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ON THE QUASIASYMPTOTIC BEHAVIOUR
OF THE STIELTJES TRANSFORMATION OF DISTRIBUTIONS

S. Pilipovié

Abstract. We obtain necessary and sufficient conditions under which the quasiasymptotic
behaviour at infinity of an orginal determines the ordinary asymptotic behaviour at infinity of its
Stieltjes transformation and conversely.

1. Introduction. The initial and final value Abelian theorems for the
Stieltjes transformation of generalized functions were given in [4, 7, 8, 13, 15].

We have shown in [9] that under suitable conditions the Tauberian theo-
rem for the classical Stieltjes transformation (5, p. 339) implies the corresponding
Tauberian theorem for the distributional Stieltjes transformation. In investigations
we have used the notion of the quasiasymptotic behaviour at infinity of tempered
distributions with supports in [0, co]. For the distributional Stieltjes transforma-
tion this notion has some advantages in relation to the notions of the distributional
asymptotic behaviour quoted in [4, 7, 8]. This was analyzed in [13].

In this paper we give (Theorem 5) sufficient conditions under which the
behaviour at infinity of the Stieltjes transformation (S,f)(z), ¢ € R\ (=Ny),
f € I'(0), (see Section 2) determines the quasiasymptotic behaviour of f at infini-
ty. The given conditions are rather complicated and theoretical ones but it turns out
that these conditions are also necessary (Theorem 4). In this way we obtain (Corol-
laries 6, 7) the necessary and sufficient conditions under which the quasiasymptotic
behavour at infinity of an ”original” determines the ordinary asymptotic behaviour
at infinity of an "image” and conversely.

2. Notation and notions. Asusual C, R, Z and N are the sets of complex,
real, integer and natural numbers; Ng = N U {0}.

We always denote by L a positive continuous function defined on (0, co) such
that
lim L(tz)/L(t) =1 for every z > 0.
t—o0
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The function is called the slowly varying function at infinity [13]. Also, we shall
assume that for some a > 0, L(z) > a, z € (0, 00).

If for functions f and g, defined in a neighbourhood of oo, there holds
lim f(x)/g(x) =1#0,
T—00

then we say that f has the ordinary asymptotic behaviour as g and we introduce
the notation f ~lg, z — oo.

We denote by S’ the space of all tempered distributions with supports in
[0, 00).

Following [3] we say that an f € S! has the quasiasymptotic at infinity related
to ¥ L(z), v € R, if there exists the limit in the sense of S’:

(1) Jim f(kz)/(k“L(k)) = g(z), where #0.

In this case we write for short: f has g.a.b. related to ¥ L(x) with the limit
g. It is known ([3]) that g(¢) in (1) is equal to A f,41(¢t) for some A # 0, where

foar1(t) = H)t*/T(a+1) for a > —1 and
fa+1(t) = ana+n+1(t) forn+a>-1, neN.
As usual, H is the characteristic function of the interval (0,00) and D stands for
the distributional derivative.
We use in this article several properties of the quasiasymptotic behaviour of

distributions which are proved in [3]. We summarize these properties in

THEOREM A [3]. (i) If f € L. (R), supp f C [0,00) and f ~ f,41, T — o0,
for v > —1 then f has q.a.b. related to ¥ L(x) with the limit g(x) = f,11(z).

(ii) A distribution f € CalL!, has q.a.b. related to x”L(x) (with the limit
fu+1) iff there exists a natural number n, n +v > 0, such that for every m > n

there exists a continuous function Fp,(x) with the following properties:
supp Fr, C [0,00), f=D™F,,, Fn~z"""L(x)/T(m+v+1), z— .

If f has q.a.b. related to z¥L(x), v > n — 1, with the limit g, then f™ has
g.a.b. related to " L(x) with the limit g, n € N.

(iii) If f € S| has q.a.b. related to ¥ L(x), v > —1, with the limit g, then
for every m > 0, 2™ f(x) has g.a.b. related to ™" L(z) with the limit z™g(x).

Following Lavoine ane Misra [7, 8], we give the definition of the distributional
Stieltjes transformation in the way presented in [12].

