PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 98(112) (2015), 97-107 DOI: 10.2298/PIM150220023V

ON SOME CLASS OF INTEGRAL OPERATORS
RELATED TO THE BERGMAN PROJECTION

Djordjije Vujadinovié

ABSTRACT. We consider the integral operator

1)
Caf(z):/i,dA(g), z€D,
D(l_Zg)Oé

where 0 < o < 2 and D is the unit disc in the complex plane. and investigate
boundedness of it on the space LP(D,d)), 1 < p < oo, where dA is the Mdbius
invariant measure in D. We also consider the spectral properties of Co when
it acts on the Hilbert space L2(D,d)), i.e., in the case p = 2, when C, maps
L?(D, d)) into the Dirichlet space.

1. Introduction and notation

Throughout the paper let D = {z : |z| < 1} be the open unit disc in complex

plane C and let dA(z) = % dx dy, z = x+1y stands for the normalized area measure

in C. For 1 < p < oo we consider the Besov space B, of D, 1 < p < oo, which is
defined to be the space of all analytic functions f in D such that

s, = ([ 1£GPa-12Proe) " <.

where dA(z) = % is the Mobius invariant measure on D. It is known that

|- 1B, is complete seminorm on B,,. It should be pointed that B), is a Banach space
with norm || f|| = [f(0)| + || f||s,- For p = 2 the space By is the classical Dirichlet
space, and appropriate semi-inner product is given by the formula

(1.1) mm=éf@ﬂ§M@,ﬁng

The weighted Bergman projection P, —1 < s < oo represents a central oper-
ator which appears in the research concerning the analytic function spaces. It is
given by

Psf(z):(erl)/D ((1|°"| ) fw)dAWw), =€ D.

1 — zw)2+s
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98 VUJADINOVIC

Particulary, the ordinary Bergman projection P = Py arises as the orthogonal
projection from L?(D;dA) onto an analytic function subspace. It connects B, and
LP(D,d)). This relation is expressed in the next theorem.

THEOREM 1.1. Suppose f € H(D) and 1 < p < co. Then
feB,& fe P(LP(D d\)).
The inclusion operator V from B, into LP(D, d)\) is given by

VEz) = 31— |22) /f) ) .en.

More precisely we have the following lemma (see [8])

LEMMA 1.1. The operator V is an embedding from By, into LP(D,d\) for all
1< p<ooifonBy,=P(LP(D,dX)) is given the quotient norm.

In this paper we consider the class of the operators

G .
Cat()= [ Toge e e,

where 0 < a < 2. For @ = 2 we have the Bergman projection. The norm of the
Bergman projection from LP(D, d)\) onto B, was estimated in [7]. In Theorem [I3]
we prove that C,, is a bounded mapping from LP(D,d\) into B, for all 0 < a < 2
and 1 < p < co. We investigate in the next section some of its spectral properties
in the context of the Lebesgue space L?(D,d)) and the Besov space Bs.

By boundedness of an operator T' : L?(D, d\) — B, we mean that there exists
a constant C' > 0 such that | T'f|z, < C||f|zr(p,an)-

In this section we observe boundedness of C, defined on LP(D, d)). We firstly
state a technical lemma and a proposition (the Schur test).

LEMMA 1.2. Suppose z € D, c is real, t > —1, and
AWt
/ |1 Pt dA(w).
Then we have

(a) If ¢ <0, then I.+(z) is bounded in z.
(b) IfC > 0, then Ic,t(Z) ~ m, |Z| — 1~
(¢) If ¢ =0, then Iy+(z) ~ log 17—‘2‘2, |z| = 1~
PROPOSITION 1.1. Suppose K is a nonnegative measurable function on X x X,
where (X, ) is a measure space. Let T be an integral operator induced by K, that is
= [ K (y) du(y), where 1 < p < oo and % +% = 1. If there exist
constants Ch, C’g > 0 and a positive measurable function h on X such that

/ K(z,y) h(y)?du(y) < Cih(z)?  for p-almost every x € X,
/ K(z,y) h(z)Pdu(z) < Coh(y)P for u-almost every y € X,

then T is bounded on LP(X,du) with the norm less than or equal to C; /qcl/”.
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In the proof of Theorem [[3] we will use the Gauss hypergeometric functions
and its basic properties. Following [1] we recall some facts for the sake of easy
reference.

