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FORMULAS OF THE GENERAL SOLUTIONS
OF BOOLEAN EQUATIONS

Dragi¢ Bankovié

Abstract. We explicitly give various formulas of the general solutions of Boolean equations
in n unknows. The method presented in the paper is based on a Presi¢’s idea of the solving
function from [4], but we have it here in more general form. We build the cycle using the sequence
i1,%2,... ,% (v = 2™) where {i1,%2,... ,%} = {0,1,2,... ,v — 1}. We can chose the sequence
so that we obtain the formulas of the general solution in the triangular form. Specially, when
i1 = 2™ — 1, we have the reproductive solutions. This paper enables one to make the program (we
wrote it in FORTRAN 1V) for digital computer which gives the formulas of the general solutions
of Boolean equations, where the number of unknowns can be large. The limitation results only
from the number of the elements of the sequence 1,142, ... ,%, i.e. of the memory of the computer.

Let X,, = (1,... ,25) € B" and T,, = (t1,... ,ts) € B", where (B,U,-,0,1)
is Boolean algebra.

Definition 1. Let f : B® — B be a Boolean function. The system 3 =

(1, .. ,%n) of Boolean functions 11, ... ,1, : B® — B is a general solution of the
consistent Boolean equation f(X,) = 0 if and only if
(1) (VTo) f((Th)) = O A (VXR)(f(Xn) = 0 = (3T0)(Xn = ¢(Th))-

The system ¥ = (91, ... ,%,) is a general reproductive solution of f(X,) =0
if and only if

(2) (VTo)f(@(Th)) = OA (VXR)(F(Xn) = 0= 2n = ¢(Xn)).

Definition 2. [1]. The Horn formulas over language L are defined as follows

— the elementary Horn formulas are defined as the atomic formulas of L and
the formulas of the form Fy A --- A F, = G, where Fi, ..., Fj, G are atomic,

— every Horn formula is built form elementary Horn formulas by use of A,V, 3.

THEOREM 1. (Vaught) Let H be a Horn sentence in language L of Boolean
algebras. If By |= H then B = H.
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Let i € {0,1,2,...,v — 1}, where v = 2". Then i(1),... ,i(n) are the binary
digits of the number ¢ in binary expansion and ¢ = (i(1),...,i(n)). Let ¥ =
(90, 91,42, .- - ,y»"1) and

210 211 212 ... 21, v-1

7 220 221 222 ... 22 u-1
nrp —

Zn0 ”nl 2p2 .-+ 2n, v—1

where we write z;; instead of z, ;.
9

COROLLARY. Let f(X,) = Ua,ya, X2, or(zn) = Ua, 2,4, X4 (k =
1,...,n) and o = (Y1,--- ,¥n)-
The formula

(3) (VY)(Vznwp)((VTn)f((p(Tn)) =0A (VXn)(EITn)(f(X) =0=> X, = @(Tn))

holds in all Boolean algebras if and only if it holds in the Boolean algebra B;.

Comment. In other words, if we have the ”universal“ formulas of the general
solutions of Boolean equations in the Boolean algebra Bs (these formulas are x; =
wi(Tn) (1 =1,...,n) then the same formulas are the ”universal“ formulas of the
general solutions of Boolean equations in an arbitrary Boolean algebra B.

Proof. In accordance with Vaught’s theorem the proof follows from the fact
that (3) is a Horn sentence.

Obviously a similar corollary holds for the reproductive solutions.

Definition 2. Let i € {0,1,2,...,v — 1}. Then T, xi = (£:M, ... i{"),
When k < n then Ty xi = (£, .. ,t;c(k)) where i(1),... ,i(k) are the first k
components of the vector i = (i(1), ... ,i(n)).

Ezample 1. For s = 4 we have Ty 3 = (19,3, t3,t1) = ({1, {2, t3,t4), because
(3)10 = (0011)5.

LEMMA 1. Let f: B™ — B be a Boolean function. Then
f(Tnxi) =Ug, f(Ap *i)TA (i=0,1,2,...,2" —1).

