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The Bohr-type inequalities for holomorphic
functions with lacunary series in

complex Banach space

S. Kumar, S. Ponnusamy and G. BrockWilliams

Abstract. In this paper, we study the Bohr inequality with lacunary series
to the single valued (resp. vector-valued) holomorphic function defined in
unit ball of finite dimensional Banach sequence space. Also, we extend the
Bohr inequality with an alternating series to the higher-dimensional space.
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1. Introduction and Preliminaries
1.1. The classical Bohr inequality for the classℬ. Wedenote by𝔻 ∶= {𝑧 ∈
ℂ ∶ |𝑧| < 1} the unit disk in the complex plane. Let ℋ be the class of all
holomorphic functions defined on 𝔻. We set ℬ = {𝑓 ∈ ℋ ∶ |𝑓(𝑧)| ≤ 1}. Let
us first recall a remarkable result of Bohr [8] that opens up a new avenue for
research in geometric function theory.

Theorem A. Let 𝑓 ∈ ℬ be of the form 𝑓(𝑧) = ∑∞
𝑘=0 𝑎𝑘𝑧

𝑘. Then the Bohr sum
𝐵𝑓(𝑟) satisfies the inequality

𝐵𝑓(𝑟) ∶=
∞∑

𝑘=0
|𝑎𝑘|𝑟𝑘 ≤ 1 𝑓𝑜𝑟 |𝑧| = 𝑟 ≤ 1

3

and the constant 1∕3 is best possible.
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Originally, Bohr obtained this inequality only for 𝑟 ≤ 1∕6, but later M. Riesz,
I. Schur and F. W. Wiener independently proved that it holds in this form, and
the number 1∕3 is called theBohr radius. Several other proofs are also known in
the literature. Note that there is no extremal function such that the Bohr radius
is precisely 1∕3. See [18, Corollary 8.26]. The Bohr inequality contemplates
many generalizations and applications. In 1995, Dixon [16] used the Bohr in-
equality in connection with the long-standing open problem of characterizing
Banach algebras satisfying the von Neumann inequality. In addition, Theo-
rem A was extended to alternating series 𝐴𝑓(𝑟) =

∑∞
𝑘=0(−1)

𝑘|𝑎𝑘|𝑟𝑘, by Ali et
al. (cf. [3]). More precisely they have shown that |𝐴𝑓(𝑟)| ≤ 1 for 𝑟 ≤ 1∕

√
3

under the assumption of Theorem A. Another natural question was to discuss
the asymptotic behaviour of the Bohr sum 𝐵𝑓(𝑟). This has led to the search for
the best constant 𝐶(𝑟) ≥ 1 such that 𝐵𝑓(𝑟) ≤ 𝐶(𝑟). Bombieri [10] showed that
if 𝑓 ∈ ℬ, then

𝐵𝑓(𝑟) ≤
3 −

√
8(1 − 𝑟2)
𝑟 for 1

3 ≤ 𝑟 ≤ 1
√
2
.

For an alternate proof of this inequality, we refer to the recent paper [22]. More-
over, the question raised by Djakov and Ramanujan [17] about 𝑝-Bohr radius
was answered affirmatively in [22]. However, in the year 2004, Bombieri and
Bourgain [11] established that 𝐵𝑓(𝑟) < 1∕

√
1 − 𝑟2 holds for 𝑟 > 1∕

√
2which in

turn implies that 𝐶(𝑟) ≍ (1 − 𝑟2)−1∕2 as 𝑟 → 1. In the same article, the authors
proved that for a given 𝜀 > 0 there exists a constant 𝑐 depending on 𝜀 such that

𝐵𝑓(𝑟) ≥ (1 − 𝑟2)−1∕2 − (𝑐 log 1
1 − 𝑟)

3∕2+𝜀
as 𝑟 → 1.

Some recent results on this topic including refinements and generalizations
may be found from [4, 21, 22, 23, 25, 29, 30, 31].

1.2. Multi-dimensional Bohr’s inequality. In the recent years, many au-
thors paid attention tomultidimensional generalizations of Bohr’s theorem and
drew many conclusions. For example, denote an 𝑛-variables power series by∑
𝛼
𝑎𝛼𝑧𝛼 with the standard multi-index notation; 𝛼 = (𝛼1, 𝛼2,… , 𝛼𝑛), where

𝛼𝑗 ∈ ℕ0 ∶= ℕ ∪ {0}, ℕ ∶= {1, 2,…} (1 ≤ 𝑗 ≤ 𝑛), |𝛼| denotes the sum
𝛼1+𝛼2+⋯+𝛼𝑛 of its components, 𝛼! = 𝛼1!𝛼2!⋯𝛼𝑛!, 𝑧 = (𝑧1, 𝑧2,… , 𝑧𝑛) ∈ ℂ𝑛,
and 𝑧𝛼 = 𝑧𝛼1𝑧𝛼2 ⋯ 𝑧𝛼𝑛 . The 𝑛-dimensional Bohr radius 𝐾𝑛 is the largest num-
ber such that if

∑
𝛼
𝑎𝛼𝑧𝛼 converges in the 𝑛-dimensional unit polydisk 𝔻𝑛 such

that
|||||
∑
𝛼
𝑎𝛼𝑧𝛼

||||| < 1 in 𝔻𝑛, then
∑
𝛼
|𝑎𝛼𝑧𝛼| ≤ 1 for max1≤𝑗≤𝑘 |𝑧𝑗| ≤ 𝐾𝑛. In 1997,

Boas and Khavinson [7] showed that for 𝑛 > 1, the 𝑛−dimensional Bohr radius
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𝐾𝑛 satisfies
1

3
√
𝑛
< 𝐾𝑛 < 2

√
log𝑛
𝑛 .

This article became a source of inspiration for many subsequent investigations
including connecting the asymptotic behaviour of 𝐾𝑛 to problems in the geom-
etry of Banach spaces (cf. [14]). However determining the exact value of the
Bohr radius 𝐾𝑛, 𝑛 > 1, remains an open problem. In 2006, Defant and Frerick
[12] improved the lower bound as 𝐾𝑛 ≥ 𝑐

√
log𝑛∕(𝑛 log log𝑛) whereas Defant

et al. [13] used the hypercontractivity of the polynomial Bohnenblust-Hille in-
equality and showed that

𝐾𝑛 = 𝑏𝑛

√
log𝑛
𝑛 with 1

√
2
+ 𝑜(1) ≤ 𝑏𝑛 ≤ 2.

In 2014, Bayart et al. [5] established the asymptotic behaviour of𝐾𝑛 by showing
that

lim
𝑛→∞

𝐾𝑛√
log𝑛
𝑛

= 1.

We would like to mention that Djakov and Ramanujan [17], and Blasco [9]
have studied the asymptotic behavior of the holomorphic functions with 𝑝-
norm as 𝑟 → 1 in 𝔻𝑛 and Banach spaces. Aizenberg [1, 2] mainly general-
ized Carathéodory’s inequality for functions holomorphic in ℂ𝑛. In 2021, Liu
and Ponnusamy [26] have established several multidimensional analogues of
refined Bohr’s inequality for holomorphic functions on complete circular do-
main in ℂ𝑛. Other aspects and promotion of Bohr inequality in higher dimen-
sions can be obtained from [6, 15, 19, 20, 28]. Moreover, research on Dirichlet
series in higher dimensions is also very popular recently (see [14]).

1.3. Generalizations and Refinements of Bohr’s inequality for the disk.
Recently, Kayumov and Ponnusamy [21], and Ponnusamy et al. [29] estab-
lished several refined versions and improved versions of Bohr’s inequality in
the planer case. See also [29, 30, 31].

Theorem B.([26, 29]) For 𝑓 ∈ ℬ, and 𝑓(𝑧) =∑∞
𝑘=0 𝑎𝑘𝑧

𝑘, we have
∞∑

𝑘=1
|𝑎𝑘|𝑟𝑘 + ( 1

1 + |𝑎0|
+ 𝑟
1 − 𝑟)

∞∑

𝑘=1
|𝑎𝑘|2𝑟2𝑘 ≤

𝑟
1 − 𝑟 (1 − |𝑎0|2)

for 𝑟 ∈ [0, 1).

In the planar case, generalizations of Theorem B are abundant, but they are
still limited in the higher-dimensional space. In fact, the alternating series ver-
sion of this result is contained in the following result which is indeed itself a
special case of [23, Theorem 5(I)].
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Theorem C. Suppose that 𝑚 ∈ ℕ0, 𝑝 ∈ ℕ and 0 ≤ 𝑚 ≤ 𝑝. Let 𝑓 ∈ ℬ, and
𝑓(𝑧) =∑∞

𝑘=0 𝑎𝑘𝑝+𝑚𝑧
𝑘𝑝+𝑚. If 𝑝 is odd, then

|||||||||

∞∑

𝑘=1
(−1)𝑘𝑝+𝑚|𝑎𝑘𝑝+𝑚|𝑟𝑘𝑝+𝑚 + (−1)𝑚+𝑝 𝑟𝑝+𝑚

1 − 𝑟2𝑝
∞∑

𝑘=0
|𝑎𝑘𝑝+𝑚|2𝑟2𝑘𝑝

|||||||||
≤ 1

holds for |𝑧| = 𝑟 ≤ 𝑟∗, where 𝑟∗ is the unique root in (0, 1) of 𝑟𝑝(𝑟𝑝 + 𝑟𝑚) − 1 = 0.
This result is sharp.

