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O CYIIIECTBOBAHUU KJIACCUUYECKOT'O PEIIEHUS
CMEIIIAHHOM 3ATAYUM JIJISI O THOMEPHOT'O
TMIEPBOJIMYECKOTO YPABHEHUSA
BTOPOTI'O IIOPSIIKA (II)

Heo6onma JI. Jlaskernu

Communicated by Miroljub Jevtié

Pezrome. B nacrosueit pabore [10Ka3aHa €QUHCTBEHOCTE KJIACCUUECKO-
O pelIeHrs CMEIIAHHOM 33JauM IS OQHOMEPHOrO rMIepOOIUUecKOro ypaB-
HEHUs C O6H_II/IM]/I CaMOCOIIPDSA»XEHHBIMU KPae€BbIMU yCJIOBUAMUY, CyIIeCTBOBaHUE
KOTOPOroO BBLIO ycTaHOBIEHO B pabore [7]. [lonyuensr anpuopHbie oneHkn, 0Ge-
CrieurBalomue yCTOI‘;ILII/IBOCTI:' pemeHuns 110 HavaJIbHBIMU yCJIOBUAMUW U 11O IIpa-

BOII YaCTH, & TaKXKe U PACIIMPEHUEe CAMOM TeOPEMBI O CYIIECTBOBAHUM KJIAC-
CHUUYECKOr'O PeIleHUs.

BBenenue

1. TITocramoBka 3amaum. Ilycte G = (a,b) — KOHeuHHII MHTEpBaI
BemecTBeHHON ocu R, u mycts T — HPOM3BONBHOE MOJIOKUTENLHOE YHCIO.
Mz paccmarpuBaem npobieMy CyINeCTBOBAHUs BEIECTBEHHON (YHKIMM u =
u(z,t) , KOTOpas OTmpeAeNTeHa Ha 3aMKHYTOM mpavoyroasauke () = [a,b] x [0,7],
YAOBJIETBODSET AU(P(PEePEHINAILHOMY YPABHEHNAIO

2 2
(1) Ta@h - gaEn) + d@u) = f@mh,  @Hen,

HAYAJLHBIM yCJIOBUAM

(2) w@,0) = ¢(2), w(z,0) = Y(@), z€G,
U KPAEBLIM YCJIOBUAM

aro u(a,t) + arr uy(a,t) + Brou(d, t) + Pi1 uy(b,t) = 0,

aso u(a,t) + asy ul(a,t) + Bagu(b,t) + Por u(b,t) = 0, t € [0,T1],
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rae (wio, i1, Bio, Bi1) € R* (i = 1,2) — nuHeHO HE3aBUCHMMLIC BEKTODEI, U
4, ¢, ¥, f — Bemecreernne Qpynruuu. Hame npemmonoskenue 06 yciaosuax (3)
caenylomee: GpopMmanbueit oneparop llpenunrepa

(4) Lw)(z) = —v"(x) +q(@)v(z), z€G,
U KPAEBLIE YCJIOBUA

Q10 v(a) + a1 ’U'(a) + ﬂlO U(b) + ﬂu ’Ul(b) = 0,
a0 v(a) + az1 v'(a) + Pao v(b) + B2 V' (b) 0

OTPENeNAIT NPOUIBOABHOE HEOMPUYAMEAPHOE CAMOCONPANCEHNOE DACULUD eHUE
®TOrO OmepaTopa ¢ duckpemmbim cnexmpom. (B camom mene, peun mmer o
CaMOCONPSKEHHOM PACIIMPEHAN COOTBETCTBYIOMEr0 CUMMETPUYECKOTO OIIe-
patopa Lg, u MBI npeamosiaraeM, 94To mMOTeHmUaa ¢ = ¢(r) OOMyCKaeT Takoe
pacumpenne (cMm. [2, §18].)

(5)

TTon #®aaccuweckum pewenuvem cMmemanHoi 3amaum (1)—(3) moHmmaem
BEIECTBEHHYI0 QYHKIMIO u = u(z,t), 00134210y 0 CIeAyOMUMY CBOUCTBAMY:

1) u(z,t) € CA(Q);
2,) u(z,t) ymomuerBopster ypaBHeHuoo (1) B Q (B oObIuHOM Kiac-
CUYECKOM CMBICIIE);

3.) u(z,t) ymosnersopser ycmoBusm (2)—(3) B OOEIYHOM KJIACCUYECKOM
CMEICJIE.

B a710i1 pabore npogoinKeHo usyyenue npodIeMEl KIaCCUIYECKON pa3per-
nmoctu 3amaun (1)—(3), mauroe mamu B paGote [7]. Tam mokazaHo cymect-
BOBaHUE KJIACCUUECKOTO DEILIeHWs, B NPEANOJOKEHUM O TOM, YTO COOTBET-
CTBYIOIIUE IPOW3BOAHBIE (GyHKIMA ¢(z), ¥(x), f(z,t) ymOBIETBODSIOT HEKO-
TOPBIM YCJHOBHUAM MOHOTOHHOCTH, IIPpMUYEM 9STHU (i)yHKL[I/II/I 1 X IIPOM3BOOHBIC
IO COOTBETCTBYIOIIETO MOPSAKA NPUHUMAIOT HyJIEBLIE 3HAUYECHUS B KOHIAX WH-
TepBasia G. B macroamell paboTe MLI yCTpaHMM YIOMAHYTLIE “HyJeBble”
YCIOBUsI, U3MEHASA ONPENEJIEHHLIM OOpa30M HEKOTOpLIE K3 YCIOBUA Trian-
koctu. Kpome TOro, Mul [OKa3bIBAEM €OUHCTBEHOCTD KJIACCUUYECKOTO DEIIeHIs
u ucciaegyeMm npobieMy yCTORUYMBOCTA STOrO PEIICHU.