Proof. Since the last formula is an atomic formula it is sufficient to prove it
in By. The proof in B; is obvious.

LEMMA 2. Letw be a natural number and c1,ca, ... ,coyt1 € B. Then

(4) él U Clég U 01020’3 u---u C1C2C3, - . . 7cw—léw = él U ég U--- Uéw

Proof. Using the equality ' Uzy = 2’ Uy.
Definition 3. (1) Tpx = (tet1s.--,tn) (K€ {1,...,n})
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(i) If R= (p1,...,pr) € B" and Q = (q1,... ,qs) € B*, where r + s = n,
then f(R,Q) = f(p1,... »Pr> Q15+ »qs)

(iii) P(Ty i) = f'(Tn %4) [Tomeps f(Tn %)

We assume that H?fm =1 when m; > mo.

(iv) HAn,k f(Tk * p, An ) is a product over all 4, ; = (art1,---,0n) €
{0,1}"~* and we assume that [],, . f(Tk * p, An,n) = f(An *p).

LEMMA 3. Let f: B™ — B be a Boolean function. Then

2n—k—1
(5) I f@xp.Turxa) =[] Tk *p, Ank)
q=0 An

Proof. Since (5) is an atomic formula it is sufficient to prove it in Bs. The
proof follows from the fact that

(VTn,k c {0, l}n_k){Tn’k k3 OyTn,k % 1, - 7Tn,k X (2n—k — 1)} = {07 l}n_k
THEOREM 3. Let f : B®™ — B be a Boolean function and assume that the

equation f(X,) = 0 is consistent. Let i1,... ,4, (v = 2") be a sequence of natural
numbers such that {i1,...,i,} ={0,1,2,... ,v —1}. Then

(a) X, = fI(Tn * 11)(Tn * Zl) U f(Tn * Zl)fl(Tn * ZQ)(Tn * 7,2) U...
(6) Uf (T *i1) f(Ty %i2) .. f(Ty % ip_2) f' (Tn % iy_1)(Tn % iy_1)

Uf (T *i1) f(Ty %2) oo« f(Ty % ip—2) f(Ty xip_1) f (T % 3,) (T % 4)
or in scalar form

2p = Ua, (@@ (A, % i) Ua?® £(A, xiy) f1(A xi2) U

(7) Ul ) f( Ay #in) f(Ap #d2) ... f(An % iy_2) f'(An *ip_1)
Ui ) £(Ap 5 00) f(An % i2) < f(An % iu2) f(An % iy1) f'(An %)) T
(k=1,...,n)

is a general solution of the equation f(X,) =0.

(b) Ifi; =2™ — 1 then the solution (6) is reproductive

(c) For every e € {0,1,2,...,v — 1} formulas (6) define a general sglution in
triangular form if (i1,... ,ip) = (€x (2" —1), €x (2" —2),...,€x 1,e*0) and the
scalar form of this solution is

2k—1

Tk = Ung—ety an Uice [[ T £((4n %) 4, Ani))

J=i+1 A, i

(8) (TT 74k * €) i, An))' (T * )™

Ank
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2k—2
U aretyax ier [ T £(Ak *€) %34, An k)
J=it1l Ap
(I F(CAn % €) 4, An))' (T % €)™
An ke
where
E={ili €{0,1,2,...,2F" 1Y Ai(k) = e(k)},
F={ii €{0,1,2,... , 21} Ai(k) # e(k)}
and Tpxe = (ti(l), - ,tz(k)). Ua,=e(k) A, TMeans union over all Ay = (ai,... ,ax) €
{0,1}* such that ar =e(k) and Uq, e(k) A, means union over all Ay=(a1,... ,ax) €
{0,1}* such that ay, # e(k).
Comment. If we define the scalar product of two vectors U = (u1,... ,u,) €
B and V = (v,...,vp,) € B asU oV =wuyvy U---Uu,v, we can write formula

(6) in the form
T = Ua, (K(A,) o F(An))TA"

where K (4,) = (ail(k),a?(k), . 7(12”(16)) and

F(An) = (f'(An xi1), f(An*ir)f'(Ap *i),...,
FlAn xi0) f(An *i2) ... f/(Ap *iy_1),
f(An * Zl)f(An * i2) se f(An * iu—l)fl(An * lu))