1.4. Bohr radius in higher dimensional setting. In 2019, Liu and Liu [27]
used the Fréchet derivative to establish the Bohr inequality of norm type for
holomorphic mappings with lacunary series on the unit polydisk in ℂ𝑛 under
some restricted conditions. The relevant properties of the Fréchet derivative
can be seen below (cf. [19]).
Let 𝑋 and 𝑌 be two complex Banach spaces with respect to the norms ‖ ⋅ ‖1

and ‖ ⋅ ‖2, respectively. For convenience, we denote both norms by ‖ ⋅ ‖, when
there is no possibility of confusion with the underlying Banach spaces. We set
𝔹𝑋 ∶= {𝑥 ∈ 𝑋 ∶ ‖𝑥‖ < 1}. Let Ω∗ be a domain in 𝑋, and let 𝐻(Ω∗, 𝑌) denote
the set of all holomorphic mappings fromΩ∗ into 𝑌. It is well-known (cf. [19])
that if 𝑓 ∈ 𝐻(Ω∗, 𝑌), then

𝑓(𝑥) =
∞∑

𝑘=0

1
𝑘!𝐷

𝑘𝑓(0)(𝑥𝑘)

for all 𝑥 in some neighborhood of 0 ∈ Ω∗, where 𝐷𝑘𝑓(𝑥) is the 𝑘𝑡ℎ-Fréchet
derivative of 𝑓 at 𝑥, and for 𝑘 ≥ 1, we have

𝐷𝑘𝑓(0)(𝑥𝑘) = 𝐷𝑘𝑓(0)(𝑥, 𝑥,… , 𝑥
⏟⎴⏟⎴⏟

𝑘

).

Moreover, if 𝑘 = 0, then 𝐷0𝑓(0)(𝑥0) = 𝑓(0).

2. Key lemmas and their Proofs
In order to establish our main results, we need the following lemmas which

play a key role in proving the subsequent results in Section 3. Theorem B has
been generalized in [23, Lemma 4 ].

Lemma D. [23, Lemma 4 ] Suppose that 𝑚 ∈ ℕ0, 𝑝 ∈ ℕ and 0 ≤ 𝑚 ≤ 𝑝. If
𝑓 ∈ ℬ and 𝑓(𝑧) =∑∞

𝑘=0 𝑎𝑝𝑘+𝑚𝑧
𝑝𝑘+𝑚, then we have

∞∑

𝑘=1
|𝑎(2𝑘−1)𝑝+𝑚|𝑟(2𝑘−1)𝑝 +

𝑟2𝑝
1 − 𝑟2𝑝

∞∑

𝑘=0
|𝑎𝑘𝑝+𝑚|2𝑟(2𝑘−1)𝑝 ≤

𝑟𝑝
1 − 𝑟2𝑝

(1)
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for 𝑟 ∈ [0, 1). This result is sharp. Moreover,
∞∑

𝑘=1
|𝑎2𝑘𝑝+𝑚|𝑟2𝑘𝑝 + ( 1

1 + |𝑎𝑚|
+ 𝑟2𝑝
1 − 𝑟2𝑝

)
∑∞

𝑘=1 |𝑎𝑘𝑝+𝑚|
2𝑟2𝑘𝑝 (2)

≤ (1 − |𝑎𝑚|2)
𝑟2𝑝

1−𝑟2𝑝

holds for 𝑟 ∈ [0, 1). This result is sharp for 𝑓(𝑧) = 𝑧𝑚
( 𝑎−𝑧𝑝

1−𝑎𝑧𝑝

)
with 𝑎 ∈ [0, 1).

Let 𝑛 ∈ ℕ, 𝑡 ∈ [1,∞), and 𝐵𝓁𝑛𝑡 be the set defined as the collection of complex
vectors 𝑧 = (𝑧1, 𝑧2,… , 𝑧𝑛) ∈ ℂ𝑛 satisfying

∑𝑛
𝑖=1 |𝑧𝑖|

𝑡 < 1. This set constitutes
the open unit ball in the complex Banach space 𝓁𝑛𝑡 where the norm ‖𝑧‖𝑡 of 𝑧 is
given by

(∑𝑛
𝑖=1 |𝑧𝑖|

𝑡)1∕𝑡. In the special case of 𝐵𝓁𝑛∞ , the set represents the unit
polydisk in ℂ𝑛 denoted as 𝐵𝓁𝑛∞ ∶= 𝔻𝑛, where |𝑧𝑖| < 1 for 1 ≤ 𝑖 ≤ 𝑛. The norm
of 𝑧 ∈ 𝓁𝑛∞ is defined as ‖𝑧‖ ∶= max{|𝑧𝑖| ∶ 1 ≤ 𝑖 ≤ 𝑛}. Note that the unit disk𝔻
is equivalent to 𝐵𝓁1𝑡 .

Lemma 2.1. Suppose that𝑚, 𝑝 ∈ ℕ, 1 ≤ 𝑚 ≤ 𝑝, 1 ≤ 𝑡 ≤ ∞, 𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻
𝑛
)

and

𝑓(𝑧) = 𝑧𝑔(𝑧) = 𝐷𝑚𝑓(0)(𝑧𝑚)
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)
(𝑘𝑝 +𝑚)!

,

where 𝑔 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,ℂ). Then

∞∑

𝑘=1

‖‖‖‖𝐷
2𝑘𝑝+𝑚𝑓(0)(𝑧2𝑘𝑝+𝑚)‖‖‖‖∞

(2𝑘𝑝 +𝑚)!
≤

‖𝑧‖2𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

⎡
⎢
⎣
‖𝑧‖2𝑚𝑡 − (

‖𝐷𝑚𝑓(0)(𝑧𝑚)‖∞
𝑚! )

2⎤
⎥
⎦

holds for all ‖𝑧‖𝑡 = 𝑟 ∈ [0, 1).

Proof. The proof of this lemma follows if we adopt the same approach as [24,
Lemma 2.1]. To do this, we fix 𝑧 ∈ 𝐵𝓁𝑛𝑡 ∖{0}, and let 𝑧0 =

𝑧
‖𝑧‖𝑡

. Then 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 .
Define 𝑗 such that |𝑧𝑗| = ‖𝑧‖∞ = max1≤𝑙≤𝑛{|𝑧𝑙|}. Because 𝑓(𝑧) = 𝑧𝑔(𝑧), a
simple calculation yields

𝐷𝑘𝑓𝑗(0)(𝑧𝑘0 )
𝑘! =

𝐷𝑘−1𝑔(0)(𝑧𝑘−10 )
(𝑘 − 1)!

𝑧𝑗
‖𝑧‖𝑡

for each 𝑘 ∈ ℕ.

For 𝜆 ∈ 𝔻, let ℎ𝑗(𝜆) = 𝑓𝑗(𝜆𝑧0). Then ℎ𝑗 ∈ 𝐻(𝔻,𝔻) and

ℎ𝑗(𝜆) = 𝜆𝑚
⎡
⎢
⎣

𝐷𝑚𝑓𝑗(0)(𝑧𝑚0 )
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓𝑗(0)(𝑧
𝑘𝑝+𝑚
0 )

(𝑘𝑝 +𝑚)!
𝜆𝑘𝑝

⎤
⎥
⎦

= 𝜆𝑚
⎡
⎢
⎣

𝐷𝑚−1𝑔(0)(𝑧𝑚−10 )
(𝑚 − 1)!

𝑧𝑗
‖𝑧‖𝑡

+
∞∑

𝑘=1

𝐷𝑘𝑝+𝑚−1𝑔(0)(𝑧𝑘𝑝+𝑚−10 )
(𝑘𝑝 +𝑚 − 1)!

𝑧𝑗
‖𝑧‖𝑡

𝜆𝑘𝑝
⎤
⎥
⎦

=∶ 𝜆𝑚𝜑(𝜆𝑝),
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where 𝜑(𝑡) = 𝑏0 +
∑∞

𝑘=1 𝑏𝑘𝑡
𝑘 with

𝑏0 =
𝐷𝑚−1𝑔(0)(𝑧𝑚−10 )

(𝑚 − 1)!
𝑧𝑗
‖𝑧‖𝑡

and 𝑏𝑘 =
𝐷𝑘𝑝+𝑚−1𝑔(0)(𝑧𝑘𝑝+𝑚−10 )

(𝑘𝑝 +𝑚 − 1)!
𝑧𝑗
‖𝑧‖𝑡

.