2. Ocuosabie TeopeMmsl. [Iycts AC(G) Gymer kaacc abCONIOTHO HEmpe-
PBIBHEIX Ha 3aMKHyTOM uHTepBaie G = [a,b] ¢yuxmmii, a BV (G) — raacc
(YHKIMH, MMEIOIMUX OrPAHMYEHHYIO Bapuanuio Ha »ToM mHTepBage. 0003-

HAYMM 4Yepes W,(,k)(G) MHOMECTBO QyHKImiI h(z) wn3 kuaacca W,Sk) @) 1<

p < 400, k € N) Takux, uro
@) = 0 = h9®), 0<j<k-1.

(3amerum, uro h(z) € W,Sk)(G), ectun dymxmam  h(z), ' (z), ..., h*=2)(z)
HempepLBHO muddepenrupyemsr Ha [a,b], h*~D(z) € AC(G) u h¥)(z) €
Ly(G).)
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Bygmem rosoputh, uro ¢yHkimmsa h(z), KOTOpas ONpemeseHa Ha MHOXK-
ectee A C [a,b], IPUHANIEKNUT KIACCY KYCOUHO MOMOMONHBL PynKyul, ecan

CYIECTBYET MHOMKECTBO { Zo, Z1, ..., Tp(h,4) } TAKOE, U4TO @ = o < o1 < -+~ <
Tp(h,4) = b u Qpysrmums h(z) sBisercs MOHOTOHHOI Ha MHOWecCTBE AN ([T; 1,
misa kaxmoro ¢ € {1,...,n(h,A) }. B kmacc KyCOYHO MOHOTOHHEIX ()yHKIWI

MBI BKJIIOYaeM UM KJIaCC MOHOTOHHBIX (HeBO3pa,CTa.IOHlI/IX nian Hey6bIBaIOH_II/IX)
Ha MHOxecTBe A ¢ymrumii. Pymrnmio g¢(z,t), ONpemeNeHHYIO HAa MHOMKECTBE
D(g9) CQ, rme
def
Dig) = |J (Aex{t}),

tefo,T)

HA3LIBAEM KYCOUNO MONOMONKOT pasnomepro no t € [0,T], ecau OoHa KyCOYHO
monoronna Ha A; C G mua kagoro t € [0,T] u muoxectso {n(g,A;) € N|t €
[0,T]} orpanuueHo cBepxy. DTO CBOKCTBO HasoBeM cBoMcTBOM (A).

Hakomen, GyzeM roBoputb, 9T0 GpyHKIMA ¢(2,t) , ONpeneIeHHAS HA MHO-
sectre (1, npunaanexut kraccy BV (G) pasnomepno ommocumenvno t € [0,7T],
ecmu g(z,t) € BV(G) naa moboro t € [0,T] u muoxectso {VP(g(-,t)) |t €

[0,T]} orpanuueHo cBepxy. D10 CBOMCTBO Ha30BeM cBoiicTBoM (B).

Ilepeiinem K TOYHOI (HPOPMYIMPOBKE OCHOBHBIX PE3yJILTATOB.

Teopema 1. ITycmp guinoanens CACOYOULUE YCAOBUT :

1) q(x) € AC(G).

2) p(x) npunadasencum Kaaccy W1(3) (@) u ydosaemeopaem kpaesum ycroeu-
am (5); L(p)(a) = 0 = L(p)(b) u dynwyus L(p)'(z) aubo Kycowno monomon-
HQ U 0ZPANUNEHA WA c80el obaacmu onpedesenusd, AUOO NPUHAOAEHCUM KALCCY

BV(G).
3) ¥(x) npunadsencum xaaccy Wz(z)(G) U Y008AELMEOPAEM, KDPAEELIM YCAOEU-
am (5).

4) f(z,t), fi(z,t), fis(z,t) € C(Q); f(z,t) npunadaexcum kaaccy V%/'gl)(G
Oasr nwbozo t € [0,T] u gynryus fo(x,t) aubo obaadaem ceolicmeom (A) u
oepanunena na D(fL) , aubo obradaem ceoiicmeom (B) .

Tozda cyusecmeyem eduncmeennoe xaaccuyveckoe peusenue 3adayy (1)—(3)
8 eude abconommno u pasnomepno crodsujezocs 8 ) pgda. Dmom psd MoKCHO
nowaenno Jufdepenyuposams dea paza no nepemennnm T u t (8 awbom nopso-
xe). Tax noayuennoe paov OAA NPOUIBOOHHL PEULENUT CTOOAMCA AOCOAOMNO U
pasromepno 8 npamoyzosvnure ) .

Teopema 2. [Tycmy evinoanenst ycaosud uz meopemvr 1. Tozda 0asd xaac-
cuveckoeo pewenud u = u(zx,t) cmewannol zadawu (1)—(3) cnpasedausa caedy-
VULAT OUENKQ

max [u(z, )| < D (llellrye + le"lzye) +

+ Wllra) + HIFCGD@ o), t€[0,T]
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20e p € (1,2] — npoussoavnoe wucao u 1/p+1/r =1, a nocmosnnas D ne sasucum
om gynryul @, P, f.