The Gauss hypergeometric function 3 Fi (a, b; ¢; z) is defined by

2Fi(a,bieiz) = ) %Zﬂ

n=0

for |z| < 1,

and by continuation elsewhere. Here (a), = a(a 4+ 1)---(a + n — 1) denotes the
shifted factorial, where a is any complex number.

The identity
(1.2) oF1(a,b;¢;2) = (1 — 22 % Fy(c — a,c — b;¢; 2)

is known as Euler identity. The following properties of hypergeometric function are
also going to be of interest

b
(1.3) %QFl(a,b; ¢ z)= %gFl(a + 1,0+ 1;¢+ 15 2),
I'e)'(c—a—»
oFi(a,b;¢;1) = ()c—a—") for Re(c —a —b) > 0.

I'(c —a)(c—b)

It is known that o Fi(a, b;c; z) diverges in general for z = 1 if Re(c —a —b) <
0. The next theorem, due to Gauss, describes the asymptotic behaviour of the
hypergeometric functions as z — 17.

THEOREM 1.2. If Re(c —a —b) <0, then
. oFi(a,b;¢2)  T(e)T(a+b—c)
lim = .
z—1- (1 — z)c—ab T(a)T(b)

For ¢ = a+ b we have

oFi(a,b;e;2)  T(a+b)

e dog()  D(@T()

THEOREM 1.3. For 0 < a < 2, C4 is a bounded mapping from LP(D,d)\) into

B, (1 < p < 00). The norm may be estimated by ||Co |l 1r(D,an)—B, < ozC’ll/qC’Ql/p.
Here

pr(2+4)I(a—1-1) 1. al(1+ 1) (a—1) 1.
o) 0 2> g ey @ g

r(1+4) pal'(1+2) 1

01: rq P Oé=1+l and 02: q o= +:
pF(2+%)F(617;(§tlo)z) , 1 11)7 qr<1+{>rr('<}+95> 7 (i 7
(;D+1)F2(%+%—%) ) a < +57 1"2(%_’_%_% 9 a < Eﬂ

1,1 _
where;—i—a—l.

PROOF. First of all, it is easy to see that C'f is an analytic function for every
f € LP(D,d)). Further, for f € LP(D,d)) we have

e =af —

W f(g) dA(g)a
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p

_ 12\1-2/ 3
oy, =a [ o= ppr-or [ ot ey aa] aae)
Thus
_ 12\1-2/ 3 ?
oAy, =ov [ Ja-1spr-2 [ T SO A dac)
B e [ B »
—ar [ la= kP e (O] e
Therefore, we should consider the operator
FEOO— 6P
TH() = (1 |2) / |1 Zﬂm G

on LP(D,dX). We will prove that it is bounded there and we will estimate its
norm. Using the obvious relation ||Cul/zr(D,ax)—B, < al|T||Lr(D,a3)—Lr(D,dx) We
can estimate the norm of C,.
We use Proposition [LT] and test function h(z) = (1 — |2|?)!/P7 for the kernel
K(z,8) = % We have to prove existence of the constants Cy, Cy such
that

/D K (=€) h(€) dA(€) < C1hi(2), = € D,

/D K(2.€) h(z) dA(z) < Cah?(¢), € € D,

which is equivalent with

1 — |£]2 1/p
- (1- |Z|2)1/q/D % dA(€) < Cy, zeD,
1.4

2y1+1 (1= |z[»)Ma !
(1 — |2 /p/DWdA(Z)<CQ7 £eD.
From Lemma we can easily check that both functions on the left-hand side in
(C4) are bounded and consequently relations (IL4]) are true for some constants C
and C5. In the sequel we will determine the upper bounds for the constants C'; and
Cs.

