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SINGLES IN A MARKOV CHAIN
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ABSTRACT. Let {Xj;,7 > 1} denote a sequence of variables that take values
in {0,1} and suppose that the sequence forms a Markov chain with transition
matrix P and with initial distribution (¢,p) = (P(X1 = 0),P(X; = 1)).
Several authors have studied the quantities Sy, Y (r) and AR(n), where S,, =
>, X; denotes the number of successes, where Y (r) denotes the number of
experiments up to the r-th success and where AR(n) denotes the number of
runs. In the present paper we study the number of singles AS(n) in the vector
(X1,X2,...,Xn). A single in a sequence is an isolated value of 0 or 1, i.e., a
run of length 1. Among others we prove a central limit theorem for AS(n).

1. Introduction

Many papers are devoted to sequences of Bernoulli trials and they form the basis
of many (known) distributions and scientific activities. Applications are numerous.
To mention only a few:

— the one-sample runs test can be used to test the hypothesis that the order in
a sample is random;

— the number of successes can be used for testing for trends in the weather or
in the stock market;

— Bernoulli-trials are important in matching DNA-sequences;

— the number of (consecutive) failures can be used in quality control.

In the case where the trials are i.i.d. many results are known concerning e.g. the
quantities S,,, Y(r) and AR(n), where S, = >_"" | X; denotes the number of suc-
cesses, where Y (r) denotes the number of experiments up to the r-th success and
where AR(n) denotes the number of runs. A Markovian binomial distribution and
other generalizations of the binomial distribution was studied e.g. by Altham [1],
Madsen [7], Omey et al. [8]. In the present paper we study the number of singles
AS(n) in the vector (X1, Xa,..., Xpn).

Suppose that each X; takes values in the set {0,1} and for n > 1, let AS(n)
denote the number of singles in the sequence (X1, Xo,...,X,). With AS(n) we
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count the number of isolated values of 0 or 1 in (X1, Xo,...,X,). Mathematically

we can study AS(n) as follows. For fixed n > 1 we construct a new sequence of

t{0, 1}-valued r.v. t; where ¢; = 1 if and only if X; is a single. More precisely we
define the t; as follows:

tl = (XQ — )(1)27 tn — (Xn Xn 1)

ti = (Xi—i-l — X1)2(X1 — Xi_l)z, 2 < 7 < n — 1.

Clearly we have AS(n) =, t;. Note that for simplicity we use the notation ¢;

and not the notation tz(-n). In studylng t; and AS(n) we assume that the sequence
X1,Xo,...,Xn,... 18 a Markov chain taking values in {0,1}. As special cases we

recover the i.i.d. case. We also briefly consider the the number of 0-singles ASQ(QO)
and the number of 1-singles AS’S)7 ie., AS;,O) counts the number of isolated zeros
in the sequence and ASﬁLl) counts the number of isolated ”1” in the sequence.
Before starting our analysis we briefly discuss the Markov chain we use. We
assume that {X;,7 > 1} is a {0, 1}-Markov chain with initial distribution
(P(X1=0),P(X1=1))=(q,p), where0<p=1-—g<1.

The transition matrix P is given by

pP— (po,o p0,1>
P10 P11
where for i,j = 0,1, p; j; = P(Xy = j | X1 =14). To avoid trivialities we suppose
that 0 < p; ; < 1. Note that the Markov chain has the unique stationary vector
given by (x,y) = (p1,0,00,1)/(Po,1 +Pp1,0). The eigenvalues of P are given by A\; =1
and A =1—pg1 — P10 = Po,o — P1,0- Note that |A| < 1. By induction it is easy to
show that the n-step transition matrix is given by

—x xT

(1.1) P" = A+ \"B, where A = (i Z) and B = < y _y) .

Using these relations we find that
(P(Xn=0),P(Xy =1)) = (¢.p)P" " = (z+ A"y = p),y = A"y — p))-
Among others this implies (see Omey et al. [8]) that for n > 1 we have
B(Xn) =y - A"y - p),
Var(X,) = (y = A"y —p) (2 + X"y - p),
Cov(Xpm, Xpn) = A"""Var(X,,), m<n.