3amenwanue 1. Ycaosua 4) MOKHO 3AMEHUTL CAEAYIOMUMU yCIOBUAMU:
4%) f(z,t) € CQ); dymxman f(z,t) € WP (G) mua moboro t € [0,T] un
YIOBIETBOPAET KpaeBuM ycaoBuaMm (3); ¢ymxmua J(t) def fab| "y (x,t) |? dx
ABIIAETCs OrpaHMdeHHOR Ha orpeske [0,T]. &

Sameuanue 2. Ycnosus 4) MOMKHO 3aMEHUTL U CIELYIOIMUMU yCIOBUS-
mum: 4*%*) f(z,t), fi(z,t) € C(Q), f(x,0) =0 gna moboro z € G; f/(x,t) npn-

HA,UIEKUT KIACCY ng) (G) mas moboro t € [0,T] wn dpynrmma f),(z,t) mubo
obaamaer cBoiictBoM (A) u orpanudena Ha D(f};) , 160 obnanaer cBORCTBOM
(B). ¢

Samenwanue 3. Ecnu a1 Bo1 —a21 11 # 0, TO B 2) MOKHO OLYyCTUTL
yenosme L(p)(a) = 0= L(p)(b), a ycmosma f(z,t) € W\ (G) B 4) u fi(z,1) €
ng)(G) B 4**) MOKHO 3ameHuTHL ycaosuamu f(z,t) € Wl(l)(G) u f{(z,t) €
Wll)(G) COOTBETCTBEHHO.

3ameuanue 4. B ¢popmymuposre ycinoBumit 4) OCHOBHOU TeOpeMHl U3
paborer [7] omeuaTkoi OmymeHO ycnoBue orpaHudeHHocTu Ha D(f!) ¢pyHKIMM
fa(z,t) (B coueranum co cBoiictBoM (A)), & B 3aMedaHuym 2 TaM Ke OIY-
meHo ycaosue orpanudennoctu Ha D(fL,) ¢pyrkumu ) (x,t) (B couerannu co
csoiicteom (A4). ¢

Hanomuuwm, uto B mocnegyomei paboTe MBI paCCMOTPUM COOTBETCTBYIO-
My CMEMAHHYIO 33434y IJsA OTHOMEPHOrO MapabOoIMYecKOro ypaBHEHVA
BTOPOTO MOPAIKA.

3. BcmomorarennHble yTBepskOeHUs. J[0Ka3aTeNLCTBA HAMMUX TEOPEM
0a3UpPYIOTCSA HA HEKOTOPHIX Pe3yJIbTAaTaX, MOJYyUYEHHLIX Pa3HLIMU aBTOPAMU,
KOTOpLIE MBI IPUBOIUM HIDKE.

PaccMOTpUM HEOTPUIATEILHOE CAMOCONPMKEHHOE PACIIMPEHUE OIepa-
Topa (4) ¢ norenunanom ¢(z) € L1(G), omnpexmenenHoe (CAMOCOIDPSKEHHLIMU )
KpaeBuMu ycaoBuaMmu (5); €ro CHeKTp ABIAETCA AUCKpeTHLM. QB6o3HaumMm
uepes {v,(z)}$° oproHopMupoBaHHyo u nOIHY B Lo(G) cucremy cobeTBen-
HBEIX (QYHKIME 5TOro pacmupenus, a depes {\,}{° — cooTBercIByMOUyO CHU-
CTeMy HEOTPHUIATCILHBIX CO6CTB€HHHX 3HaquHﬁ, 3aHYMEPDOBAHHLBIX B IOPSAIKE
neyOwBanusa. (Ilo onpemenenuio, v,(z) u v, (z) aBCONIOTHO HENPEPLIBHLIE HA
3amkmyTOM muTepBane G Gymxmum, L(v,)(x) € La(G), dyurnus v, (z) ynosme-
TBOpSAET IU(P(PepEeHINAILHOMY YPABHEHUIO

(6) — vn(®@) + q@)vn(z) = Anvn(@)

noutu Bciony B G, 1 9Ta (YHKIUS yIOBICTBOPSAET COOTBETCTBYIOMVIM KPAEBEIM
ycaosusam (5).) Torma mmeroT MecTo cienyiomue yTBEP:KICHUs.
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Ipenmosxenre 1 (B.A. Wmbun, U. Yo [3]). Ecau q(z) € Li(G), mo
cywecmeayem nezasucauais om n € N nocmosannas Cy > 0 makas, wmo

(7 max |vp(z)| < Co, n €N
zelG@

Ipenosxenve 2 (B.A. Wnsun, Y. Vo [3]). Ecau q(z) € Ly(G) (p > 1),
mo cywecmeyem nocmosnnas A > 0 maxas, wmo

(8) > 1< 4

<V A <t+1

Ooas awbozo t > 0, npuvem A ne zasucum om t.

IIpengoskenme 3 (H. Jlasxeruu [5]). IIpednosoxcum, wmo q(z) € C(G).
Toz0a cobecmeennme Pynryuy v,(z) obaadatom nenpepmenol 8Mopol npoussoo-
not, yooeaemeopsiom ypaerenuio (6) ecody e G, u cywecmsyom nocmosHHbLE
C; >0 (j =1,2), nesasucumune om n € N u maxue, vmo

(9) max |vf) (2) | <

Cj ,\i'/z, ecau Ap > 1,
zeG -

C; ecan 0< A, <.

