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Abstract. In [2] using the formal product and the so-called formal generat-
ing functions, we proved some results concerning cospectral graphs. In this paper,
we define the Seidel formal product and investigate some properties of the Seidel
spectrum. In particular, for any two overgraphs G, and Gg, of G we give nec-
essary and sufficient conditions under which Gg, and Gg, have the same Seidel
spectrum.

In this paper we consider only simple graphs. The vertex set of a graph G
is denoted by V(G), and its order by |G|. The spectrum of such a graph is the
collection A\; > Ap > --- > A, of eigenvalues of its (0,1) adjacency matrix and it is
denoted with o(G). The Seidel spectrum o*(G) is the collection AT > A5 > --- > A%
of eigenvalues of its Seidel (—1,1,0) adjacency matrix.

In the sequel, for any graph G denote by A = A(G) = [a;5], A* = A*(G) =
[a7;], Pa(A) and PE(A), the adjacency matrix, the Seidel adjacency matrix, the
characteristic polynomial and the Seidel characteristic polynomial, respectively. If
G and H are two graphs which have the same Seidel spectrum, we shall say that
G and H are Seidel cospectral.

Let S be any (possibly empty) subset of the vertex set V(G). Denote by Gs
the graph obtained from the graph G by adding a new vertex z (z ¢ V(G)), which
is adjacent exactly to the vertices in S. The family of overgraphs Gg of the graph
G is denoted by G(G), and it is called the overset of G.

For a matrix M denote by { M} the adjoint of M, and let sum M denote the
sum of all elements in M.

Let G be an arbitrary graph of order n and let A = [Ay] = {A — A}.
Of course, we have Aj; = Aj (6,5 = 1,2,...,n). For any two subsets X,Y of
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the vertex set V(G), let (X,Y) = > ;. x > icy Ajyj- In [2] the expression (X,Y)
was defined as the formal product of the sets X and Y, associated with the graph
G. For any two subsets X,Y C V(G), define (X,Y)* = 3",y > .y Afj, where

A* =[Af;] = {M —A*}. In this paper (X, Y)* is called the Seidel formal pﬁoduct of
the sets X and Y, associated with the graph G. Since Aj; = A} (4,j=1,2,..,n)
we obtain that (X,Y)* = (Y, X)* for any two subsets X, Y CV(G). f XNY =0,
then the union of X and Y is denoted by X +Y. Let X,Y, Z C V(G) be any three
subsets of V(G) such that X NY = 0. Then we find the relation

(X +Y,2)" = (X, Z)" + (Y, Z)*.

Let S C V(G) and Ggs be the corresponding overgraph of G. For any set
SCV(G) let T =V(G) \ S. In [2] we proved the next result.

THEOREM 1 [2]. For any graph G and any set S C V(G), we have

(1) Pas(A) = APa(A) —(S,5). O

Similar results were proved by E. Heilbronner (see [1, p. 59]) and by A.
Schwenk (see [3]).

Using the same method as in the proof of Theorem 1, one can easily see that
the Seidel characteristic polynomial of Gg reads

(2) Pg (A) = AP (A) = (S, 8)" —(T,T)" + 2(S,T)".

Let S* = V(G) and denote the corresponding overgraph of G by G*. Since
(S°®,8%)* = (S+T,S +T)*, using (2) we obtain that

(3) P (\) = P5e(A) +4(S,T)* .

Further, let S be any subset of the vertex set V(G). To switch G with respect
to S means:

e to remove all edges connecting S with T'= V(G) \ S; and

e to introduce an edge between all nonadjacent vertices x,y such that one of
them belongs to S and the other to T'.

Two graphs G and H are switching (Seidel switching) equivalent if one of them
is obtained from the other by switching. It is known that switching equivalent
graphs have the same Seidel spectrum. We notice that, if S C V(G) then the
corresponding graphs Gg and Gt are switching equivalent.