As a special case we consider the case where the transition matrix P = P(p, p)

is given by
q+pp  p(1—p)
P = .
(.p) (q(l—p) p+pq

In this case we have (x,y) = (¢,p) and A = p. Since we also have P(X,, = 1) = p,
for all n, the X; have the same distribution. If p # 0, the X; are correlated with
p = p(Xyn, Xpt1). From this it follows that Cov(X,,, X,,) = p" ™pq (m < n). This
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type of correlated Bernoulli trials has been studied among others by Dimitrov and
Kolev [3]. See also Kupper and Haseman [5] or Lai et al. [6]. If p = 0, we find back
the case where the X; are i.i.d. Bernoulli variables. In Fu and Lou [4], the authors
use a finite Markov imbedding approach to study runs and patterns.

2. Moments

Now we focus our attention on the number of singles. We use the sequence of
r.v. t; as in the introduction. In Propositions 2.1 and 2.2 below we study distribu-
tional properties of the random variables ¢;.

PROPOSITION 2.1. For n > 3 we have:

e P(ty=1)=pp1o+qpo1;
e P(ti=1) =pop1,0, for2<i<n—1; )
b P(tn = 1) = P(Xn—l = 1)p1,0 + P(Xn—l = 0)])0,1 = (q,p)Pn’_Q( 0’1> .

PRrROOF. For t; we have
P(t; = 1) = P((X31, X2) € {(1,0),(0,1)}) = pp1,o + qpo1-
For 2 <i<n—1, we have
P(t; =1) = P((Xi-1,X;, Xi11) € {(0,1,0), (1,0,1)})
and it follows that
P(t; =1) = (P(Xi—1 = 0) + P(X;_1 = 1))po,1p1,0 = Po,1P1,0-
Finally, we have P(t, = 1) = P((X,—1,X,) € {(1,0),(0,1)}) so that
P(t,=1)=P(X,—1=1)p10+ P(Xn-1=0)po1. O

P10

PROPOSITION 2.2. Forn > 4, the joint distributions are given by:
(a) Fori=1o0ort=n-— 1, P(tZ = ti+1 = 1) = Po,1P1,0-
(b) FOT 2 S 7 < n — 2, P('lfZ = ti+1 = 1) :p071p170(q’p)Pi_2 (ﬁ?’;) .
P10

(d) For2<i<n—2, P(t; =t, =1) = po1p1,0(q,p)P"* go’l .
1,0

(c) P(t1 =t, =1) = (pp1,0,qpo,1)P" 3 (p°’1>.

(e) In all other cases t; and t; are independent.
PRrROOF. (a) For (t1,t2) we have
P(ty =ty =1) = P((X1, X2, X3) € {(1,0,1),(0,1,0)})

so that P(t; = t2 = 1) = pp1,oPo,1 + qPo1P1,0 = P1,0P0,1- The result for i =n —1
follows in a similar way.
(b) For i =2,3,...,n — 2 we have

P(tl = ti+1 = 1) = P((Xithia Xi+1aXi+2) € {(17 0) 1,O>7 (Oa 17 0) 1)})
so that
P(ti=tiy1 =1) = P(X;—1 = 1)p1,0p0,101,0 + P(Xi—1 = 0)po,1p1,0P0,1-
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Using (P(Xz—l = 0),P(Xi_1 = 1)) = (q,p)]gi_2 we find that
P(t; =1,t;s1 = 1) = po.1p1,0(q, p) P2 <£(1)(1)) .

