since exp[fi,] > 1, we deduce from (2.31) that
i — 1

lim sup @y Z/ |DT|? dx < 9/ ( + |Vu|2) dx .
e—0 om0 o\2

Since # > 0 and since @y does not depend on @, this implies that 7, = u. — u
tends to zero strongly in H}(€2). Proposition I1.2 is proved. m

I1.3. Passing to the limit

Because of the strong convergence in (H3(€2))™ of u. to u, and because of the
hypotheses (1.6), (1.7), (1.3) and (1.4) on F: and G7, passing to the limit in each
term of equation (1.8) is easy. We thus have proved the existence of at least one
solution of problem (1.1). This completes the proof of the Theorem. u
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