KpoMe mpuBeneHHBIX BHIIE OIEHOK, BAXKHYIO POJIbL B JOKA3aTEJILCTBAX
WIPAIOT OIEHKM Koa(durueHToB Pypbe QyHKIMII M3 pacCMaTPUBAEMBIX Ha-
MU KJIACCOB. DTH OIEHKY IO3BOJIAKT NOJYYUTL UHOOPMAIMIO O PABHOMEDHOM
CXOOVMOCTY CIIEKTPAJIbHBIX PA3JIOKEHUT (,zmﬂ 5TUX (PYHKIM ) U1 UX IPOU3BOI-
HEIX HA BCEM 3aMKHYTOM MHTepBaJe G, 94TO MMeeT CaMOCTOSATeILHLIN UHTEPeC.
ITosToMy MBI CcHPOPMyIHMpYyeM 3IeCh COOTBETCTBYIONIEE YTBED:KIEHUE, IPeJ-
CTaBISIONEe paclirpenue npennokenus 4 us paborsl [7].

(o)
IIpenmoskenne 4. (a) ITycms g(z) € L,(G) (1 <p<2)u hiz) € W§1)(G) .
Ecau h'(z) seagemes ozpanunennoli u xycoumno momomonnot na ceoeli obaacmu

onpedenenus Pynkyued, uauw h'(x) € BV(G), mo cnpasedauso pasnoxcenue

- b
h(z) = Z b vn (), 20e  hp dzef/h(a:) v () dz,

npuvem pad crodumcs abcoaiomuo u pasrnomepho 8 G .

(b) Hyecmv q(x) € L2(G). Ecau h(z) € W2(2)(G) u h(z) ydoesemeopsem
xpaesuim ycaosuam (5), Mo UMEM MECTNO Pa3N0 HCENUT

h9 () = Z b 09 (), j=0,1,
n=1
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NpuNem paovl CTO0AMET abcosommno u paswomepro 8 G .

(c) IIyemo q(z) € AC(G), h(z) € W1(3)(G) u h(x) ydoeaemeopaem xpaesnm
yeaosuam (5). Eeau L(h)(a) = 0 = L(h)(b) v L(h) (z) Aeazemca ozpanunen-
HOU U KYCOUHO MONOMOHHOU MG cso_eﬁ obaacmu onpedenenus Pynryued, uAl

L(h)'(z) npunadaexcum xaaccy BV (G), mo pasromepno omnocumenvho x € G
CNPaBeNAUBH PABEHCTNEA

o
W (z) = Y hpo(2), j=0,1,2,
n=1

u yKazannse paos crodamces abcoaommo 8 G .

Samenanue 5. llpenqnonoskxum, aro aqy fo1 — gy f11 # 0. Torma B yTBepik-

neuuu (a) ycnosue h(x) € I/(I)/'gl) (@) moxkHO 3aMenuTD Ha h(x) € Wl(l)(G) . Kpome
TOro, B yTBep:KAeHuu (¢) MOoHO omyctuth ycaosue L(h)(a) = 0= L(h)(b). <

Mur Oymem mOABL30BATLCS W M3BECTHHIM HepaseHcTtBoMm Pucca. Ilycrn
{wy,(z)}$° — opronopmuposannas Ha G cucrema (KOMIIEKCHO3HAYHEIX) (DyHK-
Ui, pABHOMEDPHO OrPAHWYEHHLIX Ha KOHEYHOM mHTepBasne G = (a,b): cyme-
ctByer nmocrosuuasg M > 0, nezaBucsamas ot n € N u Takas, 4To sup,¢cq |wn ()|
< M pnascexn € N. Ecam g(z) € L,(G) (1 < p < 2), To koo Pprmenter Pypne

On = fab 9(z) wy(z) dz yHOBIETBOPAIOT HEPABEHCTBY

[e%s) 1/r
(10) (Z lon |T) < MO gl
n=1

rae 1/p+1/r=1 (cMm. [1, c. 154]).

§1. JToka3aTeJIbCTBO HpenjioskeHusa 4

1. YTBepsknenue (a). DTO yTBEDKICHUE ABIACTCA, IO CYMECTBY, yTBEP-
xaenueM (a) npennoxkenus 4 us pabots [7]. Tam mokaszaHo, UTO Nis (GyHKIUN
h(zr), obnamaromell yKa3aHHLIMU CBOMCTBAMU, CIPABEINBA OIECHKA

1
An
npuuem nocrosunas K(G,h',q) npuaMMaeT OmHO M3 TPEX 3HAUCHUIA, Ompee-
nenssx paseactsaMu (14)—(16) B [7]. IIpu moMomu 9TOM OIEHKN JOKA3LIBAET-
csa yrBepikgenue (a) (cMm. HmKe).

IlosTOMy HaM OCTANOCH PACCMOTPETH TOJBKO CIIy4ail, KOI4a BBIIOJIHEHO
yCIIOBHE

a11 ,821 — 021 /311 3& 0,
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ynomsryToe B 3amedanuu 5. Ilycts A, # 0. Torma, ucnonnsys muddepen-
NUAaJLHOE ypaBHeHUe (6) 1 MHTErpUpPOBAHKE IO YACTHAM, IOJNYYNM DABEHCTBA

(12) :%(_ /h()” dx+/h )dm)
_ A—ln(— h(z) ol /h’ z)dz + /h )dm)

B cmiy ykasaHHOrO ycinoBus, ypasHeHus (5) OAHO3HAUHO PA3PemuMu OTHOCH-
reanHo v),(a) u vl (b) :

vp(a) = Ria(aij, Bij) vn(a) + Rip(aij, Bij) vn(b),
vy, (b) Ry, (0ij, Bij) vn(a) + Rop(auij, Bij) vn(b),

opyuyYeM MOCTOSHHLIE R He 3aBucaT OT n. Bocmoansyemcs Tenepnh OIEHKAMU
(7). I3 npenpiymux PABEHCTB MOJIYYUM, UTO

| h(b) v, (b) = h(a) vy,(a) | < 2Co Ro (| h(a) [+ [R(B)]),

(13)

npuaem Ro € max { | Rea () |, | Rin() | |k = 1,2}

B panbmeiimeM nOKa3aTENbCTBO NPOBOIMTCA Kak B myHkre 1 §1 [7].
Takum 06pazom nonyvaercs onenka tuna (11), B KOTOpoii gurypupyer nomuo-
sxurennHasa nocrosuuas K (G, h,h',q) , umeromas cienymomee 3HaYeHUE:

K(G,h,1',q) % 2Cy Ry (|h(a)| +|h(b)|) + K(G,H',q).