The space J'(p), 0 € R\ (—Ny), is the space of all distributions with supports
in (0,00) such that f € J'(p) iff there exists k € Ny and F € L] . (R), supp F C
[0, 00), such that

(2) (a) f=D*F; (b) /000 |F(t)|(t +B) "¢ *dt < 0o for B> 0.
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If instead of (b) we suppose that there exist C = C(F') and ¢ = ¢(F) > 0
such that

(c) |F(z)] < C(1 + z)PtH=1=¢ for z >0,

the corresponding space is denoted by I'(g). Obviously, I'(¢) C J'(o).

The Stieltjes transformation S,, 0 € R\ (—Nj) of a distribution f from J'(p)
with the properties given in (1) is a complex valued function S, f given by

(Su)(e) = @ [ T+ 5k, s € C\ (o0, 0,

where (o) = 0(0+1)...(0+k—1), k>0, and (p)o = 1. It is proved in [8] that
S,f is a holomorphic function in C\ (—o0, 0]. If f € J'(¢ + k), then D¥f € J'(p)
and

SQ(Dkf) = (Q)k(SQ+kf)'

Troughout the paper we shall assume that f € I'(p), i.e. that (a) and (c)
hold for f.

It is proved in [12] that for f € I'(p)
x[g+k] (ng)Jr (.’l?) € Llloc (R),

where
0 <0

S =9 7
0+@={ (5,7 750
and [p + k] is the greatest integer not exceeding o + k. If (S,f)+ € Li,.(R), then

we denote by (S,f)+ the corresponding regular distribution. If 2!~ (S, f); (z) &
Ll (R) but 2/(S,f)+ (z) € L}, . (R), where l € N, I < [o+F], then (S, f) denotes

loc

the following regularization of (S, f)+:

((Se)+ (@), ¢(@)) =/ (Sof)+ (2) (qﬁ(w) —$(0) —---—
® ’

) e+ [T S, b,

Let n € N, p € R\ (=Np), k € Ny be given numbers. We put

(=1)" T (o + k) 1,.2
— Dn+ n+g+k+2Dn+1
Lnoka m+ )T (n+o+k) v

and
Ln,g,k,:c = Dk+1£nagak+1aw ([]‘2])'

THEOREM B. [12] Let f € I'(p). For every ¢ € S

Nm (L g.h,0(Sef)+ (2), ¢(2)) = (f(2), ¢(x)). (kis from (c)).

n—0o0
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We shall need the following three theorems.

THEOREM C. Let an,m, n, m € N, be a matriz of complex numbers.

(1) If an,m converges uniformly in m € N to an, as n — 0o and limpy, o0 am,
exists, then

lim lim apy = lim lm apm = lim apm;.

n—0o0 Mm—00 m—00 N—00
m— oo

(ii) If limy—soo Gnm exists for every m € N, lim,, oo Gn,m ezists for every
n € N, limy, 00 Gn,m exists, then an m converges uniformly inn € N as m — oo.
The assertions in Theorem C are well-known (see [2], for example).

THEOREM D. [1] Let g be a locally integrable function on (0,00) such that
for some p

/$*p|g(:c)|da: and/ zP|g(z)|dz converges (a > 0).
0 a

Then, there holds
/ g(z)L(A\x)dx ~ L(/\)/ g(z)dz, X\ — oo.
0 0

THEOREM E. [13] (i) Let f € S| and f have q.a.b. related to x®L(x) with
the limit C for1(z) (C #0). Then for o—1>a, o ¢ —Np

Suf)(@) ~ L@ Z9 otivar 0y 45 4 s oo

(o)
(i) If f € J'(0) and (So41f)(x) ~ 2*L(x), * — oo, where a < —1, a ¢ —N,
then (S,£)(@) = 0 /= (Sps1 f)(B)dt and

(Sef)(@) ~ —E=a"*'L(z), & — oo,

The second part of Theorem E is not explicitely stated in [13] but it is proved
during the course of proving the main theorem in [13].

3. Preliminary lemmas. LEMMA 1. Let p € R\ (—Ny), k € Ny and
v € C. Then for everyn € N

sy n+1 .
Z( . >(—1)’(2n+g+k+2)...(2n+g+k+3—7j)(2n+g
i=1

th4+y4+2—9) ... (o+k+y+i+ )+ Cntot+k+y+2)...(0+k+y+1)

(4) = (~1)"y(1 =) ... (e =)o+ k— 7+ 1)(n+1)

Proof. The proof follows by using the Leibniz formula

fDmg = Z(—l)i(T) D™ D'fg), feC%, geD

=0
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in DrHlg2ntetk+2 prtlyy and by using the equality

Drtlgiterk 2 prtlyY = ()" (1 —9) ... (n = N(e+ k + 7 + Dpyra?™ 7.