On the other hand, since (S, T)* = (T, S)*, using relation (3) we obtain that

Gs and G are Seidel cospectral graphs for any S C V(G). Also, by (3) we obtain
the following statement.
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COROLLARY 1. Let Gg, and Gg, be two arbitrary overgraphs of G. Then Gg,
and Gg, are Seidel cospectral if and only if (S1,T1)* = (Sy,T3)*. O

For any adjacency matrix A, let AF = [agf)]. In [2] was proved that the
formal product (S, S) and the characteristic polynomial Pg¢(A) (S C V(G)) can
be expressed by the entries of A* for all values of k. In this paper, we shall show
that (S, S)* and P () can be expressed by the entries of (4*)* = [(a};)®)], where,
as usual, A* is the Seidel adjacency matrix of G.

We first recall some results and definitions concerning canonical graphs which
are given in [4] and [5].

Let G be an arbitrary connected graph of order n. We say that two vertices
z,y € V(Q) are equivalent in G and write x ~ y if  is nonadjacent to y, and = and
y have exactly the same neighbors in G. Relation ~ is obviously an equivalence
relation on the vertex set V(G). The corresponding quotient graph is denoted by
G, and is called the canonical graph of G.

We say that G is canonical if G = G or equivalently |G| = |G|, ie., if G
has no two equivalent vertices. Let G be the canonical graph of G, |G| = k, and
N1, Na,...,N; be the corresponding sets of equivalent vertices in G. Then we
write G = G(Ny, Na,...,Ny), or simply G = G(n1,ns,...,nx), where |N;| = n;
(:1=1,2,..., k), understanding that G is a labelled graph.

It was proved in [4] that the characteristic polynomial Pg(A) of the graph G
takes the form

A - -

— —ai2 — Q1

ny

. A .

_ — @21 — — a2k

(4) Pg()\):nl-ng-...-nk/\"k N2 ;

- - A
— Qg1 —ag2 ... —
Nk

where [@;;] is the adjacency matrix of the canonical graph G.

Using the same method as in [4] for obtaining relation (4), one can see that
the Seidel characteristic polynomial P} () of the graph G reads

A+1—ng —nyajy ... —nyal,
(5) Pz(\) = ()\+1)n—k —ngdy A+1l—mny ... —ng ak,
—ng Gy —NgQpy ... A+1—mnyg

where [a};] is the Seidel adjacency matrix of the canonical graph G.

Let G be any (not necessarily canonical) graph of order n. Let Gy, 4s,...2.m
be the overgraph of G obtained by adding new vertices z1, za, . . ., Z,, equivalent to
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a vertex ¢ of G, say @ = 1, so that the vertices z1,xa, ..., Z;,,1 are mutually non-
adjacent, and have the same neighbors in G. According to (5), applying the same
method as in [4] for deriving relation (4), one can see that the Seidel characteristic
polynomial of G, 4,,...z., reads

m

A—-m —(m+1afy, ... —(m+1)aj,
—a’ A —a’

6 Pz . . N=(+nm| ™ . _ Y1
—ay; —ay, A

where [a};] is the Seidel adjacency matrix of the graph G.

Let S be any subset of V(G) and let Gas be the overgraph of G obtained by
adding two new non-adjacent vertices z,y which are both adjacent exactly to the
vertices from S. Note that G2s € G(Gs), and G2 is obtained from Gg by adding
a new vertex y which is equivalent to x € V(Gg). Therefore, using (2) we have the
following relation

FG,s(N) = APG,(A) = (S, 8)" — (T, T)" +2(5,T)",
where (X,Y)* is the Seidel formal product associated with Gg.

PROPOSITION 1. The Seidel characteristic polynomial Pg, ()\) of the graph
Gog reads

Pézs()‘) = (A+ 1) [()‘ - 1)P(*¥()‘) - 2<Sa S>* - 2<T7T>* +4<S>T)*] )

where (X,Y)* is the Seidel formal product associated with the graph G.

Proof. Without loss of generality we may assume that S = {1,2,...,k} C
V(G) (0 < k < n). Using relation (6), the Seidel characteristic polynomial P, (\)
takes the form

A e =0y ... —ai, 1
. —ap .- A .. —ay, 1
Pg,,(A)=(A+1) :
—an —ay, A -1
2 2 -2 -1

Applying the same method as in the proof of Theorem 1, one can easily obtain
the required statement. [

Let S be any subset of V(G) and let G, s be the overgraph of G obtained by
adding m new mutually non-adjacent vertices xi,xs, ..., Ty, all adjacent exactly
to the vertices in S.
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COROLLARY 2. The Seidel characteristic polynomial Pg, _()\) (m € N) of the
graph G, s reads

Fg,.s(A) =
A+ A =m+1)PE(A) —m(S,8)* —m (T, T)* +2m(S,T)*]. O

By (2) we find that (S, S)* +(T,T)* — 2(S,T)* = A P5()\) — Pg ()). Using
Corollary 2 we have the following result.