[e]
ITpu noMOmu NONyYeHHOR OLEHKN NOKA3LIBAETCS, KaK B caydae h(z) € WP(G)
oo
(cum. (17) B pabore [7], mau myHKT 3 HmKe), 9TO pafg » ., hpvp () cxomurcs
abCoMIOTHO U paBHOMEPHO B oTpe3ke G . B cuny mosHOTH OpTOHOPMUPOBAH-
HOU cucreMul {vp(z)}$° u HenpepuBHOCTU QyHKIMU h(Z) , CYMMOIR 5TOTO pAga
Oymer Qpyurnmsa h(zx).

2. Yreep:xnenme (b). IIpennonosxkum, uto QyHrnms h(x) NprHALIEKAT

2
KJaccy W2( )(G) ¥ yIOBIETBOPAET KpaeBeiM ycaoBuaM (5). BumosHsa unTe-
rpupoBaHue mo yactaMm, u3z (12) momyuyum paBeHCTBA
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npudeM A, # 0. Tax Tak QyHKIUS V,(T) TOXE yIOBIETBOPSET KPAEBHIM
ycaoBuaM (5), a >TU yCIOBUA SIBAAIOTCA CAMOCONDSKEHHLIMU, TO IBORHEIE
IO ACTAHOBKU MCYe3ai0T. TakuMm 00pa30oM, 13 IpeaplAyIIUX PABEHCTB BLITEKAET,
uTo

b
(14) hn = )\l—n/ﬁ(h)(a@) vn () dz.
(4)

— o0
AGconoTHaA 1 paBHOMEPHAA B OTPe3Ke G CXOMUMOCTE PAXOB Y, My ()
n=1
(mns j = 0,1) BHTeRaeT u3 crenyomeil GOPMAILHOR [ENOYKN PABEHCTB U He-
DABEHCTB

PEUCTIEND SRCEED DG
n=1 0<\/_<1 VAL >1
< (b-a)ACCjlhlleg + Cj- Z (2( J))72| -
Vrasl M

<D+ cj-(fj|z<h>n|2)l/2-( ) Ai)/

n=1 V>t O

o 1 1/2
< Dy + G- I£MW)llea(e) - [Z( > XH)]

k=1 “g<vAa<k+1 "
[} 1 1/2
1/2., -
< Di + D24 [Z kmj)] :
k=1
def

rze nocrosunsie Dy, Do umetor ouesumubie snavenus u ||hlleq), = max| h(z)].

ITpu sToM MBI monb3oBanuch paseHcrBoM (14), omenkamu (7)—(9) u TeMm ¢ak-
oM, uro L(h)(z) € L2(Q) .

Pasencrsa, ¢urypupyiomue B pOpMyIupoBre yTBep:kaenus (b), mokasnr-
BAIOTCs TeNepb cienywomuM obpasom: nepsoe (j = 0) kak B yrBepskaenuu (a) ,
a Bropoe (j = 1) npy moMomu KIaCCUIECKOR TeOPEeMEl O U((ePEeHIIPOBAHNN
(YHKIIMOHAJIBLHOT'O PALA.

3. Yreep:xknenue (c). Ilycrs dysxims h(z) ynoBreTBOpsieT KpaeBhIM

ycnoBuaM (5) M NPUHAMIEKAT KIACCY W1(3)(G), n nycts A, # 0. Torga
cupasennuBo paseHcTBO (14), KOTOpPOE, B Cuity Au((EepEeHnnAILHOTO ypaB-
uenus (6), MOoskeT OBITH MEPENMCAHO B BUAIE

b

(15)  hy = ( / L) (@) o (z) dz + / .C(h)(:c)q(x)vn(a:)da:).

a
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Ecnu L(h)(a) = L(h)(b) = 0, To npuMeHss MHTErPUPOBAHME [O YACTbAM K
IepPBOM MHTErpaJie B npasoit yactu (15), mosyduM paBeHCTBO

b b

(16) o = Ai( / L(h) () vy (a) da + / z(h)(:c)q(w)vm)dw).

n
a a

ITpu momomm sToro paseHcTBa B myHKTe 3 §1 [7] monyuena ouenka
1
n

npuuem 3Havenue nocrosuaont K (G, L(h)',q) nonyyaercs, ecaum B NOCTOSHHOM
K(G,h',q) 3ameHNTD BCe BeNUYMHLL, CBA3aHHEIE ¢ yHKImel h'(z) , Ha cooTBeT-
CTBYIOIIVE BEJINYWHEL, CBsi3aHHEE ¢ (yHximeit L(h) (x).