Proof. In accordance with Corollary it is sufficient to prove the theorem in
Bs. Let T, i, be the first element of the sequence T}, * iy,... , T}, * 1., satisfying
equation f(X,) = 0. There exists such an element, because

(VT € {0,1}Y){T, *41,... ,Tp i, } = {0,1}"

and equation f(X,) = 0 is consistent. In this case formula (6) gives X,, = T}, * iy
i.e. (6) satisfies equation f(X,) = 0. Let Y, = (y1,-.. ,yn) € B™ be a particular
solution of equation f(X,) = 0 i.e. f(Y,) = 0. Let us prove that there exists
T, € B™ such that formula (6) gives X,, = Y,,. Putting T,, = y,, * i1 the first of
the unions of the right hand side of (6) becomes f'((Yy, *i1) *41)((Yy, *41) *i1) i.e.
f'(Yn)Y, ie. Y. The other elements of the union are equal to 0, because these
elements contain f(Y},).

Applying Lemma 1 to formula (6) we have
Xy =(Ua, f (A % i0)T2%) (T % 31) U (Ua, f(An % i1)T2")(Ua, f'(An * i9)TE™)
(Tp % i2) U ... U (Ua, f(An % i)T2 ) (Ua, f(An % i2) T ...
(Uan £ (An iy —1) T ) (T # 1) U (Ua, F(An % 1) T ) (Ua, f(An xi2)T™) ...
(Ua, f'(An % i) T2 (T % 4)
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and denoting the k-th component of T}, * i,, by (T, * i) from
T;?n (T % im)k — t‘fl . tlrlzn t;'cm(k) — aZm (k)TT.?n

we get the scalar form i.e. (7).

(b) Leti; =2"—1 and f(Y,) = 0 putting T,, = Y,, the first element of the union
of the right hand side of (6) becomes f'(Y,)Y, i.e. Y, because Y, *x (2" — 1) =Y,,.
The other elements of the union are 0.

(¢) Formula (6) can be written as
X, = U%L:_OIP(TH xm) (T, *m)
X, = U P((Ty % €) xm)((Ty * €) *m) (e€{0,1,2,...,p—1})
or in scalar form
Ty = UZ‘Z_OIP((Tn xe)xm)((T, xe) *xm)y
define also a general solution of equation f(X,) = 0. Let S, = T, * e. Obviously

(Sn*x(2"=1), Spx (2" —=2),...,S,x1, S, x0) =

=((Sk*(2" 1), Sppx(2"F 1)), (Spx(2¥—1), Spex(2F-2),...

vy (Skx (2 = 1), Sk #0), (Sk* (2% —2), Sppx(2"F —1)), (Sk* (28 —2),
Spix (277 —2), . (Skx (28 = 1), Spi *0),...

(S x 0, Sk * (Qn_k —1)), (Sk =0, Sn.k * (2n—k —-2)),...,(Sk %0, Sk * 0))
and we have
op = UG UG T P(Sk %4, S+ §)(Sk i, Snp x5k (k=1,...,n).
Since

_ ] ) tr for i(k) = e(k)
Sk %14, Spp * zte(’““(’“):{,
(kx4 Snex )i = (6) t for i(k) # e(k)
we get
_ 2n—k—1 . . an—k—1 . N,
T = (Uz'EE Uj:() P(Sk * 1, Sn,k *])tk U (UiEF Uj:() P(Sk *1, Sn,k *J)tk'

Notice

{0,2,4,...,2% —2} for e(k) =1 I {1,3,5,...,28 — 1} for e(k) =1
{1,3,5,...,2% —1} for e(k) =0 {0,2,4,...,2% — 2} for e(k) =0.
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Further
UK P(Sk %4, Sug * j) =

=P(Sk %4, Snx*0)UP(Sk*i, Spr*1)U---UP(Sk i, Snp*(2"7F 1))