((X17X27Xn 1 n) S S) Where

(¢) For (t1,t,) we have P(ty = t, = 1) =
1,0,1)}. Considering the first case, we

S = {(,0,1,0),(1,0,0,1),(0,1,1,0), (0,
have
P((X1,X2,X,,-1,X,) = (1,0,1,0)) = ppl,opéTLl_S)Pl,o-
In a similar way we calculate the other 3 cases. Using matrices, it follows that
Pty =t, = 1) = (pp1,0, P01 ) P"° (p0’1> :
D1,0
(d) For 2 < i < n—2 we have
P(t; =t, =1) = P((Xi—1, Xi, Xi41, Xn—1,Xy) € 5)
where S = {(1,0,1,0,1),(1,0,1,1,0),(0,1,0,0,1),(0,1,0,1,0)}. Considering the
first case, we have
P((Xi—1, Xi, Xiv1, Xn-1,X,) = (1,0,1,0,1)) = P(X;—1 = 1)p1,0p0,1p§707i72)p071-
In a similar way we treat the other cases and using matrices we find that
P(t; =ty = 1) = po1p1,0(P(Xi—1 = 0), P(X;—y = 1)) P" "2 (if;)
so that

P(t; =t, = 1) = pop1,0(g.p)P"* <p0’1) .
P10

(e) To prove independence, consider for example (¢1,t3). We have
P(t; = t3 = 1) = P((X1, X2, X3, X4) € {(1,0,1,0),(0,1,0,1)})
so that
P(ty =t3 = 1) = pp1,opo,1P1,0 + qPo,1P1,0p01 = Pty = 1) P(t3 = 1).

It follows that ¢; and t3 are independent. In a similar way it follows that (¢1,¢;) for
i =3,4,...,n—1 are independent r.v. and that the other (¢;,t;) are independent r.v.

O
In the i.i.d. case, we obtain the following corollary.
COROLLARY 2.1. Supposen > 4 and X1, Xo,..., X, t.i.d. with P(X; =1) =
then
(a) P(ty =1)=P(t,=1)=2pq and for2<i<n—1, P(t; =1) = pq.
(b)P(tlztgzl):P(tn_lftnfl)quandfo <i<n—2
P(t; = ti11) = 2p%¢°.
(c) Pty =tn =1) =4p¢®

(d) For2<i<n—2, P(t;=t, =1) =2p?¢>
) In the other cases t; and t; are independent.

(
In the next result we discuss the mean and the variance of AS(n).
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PROPOSITION 2.3. (a) As n — oo, we have + E(AS(n)) — po,1p1,0-
4

(b) Asn — oo, we have = Var(AS(n)) — po,1p1,0 (1 —3po,1p1,0 + po,1p1,o>
Po,1 +P1,0

PRrROOF. (a) Using Proposition 2.1, for 2 < ¢ < n — 1 we have E(t;) = po,1p1.0
It follows that E(AS(n)) = (n — 2)po1p1,0 + E(t1) + E(tn) and the result follows.

(b) Using Proposition 2.2 we have

n n—2 n—1
Var(AS(n)) = ZVar(ti) +2 Z Cov(t;, tit1) +2 Z Cov(titn) =1+ 11+ 111
1=1 i=1 i=1

We consider these three terms separately.

Term I. For i = 2,3,,...,n — 1 we have Var(t;) = po.1p1,0(1 — po,1p1,0). For
i = 1,n, we have Var(t;) + Var(t,) < 2. It follows that I/n — po.1p1,0(1 —po,1p1,0)-

Term II. For i =2,3,...,n — 2 it follows from Propositions 2.1 and 2.2 that

Cov(ti,tit1) = po,1p1,0(q, p) P2 (g?;) — (po.1p1.0)*

It follows that

n—2 n—2
Z Cov(ti;ti+1) = po,1p1,0(¢; p) Z pi? <p0’1> — (n=3)(po1p10)*.
i=2

o P10

Using P¥ = A+ A\*B, cf (1.1), we obtain that

1 n—2 1 n—4
—) pit?2=_ A+ NB) — A.
- ; n;( )