Omnenky tuna (17) MoxuO nonyunuts u ecau Qyurnus L(h)(z) He nmeer
HyJIeBOe 3HaYeHMe B KOHIAX OoTpe3ka G , IpudeM MPenoNaraeTCs, YTo BLIIOJI-
HEHHO YCJIOBUE U3 3aMedanud 5 : 11 P21 —ao1 P11 # 0. Torma BMecTo paBeHCTBa
(16) cupaBennMBO PaBEHCTBO

he = Ai - (— £(h)(@) v)y(@) |° +
b

+ /bﬁ(h)l(@’uk(x)dw + /E(h)(w)q(x)un(x) d:c).

a
Ucnonn3ysa »10 paBencTtBO u paseHcTBa (13), Mul yOeKmaeMCsa, 4TO ONEHKA

tuna (17) copaBemnuBa u B TOM ciayuae, ¢ nocrosusoit K (G, L(h),L(h),q),
UMEIOIIEN Caenylonee 3HaUYeHe:

K(G,L(h),L(h)';q) = 2CoRo (|L(h)(a)|+|L(M)D)]) + K(G,L(R)',q)-

Haxkonen, B cuny onenok tuna (17) u ouenok (7)—(9), umeer mecto cie-
OYIOMASA IEIIOYKa PABEHCTB U HEPABEHCTB

Yoo @ = Y O+ >0
n=1

0<VA, <1 VAn>1
1
< (b-a)ACoCjllhlle + K()Cj- > N

VAn>1

oo

1 1
§D3+D4'Z< Z W) §D3+D4A'Zk4_ja
k=1 “k<v/An<k+1 77 k=1
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o0 .
13 KOTOPOW BBITEKAET, UTO DALl Y, hy v%’)(x) (j = 0,1,2) cxomarca ab-
n=1
COJIOTHO W DaBHOMEPHO BO Bcem oTpeske G. Ilorom nmokaswiBaercs, 9TO
dysrmmm h) (z) sBAAIOTCS CyMMaMu 3TUX DSIOB COOTBETCTBEHHO.

JlokazarenscTBO npeqimokenus 4 ¥ 3aMeYaHusi 5 3aKOHUYEHO.

§2. JToka3aTesnbcTBO TEOpPEMEI 1

1. CymecTBoBanue pemenus. Ilycts {v,(z)}{° — monnas oprorOpMUpPO-
BAHHAA CUCTEMa COBCTBEHHEIX (YHKIMH HEOTPULATEILHOTO CAMOCOIPKEHHO-
ro pacmupenus omnepatopa (4), OnpeneseHHoro KpaeBnMu ycaosuamu (5), u
nycts {A, > 0}§° — coorBeTcTBy0OmAn cUCTEMa COOCTBEHHBIX 3HaYeHuit. Ecan
BBeIEeM ODO3HAUCHUSA

b b
on = / (@) vn(@) ds, $u = / $(@) va(e)dz,  fult) = / f(@,t) vn(2) da,

TO U3 IPeUIOKEHN 4 BLITEKAeT, YTO HA 3aMKHYTOM nHTEepBaje (G CIpaBe iIvuBLl
Pa3JIOKEeHUs

p(r) = Z‘Pn”n(m)a Y(z) = anvn(m)a

o0

Ve[0T f@t) = Y falt)valo),

n=1

(18)

npuYeM Pl CXOAATCS aOCONIOTHO U PABHOMEPHO B 9TOM KMHTEDBAJIE.

Mzt Gynem uckarh pemenue u(x,t) 3axauu (1)—(3) B Bume pana

o0

u(z,t) = Zvn(m)wn(t),

n=1

rae w, = wy(t) — QyHRUIME, nomaekamme onpeneneHuio. IIpuMeHsas K 9TOU
3azmade pOpMANLHYIO cxemy Merona Pypee, m mcnoansys pasnoxenus (18),
HOJIyYMM, KaK M3BECTHO, CJIeNyIomee MPeNCTABICHAE PEeMeHN ;

(19) u(z,t) = i v () [(pn cos /At + \;ﬁ;\z_n sin /A, t +

n=1

1 f .
4 \/—A_no/fn(f) sin /A, (¢ — ) dr |.

Cymma »TOro psiza (GpOpPMAaJLHO YIOBJIETBOPSET IUQPPEPEHIMAILHOMY yDPaB-
menmio (1), HaganbHBIM ycnoBuaM (2) u kpaeBuM ycaouam (3). (3zecs u B
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nmaJibHeWImeM MBI mpeanojaraem, uro A; > 0. Hamomuwmm, uto ecaum A; = 0
ABNAETCA COOCTBEHHLIM 3HAYEHMEM, TO COOTBETCTByIOmuil uneH pazna (19)
MOJIKEH NMMEeT BUL

v1 () [901 + 1t + /tfl(T)(t—T)dT].

OTOT B (OPMAILHO BKIAABBAECTCA B 0O6mumii unen pazxa (19), ecan cunrars,

uTO % [\,—o = p. B pabote [7] Mbr (MOTUAMMBO) TaK ¥ Caeamy.)

PopmannHO onpenenennas GyHkmua (19) ABuserca xaaccuueckum peuse-
nuem 3ana9m (1)—(3). JIoKa3aTeaBCTBO STOrO yTBEDKACHNS BIOJIHE AHAIOI Y-
HO JOKA3aTeNbCTBY OCHOBHOU Teopemul m3 paborer [7] (cm. Tam §2: BCrOmy,
rJie HysKHO, Ha, IO NUCAThL P = 2 U UCHOJNL30BATL HEPABEHCTBO Beccens BMECTO
HepaBeHCTBa Pucca), n OCHOBEIBaeTCA TONLKO Ha ouenkax (7)—(9), na npen-
noxennu 4, Ha onenkax tuna (11) u (17), u Ha pasencrse (14). Kpome toro,
AHAJIU3 NOKA3aTEeIbCTBA MOKAKET, YTO CHPABEJIMBO [EPBOE YTBEPKACHUIE 34~
MedJaHUusa 3.