By using the uniform convergence and orthogonality we have

— g2 /e DL+ 1)r2(et +
a-lapye [ B2 Zaace) = a-gap) “qzr(i s el

| |2n
p |1 =zt + 5 +2)02(2 1)-

. p 1) <a+1 a+1. 2)
=—(1- 95 F 24— .
(- ) R (T 2 e

In a similar way we obtain that

|a?)Ve-t
(1 Jg2)e /D (el ey

1= zg|ott
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a+1 a—|—1
= (1= g (S, g 2 ).
Let us denote
D 211/ (a—i—l a+1 1 2)
C, = 1-— 95 F 24—
! 1+p\Sl\l<p1( R (g 2 ’lzl ’
a+1 a+1
C = g sup (1= |6 T/7a Py (4=, St + 2 6P,

l€l<1

Then the Schur test implies [|CollLr(arn)y—B, < OzCll/qC’Ql/p. By using the Euler
transformation (2] for the hypergeometric functions, we obtain

3 1 ad3 1 « 1
C = sup *Z227&2F1(_+_*_,_+_*—;2+_,22),
Fip s (= 14P) R
1 1 o1l 1 « 1
Cs = q sup 1752270‘2F1<—+—7—,—+—*—,1+—,52)
sup (1~ ") 5ttt
Both functions
3 1 a3 1 «a 1
F(_ T a'a ___72 ) 2))
R R i Rt SR ol
1 1 o1 1 1
F(_ T a9 - ) )
212+ 22+q q|€|

o
5;
are increasing in |z| and |¢], respectively (see (IL3))).
We distinguish the following five cases:
1) If a > 1+ <, then

3 1 3 1 1 pr2+ ) —1-7)
Cl<—F1<_+_7g7_+_7g;2+_71): £ 2/(a+l1 pa
+1, \2 p 2°2 p 2 p (p+1)T2(*4)

1 al 1 a. 1 gL(1+ )T (a— 7)
Co<@eFi(5+=—2,5+-—o514°,1) = 4 “
¢ 22 ¢ 27 g r2(ef)
) If & < =, then according to Theorem [[.2] we have
2RG L -53 15524101
C: < P limsup (1 — |z]*)?~ 13 p_ 22 p112 £ )
P11 (1—|z2)> 1%
pr2+ 1+ 1 —a)
3 ay
p+1I2(5+1 -5
1 1 a 1 1 [} 1
2F _+_7_7_+_7_a1+_71
€y < qrimsup (1 — gy 22 T~ 8 e :
€] -1~ (1= [g2)o=t/a
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3)Ifa:1+%,then

1L R lfﬂ,§+—f—,2+ 1
<L limsup (1 — |z]%)"/ log _ 2P (5 + p 22 2 )
P o o8 e
pg TG+ % — ) pal'(1 + %) ) al'(1+ %)I‘(%)
ay ’ 2 < —rgraily
e(p+1)p2(%+%_§) em(p+1) FQ(%I)

since the maximal value of the function ¢(z) = (1 —z)"/9log 2=, = € (0,1) is ¢
) Ifa= %, then

o - P2+ 5)T(2) o pal(1+ )
(+ (G +5 - 3) T+ 1e
1 1
5)Ifa<a<1+5,then
2+ 4Hra+41 -« + L@ -1
. 2+ )1+ —a) e, <! ql'(1 + (Zi(l :) -

OG- 5) )

2. Hilbert case and spectral properties

Folowing [6] let us recall some basic facts from spectral-operator theory. Let
us firstly recall that for the bounded measurable function A(z, &) the operator

Af(z) = / Mdfl(f), z€D
p lz—=¢*
is compact on L?(D,dA), where 0 < a < 2.
For a compact operator T' defined on a separable Hilbert space H, let s, (T),
n > 1 denote the eigenvalues of the operator (T*T)l/ 2 arranged in nondecreasing
order [4]. In general, if T is a compact operator on a separable Hilbert space H,
then there exist orthonormal sets {e,,} and {0, } in H such that

Tx = Z)\n<x,en>an, x € H,

where A, is n-th singular value of T'.