COROLLARY 3. Let S C V(G). Then
Pg,sN)=A+1)" 1 [mPE () — (m = 1A+ 1) PE(V) ],
foranyme N. O

COROLLARY 4. Let Gg, and Gs, be any two overgraphs of G (S1,S2 C V(G)).
If Gs, and Gg, are Seidel cospectral then Gs, and Gg, are also Seidel cospectral
for everyme N. O

Now, we shall need some well-known notions and results from the spectral
theory of graphs (see [1]).

THEOREM 2 [1]. Let A be the adjacency matriz of a multi-digraph G with

vertices 1,2, ...,n, and A*¥ = [agf)]; further, let Ny(i,j) denote the number of walks
of length k starting at vertex i and terminating at vertex j. Then

Ni(i,5) = aﬁf) (k=0,1,2,...). O

THEOREM 3 [1]. Let G be a graph with complement G and let Hg(t) =
“+oo
> Nitk be the generating function of the numbers Ny, of walks of length k in
k=0
the graph G. Then

(7) Hg(t)z%[(_l)n%#_ I

where N, = sum A* (k=0,1,2,...). O

THEOREM 4 [1]. If Pg(X) is the characteristic polynomial of a graph G and
P}(N) is the characteristic polynomial of the Seidel adjacency matriz A*(G) of G,
then

-1)* Pr(-2X2-1
® Py = S LD

T rega(3)
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According to (7) and (8), by a straightforward calculation we obtain the
relation

(9) Pa(-2—1) = 2" (Pg(-A — 1) + (~1)"Pa(}) .

Since Pg (\) = P&, ()) for any S C V(G), then using (9) the next result
follows.

COROLLARY 5. Let S C V(G). Then

Pas(N) = Por(A) = (-1)" (Pgz(-A = 1) = Pg(-A-1)). O

In [2] using the so-called generalized adjacency matrices, we proved that for
any S C V(G) the formal product

o (5),

+oo
where §s(t) = 3. d®t* (jt] < AT A € 0(@)), and d®) = 3 Y af¥ for any
k=0 i€S jES
non-negative integer k. We note that d'*) is the number of walks of length k with
endpoints in S.

(10) (S,8) =

The function §g(t) is called the“formal generalized function” associated with
the graph Gg. Similarly, the function

+oo
Far =Y etk (< ()L M €0 (@),
k=0

will be called the “Seidel formal generating function” associated with the graph
Ggs, where T = V(G) \ S and e = > > (a;"j)(k) (k=0,1,2,...).
i€S jeT
We shall prove that for any S C V(G), the Seidel formal product

(11) 5,1y = W g (1),

The last relation may be proved by using some “Seidel generalized matrices”,
in a way similar to that used to prove (10). However, in this paper we shall give
an alternative proof of relation (11), as follows.

First, let

+oo
Hy(t) =) Nitt (<) 7H A €07(@),
k=0
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where N} = Z Z( )®) (k= 0,1,2,...). In this paper, H(t) is called the
i=1 j=
“Seidel generating functlon”. If we set

+o0
(12) [HE@)] =Y (A9 (1t < (D™,
k=0
then, it is clear that H(t) = sum [H(t)].
PROPOSITION 2. Let X,Y be any two sets of the vertex set V(G). Then

(o= 6N g (L),

% (0 gk (k) K
where §x v (t) = > e ’'t" and ci”’ = 3 Z(a’{j)( ) (k=0,1,2,...).

k=0 i€X jeYy

Proof. Using (12) we find that

(I—tA%)

[H;()] = (T —tA*)™! = T—ta]

If we set [Bj;] = {I —t A"}, then from the previous relation we obtain
1\ &
By =t"P5(7) Y@@ (1<ij<n).
k=0