Note that 𝜑 ∈ 𝐻(𝔻,𝔻) and so, |𝑏0| ≤ 1. By Wiener’s inequality, it follows
that |𝑏𝑘| ≤ 1 − |𝑏0|2 for all 𝑘 ≥ 1. As |𝑧𝑗| = ‖𝑧‖∞ = max1≤𝑙≤𝑛{|𝑧𝑙|}, we have

|𝐷𝑚𝑓𝑙(0)(𝑧𝑚0 )|
𝑚! =

|𝐷𝑚−1𝑔(0)(𝑧𝑚−10 )|
(𝑚 − 1)!

|𝑧𝑙|
‖𝑧‖𝑡

≤
|𝐷𝑚−1𝑔(0)(𝑧𝑚−10 )|

(𝑚 − 1)!
|𝑧𝑗|
‖𝑧‖𝑡

≤ 1

for all 𝑙 = 1, 2,… , 𝑛, so that ‖𝐷
𝑚𝑓(0)(𝑧𝑚0 )‖∞

𝑚!
≤ 1. Moreover, we have

|𝐷𝑘𝑝+𝑚−1𝑔(0)(𝑧𝑘𝑝+𝑚−10 )|
(𝑘𝑝 +𝑚 − 1)!

|𝑧𝑗|
‖𝑧‖𝑡

≤ 1 − (
|𝐷𝑚−1𝑔(0)(𝑧𝑚−10 )|

(𝑚 − 1)!
|𝑧𝑗|
‖𝑧‖𝑡

)
2

(3)

for all 𝑘 ∈ ℕ0 and 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 .
On the other hand, if 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 , then, for all 𝑙 = 1, 2,… , 𝑛, we also have

|𝐷𝑘𝑓𝑙(0)(𝑧𝑘0 )|
𝑘! =

|𝐷𝑘−1𝑔(0)(𝑧𝑘−10 )|
(𝑘 − 1)!

|𝑧𝑙|
‖𝑧‖ 𝑡

for all 𝑘 ∈ ℕ. (4)

Combining (3) and (4), we find that

|𝐷𝑘𝑝+𝑚𝑓𝑙(0)(𝑧
𝑘𝑝+𝑚
0 )|

(𝑘𝑝 +𝑚)!
≤ 1 − (

|𝐷𝑚𝑓𝑗(0)(𝑧𝑚0 )|
𝑚! )

2

,

where 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 , 𝑙 = 1, 2,… , 𝑛 and 𝑘 = 1, 2,… , 𝑛; that is,

‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚0 )‖∞
(𝑘𝑝 +𝑚)!

≤ 1 − (
‖𝐷𝑚𝑓(0)(𝑧𝑚0 )‖∞

𝑚! )
2

holds for 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 and all 𝑘 ≥ 0.
Because 𝑧 = 𝑧0‖𝑧‖, by routine calculations, we obtain that

∞∑

𝑘=1

‖‖‖‖𝐷
2𝑘𝑝+𝑚𝑓(0)(𝑧2𝑘𝑝+𝑚)‖‖‖‖∞

(2𝑘𝑝 +𝑚)!
=

∞∑

𝑘=1

‖‖‖‖‖𝐷
2𝑘𝑝+𝑚𝑓(0)(𝑧2𝑘𝑝+𝑚0 )‖‖‖‖‖∞

(2𝑘𝑝 +𝑚)!
‖𝑧‖2𝑘𝑝+𝑚𝑡

≤
⎡
⎢
⎣
1 − (

‖𝐷𝑚𝑓(0)(𝑧𝑚0 )‖∞
𝑚! )

2⎤
⎥
⎦

∞∑

𝑘=1
‖𝑧‖2𝑘𝑝+𝑚𝑡

=
‖𝑧‖2𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

⎡
⎢
⎣
‖𝑧‖2𝑚𝑡 − (

‖𝐷𝑚𝑓(0)(𝑧𝑚)‖∞
𝑚! )

2⎤
⎥
⎦

for all ‖𝑧‖𝑡 = 𝑟 ∈ [0, 1). This completes the proof. □

For holomorphic mappings from 𝐵𝓁𝑛𝑡 , 1 ≤ 𝑡 ≤ ∞, to 𝔻, using the method of
proof as in Lemma 2.1, we can easily derive the following, so we omit its proof.



BOHR-TYPE INEQUALITIES FOR HOLOMORPHIC FUNCTIONS 265

Lemma 2.2. Suppose that 𝑚 ∈ ℕ0, 𝑝 ∈ ℕ, 0 ≤ 𝑚 ≤ 𝑝, and 1 ≤ 𝑡 ≤ ∞. If
𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻) and

𝑓(𝑧) = 𝐷𝑚𝑓(0)(𝑧𝑚)
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)
(𝑘𝑝 +𝑚)!

,

then
∞∑

𝑘=1

||||𝐷
2𝑘𝑝+𝑚𝑓(0)(𝑧2𝑘𝑝+𝑚)||||

(2𝑘𝑝 +𝑚)!
≤

‖𝑧‖2𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

⎡
⎢
⎣
‖𝑧‖2𝑚𝑡 − (

|𝐷𝑚𝑓(0)(𝑧𝑚)|
𝑚! )

2⎤
⎥
⎦

holds for all ‖𝑧‖𝑡 = 𝑟 ∈ [0, 1).

3. Bohr inequality for holomorphic mappings with lacunary
series
In this section, we will use the Fréchet derivative to extend the Bohr inequal-

ity to higher dimensional spaces.

3.1. Extension of Theorem B to the holomorphic mappings from 𝔹𝑿 to
𝔻.

Theorem 3.1. Suppose that 𝑓 ∈ 𝐻(𝔹𝑋 ,𝔻), 𝑓(𝑧) =
∑∞

𝑘=0
𝐷𝑘𝑓(0)(𝑧𝑘)

𝑘!
and 𝑝 > 0.

Then

|𝑓(0)|𝑝+
∞∑

𝑘=1

||||𝐷
𝑘𝑓(0)(𝑧𝑘)||||
𝑘! (5)

+ ( 1
1 + |𝑓(0)|

+
‖𝑧‖

1 − ‖𝑧‖)
∞∑

𝑘=1
(
|𝐷𝑘𝑓(0)(𝑧𝑘)|

𝑘! )
2

≤ 1

holds for all ‖𝑧‖ = 𝑟 ≤ 𝑟𝑝, where 𝑟𝑝 = 1−|𝑓(0)|𝑝

2−|𝑓(0)|2−|𝑓(0)|𝑝
. The number 𝑟𝑝 is best

possible.
Moreover, when 𝑝 = 1, (5) holds for ‖𝑧‖ ≤ 1

2+|𝑓(0)|
, and for 𝑝 = 2, it holds for

‖𝑧‖ ≤ 1∕2.

Proof. Fix 𝑧 ∈ 𝔹𝑋∖{0} and set 𝑧0 =
𝑧
‖𝑧‖
. For 𝜆 ∈ 𝔻, we define ℎ(𝜆) = 𝑓(𝜆𝑧0).

Then ℎ ∈ 𝐻(𝔻,𝔻) and

ℎ(𝜆) = 𝑏0 +
∞∑

𝑘=1
𝑏𝑘𝜆𝑘,

where

𝑏0 = 𝑓(0) =
𝐷0𝑓(0)(𝑧00)

0! and 𝑏𝑘 =
𝐷𝑘𝑓(0)(𝑧𝑘0 )

𝑘! (𝑘 ≥ 1).
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By Theorem B, we know that

|𝑏0|𝑝 +
∞∑

𝑘=1
|𝑏𝑘| |𝜆|𝑘 + ( 1

1 + |𝑏0|
+ |𝜆|
1 − |𝜆|)

∞∑

𝑘=1
|𝑏𝑘|2|𝜆|2𝑘 ≤ |𝑏0|𝑝 + (1 − |𝑏0|2)

|𝜆|
1 − |𝜆| .

Set 𝜆 = ‖𝑧‖ = 𝑟 and note that 𝑧 = 𝑧0‖𝑧‖ and |𝑏0| = |𝑓(0)| ≤ 1. Then the last
relation gives

|𝑓(0)|𝑝 +
∞∑

𝑘=1

||||𝐷
𝑘𝑓(0)(𝑧𝑘)||||
𝑘! + ( 1

1 + |𝑓(0)|
+

‖𝑧‖
1 − ‖𝑧‖)

∞∑

𝑘=1
(
|𝐷𝑘𝑓(0)(𝑧𝑘)|

𝑘! )
2

= |𝑓(0)|𝑝 +
∞∑

𝑘=1

||||𝐷
𝑘𝑓(0)(𝑧𝑘0 )

||||
𝑘! ‖𝑧‖𝑘

+ ( 1
1 + |𝑓(0)|

+
‖𝑧‖

1 − ‖𝑧‖)
∞∑

𝑘=1
(
|𝐷𝑘𝑓(0)(𝑧𝑘0 )|

𝑘! )
2

‖𝑧‖2𝑘

= |𝑏0|𝑝 +
∞∑

𝑘=1
|𝑏𝑘||𝜆|𝑘 + ( 1

1 + |𝑏0|
+ |𝜆|
1 − |𝜆|)

∞∑

𝑘=1
|𝑏𝑘|2|𝜆|2𝑘

≤ |𝑓(0)|𝑝 + (1 − |𝑓(0)|2) 𝑟
1 − 𝑟 ,

which is less than or equal to 1 provided ‖𝑧‖ = 𝑟 ≤ 𝑟𝑝. Thus, (5) holds for
‖𝑧‖ = 𝑟 ≤ 𝑟𝑝, where 𝑟𝑝 =

1−|𝑓(0)|𝑝

2−|𝑓(0)|2−|𝑓(0)|𝑝
.

