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Left braces of size 𝒑𝟐𝒒𝟐

Teresa Crespo

Abstract. We consider relatively prime integer numbers𝑚 and 𝑛 such that
each solvable group of order𝑚𝑛 has a normal subgroup of order𝑚. We prove
that each brace of size 𝑚𝑛 is a semidirect product of a brace of size 𝑚 and a
brace of size 𝑛. We further give amethod to classify braces of size𝑚𝑛 from the
classification of braces of sizes𝑚 and 𝑛. We apply this result to determine all
braces of size 𝑝2𝑞2, for 𝑝 and 𝑞 odd primes satisfying some conditions which
hold in particular for 𝑝 a Germain prime and 𝑞 = 2𝑝 + 1.
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1. Introduction
In [10] Rump introduced braces to study set-theoretic solutions of the Yang-

Baxter equation. A (left) brace is a triple (𝐵,+, ⋅) where 𝐵 is a set and + and ⋅
are binary operations such that (𝐵,+) is an abelian group, (𝐵, ⋅) is a group and

𝑎 ⋅ (𝑏 + 𝑐) + 𝑎 = 𝑎 ⋅ 𝑏 + 𝑎 ⋅ 𝑐,
for all 𝑎, 𝑏, 𝑐 ∈ 𝐵. We call (𝐵,+) the additive group and (𝐵, ⋅) the multiplicative
group of the left brace. The cardinal of 𝐵 is called the size of the brace. If (𝐵,+)
is an abelian group, then (𝐵,+,+) is a brace, called trivial brace.
Let 𝐵1 and 𝐵2 be left braces. A map 𝑓 ∶ 𝐵1 → 𝐵2 is said to be a brace mor-

phism if 𝑓(𝑏 + 𝑏′) = 𝑓(𝑏) + 𝑓(𝑏′) and 𝑓(𝑏 ⋅ 𝑏′) = 𝑓(𝑏) ⋅ 𝑓(𝑏′) for all 𝑏, 𝑏′ ∈ 𝐵1.
If 𝑓 is bijective, we say that 𝑓 is an isomorphism. In that case we say that the
braces 𝐵1 and 𝐵2 are isomorphic.
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We recall the definition of direct and semidirect product of braces as de-
fined in [5] and [11]. Let (𝐵1,+, ⋅) and (𝐵2,+, ⋅) be braces and 𝜏 ∶ (𝐵2, ⋅) →
Aut(𝐵1,+, ⋅) be a group morphism. Define in 𝐵1 × 𝐵2 operations + and ⋅ by

(𝑎, 𝑏) + (𝑎′, 𝑏′) = (𝑎 + 𝑎′, 𝑏 + 𝑏′), (𝑎, 𝑏) ⋅ (𝑎′, 𝑏′) = (𝑎 ⋅ 𝜏(𝑏)(𝑎′), 𝑏 ⋅ 𝑏′).
Then (𝐵1×𝐵2,+, ⋅) is a bracewhich is called the semidirect product of the braces
𝐵1 and 𝐵2 via 𝜏 and will be denoted 𝐵1⋊𝜏 𝐵2. If 𝜏 is the trivial morphism, then
(𝐵1 × 𝐵2,+, ⋅) is called the direct product of 𝐵1 and 𝐵2.
We recall that, for a left brace (𝐵,+, ⋅) and each 𝑎 ∈ 𝐵, we have a bijective

map 𝜆𝑎 ∶ 𝐵 → 𝐵 defined by 𝜆𝑎(𝑏) = −𝑎 + 𝑎 ⋅ 𝑏 which satisfies 𝜆𝑎(𝑏 + 𝑐) =
𝜆𝑎(𝑏) + 𝜆𝑎(𝑐), 𝑎 ⋅ 𝑏 = 𝑎 + 𝜆𝑎(𝑏), 𝜆𝑎⋅𝑏 = 𝜆𝑎◦𝜆𝑏, for any 𝑎, 𝑏, 𝑐 in 𝐵.
Left braces have been classified for sizes 𝑝2, 𝑝3, for 𝑝 a prime number ([3]);

𝑝𝑞 and 𝑝2𝑞, for 𝑝 and 𝑞 odd prime numbers ([1, 2, 4, 9]); 2𝑝2, for 𝑝 an odd
prime number ([6]); 8𝑝, for 𝑝 an odd prime number≠ 3, 7 ([7]) and for 12𝑝, for
𝑝 an odd prime number ≥ 7 ([8]). In this paper we consider relatively prime
integer numbers𝑚 and 𝑛 such that each solvable group of order𝑚𝑛 has a nor-
mal subgroup of order 𝑚. We prove that each brace of size 𝑚𝑛 is a semidirect
product of a brace of size𝑚 and a brace of size 𝑛. We further give a method to
classify braces of size𝑚𝑛 from the classification of braces of sizes𝑚 and 𝑛. This
is a generalization of the result obtained in [8] in the case in which𝑚 is prime.
We apply our result to describe all braces of size 𝑝2𝑞2, for 𝑝 and 𝑞 odd primes
satisfying 𝑞 > 𝑝, 𝑞 ≥ 5, 𝑝 ∣ 𝑞 − 1, 𝑝 ∤ 𝑞 + 1, 𝑝2 ∤ 𝑞 − 1. We note that these
conditions hold in particular when 𝑝 is an odd Germain prime and 𝑞 = 2𝑝+1.