We conclude that

17
— — 2po,1p1,0(q,p)A <p0,1
n P10

Term IT1. For 2 <i < n—1, we have

) — 2(p0.1P1,0)* = 2p0.1P1,0(TP0.1 + YP1,0 — P1,0P0.1)-

Cov(ti,tn) = po,ip1,0(q,p) (P4 — P"7?) <£?;>

so that

COV(tivtn) = pO,lpl,O(Qap) ()\TL—4 - )\TL—2) B (g?i) 3

n—1
Z Cov(ti,tn) = (n —3)po.1p1o(g,p) (A"* = A"7?) B (p0,1> )
i=2 P10

It follows that III/n — 0. We conclude that

1
- Var(AS(n)) — po,1p1,0(1 — p1,0po,1) + 2p0,101,0(xpo,1 + YP1,0 — P1,0P0,1)-



32 OMEY AND VAN GULCK
Using z = p1,0/(p1,0 + po,1) and y = 1 — z, it follows that

1 4
— Var(AS(n)) — po,1p1,0 (1 — 3po,1p1,0 + po1p10> U
n Po,1 + P1,0
REMARK 2.1. A more detailed analysis shows that
E(AS(n)) = (p+y)pro + (¢ +2)pos + (n = 2)poip1,0 + A" "*(y — p) (o1 — Pro)-
In the next corollary we formulate two special cases.
COROLLARY 2.2. (i) If P = P(p,p) then
B(AS(n)) = (n - 2)pa(1 — p)* + 4pg(1 - p),
1
— Var(AS(n)) = pa(1 — p)* (1 +pa(1 = p) + 3pap(1 — p)).
(ii) (the i.i.d. case) If p =0, then
1
E(AS(n)) = (n+2)pg, and - Var(AS(n)) — pq(1 + pq).

3. The distribution of AS(n)

In the next proposition we show how to calculate p,(k) = P(AS(n) = k)
recursively.
For n > 2 and for 7,5 = 0,1 we write
11
k) = ZZpg’j)(k), where p{) (k) = P(AS(n) = k, X1 =i, X,, = j)

i=0 j=0
For n = 2 we clearly have pQO’O)(O) = gpo,o and 0 otherwise; also p( ’ )(2) = qpo,1

and 0 otherwise; p( ’ )( 2) = pp1o and 0 otherwise and p(1 1)(0) = pp11 and O
otherwise. We have the following relations.

PROPOSITION 3.1. For n > 2 we have

o p (k) = po.opt” (k + 1) + po.opi” (k);
1,
o p% (k) = po, p(° Ok —1) + poapt? (k — 1);
o p0 (k) = prop™ P (k= 1) + propt (k — 1);
o p\5 (k) = pi, pao Dk +1) + prapt M (k).

OO (k) = I + IT where

I=PASn+1)=k X(n—1)=0, X(n) =0, X(n+1)=0)
IT=P(AS(n+1)=Fk X(n—1)=1, X(n) =0, X(n+1) =0).
It follows that
I=P(AS(n) =k, X(n—1)=0,X(n) =0,X(n+1) =0)
=P(X(n+1)=0|X(n)=0,X(n—1)=0,45(n) = k)pY°(k)

PRrROOF. We only prove the first relation. We have p

so that I = p070p510’0)(k).
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In a similar way we have IT = poyopgl’o)(k +1). O

Proposition 3.1 can be used to calculate the p.d. of AS(n) explicitly for small
values of n. A straightforward analysis shows that the complexity effort is of order
n? and exact calculations can be carried out for moderate values of n. For large
values of n we prove the following central limit theorem.

THEOREM 3.1. Asn — oo, we have

AS(n) —npo1p1,0 :d> 7
Vvn ’

where Z ~ N (0, 3) with 3 = po,1p1,0 <1 —3po,1p1,0 +4

P1,0 +Po,1
PROOF. To prove the result we use Proposition 3.1 and generating functions.

Let ¥4 )(z) denote the generating function of pid )(k) and let ¥, (z) denote the
generating function of p, (k). Also, let

An(z) = (U0 (2), WD (2), U0 (2), (D (2)).

Clearly we have

Aa(z) = (qpo,0s qpo,12°, Pp1,02°, pp1,1)  and Wy (2) = Ay(2)(1,1,1,1)".
For n > 2 we use Proposition 3.1 to see that

Ui (2) = (po.0/2) U0 (2) + poo U0 (2);

. ‘1’510411)(2) = Po,lz\l’%o’o)(z) +P0,1Z‘I’$zl’0)(z)§
o« U0 (2) = proz WV (2) 4 proz iV (2);
© UEY(E) = (1a/2 B (2) + pua i (2).