Now we give a lemma which is a consequence of [12, Lemma 1].

LEMMA 2. Suppose that f € S, and that f has g.a.b. related to ¥ L(x),
where v < ¢ — 1. Then, there exist k € Ny, k+ v > 0 and a continuous function
F, supp F C [0,00) such that f = D*F and for

P = / F(t)dt, = € R,
0

En,g,k+1,zsg+k+lF1 (.’L') - Fl (.Z')
z(1+ z)v+k
Proof. By Theorem A (ii) we have that for some k € N, k+ ¢ > 0, and some

continuous function F, supp F C [0,00), f = D*F and F ~ 2"**L(2) T(v+k+1),
z — 00. Thus, for some C > 0

converges uniformly to zero in (0, 00).

|F(z)] < C(1L+z)"™ >0, ie feTl'(o).

By [12, Lemma 1] we obtain the assertion of Lemma 2. Namely, in the proof of
Lemma 1 in [12] we have to use the inequality |F(z)| < C'(1+z)"**, z > 0, instead
of [12, (c)]. Let us notice that v + k > 0.

LEMMA 3. Let f € I'(p) and (S,f)(z) ~ " L(z), x = o0, v > —1. Then

(Sof)+ (x) has g.a.b. to ¥ L(z) as well. ((S,f) is defined by (3).)
Proof. We have (¢ € S)

kv%(k)<@+ (kz), ¢(x)) = k%L(k) <@+ @), d’(%»

= G [, SeD@la/) = 60) = -

o) @) (%)dm%— g | Sen@s (5) e

Since the first part on the right hand side of (5) converges to zero as k — oo we
have to prove that

1 S ot » [ Laotarta as 2 oo

Recall that (S, f)(z) ~ zVL(x), £ — oo. This implies that for a given ¢ > 0
there exists o > 0 such that

(6) [(Sof)(x) —x"L(x)| < ex”L(z), x>z0>1.
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We use the following decomposition:

1 o
wiw ) (e k)it
1 wo/k o0
™) = ., SNR9@st [ (ko

The first member on the right hand side of (7) tends to zero when k — oo
because

zo/k —
(8) ,c%(k) /w I(ng)(k$)¢($)|d“’5%(k)mgx{wm)'}xok :

where

M = max{|(S,/)@)|; 1<z <o}

Also, one can prove easily that for a given z¢ > 1

) 1 / " Y Lk b(a) e 0 as E > oo
) Jo

L(k
Now by (6), (8), (9), Theorem D and

1 [ 1o
I J,, S0 — s [ G L

1 zo/k 1 zo/k .
< k,,T(k)/l/k [(Sof)(kz)$(z)|dz + k"T(k)/O |(kz)¥ L(kx)¢(z)|dz

1 )
270 /% i |(Se) k) = (ko) L{ka) | (z) do

we obtain the assertion

4. Main results. First we prove the following theorem.

THEOREM 4. If f € S, and f has q.a.b. related to 2" L(x), o—2<v < p—1,
0 € R\ (=N), then the double sequence

(10) {<M Ln,g,k+1,w¢<’“+”(x)>; m,n € N} . BES,

mY TR L(m)

converges uniformly in n € N, as m — 0o, where k € N, k+v > 0, and F; are
defined in the proof of Lemma 2.

Proof. Let
_ Ln,g,k,a:(sgf)+(m$)
Qn,m = < m"L(m) ’ ¢($)> .
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Since

(Sotrt1F1) (ma)
an,m = (—1)k+1(0)k+1 < m"+k+1LJEm) ) En,g,k+1,zq§(k+1) (z)

we have to prove that an,, converges uniformly in n € N as m — oo. First we
shall prove that the conditions of Theorem C (i) are satisfied. Then Theorem 4 will
follow from Theorem C (ii).

Theorem B implies

f(mz)

L)’ o(x )>, n — oo, m € N.