2. O zameuanusax 1-3. Ecnu ¢pyuruus f(z,t) yROBIETBOPSET yCIOBUAM
4*), TO B TOM Ciy4ae TOXe CupaBelnuBhl paBeHCTBO (38) m onenka (39) u3
paborer [7]; Teneps HanO ucats P = 2. B cuny »TO# OneHKM, NOKA3aTEILCTBO
3aMedaHusa 1 BIOJNHE AHAJOTMYHO JOKA3aTEILCTBY COOTBETCTBYIOMIErO 3aMe-
uvanusa 1 u3 1ot pabornt (cM. Tam §3: BMecTo HepaBeHcTBa Pucca ncnonansyer-
cs1 HepaBeHCTBO Beccens).

Sameuanue 2 u 3amedanve 2 B [7] MOEHTUYHEL
Poub cnemmanbHOro ycioBusi, HAKIAEIBAEMOIO B 3aMEUYaHUN 3 HA Kpae-
Bole ycaoBus (3), BblICHEHa B JOKaszarenncrBe npemnoskenus 4. Ilostomy

MBI OIIyCKaeM COOTBETCTBYIOUIME OETAIN JOKA3aTeNbCTB BTOPOI'O U TPETHEro
YTBEDKICHNNA 13 3aMEeYaHUA J.

3. EmuacTBeHHOCTH pemieHMsA. EIMHCTBEHHOCTL KIaCCHAYECKOTO De-
menus 3anaun (1)—(3) MBI KOKaskeM MPUEMOM, UCHIOJIb30BAHHLIM B paboTte [4].

Tpeanonoxkum, uto 3axava (1)—(3) uMeer ABa KIACCUYECKUX DEIICHUN :
ur(z,t) u uz(z,t) . Torga QyHrIMa

u(z,t) def uy (z,t) — u2(x,t)

SABJIAETCA KIACCUUYECKUM DEIIeHNEM CIIEAYIOMEN CMEMaHHON 33,04 :

8%u 8%u
W(wat) - W(mat) + q(a:) U(.’E,t) - Oa (mat) € Qa
u(z,0) = 0, uy(z,0) = 0, a<z<b,

KpaeBble ycnoBus (3).

(20)
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Kpowme toro, mas mwoboro t € [0,T] pyurums u(x) ef u(z,t) ymoBaeTrBopser
ycaosusim npennoskenus 4 (b) . lostomy nns mo6oit Touru (z,t) € ) cupasen-

JUBO PaBEHCTBO
oo
= Y cult) vala),

n=1

nIpruyeM MMEeT MECTO PDaBEHCTBA

b

cn(t) = /u(w,t) vp(z) dz, n €N

a

Tax xak u(z,t) € C?(Q), 10 c,(t) € CP[0,T], mpuuewm ua [0,T] cupaBemsTuBo

TToraxkeM, UTO QYHKIWS ¢y, (1) YAOBIETBOPsET AUPPEPEHINATILHOMY Y PaB-
HEHUIO

) + Anen(t) = 0

Bciogy B unrepsate (0,7). DTo BLITEKaeT U3 CIELYIOMUX IPeoOpa3OBAHMUM :
b b
8%u 0%u
6— z,t)vp(x)de = o 2(:1: t) — q(z)u(z,t) |v,(z) dx

b
= /u(a:,t) (vn(z) — g(z) v () ) dz = — Ap- /u(w,t) vn(2) dz

(IlepBoe PABEHCTBO MMEET MECTO B CUIy MA(G(PEPEHNNANBLHOTO yDPABHEHU
(20), BTOPOE — B CUIIY TOTO, YTO (HPYHKIUM U(Z, ), Un(Z) yOOBIETBOPAIOT CAMO-
COTIPsBKEHHBIM KpaeBuM yeimosusaM (5) u L(u(-,t))(z) € La(G) , a TpeThe paseH-
CTBO BHIT€KaeT 13 muddepeHuransHoro ypasHenus (6).) Taxkum ob6pasowm,
nMeeM

cn(t) = Biy, cos \/Et + Bs, sin \/Et,
d(t) = — BinVAn siny/Ant + Banv/An cosv/Ant, te€ (0,T),

roe Bi,, B, — NIpOU3BOJLHLIE TOCTOSAHHLIE.
Ilepeiinem Tenepn k mpeneiry liII(lJ B IPEALIAYIIUX PABEHCTBAX. B cuiy Ha-
t—

yanbHeIX ycaoBuil (20) u HenpepuBHOCTY (GYHKIWEA ¢y (t), ), (t) B Touke t =0,
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IIOJIy4Ya€M PaBCHCTBa

b
By, = lim ¢,(t) = /u(:c,O)vn(:c)da: = 0,

t—0
a

b

By VA = lim ¢ (t) = /ug(x,O)vn(x)dw = 0.

t—0
a

Takum obpa3zom, aus mobuix n € Nt € [0,T] cupaBenanBo paBeHCTBO ¢y (t) =
0. Ho »T0 03mauaer, uro u(z,t) = 0 HA BCeM 3aMKHYTOM HOPAMOYTOJLHUKE () .