For 0 < p < oo, we define the Schattene p-class of H denoted by S,(H), or
simply Sp,, to be the space of all compact operators 1" on H with singular value
sequence {\,} belonging to P (p-summable sequence space). The Schattene class
Sp is a Banach space for the range 1 < p < oo, and appropriate norm of the

operator T € S, is given by T, = (>, |)\n|p)1/p.

THEOREM 2.1. Let A be a compact operator. Then A has the norm convergent
expansion

N
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(where N is a finite non-negative integer or infinity), each p,(A) > 0, ui1(A) >
ua(A) = -+, and (¢n) and () are (not necessarily complete) orthonomal sets.
Moreover, p,(A) are uniquely determined and ¢’s and ¢’s are essentially uniquely
determined.

Here (1, (A) are singular values of A and formula (ZI)) is called canonical ex-
pansion for A.

Now we state a known result related to minimax properties of eigenvalues for
compact nonnegative operators [4].

THEOREM 2.2. Let A (# 0) be a nonnegative compact operator and let o,
(j =1,2,...) be an orthonomal system of its eigenvalues which is complete in the
range of A, so that Ap; = Xj(A)p;, j =1,2,... where \(A) = Aa(A) = ---. Then
its eigenvalues have the following minimazx properties

where the mazimum in [Z2) is attained only for those eigenvalues of A that corre-
spond to M1 (A).

(2.3) Aj+1(A4) = min max , j=1,2,...

where N; is the set of all j-dimensional lineals of H, and the minimum in (2.3) is at-

tained when L coincides with the linear hull L; of the eigenvectors ¢1,pa,...,9j,. ..
so that A
>‘j+1 (A) = Imax m
LT (¢, )

We note that
(2.4) s1(4) = || A]l.

Dostani¢ [3] investigated the singular values of the operator S : L?(D) — L?(D)
defined by -

1 €

st = [ —Em© 1) A,

mJpl—2z€

where m € C(D). He obtained that s,,(S) ~ 5= OQW |m(ei?)] dob.
The next theorem is our second main result and is related to finding singular

numbers of the operator VC,,.

THEOREM 2.3. The operator VCy : L?(D,d\) — L?(D,d\) is compact for
0 < a < 2. The following asymptotic formula holds
I'(n+a) 1

5n(Calr2(p,an)) = sn(VCa) = 2T () T(n 1 2) N oEmar oo

In the proof we will need the following inequalities for I" function (see [2]).

ProproSITION 2.1. Let m, p and k be real numbers with m,p>0 and p>k>—m.
Ifk(p—m—k) >0 (<£0), then T(p)T'(m) = (T(p — k) T(m+ k).
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ProOOF. From Theorem[[.3and properties of the operator V' we have that VC,,
maps L?(D,d)) into itself. Let H(-,-) be appropriate kernel of VC,, i.e.,

VCof(z /HZE dA(§).

The the kernel H(-,-) is given by

) dA(t)
H(z,€) = (1 - |2*) /D (1—20)i(1 - )’

On the other hand
P dA(t)
H(z,€) = (1= 2% / (1—2B)4(1 — £ty

— 2P /Z F"+4 ”ZF a)lj JEdA(t)

=0

poemT(n+4)T(n+a) , -,
= (=121 z:% 1(2I‘(o<)n!((n+1)!)z &

So,
Vcaf(2)=21;g;(+ ;Li,r((::lo; 1= o) / F(E)EMdA(E
B Z 12711‘+ 4n' nn:f; (1= ]z*)? / FE = [¢?)2Eman(©).

Let us note that e,(z) = \/%(n +3)(n+2)(n+1)(1 — |2]?)%22", n = 0,1,2,...
represents orthonomal set in L?(D, d)), which implies that

VCuof(z Z n+na+2) en(2)(f,en), z€D.