Finally, we prove that the inequality (5) does not hold true for 𝑥 ∈ 𝑟0𝔹𝑋 ,
where 𝑟0 ∈ (𝑟𝑝, 1). We know that there exists a 𝑐 ∈ (0, 1) such that 𝑐𝑟0 > 𝑟𝑝.
Now, we consider a function 𝑓1 on 𝔹𝑋 defined by

𝑓1(𝑥) = 𝐿1(
𝑐𝜓𝑣(𝑥)
||𝑣|| ),

where 𝐿1(𝑧) = (𝑎 − 𝑧)∕(1 − 𝑎𝑧), 𝑧 ∈ 𝔻, 𝑎 ∈ [0, 1), 𝜓𝑣 is a bounded linear
functional on 𝑋 with 𝜓𝑣(𝑣) = ||𝑣|| and ||𝜓𝑣|| = 1. Choose 𝑥 = 𝑟0𝑣, 𝑣 ∈ 𝜕𝔹𝑋
and we obtain that

|𝑓1(0)|𝑝 +
∞∑

𝑘=1

||||𝐷
𝑘𝑓1(0)(𝑥𝑘)

||||
𝑘! + ( 1

1 + |𝑓1(0)|
+

‖𝑥‖
1 − ‖𝑥‖)

∞∑

𝑘=1
(
|𝐷𝑘𝑓1(0)(𝑥𝑘)|

𝑘! )
2

≥ 𝑎𝑝 +
∞∑

𝑘=1
(1 − 𝑎2)𝑎𝑘−1𝑐𝑘𝑟𝑘0 + ( 1

1 + 𝑎 + 𝑐𝑟0
1 − 𝑐𝑟0

)
∞∑

𝑘=1
(1 − 𝑎2)2𝑎2𝑘−2𝑐2𝑘𝑟2𝑘0

= 𝑎𝑝 + (1 − 𝑎2) 𝑐𝑟0
1 − 𝑐𝑟0

> 1

and the proof is complete. □

In the following theorem, we determine the Bohr inequality for holomorphic
functions, which fix the origin, with a lacunary series.
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Theorem 3.2. Suppose that 𝑝 ∈ ℕ. If 𝑓 ∈ 𝐻(𝔹𝑋 ,𝔻) and

𝑓(𝑧) =
∞∑

𝑘=1

𝐷𝑘𝑝𝑓(0)(𝑧𝑘𝑝)
(𝑘𝑝)!

.

Then

∞∑

𝑘=1

||||𝐷
𝑘𝑝𝑓(0)(𝑧𝑘𝑝)||||
(𝑘𝑝)!

+ ( 1
‖𝑧‖𝑝 + Λ + 1

1 − ‖𝑧‖𝑝 )
∞∑

𝑘=2
(
|𝐷𝑘𝑝𝑓(0)(𝑧𝑘𝑝)|

(𝑘𝑝)! )
2

≤ 1 (6)

holds for all 0 < ‖𝑧‖ = 𝑟 ≤ 𝑟𝑝, where Λ = |𝐷𝑝𝑓(0)(𝑧𝑝)|
(𝑝)!

, and 𝑟𝑝 is the unique root
in (0, 1) of 𝐺(𝑟) = 0, where

𝐺(𝑟) = (𝑟𝑝 + 1)(5𝑟𝑝 − 3)

and hence, 𝑟𝑝 = 𝑝
√
3∕5. For each 𝑝, the number 𝑟𝑝 is best possible.

Proof. As with the proof of Theorem 3.1, we fix 𝑧 ∈ 𝔹𝑋∖{0} and let 𝑧0 =
𝑧
‖𝑧‖
.

For 𝜆 ∈ 𝔻, define ℎ(𝜆) = 𝑓(𝜆𝑧0). Then ℎ ∈ 𝐻(𝔻,𝔻) and

ℎ(𝜆) =
∞∑

𝑘=1

𝐷𝑘𝑝𝑓(0)(𝑧𝑘𝑝0 )
(𝑘𝑝)!

(𝜆𝑝)𝑘 =
∞∑

𝑘=1
𝑏𝑘(𝜆𝑝)𝑘 =∶ 𝜑(𝜆𝑝),

where 𝑏𝑘 =
𝐷𝑘𝑝𝑓(0)(𝑧𝑘𝑝0 )

(𝑘𝑝)!
, 𝜑 ∈ 𝐻(𝔻,𝔻) with

𝜑(𝜆) =
∞∑

𝑘=1
𝑏𝑘𝜆𝑘 = 𝜆

∞∑

𝑘=1
𝑏𝑘(𝜆)𝑘−1 = 𝜆

∞∑

𝑘=0
𝐵𝑘𝜆𝑘,

and 𝐵𝑘 = 𝑏𝑘+1. Clearly, 𝜑(𝜆𝑝) =
∑∞

𝑘=0 𝐵𝑘(𝜆
𝑝)𝑘 ∈ 𝐻(𝔻,𝔻). Then, according to

Theorem B, we have
∞∑

𝑘=0
|𝐵𝑘| |𝜆𝑝|𝑘+(

1
1 + |𝐵0|

+ |𝜆|𝑝
1 − |𝜆|𝑝 )

∞∑

𝑘=1
|𝐵𝑘|2|𝜆𝑝|2𝑘 ≤ |𝐵0|+(1−|𝐵0|2)

|𝜆|𝑝
1 − |𝜆|𝑝 ,

which implies that

∞∑

𝑘=0

|𝐷(𝑘+1)𝑝𝑓(0)(𝑧(𝑘+1)𝑝0 )|
((𝑘 + 1)𝑝)!

|𝜆|𝑝𝑘 +
⎛
⎜
⎜
⎝

1

1 + |𝐷𝑝𝑓(0)𝑧𝑝0 |
𝑝!

+ |𝜆|𝑝
1 − |𝜆|𝑝

⎞
⎟
⎟
⎠

×

∞∑

𝑘=1

⎛
⎜
⎝

|𝐷(𝑘+1)𝑝𝑓(0)(𝑧(𝑘+1)𝑝0 )|
((𝑘 + 1)𝑝)!

⎞
⎟
⎠

2

|𝜆|2𝑘𝑝 ≤ |𝐵0| + (1 − |𝐵0|2)
|𝜆|𝑝

1 − |𝜆|𝑝 .
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Multiplying by |𝜆|𝑝 on both sides of the above inequality yields

∞∑

𝑘=0

|𝐷(𝑘+1)𝑝𝑓(0)(𝑧(𝑘+1)𝑝0 )|
((𝑘 + 1)𝑝)!

|𝜆|(𝑘+1)𝑝 +
⎛
⎜
⎜
⎝

|𝜆|2𝑝

|𝜆|𝑝 + |𝐷𝑝𝑓(0)𝑧𝑝0 |
(𝑝)!

|𝜆|𝑝
+ |𝜆|2𝑝
1 − |𝜆|𝑝

⎞
⎟
⎟
⎠

×

∞∑

𝑘=1

⎛
⎜
⎝

|𝐷(𝑘+1)𝑝𝑓(0)(𝑧(𝑘+1)𝑝0 )|
((𝑘 + 1)𝑝)!

⎞
⎟
⎠

2

|𝜆|2𝑘𝑝 ≤ |𝐵0| |𝜆|𝑝 + (1 − |𝐵0|2)
|𝜆|2𝑝

1 − |𝜆|𝑝 .

Taking |𝜆| = ‖𝑧‖, since 𝑧 = 𝑧0‖𝑧‖, shows that

∞∑

𝑘=0

|𝐷(𝑘+1)𝑝𝑓(0)(𝑧(𝑘+1)𝑝)|
((𝑘 + 1)𝑝)!

+
⎛
⎜
⎜
⎝

1
‖𝑧‖𝑝 + |𝐷𝑝𝑓(0)𝑧𝑝|

𝑝!

+ 1
1 − ‖𝑧‖𝑝

⎞
⎟
⎟
⎠

×

∞∑

𝑘=1
(
|𝐷(𝑘+1)𝑝𝑓(0)(𝑧(𝑘+1)𝑝)|

((𝑘 + 1)𝑝)! )
2

≤ |𝐵0| ‖𝑧‖𝑝 + (1 − |𝐵0|2)
‖𝑧‖2𝑝

1 − ‖𝑧‖𝑝 .

It is already obtained in [24, Theorem 3.2] that

|𝐵0| ‖𝑧‖𝑝 + (1 − |𝐵0|2)
‖𝑧‖2𝑝

1 − ‖𝑧‖𝑝 ≤ 1

for all 0 < ‖𝑧‖ = 𝑟 ≤ 𝑟𝑝 = 𝑝
√
3∕5.