2k—1 2n—k-1

=(II II #CSe#p Sapx@)(f (Ski, Sup* (2" F —1)U

p=i+1 ¢=0
U f(Sk * i, Sn,k * (2n—k — 1))_f’(5k * i, Sn,k * (2n—k — 2)) U---

U F(Sk #14, Snpx (2"7" —1))f(Sk *4, Snp* (2" —2)) - f'(Sk %4, Sni*0))=

2k—1

=(IT TI #(Sk #p: Ans))(f (St %, Spax (2"7F = 1)U

p=i+l A,
UF (Sk i, Snp*(2"F —2)U---UF (Skxi, Snxx0))

(using Lemma 3 and (4))

2k—1 2n—k

=( [T TI £(Se*p Anr)) - (J] £(Sk %4, Sup*a))
p=i+1A, & q=0
2k—1

=( [I ansfSksp, An))(J] £(Skxis Ang))
p=i+1 Ap g

(using Lemma 3).
In the following steps, we use Lemma 1, the distributive law and the well

known equalities
U cnacnzy (Uepben o™ ) = Ucpac, Xn™

(Ucnacn X:™) = Ucna'cnzi®)

2k—1
ok = (Uien ( [I TJ £k Ansi)) (] £k #i, Ang))'tiU
p=i+1 Ay, & An ke
2k—1
UUier( [ ] #Sk*p, Ana))(J] £(Sk %, Anp)) 't
p=i+1 A, & An ke
Let By, = (ai(l), ... ,az(k)) i.e. By, = Ay xe. Then
2k—1
TE = (UieE ( H H (UAkf(Bk * D, An,k)S;jk)( H (UAkf(Bk * 17,
p=i+1 A, An ke
2k—1
A )N 't U (Uier( [ T] anfBixp, An)SioM(]]
p=i+1 An,k An,k

2k—1

(Uny F(Brxis Ani)SP)) ti = {Ua, Uier ( [T T £FBe#p, 4ui)}

=i+l A, 4
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2k—1
{Ua, (J] £FBr i, 40p)S8) M U{Ua, Uier T ] B #p, Ani)}
An ke =i+l A, g
2k—1
{Ua, (J] £FBe i, Aup)Se*) M = {Ua,Uies [ T £Bexp, Ani)
An ke p=i+1A, &
2k—1
(IT #Bexd, 4np))'Si*3tx U{Ua (Uier ] ] £(Be*p, Ans))
An ke p=i+1 A,
2k—1
(TT #Be*i, 4ar))'Si* Mi = {uay Uagy=ewries [[ 1 £Br#p, Aui)
An Lk p=it+1 A, i
2k—1
(IT £Brxi, Ani)) (T x €)™ 3 U {0y Vayemrier [[ [T £Br 2, Ani)
An ke p=i+1 A, &
(T FBr x4, Anp)) (T % e)** 3
Ak
ie. (8).
Example 2.  The program gives the following result for n = 3 and
(7:137:237:3a7:4a7:53i677:737’.8) = (6’ 1507 733a53432)'
X1=
T3%x000
pr 6, 1,
pr T, 1 xxx,
pr 4, Lixxx*xxx, 0,
Toxxskoxxk,  Oykxx, 2, 3,
T3%x001
pr 7, 0,
pr 6, 0% %%,
pr 5, 0, % %k ok, k% ok, 1,
O,k kx, %k k%, 1okxx, 3, 2,
T3%x010
pr 4, 3,

pro 5, 3,xxx,
pr 6, 3, kkk kxx, 2

3, %k ok, k ok ok, 2,%xxx, 0, 1,
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T3xx011

pr 95, 2,
pr 4,  2,x%xx,

pr T, 2,k xk kkk, 3,

2, % %k, % % %,
T3xx100

pr 9,

pro 4, %%k, 2
pr 6,xxx, 2,
pr T,xxx, 2,
T3xx101

pr 4,

pro S,xxx, 3,
pr T,xxx, 3,
pr 6,xxx, 3,
T3%x110

pr 7,

pr 6,xxx, 0,
pT 47***7 07
pr S,xxx, 0,
T3xx111

pr 6,

pr T,xxx, 1
pr 57***7 1;
p/r 47***7 1)