Since, Stirling’s formula implies s,(VCy) ~ M%a, as n — oo, and by using the fact

IVCaflls = nZ::O (%)QW, en)?,  f € LX(D,dN),

we conclude that VCy is compact for 0 < a < 2. The sequence (%) is
decreasing in n, and this is a consequence of Proposition 21l with p = a +n + 1,
m =n+ 2, k =1. Then by Theorem 2.1l we get s,(VC,) = % O

The next corollary is a direct consequence of the previous theorem.

COROLLARY 2.1. For 0 < a <2, VC, €5, holds, where p > ﬁ and

> n+ a)\P /p
Veulh = e (2 (Farrs))
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According to (Z4]) and Theorem 23] we easily obtain the following result.
THEOREM 2.4. If VC, : L*(D,d)\) — L?(D,d)), 0 < a < 2, then

I'(l+a)

HVCaHL?(d/\)%LQ(d/\) = m-

In the next theorem we will consider the operator C,, defined on the Dirichlet
space Bs.

THEOREM 2.5. The operator Cy, : Bo — By is compact for 0 < a < 2 and
I'a+n) 1

Sn(C|BQ) = F(a)(n+ 1)' ~ T n — 00.

PROOF. Let us note that the sequence e, (z) = Z—\/%, n > 1 is orthonomal in By

according to the invariant integral pairing defined in (ITI). Then, for the function
f € Ba, f(2) = Y07y anz", where we can add the condition ag = 0, we have

(f,en) =vn Zkzakzk 12014 A(2) = Vnan,

Dk1

Curte) = [ L ang Z T

n=1 n

Mz

Mot men(s)
T+ 11 o

n — 0o0. On the other hand,

1

n+a) N 1
T'(n+2) n2-o)

1€t = (g ) el

n=0

By Stirling’s formula we obtain ( ()

So, we conclude that C, is a compact operator on By and Theorem 2] implies
C _ T(at+n) 0
s1(CalB2) = rajmenr:

COROLLARY 2.2. For the operator Cy : By — Ba, (0 < o < 2) holds Cy, € S,

wherep>ﬁ, and
1 = T(n+a)\» L/p
el = ey (3 (e ssy) )

A direct consequence of Theorem [Z5is that ||Cy||B,—5, = $1(CalB,), i€
Ia+1)
2T ()

However, we present here a direct way for finding the norm of C,, on By without
using singular numbers.

HCOt||B2HB2 =

THEOREM 2.6. The operator Cy : By — Bs, 0 < ae < 2 is bounded and

INa+1)

HCOt ”32%32 = QF(Oz)
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PRrOOF. Every function in By can be approximated in norm by a sequence of
polynomials. Tt is enough to find the norm of C, on the set of polynomials p,,(z) =
S arpz®, where m is a nonnegative integer. From the proof of Theorem we
get

=25 “"e"( Lot nenls) ;).

a)(n+1)!
Thus,
- I(a+n)anz"
Copm(z *Zl T(a) (n+1)"
nll(a + n)|an? 2\ 2
Ca m 5, = ) m = njan|".
| Capmll®, Z:j T leelb. g an|

We want to find the minimal constant A such that

" ot ) Planl _ s
(25) 2 @ <A 2 b

for every polynomial p,,. In the above inequality we can treat the sequences (n|a,|?)

2
and (%) as elements of I* and [°°, respectively, so (ZX]) can be rewritten

as <(n|an|2>, ( % )><A2|(N|an|2)|l1,

where ((&,), (7n)) = Yoory &atn. By using the duality argument (I')* = [°° we
obtain

Ir? 2 1
(2.6) A? = sup 5 (ot ) 5 = (o +2 )7
P+ 4a)
ie.,
INa+1)
CallBs—B. = o a)
In (Z6]) we used again the fact that the sequence (%) is decreasing inn. U
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