EguHCTBEHHOCTL KIACCUYECKOTO DPEMICHUs OKA3AHA.
§3. Iloka3aTe/IbCTBO T€OpPEMEI 2

1. Onenka ¢pysrmum ug(z,t). Ipencrasum ¢pyumuio (19) B Buge

u(z,t) = wi(z,t) + uz(z,t) + us(z,t) rae

ui(z,t) = Z Un(Z) pr cOSV Ant, ua(z,t) = Z vp () \1/#;_ sin /A t,
n=1 n=1 n

ug(z,t) = Y ol -/fn(T) sin /A, (t — 7) dr-
0

~—

=

n=1

DTO MOKHO CHENATH , TAK TAK YKa3aHHBIE PSABI CXOATCS (aBCOMIOTHO U PaB-
HOMEpHO) Ha TPAMOYTOMLHUKE () .

Onennm cHavana QyHKIu0 ug(z,t) “gepes” pyurmmo ¢(z). dus ¢yHk-
mu p(z) cupaBennueo paseHcTBO (14). Vcnonb3ysi 5T0 paBEHCTBO U OLEHKU
(7)-(8), Mu1 monyumm, uto mas mo6oit Toukn (z,t) € Q umeer mMecTo

Jus(@,t)| < Y Jva(@)pn cosVAatl = D () + D ()

0<vV/An <1 VAn>1

n

b
< 4G [lo@lar + ¢ 3 £

Vin>1
< ACE- loll, @ + ACS - (i %) : (||<P"||L1(G) + ||'J||c(a) : ||<P||L1(G)) )
k=1
OTKya BEITEKAET OLCHKA
21)  max [ui(z,t)| < Di (llelleey + l¢"llee ),  te€[0,T],

zeG
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rOe MOJOMKEHO

Dy % max {Acg + ACE llqllg 7°/6, ACE 7r2/6} .

2. Ouenka ¢pyHEDUM uy(z,t) . Paccmorpum nmortom ¢ysrmmio us(z,t). B
®TOM cayuae, npu nomomu oueHok (7)—(8) u nepasencts Komm—ByHnsakosckoro
u Beccenss, MOKHO nONyYnTH

lua@ )| < 3 |vnle) ‘ - Y 0+ Y0
n=1

0<VAn <1 VAin>1

b 1\1/2 oo 1/2
<agr [lw@ie +a (X £)7 (T iwr)
’ VA1 " =t

o0

1
< (b—a)PACET - |lliae) + AV Co- (Z
k=

>1/2
= WYllzoays
2 2

rae (z,t) € Q — mpousBosLHAs TouKa. [[03TOMY CIpaBeIMBa OIEHKA

(22) maéc |U2(SE t)| < D, - ||,¢}||L2 (G)» te [OaT]a
TE

IpruYeM IMOCTOSTHHASA D2 VIME€ET OYEeBMIOHOE 3HAYECHUE.

3.Onenka ¢ysxmmu uz(z,t). B cnyuae ¢yurmum us(z,t) nms moGoi
Touru (Z,t) € ) cupaBenIUBa CIEAYIOMAA HENOYKA PDABEHCTB U HEPABEHCTS :

lus(z,t)| < i %-O/tfn(f) sin /A (t = 7) dr
i b
(23) = 0<\/Z/\_n§(-) + %1() 0/(/|f(:c,7)|da:> dr +
o ¢ 1/r
+COT1/p.(\/§>1E1/2> (; 0/| |rdT> ’

rae p € (1,2] — npoussonbHOE uncao, u 1/p+ 1/r = 1. 3apurcupyem TOuUKy
t € (0,T] m paccMOTPUM UMCIOBOH psf

0 t
S ()] ar.
/

k=1
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B cuny mepasencrBa Pucca momyumm, yto gus miobwmx n € N, 7 € [0,t]
CIpaBeIMBO HEPABEHCTBO

b

n 7‘/17
S RO < 052/”‘””(/ If(xnn”dx) ’
k=1

a

OTKYda BEITEKACT OIICHKA

n i t r/p
Z/m |dT<C(2/p1)T/</|f.’L'T|pd.’L') dr.
k=L 79 0 a

Takum 06pa3oM, pacCMATPUBAEME PAL CXOAUTCA U UMEET MECTO HEPABEHCTBO

t t b
(e’ r/p
$ /|fk Jrdr < C/r 1“-/(/|f(x,7)|1’da;> dr.
0 0 a

=1

S

Urak, uz (23) u npeasgymero HEPABEHCTBA BEHITEKAET OIEHKA

zeG

(24)  max |us(af)| < D3[](/b|f<a:,r)|f°dx)r/pdr]1/r, te[0,7),
0 a

rae nocrosuHas D3 mMeeT clemyoolee 3HaYCHUE
o ]

1/p
D; & max{ (b—a) /" AC2 TWHD/P | AMP C2/P TP (Z k—1p> }
k=1

4. AnpuopHasa omeHka. U3 onenok (21)-(22) u (24) oroHuaTenbHO
[OJIy4aeM CIeLYIOmMYIO0 OLEHKY IJIs KIaCCUYIEeCKoro pemenus 3anaquu (1)—(3):

max [u(z,t)| < D+ (llellzi@) + 19"llzue) +

zeG
1oy + NIFCED@ llinoy ), t€0,T],

roe D % max{ D, Dy, Ds}.

JloKka3aTeILCTBO TEOPEMEL 2 3aKOHUEHO.

Ora pabora BHINIOJHEHA HPM (UHAHCOBON mongmep:kke MwHucrepcrsa
Hayku u texuonoruu Pecny6nuku Cepbun (npoexr 04MO1).
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