Xy =
T3%x000

pr 6, 1,
pr 7, 1l,xxx,

3, % % %,

3, % % %,
3, % % %,

2, % % %,
2, % % *,

1, % % %,
1, % % %,

0, * * *,
0, * * *,

pr 2, Lisxxx,xxx, O,
pr 3, Lisxxx,xxx, 0,

T3+x001

pr 7, O,
pr ) 07***7

pr

6
pr 3, 0, % % %, % % %, 1,
2, 0, % % %, % % %, 1

3, ® % %,

5, ® % %,
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T3%x010
pr 3,
pr 2,xxx%, 4, 5,
pr 6,xxx, 4, 5,k %,
EEEN 4, 5, %k %,k k%, 0, 1,
T3xx011
pr 2,
br 37***7 57 47
pr T,xx*, 5, 4, %x%x,
*x %k, 4, Dokxx,kxkx, 1, 0,
T3xx100
pr 2, 5,
pT 37 57* * >‘(7
pT 67 57***7***7 47 07
pr T, Byxxx,kxx, 4, 0,k %%,
T3xx101
pr 3, 4,

pT 27 4’***7
pT 77 4’***7***’ 5’ 17

pr 6, 4, % %k, %k k, 5, 1, % * *,
T3%xx110

pr 7,

br 67***3 07 ]-7

pro 2% x %, 0, 1, % % x,

EEEN 0, 1, s % %, % % %, 4, 5,
T3xx111

pr 6,

pr T,xxx, 1 0,

pro 3, %% %, 1, 0, xx,

*x%, 1,  O,%xx,%%xx%x, 4, 5,
X3 =

T 3xx000

pr 1,

pr 77***7 67
pr 37***7 67** *7 07 57 27
* % %, 6, * * *, 0, 5, 2, % % %,
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T3xx001
pr T,
pr 1,
pr 5,
pr 3,
T3xx010
pro 3,

Bankovié
0,
0:***; 6;
O0,% %%,  6,%x%x,
0,% %%, 6,% %%, % %%,

br 57***7 47
pr 17***7 47

***,
T3xx011
pr 5,
pr 3,
pr T,
pr 1,
T3xx100
pr 5,

4, % % *,

2, % % %,
2, % * %,
2, % * %,

pr 37***7 27
pr 77***7 27

***7
T3xx101
pr 3,
pr 5,
pr 1,
pr T,
T3%x110
pr T,

2, % % *,

4,

4, % % *x,
4, % % *x,
4, % % *x,

pro 1, % %%, 0,

pro D,k k k,
%k, 0, % % %,

T3xx111

pr 1, 6,

plr 77 67***7

plr 37 67***7

pr 5, 6,%%x,

Instead of T.*"*) in (7) we print T,expa;...an.

* * *7 2’ 67 0’

27 6’ 07* * *7
4,
4, % % *,

4, % % %, % * *,

*xx, 4, 0, 6,

4, 0, 6% %%,
2,
2, % % %,

2, % k%, % % %,

05* * *5 67 25 43

6, 2, 4,%xx,
0,
0, % % %,

0, % % %, * * *,

The output after

T,expai...a, means the union of the products where f'(mi)f(ms)...f(m;)
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is coded as pr mj,ma,...,m, and m, is the vector (ms(1),...,ms(n)), where
ms(1),... ,ms(n) are the binary digits of the number m in binary expansion. For
instance, pr 6, * x x,0,1 means f'(6)f(0)f(1) ie. f'(1,1,0)(0,0,0)f(0,0,1). The
marks * % x have no importance.

We conclude from Theorem 3 that we can get the formulas of 2! general
solutions, the formulas of (2™ — 1)! general reproductive solutions and the formulas
of 2™ general solutions in the triangular form.

The computer results suggest that for (i1,...,i,) = (2" -1,2"-2,...,1,0)
the formulas (6) are the same as the formulas obtained by the method of successive
eliminations.
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