Finally, we prove that inequality (6) does not hold true for 𝑥 ∈ 𝑟0𝔹𝑋 , where
𝑟0 ∈ (𝑟𝑝, 1). We know that there exists a 𝑐 ∈ (0, 1) such that 𝑐𝑟0 > 𝑟𝑝. Now, we
consider a function 𝑓 on 𝔹𝑋 defined by

𝑓(𝑥) = 𝐿2(
𝑐𝜓𝑣(𝑥)
||𝑣|| ),

where

𝐿2(𝑧) = 𝑧𝑝 ( 𝑎 − 𝑧𝑝
1 − 𝑎𝑧𝑝 ) , 𝑧 ∈ 𝔻 and 𝑎 ∈ [0, 1),

𝜓𝑣 is a bounded linear functional on 𝑋 with 𝜓𝑣(𝑣) = ||𝑣|| and ||𝜓𝑣|| = 1.
Choosing 𝑥 = 𝑟0𝑣, where 𝑣 ∈ 𝜕𝔹𝑋 , we get

Λ =
|||𝐷𝑝𝑓(0)(𝑥𝑝)|||

𝑝! = 𝑎(𝑐𝑟0)𝑝

and, for 𝑘 ≥ 2,
|𝐷𝑘𝑝𝑓(0)(𝑥𝑘𝑝)|

(𝑘𝑝)!
= 𝑎𝑘−2(1 − 𝑎2)(𝑐𝑟0)𝑘𝑝.
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Thus, we have
∞∑

𝑘=1

||||𝐷
𝑘𝑝𝑓(0)(𝑥𝑘𝑝)||||
(𝑘𝑝)!

+ ( 1
‖𝑥‖𝑝 + Λ + 1

1 − ‖𝑥‖𝑝 )
∞∑

𝑘=2
(
|𝐷𝑘𝑝𝑓(0)(𝑥𝑘𝑝)|

(𝑘𝑝)! )
2

= 𝑎(𝑐𝑟0)𝑝 + (1 − 𝑎2) (𝑐𝑟0)2𝑝

1 − 𝑎(𝑐𝑟0)𝑝

+ ( 1
𝑟𝑝0 + 𝑎(𝑐𝑟0)𝑝

+ 1
1 − 𝑟𝑝0

)
(1 − 𝑎2)2(𝑐𝑟0)4𝑝

(1 − (𝑐𝑟0)2𝑝)

= 𝑎(𝑐𝑟0)𝑝 + (1 − 𝑎2) (𝑐𝑟0)2𝑝

1 − 𝑎(𝑐𝑟0)𝑝
+ (

1 + 𝑎(𝑐𝑟0)𝑝

(1 + 𝑎𝑐𝑝)(1 − 𝑟𝑝0 )
)
(1 − 𝑎2)2𝑐4𝑝𝑟3𝑝0
(1 − (𝑐𝑟0)2𝑝)

.

Since
1 + 𝑎
1 + 𝑎𝑐𝑝 ≥ 1 and 1

(1 − (𝑐𝑟0)2𝑝)
≥ 1
(1 − 𝑎2(𝑐𝑟0)2𝑝)

,

we have
∞∑

𝑘=1

||||𝐷
𝑘𝑝𝑓(0)(𝑥𝑘𝑝)||||
(𝑘𝑝)!

+ ( 1
‖𝑥‖𝑝 + Λ + 1

1 − ‖𝑥‖𝑝 )
∞∑

𝑘=2
(
|𝐷𝑘𝑝𝑓(0)(𝑥𝑘𝑝)|

(𝑘𝑝)! )
2

≥ 𝑎(𝑐𝑟0)𝑝 + (1 − 𝑎2) (𝑐𝑟0)2𝑝

1 − 𝑎(𝑐𝑟0)𝑝
+ ( 1 − 𝑎

1 − 𝑟𝑝0
)
(1 − 𝑎2)𝑐4𝑝𝑟3𝑝0
(1 − 𝑎(𝑐𝑟0)𝑝)

≥ 𝑎(𝑐𝑟0)𝑝 +
(1 − 𝑎2)(𝑐𝑟0)2𝑝

1 − 𝑎(𝑐𝑟0)𝑝
[1 +

𝑐2𝑝𝑟𝑝0 (1 − 𝑎)
(1 − 𝑐2𝑝𝑟𝑝0 )

]

≥ 𝑎(𝑐𝑟0)𝑝 +
(1 − 𝑎2)(𝑐𝑟0)2𝑝

1 − 𝑎𝑐2𝑝𝑟𝑝0
(
1 − 𝑎𝑐2𝑝𝑟𝑝0
1 − 𝑐2𝑝𝑟𝑝0

)

≥ 𝑎𝑐2𝑝𝑟𝑝0 + (1 − 𝑎2)
𝑐4𝑝𝑟2𝑝0

1 − 𝑐2𝑝𝑟𝑝0
.

In the proof of [24, Theorem 3.2], it has been proved that

𝑎(𝑥)𝑝 + (1 − 𝑎2) (𝑥)2𝑝
1 − (𝑥)𝑝

> 1,

for 𝑥 > 𝑟𝑝. This completes the proof of the sharpness of the constant 𝑟𝑝. □

The case 𝑝 = 1 in Theorem 3.2, gives the following corollary.

Corollary 3.3. Let 𝑓 ∈ 𝐻(𝔹𝑋 ,𝔻) and 𝑓(𝑧) =
∑∞

𝑘=1
𝐷𝑘𝑓(0)(𝑧𝑘)

𝑘!
. Then

∞∑

𝑘=1

|𝐷𝑘𝑓(0)(𝑧𝑘)|
𝑘! + ( 1

‖𝑧‖ + |𝐷𝑓(0)(𝑧)|
+ 1
1 − ‖𝑧‖)

∞∑

𝑘=2
(
|𝐷𝑘𝑓(0)(𝑧𝑘)|

𝑘! )
2

≤ 1,

holds for all 0 < ‖𝑧‖ = 𝑟 ≤ 3∕5. The constant 3∕5 is best possible.
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3.2. Bohr type inequality for holomorphic functions with lacunary se-
ries from 𝑩𝓵𝒏𝒕 to 𝔻

𝒏. The proof of the following theorem uses the method of
proof of [24, Theorem 3.5], which will be also used to prove Theorems 4.1 and
4.4, respectively.

Theorem 3.4. Suppose that 𝑚, 𝑝 ∈ ℕ, 1 ≤ 𝑚 ≤ 𝑝, and 1 ≤ 𝑡 ≤ ∞. Let
𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻

𝑛
) and

𝑓(𝑧) = 𝑧𝑔(𝑧) = 𝐷𝑚𝑓(0)(𝑧𝑚)
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)
(𝑘𝑝 +𝑚)!

,

where 𝑔 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,ℂ). Then
∞∑

𝑘=1

‖‖‖‖𝐷
(2𝑘−1)𝑝+𝑚𝑓(0)(𝑧(2𝑘−1)𝑝+𝑚)‖‖‖‖∞

((2𝑘 − 1)𝑝 +𝑚)!
(7)

+
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2

≤ 1

holds for all ‖𝑧‖𝑡 = 𝑟 ≤ 𝑟𝑝,𝑚, where 𝑟𝑝,𝑚 is the unique root in (0, 1) of the equation
𝑟𝑝+𝑚 + 𝑟2𝑝 − 1 = 0. For each 𝑝 and𝑚, the number 𝑟𝑝,𝑚 is best possible.

Proof. Fix 𝑧 ∈ 𝐵𝓁𝑛𝑡 ∖{0}, and set 𝑧0 =
𝑧

‖𝑧‖𝑡
. Then 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 . Let 𝑗 be such that

|𝑧𝑗| = ‖𝑧‖∞ = max1≤𝑙≤𝑛{|𝑧𝑙|}. Because 𝑓(𝑧) = 𝑧𝑔(𝑧), simple calculations yield

𝐷𝑘𝑓𝑗(0)(𝑧𝑘0 )
𝑘! =

𝐷𝑘−1𝑔(0)(𝑧𝑘−10 )
(𝑘 − 1)!

𝑧𝑗
‖𝑧‖𝑡

for all 𝑘 ∈ ℕ.

Let ℎ𝑗(𝜆) = 𝑓𝑗(𝜆𝑧0) for 𝜆 ∈ 𝔻. Then ℎ𝑗 ∈ 𝐻(𝔻,𝔻) and

ℎ𝑗(𝜆) = 𝜆𝑚
⎡
⎢
⎣

𝐷𝑚𝑓𝑗(0)(𝑧𝑚0 )
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓𝑗(0)(𝑧
𝑘𝑝+𝑚
0 )

(𝑘𝑝 +𝑚)!
𝜆𝑘𝑝

⎤
⎥
⎦

= 𝜆𝑚
⎡
⎢
⎣

𝐷𝑚−1𝑔(0)(𝑧𝑚−10 )
(𝑚 − 1)!

𝑧𝑗
‖𝑧‖𝑡

+
∞∑

𝑘=1

𝐷𝑘𝑝+𝑚−1𝑔(0)(𝑧𝑘𝑝+𝑚−10 )
(𝑘𝑝 +𝑚 − 1)!