On,m — Qm = <

Since

L =(S F)(mz) — Fy(mx)
_ _ k+1 n,0,k+1, ot+k+141 (k+1)
i = = (<) 0 [ s #4) (@)

L o( Fy)(mzx)(mz)(1 + mzx)v+*
— k+1 ,g,k+1 Sorrt1F1 (k+1)
(-1 k+1/ (1 + mz) P L (m) o (z)da,

from Lemma 2 and

ma (1 + mz)vtk < ma (1l + (mx)V+k) 23 4 2gvthtl
mu+k+1L(m) — amVvtk+1 — a ?

z >0

we obtain that

Gn,m — @m — 0 uniformly in m € N as n — oo.

T
-1 <v—p9+1 <0, we have by Lemma 3 that (S,f) (z) has q.a.b. related to

V=t [(z) with the limit %m”_ﬁl.

By Theorem E (i) we have (S, f)(z) ~ Wx”_Q‘HL(x), x — o0o. Since

By Leibniz formula we have

Dn+1m2n+g+k+2Dn+1 (Sg+k+1F1 ) (IB)

n+1

1 . .
— pntl Z (" + ) ((x2n+g+k+2)(z) (Sg+k+1F1)(a:))("+1—’)
n+1 In+1
= Z(_w( ; >(2n+ 0+k+2)...2n+ o+ k+ 3 —i)(x?rethr2—i
=1

(Sorkr1 Fr) (@) P20 (204 et A2 (G Fy () O H2).
Let y=v — p+ 1. We have
gPrretkt2=i(g 1 F1)(z) has q.a.b. related to z2"TetEHI=iL(4)

with the limit .
(=) 2™ttt 4272 /(T (0) (0)k41)-
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Lemma 1 and Theorem A (iii) imply that D" tlg2n+eth+2(g .\ Fy)(z) has
q.a.b. related to z¢T*+t7 L(z) with the limit

D" yA =) ...(n—y)(o+k+~v+ 1)n+1%$7+k+9‘

Thus we obtain

Lnok+1,2 (Sotkt+1F1) | (mz)
. . 1\ (k+1) 105 ) Q + (k+1)
Hm, i (=) <@>k+1< mAHLmy 0@

i (=) +k+1) Tn—vy+1)T(e+k+v+n+2)T(—)
nooo (n+ )Tn+o+k+1) T(—7) Tle+k+v+1) TI(o)

(@ gD ().

To prove that the last limit exists we have to use the Stirling formula I'(s+1) ~
V2me=5s5T1/2 s & 0.

Thus, for the double sequence a,, , Theorem C (i) holds and Theorem C (ii)
implies the assertion.

TAUBERIAN THEOREM 5. Let f € I, and let (S,f), (z) have g.a.b. related
to x*L(x) where —1 < a < 0. If for any ¢ € S the double sequence (10) converges
uniformly in n € N as m — oo, then f has q.a.b. related to x®T°~1L(z).

Proof. Follows from Theorem C (i) with a, ., defined as in the proof of
Theorem 5.

Theorem 4 and 5 imply

COROLLARY 6. Let f € I'(p), 0 € R\ (—|boldN,) and —1 < a < 0. The
conditions

(i) f has q.a.b. related to x*°~1L(x);

(i) er (z) has g.a.b. related to x*L(x);
are equivalent iff the double sequence (10) converges uniformly inn € N asm — 0.

Also, Theorems 4, 5 and Theorem E (ii) imply

COROLLARY 7. Let feI'(o—p) o€ R\ (—Nyp),pe N and -1 < a < 0.
The conditions

(i) f has q.a.b. related to x> Pte~1[(x),

(ii) (Sof)(@) ~ 2> PL(z), = — oo,

are equivalent iff for every ¢ € S the double sequence

(1) <Ln,g—p,k,w(59—pf)+(m$)7 ¢(w)>  m,neN

moe—pt+e—1[(m)

converges uniformly in n € N as m — o©.
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At the end we give a ”classical” result on the classical Stieltjes transformation
of functions.

COROLLARY 8. Let f be a locally integrable function such that f € I'(0—p),
0—p>0,peNandlet -1 <a<0. If (S,f)(x) ~z*PL(x), x = oo, and the
double sequence (11) converges uniformly in n € N as m — oo, then f is the s-th
classical derivative (s € Ng) of some function F € LL (R) for which

loc
F ~ Qg Prets= ) 200 (C#0)
holds.
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