For n > 2 we obtain that A, 1(2) = A,(2)A(2) = Ag(2)A""1(2), where the
matrix A(z) is given by

Poo Poiz O 0
0 0 P102 P1,1/2
A _ ; )
() Poo/z poiz 0 0
0 0  proz p1a
The eigenvalue equation of A(z) leads to
(3.1) M = X3(po,o + p1,1) + A (Po,op1,1 — 2°Po,1p1,0) — Aa(z) — b(z) = 0,

where

a(z) = z(1 — 2)(po,o + p1,1)Po1P1,0,  and  b(2) = poopo,1p1,0p1,1(1 — 2)°.

In the case where z = 1 the eigenvalues are A\; = 1, Ay = 1 — pp,1 — p1,0 and
A3 = Ay = 0. In the general case, a continuity argument shows that for z < 1, the
matrix A(z) has a unique largest eigenvalue A(z) = A;(z) such that A(z) — 1 as
z — 1. The other eigenvalues are dominated by A(z). It follows that

A" (zn)/(A(zn))" — U(1)

where z, — 1 and where each row of U(1) equals (zpo 0, xPo,1,YP1,0,YP1,1)-
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Now we consider the largest eigenvalue A(z) of A(z). Starting from (3.1) we
calculate the first derivative, then the second derivative and then take z = 1. Some
lengthy but straighforward calculations show that

. 217%,110%,0(}?0,0 +p11)
Po,1 + P10 '

)\,(1) :p1,0p071 and )\”(1)

Using Taylor’s expansion for log(z) and for log(A(z)) around z = 1, we find that
log(A(2)) — p1opoalog(z) 1

(1—2)2 25
where
B = pop10 (1 —3poap1o + 4po,1p1,0> .
P1,0 + Po,1

Now we replace z by u, = 2!/V™ to see that
AN (uy, 1
ol exp(3008(:))?).

Turning to ¥, 41(z) we find that U, 41 (u,) ~ Ag(un) A\ (u,)U(1)(1,1,1,1)" and
hence

W (1 )y PO (exp{gﬂaog(z))z})m(l)U<1> (1.1,1,1)"
It follows that
U1 (up ), "POLPLO CXP{%ﬂ(IOg(z))2}-
Since U, 41 (uy,) = E(zAS(”“‘l)/\/ﬁ) the desired result follows. O

In the i.i.d. case we find back the following result of Bloom [2].

COROLLARY 3.1. In the i.i.d. case we have

AS(n) —npq 4
—_— =7
N

where Z ~ N (0, 8 = pg(1 + pqg)).

4. Singles “0” and singles “1”

In this section we briefly discuss the number AS,SO) of isolated values 0 and the
number ASS" of isolated values 1. First we look at isolated values of 0. Starting
from the sequence X;, Xo,..., X, we define tEO) = 1if X; =0 is a single. Clearly
we have

0)

= x,01-xy), tO=X,,01-X,), t9=X,_,01-X)Xip

and AS,(LO) =y, tl(-o). Using the methods of the previous sections one can prove

the following result.
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THEOREM 4.1. (a) As n — oo we have %E(ASS])) — Ypo,1p1,0 and

1
- Var(ASY) — 6y = ypo1p1,0(1 — 3ypo,1p1,0 + 2xyp10)-
(b) As n — oo we have

ASY) — MYPOIPLO d ,(0)
NG

where Z(©) ~ N(0,6).
An entirely similar result holds for AS,SI). Now we find
AsS) — nTPOIPLO d (1)
Vn
where ZW) ~ N(0,60,) with 8, = zpo 1p1,0(1 — 3xpo1p1.0 + 2xypo.1). Using
Var(AS(n)) = Var(AS(") + Var(AS()) + 2 Cov(ASL), ASY),

we obtain the following asymptotic expression for the covariance.

COROLLARY 4.1. As n — oo we have
2 2
2p5.1P1 0

1 —zy).
P10 +p0,1( )

1
~ Cov(ASY, ASV) — —3ayp 1pi, +
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