𝑧𝑗
‖𝑧‖𝑡

𝜆𝑘𝑝
⎤
⎥
⎦

= 𝑏0𝜆𝑚 +
∞∑

𝑘=1
𝑏𝑘𝜆𝑘𝑝+𝑚,

where

𝑏0 =
𝐷𝑚−1𝑔(0)(𝑧𝑚−10 )

(𝑚 − 1)!
𝑧𝑗
‖𝑧‖𝑡

and 𝑏𝑘 =
𝐷𝑘𝑝+𝑚−1𝑔(0)(𝑧𝑘𝑝+𝑚−10 )

(𝑘𝑝 +𝑚 − 1)!
𝑧𝑗
‖𝑧‖𝑡

for 𝑘 ≥ 1.

By equation (1) in Lemma D, and

|𝜆|2𝑝
1 − |𝜆|2𝑝

∞∑

𝑘=0
|𝑏𝑘|2|𝜆|(2𝑘−1)𝑝 =

|𝜆|𝑝
1 − |𝜆|2𝑝

∞∑

𝑘=0
|𝑏𝑘|2|𝜆|2𝑘𝑝,
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we have
∞∑

𝑘=1
|𝑏2𝑘−1| |𝜆|(2𝑘−1)𝑝 +

|𝜆|𝑝
1 − |𝜆|2𝑝

∞∑

𝑘=0
|𝑏𝑘|2|𝜆|2𝑘𝑝 ≤

|𝜆|𝑝
1 − |𝜆|2𝑝

. (8)

As |𝑧𝑗| = ‖𝑧‖∞ = max1≤𝑙≤𝑛{|𝑧𝑙|}, substituting the expression of 𝑏𝑘 (𝑘 ≥ 0) into
(8), we have

∞∑

𝑘=1

|𝐷(2𝑘−1)𝑝+𝑚−1𝑔(0)(𝑧(2𝑘−1)𝑝+𝑚−10 )|
((2𝑘 − 1)𝑝 +𝑚 − 1)!

|𝑧𝑗|
‖𝑧‖𝑡

|𝜆|(2𝑘−1)𝑝

+ |𝜆|𝑝
1 − |𝜆|2𝑝

∞∑

𝑘=0

⎛
⎜
⎝

|𝐷𝑘𝑝+𝑚−1𝑔(0)(𝑧𝑘𝑝+𝑚−10 )|
(𝑘𝑝 +𝑚 − 1)!

|𝑧𝑗|
‖𝑧‖𝑡

⎞
⎟
⎠

2

|𝜆|2𝑘𝑝

≤ |𝜆|𝑝
1 − |𝜆|2𝑝

(9)

for all 𝑘 ∈ ℕ0 and 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 .
Moreover, if 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 , we also have

|𝐷𝑘𝑓𝑙(0)(𝑧𝑘0 )|
𝑘! =

|𝐷𝑘−1𝑔(0)(𝑧𝑘−10 )|
(𝑘 − 1)!

|𝑧𝑙|
‖𝑧‖𝑡

(10)

≤
|𝐷𝑘−1𝑔(0)(𝑧𝑘−10 )|

(𝑘 − 1)!
|𝑧𝑗|
‖𝑧‖𝑡

, 𝑙 = 1, 2,… , 𝑛.

Combining (9) and (10), for 𝑧0 ∈ 𝜕𝐵𝓁𝑛𝑡 , we have

∞∑

𝑘=1

|𝐷(2𝑘−1)𝑝+𝑚𝑓𝑙𝑘 (0)(𝑧
(2𝑘−1)𝑝+𝑚
0 )|

((2𝑘 − 1)𝑝 +𝑚)!
|𝜆|(2𝑘−1)𝑝 (11)

+ |𝜆|𝑝
1 − |𝜆|2𝑝

∞∑

𝑘=0

⎛
⎜
⎝

|𝐷𝑘𝑝+𝑚𝑓𝑗𝑘 (0)(𝑧
𝑘𝑝+𝑚
0 )|

(𝑘𝑝 +𝑚)!
⎞
⎟
⎠

2

|𝜆|2𝑘𝑝 ≤ |𝜆|𝑝
1 − |𝜆|2𝑝

for all 𝑘 ∈ ℕ0 and where 𝑙𝑘 = 1, 2,… , 𝑛 and 𝑗𝑘 = 1, 2,… , 𝑛.
Multiplying both sides of (11) by |𝜆|𝑚 and setting |𝜆| = ‖𝑧‖𝑡 so that 𝑧 =

𝑧0‖𝑧‖𝑡, we have

∞∑

𝑘=1

|𝐷(2𝑘−1)𝑝+𝑚𝑓𝑙𝑘 (0)(𝑧
(2𝑘−1)𝑝+𝑚)|

((2𝑘 − 1)𝑝 +𝑚)!
+

‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
|𝐷𝑘𝑝+𝑚𝑓𝑗𝑘 (0)(𝑧

𝑘𝑝+𝑚)|
(𝑘𝑝 +𝑚)! )

2

≤
‖𝑧‖𝑝+𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡
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for 𝑧 ∈ 𝐵𝓁𝑛𝑡 , and 𝑙𝑘 = 1, 2,… , 𝑛 and 𝑗𝑘 = 1, 2,… , 𝑛. In other words,

∞∑

𝑘=1

‖‖‖‖𝐷
(2𝑘−1)𝑝+𝑚𝑓(0)(𝑧(2𝑘−1)𝑝+𝑚)‖‖‖‖∞

((2𝑘 − 1)𝑝 +𝑚)!
+

‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2

≤
‖𝑧‖𝑝+𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

which is less than or equal to 1 provided 𝑟𝑝+𝑚 + 𝑟2𝑝 − 1 ≤ 0, where 𝑟 = ‖𝑧‖𝑡.
Finally, the desired conclusion (7) follows for ‖𝑧‖𝑡 = 𝑟 ≤ 𝑟𝑝,𝑚, where 𝑟𝑝,𝑚 is as
in the statement.
To prove the sharpness, we just consider the functions 𝑔 and 𝑓 = 𝑧𝑔 ∈

𝐻(𝐵𝓁𝑛𝑡 ,𝔻
𝑛
) given by

𝑔(𝑧) = 𝑧𝑚−11
𝑎 − 𝑧𝑝1
1 − 𝑎𝑧𝑝1

and

𝑓(𝑧) = (𝑧𝑚1
𝑎 − 𝑧𝑝1
1 − 𝑎𝑧𝑝1

, 𝑧2𝑧𝑚−11
𝑎 − 𝑧𝑝1
1 − 𝑎𝑧𝑝1

,… , 𝑧𝑛𝑧𝑚−11
𝑎 − 𝑧𝑝1
1 − 𝑎𝑧𝑝1

)
′

,

where ′ represent the transpose of the vector, 𝑧 = (𝑧1, 𝑧2,… , 𝑧𝑛)′ and 𝑎 ∈ [0, 1).
In this case, let 𝑧 = (𝑧1, 0,… , 0)′, which implies that ‖𝑧‖𝑡 = |𝑧1| = 𝑟, and
according to the definition of Fréchet derivative, we have

𝐷𝑓(0)(𝑧) = (
𝜕𝑓𝑙(0)
𝜕𝑧𝑗

)
1≤𝑙,𝑗≤𝑛

(𝑧1, 𝑧2,… , 𝑧𝑛)′.

Because 𝑧 = (𝑧1, 0,… , 0)′, we have 𝐷𝑓(0)(𝑧) = ( 𝜕𝑓1(0)
𝜕𝑧1

𝑧1, 0,… , 0), and there-
fore,

‖𝐷𝑓(0)(𝑧)‖ =
|||||||
𝜕𝑓1(0)
𝜕𝑧1

𝑧1
|||||||
.

With the help of the proof of [24, Theorem 3.5], we obtain

‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞
(𝑘𝑝 +𝑚)!

=
||||||||||

𝜕𝑘𝑝+𝑚𝑓1(0)
𝜕𝑧𝑘𝑝+𝑚1

𝑧𝑘𝑝+𝑚1
(𝑘𝑝 +𝑚)!

||||||||||
for 𝑘 ≥ 0.
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Therefore, we compute that
∞∑

𝑘=1

‖‖‖‖𝐷
(2𝑘−1)𝑝+𝑚𝑓(0)(𝑧(2𝑘−1)𝑝+𝑚)‖‖‖‖∞

((2𝑘 − 1)𝑝 +𝑚)!

+
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2

=
∞∑

𝑘=1
(1 − 𝑎2)𝑎2(𝑘−1)𝑟(2𝑘−1)𝑝+𝑚 + 𝑟𝑝−𝑚

1 − 𝑟2𝑝
𝑎2𝑟2𝑚

+ 𝑟𝑝−𝑚
1 − 𝑟2𝑝

∞∑

𝑘=1
(1 − 𝑎2)2𝑎2(𝑘−1)𝑟2𝑘𝑝+2𝑚

= (1 − 𝑎2)𝑟𝑝+𝑚 [ (1 − 𝑟2𝑝) − (1 − 𝑎2𝑟2𝑝) + (1 − 𝑎2)𝑟2𝑝
(1 − 𝑟2𝑝)(1 − 𝑎2𝑟2𝑝)

] + 𝑟𝑝+𝑚
1 − 𝑟2𝑝

= 𝑟𝑝+𝑚
1 − 𝑟2𝑝

,

which is clearly bigger than 1 whenever 𝑟 > 𝑟𝑝,𝑚. This completes the proof. □

Using the method of proof Theorems 3.1 and 3.4, we may verify the proof of
the following, and so we omit its proof.