If we set t = 1/X and substitute ¢ in the last relation, we can easily see that

1 ., 1 < . 1
)\nfl Aij )\n PG(A) Z( z]) )\k )
k=0

where [A;] = {AI - A*}. Consequently, for any two sets X,Y C V(G) the following
relation is obtained

i€eX jeY i€eX jEY k:O
* +oo
* \(k
PEAIE
k=0 " i€X jeYy
_ B 1
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In particular, for Y = X we denote the corresponding Seidel formal generating
function § ¢ x (t) by §x(t). Therefore, according to (10), for any S C V(G) we have

(5,5 = 6N 522,

A
+o0o
where F&(t) = > d¥ ¢k and iV = ¥ 3 (a5;)™.
k=0 i€S jes

COROLLARY 6. Let X, Y C V(G). Then the formal product

_ Pg()) 1
<X7Y> - A 3X,Y(X);
+o0 (k)
where Fx,y (t) = 3. Btk and B = 3° 3 a;;; (k=0,1,2,...). O
£=0 i€X jey

We note that §x, y () is the generating function for the number of walks of
length k with starting point in X and endpoint in Y.

As an immediate consequence of Proposition 2 and Corollary 1, we get:

COROLLARY 7. Let Gg, and Gg, be two arbitrary overgraphs of G. Then
Gs, and Gs, are Seidel cospectral if and only if §§, 1,(t) =83, 1, (). O

For any S C V(G), we shall define a function

Bi(0) = B5(0) + F2(0) - 25820,

where T = V(G) \ S. Now, using (2) and (11) we can easily see that the Seidel
characteristic polynomial of Gg reads

1 1

(13) Ps, ) = P50 [A- 8% (5) |-

Let S®* = V(G) and denote the corresponding overgraph of G by G*. Using
Proposition 2, we find that F&.(t) = H(t). Since T* = V(G) \ S® = 0, it follows
that (7%, X)* = 0 for any X C V(G). Whence we obtain §%.,(t) = §. (). Using
(13) and the last relation, we have

Pia(A) = AP\ — PéA(A) HGG) _

Finally, using the Seidel formal generating functions, we shall prove an ele-
mentary result.

Let G be the complete graph K,, and S be any subset of V(K,). Denote by
K (m) the corresponding overgraph of K, where |S| =m (0 < m < n).
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ProposITION 3. If S C V(K,,) and |S| = m, then
PiyN) = A=1)"2 [N + (n = 2)A* = (2n — DA+ 4m? — dmn +n] .
Proof. Since K, is a regular graph of degree n — 1, we obtain that N} =

(=1)*n(n — 1)*. Tet ap, = (a*,)® and B = (ay)® (k = 0,1,2,...). Tt is
clear that (a};)®*®) = ay (i = 1,2,...,n) and (a};)® = B (i # j). Therefore,

(=1)*n(n — 1)* = nag + (n? — n)B. Since ap = — (n — 1)Br_1, the expression for
_1\k(y _ 1)k _ 1Yk — 1Vk _
oy (ZDH 1n)+(n Do ﬁ’“:(l)(nnl) 1

can be obtained by solving the linear recursions
Br=Br—1+ (-1)F(n -1 and ap=-(n—-1)8_1,

with ap =1 and 5y = 0.
Since d¥) = T 3 (a3;)® and |S| = m, we have d®) = may + (m2 — m)By.

€S jES
Whence we get
(14) Fo (-=1)km?(n — 1)* —m? + mn
* n .
Further, using (14) we find
2 2
(15) §5() = e — e+ T

Similarly, we obtain

sy (n—m)? (n-—m)* n—m
(16) 3r(t) = n(l+ (n —1)t) Con(l-t) 1—t

Now, denote by e,(kk) the corresponding coefficients of the function § §,T(t)-
Since et = m(n —m)B, we can see that
m(n —m) m? m

8srt) = n(l+m-1¢ nl—t) C1—t

Using (15), (16) and the last relation, by an easy calculation we obtain that
the corresponding function §g, (t) reads

(4mn —4m? —n)t+n
(14 (n—1)t)(1-1t)

3i5(0) =
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Finally, if we set ¢ = 1/ in the previous relation, then by using (13), having
in mind that

Pi (A) = (=1)"Pr, (=) =(A-1)""(A+ (n-1)),
we obtain the statement. [
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