Theorem 3.5. Suppose that 𝑚 ∈ ℕ0, 𝑝 ∈ ℕ, 0 ≤ 𝑚 ≤ 𝑝, and 1 ≤ 𝑡 ≤ ∞. If
𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻) and

𝑓(𝑧) = 𝐷𝑚𝑓(0)(𝑧𝑚)
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)
(𝑘𝑝 +𝑚)!

,

then
∞∑

𝑘=1

||||𝐷
(2𝑘−1)𝑝+𝑚𝑓(0)(𝑧(2𝑘−1)𝑝+𝑚)||||

((2𝑘 − 1)𝑝 +𝑚)!
(12)

+
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
|𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)|

(𝑘𝑝 +𝑚)! )
2

≤ 1

holds for all ‖𝑧‖𝑡 = 𝑟 ≤ 𝑟𝑝,𝑚, where 𝑟𝑝,𝑚 is the same as in Theorem 3.4. The
constant 𝑟𝑝,𝑚 is best possible for each 𝑝 and𝑚.

4. Bohr inequality for holomorphic mappings with alternating
series
In this section, we will use the Fréchet derivative to extend the Bohr in-

equality with alternating series to the higher-dimensional space, and obtain
the higher-dimensional generalizations of Theorem C.
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Theorem 4.1. Suppose that𝑚, 𝑝 ∈ ℕ, 𝑝 is odd, 1 ≤ 𝑚 ≤ 𝑝, and 1 ≤ 𝑡 ≤ ∞. If
𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻

𝑛
) and

𝑓(𝑧) = 𝑧𝑔(𝑧) = 𝐷𝑚𝑓(0)(𝑧𝑚)
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)
(𝑘𝑝 +𝑚)!

,

where 𝑔 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,ℂ), then
|||||||||

∞∑

𝑘=1
(−1)𝑘𝑝+𝑚

‖‖‖‖𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖‖‖‖∞

(𝑘𝑝 +𝑚)!
(13)

+ (−1)𝑚+𝑝
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2 |||||||||
≤ 1

holds for all ‖𝑧‖𝑡 = 𝑟 ≤ 𝑟𝑝,𝑚, where 𝑟𝑝,𝑚 is the same as in Theorem 3.4. The
constant 𝑟𝑝,𝑚 is best possible for each 𝑝 and𝑚.

Proof. (i) Assume first that 𝑝 is odd and𝑚 is even. Then (−1)𝑚+𝑝 = −1, and
∞∑

𝑘=1
(−1)𝑘𝑝+𝑚

‖‖‖‖𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖‖‖‖∞

(𝑘𝑝 +𝑚)!
(14)

=
∞∑

𝑘=1

‖‖‖‖𝐷
2𝑘𝑝+𝑚𝑓(0)(𝑧2𝑘𝑝+𝑚)‖‖‖‖∞

(2𝑘𝑝 +𝑚)!
−

∞∑

𝑘=1

‖‖‖‖𝐷
(2𝑘−1)𝑝+𝑚𝑓(0)(𝑧(2𝑘−1)𝑝+𝑚)‖‖‖‖∞

((2𝑘 − 1)𝑝 +𝑚)!
.

Now, to find the lower bound, by Theorem 3.4 and (14), we see that
∞∑

𝑘=1
(−1)𝑘𝑝+𝑚

‖‖‖‖𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖‖‖‖∞

(𝑘𝑝 +𝑚)!

−
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2

≥ −
∞∑

𝑘=1

‖‖‖‖𝐷
(2𝑘−1)𝑝+𝑚𝑓(0)(𝑧(2𝑘−1)𝑝+𝑚)‖‖‖‖∞

((2𝑘 − 1)𝑝 +𝑚)!

−
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2

≥ −1

holds for all ‖𝑧‖𝑡 = 𝑟 ≤ 𝑟𝑝,𝑚, where 𝑟𝑝,𝑚 is the unique root in (0, 1) of the
equation 𝑟𝑝+𝑚 + 𝑟2𝑝 − 1 = 0.
To find the upper bound, according to Lemma 2.1 and the method of proof

of Lemma 2.1, we see that

‖𝐷𝑚𝑓(0)(𝑧𝑚0 )‖∞
𝑚! ≤ 1
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and

∞∑

𝑘=1
(−1)𝑘𝑝+𝑚

‖‖‖‖𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖‖‖‖∞

(𝑘𝑝 +𝑚)!
(15)

−
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2

≤
∞∑

𝑘=1

‖‖‖‖𝐷
2𝑘𝑝+𝑚𝑓(0)(𝑧2𝑘𝑝+𝑚)‖‖‖‖∞

(2𝑘𝑝 +𝑚)!

≤
‖𝑧‖2𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

⎡
⎢
⎣
‖𝑧‖2𝑚𝑡 − (

‖𝐷𝑚𝑓(0)(𝑧𝑚)‖∞
𝑚! )

2⎤
⎥
⎦

=
‖𝑧‖2𝑝+𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

⎡
⎢
⎣
1 − (

‖𝐷𝑚𝑓(0)(𝑧𝑚0 )‖∞
𝑚! )

2⎤
⎥
⎦

≤
‖𝑧‖2𝑝+𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡
≤ 𝑟𝑝+𝑚
1 − 𝑟2𝑝

,

which is less than or equal to 1 whenever 𝑟𝑝+𝑚

1−𝑟2𝑝
≤ 1, that is, whenever 𝑟𝑝+𝑚 +

𝑟2𝑝 − 1 ≤ 0. Thus, combining with the value of the upper and lower bounds,
(13) holds for all ‖𝑧‖𝑡 = 𝑟 ≤ 𝑟𝑝,𝑚, where 𝑟𝑝,𝑚 is the unique root in (0, 1) of the
equation 𝑟𝑝+𝑚 + 𝑟2𝑝 − 1 = 0.
To prove the sharpness, we just consider the functions 𝑔(𝑧) = 𝑧𝑚+𝑝−11 , and

𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻
𝑛
) given by

𝑓(𝑧) = 𝑧𝑔(𝑧) = (𝑧𝑚+𝑝1 , 𝑧2𝑧
𝑚+𝑝−1
1 ,… , 𝑧𝑛𝑧

𝑚+𝑝−1
1 )′,

where 𝑧 = (𝑧1, 𝑧2,… , 𝑧𝑛)′.
Let 𝑧 = (𝑧1, 0,… , 0)′. Then ‖𝑧‖𝑡 = |𝑧1| = 𝑟. In this case, just like the method

of proof of Theorem 3.4, we have

‖‖‖‖𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖‖‖‖∞

(𝑘𝑝 +𝑚)!
=
||||||||||

𝜕𝑘𝑝+𝑚𝑓1(0)
𝜕𝑧𝑘𝑝+𝑚1

𝑧𝑘𝑝+𝑚1
(𝑘𝑝 +𝑚)!

||||||||||
for all 𝑘 ≥ 0.

Since 𝑓1(𝑧) = 𝑧𝑚+𝑝1 , we have,

‖‖‖‖𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖‖‖‖∞

(𝑘𝑝 +𝑚)!
= 0
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(when 𝑘 ≠ 1), and𝑚 + 𝑝 is odd. Therefore,

|||||||||

∞∑

𝑘=1
(−1)𝑘𝑝+𝑚

‖‖‖‖𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖‖‖‖∞

(𝑘𝑝 +𝑚)!

+(−1)𝑚+𝑝
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2 |||||||||

=
|||||||
−𝑟𝑚+𝑝 − 𝑟𝑝−𝑚

1 − 𝑟2𝑝
𝑟2(𝑝+𝑚)

|||||||
= 𝑟𝑝+𝑚
1 − 𝑟2𝑝

,

which shows that the left hand of (13) is bigger than 1whenever 𝑟 > 𝑟𝑝,𝑚. This
completes the proof of Case (i).

(ii) Next, suppose that both 𝑝 and𝑚 are odd. Then we see that (−1)𝑚+𝑝 = 1
and

∞∑

𝑘=1
(−1)𝑘𝑝+𝑚

‖‖‖‖𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖‖‖‖∞

(𝑘𝑝 +𝑚)!
= −

∞∑

𝑘=1

‖‖‖‖𝐷
2𝑘𝑝+𝑚𝑓(0)(𝑧2𝑘𝑝+𝑚)‖‖‖‖∞

(2𝑘𝑝 +𝑚)!

+
∞∑

𝑘=1

‖‖‖‖𝐷
(2𝑘−1)𝑝+𝑚𝑓(0)(𝑧(2𝑘−1)𝑝+𝑚)‖‖‖‖∞

((2𝑘 − 1)𝑝 +𝑚)!
.

Therefore, combined with Lemma 2.1 and Theorem 3.4, the rest of the proof
is similar to the first part above, except that the corresponding formula has the
opposite sign. This completes the proof. □
In the following case, since 𝑓((0, 0,… , 0)′) = (0, 0,… , 0)′ 𝑔((0, 0,… , 0)′) =

(0, 0,… , 0)′, Corollary 4.2 is an extension of Theorem B and Corollary 3.3.

Corollary 4.2. Let 𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻
𝑛
) and

𝑓(𝑧) = 𝑧𝑔(𝑧) =
∞∑

𝑘=1

𝐷𝑘𝑓(0)(𝑧𝑘)
𝑘! ,

where 𝑔 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,ℂ), and the subscript 𝑗 is chosen such that |𝑧𝑗| = ‖𝑧‖∞ =
max1≤𝑙≤𝑛{|𝑧𝑙|}. Then

∞∑

𝑘=1

‖𝐷𝑘𝑓(0)(𝑧𝑘)‖∞
𝑘! + ( 1

‖𝑧‖𝑡 + ‖𝐷𝑓(0)(𝑧)‖∞
+ 1
1 − ‖𝑧‖𝑡

) (16)

×
∞∑

𝑘=2
(
‖𝐷𝑘𝑓(0)(𝑧𝑘)‖∞

𝑘! )
2

≤ 1,

holds for all 0 < ‖𝑧‖𝑡 = 𝑟 ≤ 3∕5. This result is sharp.



BOHR-TYPE INEQUALITIES FOR HOLOMORPHIC FUNCTIONS 277

Proof. Fix 𝑧 ∈ 𝐵𝓁𝑛𝑡 ∖{0}, and set 𝑧0 = 𝑧
‖𝑧‖𝑡

∈ 𝜕𝐵𝓁𝑛𝑡 . Because 𝑓(𝑧) = 𝑧𝑔(𝑧),
through simple calculations, we have

𝐷𝑘𝑓𝑙(0)(𝑧𝑘0 )
𝑘! =

𝐷𝑘−1𝑔(0)(𝑧𝑘−10 )
(𝑘 − 1)!

𝑧𝑙
‖𝑧‖𝑡

for all 𝑙 = 1, 2,… , 𝑛 and 𝑘 ∈ ℕ0. Since |𝑧𝑗| = ‖𝑧‖∞ = max1≤𝑙≤𝑛{|𝑧𝑙|}, it follows
that

|𝐷𝑘𝑓𝑙(0)(𝑧𝑘0 )|
𝑘! ≤

|𝐷𝑘−1𝑔(0)(𝑧𝑘−10 )|
(𝑘 − 1)!

|𝑧𝑗|
‖𝑧‖𝑡

=
|𝐷𝑘𝑓𝑗(0)(𝑧𝑘0 )|

𝑘!
for all 𝑙 = 1, 2,… , 𝑛 and 𝑘 ∈ ℕ0. Therefore,

‖𝐷𝑘𝑓(0)(𝑧𝑘0 )‖∞
𝑘! =

|𝐷𝑘𝑓𝑗(0)(𝑧𝑘0 )|
𝑘! for all 𝑘 ∈ ℕ0.

Multiplying both sides of the above equation by ‖𝑧𝑘‖𝑡 gives

‖𝐷𝑘𝑓(0)(𝑧𝑘)‖∞
𝑘! =

|𝐷𝑘𝑓𝑗(0)(𝑧𝑘)|
𝑘! for all 𝑘 ∈ ℕ0.

Therefore,

∞∑

𝑘=1

‖𝐷𝑘𝑓(0)(𝑧𝑘)‖∞
𝑘! + ( 1

‖𝑧‖𝑡 + ‖𝐷𝑓(0)(𝑧)‖∞
+ 1
1 − ‖𝑧‖𝑡

)
∞∑

𝑘=2
(
‖𝐷𝑘𝑓(0)(𝑧𝑘)‖∞

𝑘! )
2

=
∞∑

𝑘=1

|𝐷𝑘𝑓𝑗(0)(𝑧𝑘)|
𝑘! + ( 1

‖𝑧‖𝑡 + |𝐷𝑓𝑗(0)(𝑧)|
+ 1
1 − ‖𝑧‖𝑡

)
∞∑

𝑘=2
(
|𝐷𝑘𝑓𝑗(0)(𝑧𝑘)|

𝑘! )
2

.

Since 𝑓𝑗 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻), by Corollary 3.3, we find that (16) holds for all 0 <
‖𝑧‖𝑡 = 𝑟 ≤ 3∕5.
To prove the sharpness, we just consider the function 𝑔(𝑧) = 𝑎−𝑧1

1−𝑎𝑧1
and 𝑓 ∈

𝐻(𝐵𝓁𝑛𝑡 ,𝔻
𝑛
) given by

𝑓(𝑧) = 𝑧𝑔(𝑧) = (𝑧1
𝑎 − 𝑧1
1 − 𝑎𝑧1

, 𝑧2
𝑎 − 𝑧1
1 − 𝑎𝑧1

,… , 𝑧𝑛
𝑎 − 𝑧1
1 − 𝑎𝑧1

)
′
.

In this case, let 𝑧 = (𝑧1, 0,… , 0)′. The rest of the proof is similar as in Theorem
3.4. □

Corollary 4.3. Suppose that 𝑚, 𝑝 ∈ ℕ, 𝑝 is odd, 1 ≤ 𝑚 ≤ 𝑝, and 1 ≤ 𝑡 ≤ ∞.
Let 𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻

𝑛
) be given by

𝑓(𝑧) = 𝑧𝑔(𝑧) = 𝐷𝑚𝑓(0)(𝑧𝑚)
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)
(𝑘𝑝 +𝑚)!

,
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where 𝑔 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,ℂ). Then
|||||||||
𝐴𝑓𝑚(𝑟) + (−1)𝑚

⎛
⎜
⎝

1
‖𝑧‖𝑚𝑡 + Γ

+
‖𝑧‖2𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

⎞
⎟
⎠

×
∞∑

𝑘=0
(
‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞

(𝑘𝑝 +𝑚)! )
2 |||||||||
≤ 1

holds for 0 < ‖𝑧‖𝑡 = 𝑟 ≤ �̃�𝑝,𝑚, where

𝐴𝑓𝑚(𝑟) =
∞∑

𝑘=1
(−1)𝑘𝑝+𝑚

‖𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)‖∞
(𝑘𝑝 +𝑚)!

, Γ =
‖𝐷𝑚𝑓(0)(𝑧𝑚)‖∞

𝑚! ,

and �̃�𝑝,𝑚 is the unique root in (0, 1) of the equation 𝑟2𝑝+𝑚 + 2𝑟2𝑝 − 1 = 0. For
each 𝑝,𝑚, the constant �̃�𝑝,𝑚 is best possible.

Proof. First, we use the methods of proofs of Lemma 2.1 and Theorem 3.4 to
obtain the upper bounds of odd and even terms respectively, and then use (2)
of Lemma D. Finally, one can combine the methods of proofs Corollary 4.2 and
Theorem 4.1 to get quickly the proof of Corollary 4.3, so we skip the details.□
Remark 1. When 𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻), 𝑚, 𝑝 ∈ ℕ0, 𝑝 is odd, 0 ≤ 𝑚 ≤ 𝑝, and
1 ≤ 𝑡 ≤ ∞, then the same conclusion as Corollary 4.3 can be obtained. In the
case of𝑚 = 0, we have ‖𝑧‖𝑡 = 𝑟 ≤ 1∕ 2𝑝

√
3, and thus this case can be regarded as

an extension of Theorem 1.2 in [3].

Combining Lemma 2.2 and Theorem 3.5, and using the method of proof of
Theorem 4.1, we can easily obtain the proof of the following theorem.
Theorem4.4. Suppose that𝑚 ∈ ℕ0,𝑝 ∈ ℕ,𝑝 is odd, 0 ≤ 𝑚 ≤ 𝑝 and 1 ≤ 𝑡 ≤∞.
If 𝑓 ∈ 𝐻(𝐵𝓁𝑛𝑡 ,𝔻) and

𝑓(𝑧) = 𝐷𝑚𝑓(0)(𝑧𝑚)
𝑚! +

∞∑

𝑘=1

𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)
(𝑘𝑝 +𝑚)!

,

then
|||||||||

∞∑

𝑘=1
(−1)𝑘𝑝+𝑚

||||𝐷
𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)||||
(𝑘𝑝 +𝑚)!

+ (−1)𝑚+𝑝
‖𝑧‖𝑝−𝑚𝑡

1 − ‖𝑧‖2𝑝𝑡

∞∑

𝑘=0
(
|𝐷𝑘𝑝+𝑚𝑓(0)(𝑧𝑘𝑝+𝑚)|

(𝑘𝑝 +𝑚)! )
2 |||||||||
≤ 1

holds for all ‖𝑧‖𝑡 = 𝑟 ≤ 𝑟𝑝,𝑚, where 𝑟𝑝,𝑚 is the same as in Theorem 3.4. For each
𝑝 and𝑚 the number 𝑟𝑝,𝑚 is best possible.

Remark 2. When 𝑛 = 1 (that is 𝑓 ∈ 𝐻(𝔻,𝔻)), through comparison, it can
be easily found that the results of Theorems 4.1 and 4.4 are the same as that of
Theorem C.
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