2. Left braces of size𝒎𝒏, for 𝐠𝐜𝐝(𝒎,𝒏) = 𝟏
In this section we consider relatively prime integer numbers 𝑚 and 𝑛 and

assume that each solvable group of order 𝑚𝑛 has a normal subgroup of order
𝑚. We prove that each brace of order𝑚𝑛 is a semidirect product𝐵1⋊𝜏𝐵2, where
𝐵1 is a brace of size 𝑚, 𝐵2 is a brace of size 𝑛 and 𝜏 ∶ (𝐵2, ⋅) → Aut(𝐵1,+, ⋅) is
a group morphism. Moreover, given such 𝐵1 and 𝐵2, we determine when two
group morphisms 𝜎, 𝜏 ∶ (𝐵2, ⋅)→ Aut(𝐵1,+, ⋅) provide isomorphic braces.
Theorem 2.1. Let 𝑚 and 𝑛 be relatively prime integer numbers such that each
solvable group of order 𝑚𝑛 has a normal subgroup of order 𝑚. Then each brace
of size𝑚𝑛 is a semidirect product of a brace of size𝑚 and a brace of size 𝑛.
Proof. Let (𝐵,+, ⋅) be a brace of size𝑚𝑛. Let 𝐵1 and 𝐵2 be its unique additive
subgroups of size𝑚 and 𝑛, respectively. In particular 𝐵1 and 𝐵2 are characteris-
tic subgroups in (𝐵,+). Since, for each 𝑎 ∈ 𝐵, 𝜆𝑎 is an automorphism of (𝐵,+),
it leaves 𝐵1 and 𝐵2 setwise invariant. This implies that, for 𝑎, 𝑏 ∈ 𝐵1, we have
𝑎𝑏 = 𝑎 + 𝜆𝑎(𝑏) ∈ 𝐵1, as 𝜆𝑎(𝑏) ∈ 𝐵1. Similarly, this can be applied to 𝐵2. So, 𝐵1
and 𝐵2 are subbraces of 𝐵 and 𝐵1 and 𝐵2 are complements of one another. Let
𝑎 ∈ 𝐵1 and 𝑏 ∈ 𝐵2, then

𝑏𝑎 = 𝑏𝑎𝑏 ⇒ 𝑏 + 𝜆𝑏(𝑎) = 𝑏𝑎 + 𝜆𝑏𝑎(𝑏).
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Since the multiplicative group of a brace is always solvable (see [5] Theorem
5.2), our hypothesis implies that (𝐵1, ⋅) is a normal subgroup of (𝐵, ⋅), hence
𝑏𝑎 ∈ 𝐵1. Using again that the 𝜆-action leaves 𝐵2 setwise invariant, we obtain
𝜆𝑏𝑎(𝑏) ∈ 𝐵2. A comparison of the components shows 𝑏𝑎 = 𝜆𝑏(𝑎), i.e. under
the 𝜆-action, (𝐵2, ⋅) acts by automorphisms of (𝐵1,+) and (𝐵1, ⋅), that is, by brace
automorphisms. Analogously

𝑎𝑏 = 𝑏𝑎𝑏 ⇒ 𝑎 + 𝜆𝑎(𝑏) = 𝑏 + 𝜆𝑏(𝑎𝑏),
where 𝜆𝑎(𝑏) ∈ 𝐵2, 𝜆𝑏(𝑎𝑏) ∈ 𝐵1. Comparing components, we obtain 𝜆𝑎(𝑏) = 𝑏.
Therefore 𝑎𝑏 = 𝑎+ 𝜆𝑎(𝑏) = 𝑎+ 𝑏 for 𝑎 ∈ 𝐵1, 𝑏 ∈ 𝐵2. Also, 𝑏𝑎 = 𝑏𝑎+ 𝜆𝑏𝑎(𝑏) =
𝑏𝑎 + 𝑏 = 𝜏𝑏(𝑎) + 𝑏 for an action 𝜏 ∶ 𝐵2 → Aut(𝐵1).

Finally, for 𝑎, 𝑎′ ∈ 𝐵1; 𝑏, 𝑏′ ∈ 𝐵2, we have

(𝑎 + 𝑏)(𝑎′ + 𝑏′) = 𝑎𝑏(𝑎′ + 𝑏′) = 𝑎(𝑏𝑎′ − 𝑏 + 𝑏𝑏′) = 𝑎(𝜏𝑏(𝑎′) + 𝑏𝑏′)
= 𝑎𝜏𝑏(𝑎′) − 𝑎 + 𝑎(𝑏𝑏′) = 𝑎𝜏𝑏(𝑎′) + 𝑏𝑏′,

where we have use the brace condition in the second and fourth equalities.
Hence

𝐵 → 𝐵1 ⋊𝜏 𝐵2 ; 𝑎 + 𝑏 ↦ (𝑎, 𝑏)
is indeed a brace morphism.

□

We want to see now when two semidirect products of braces 𝐵1 and 𝐵2 of
coprime orders are isomorphic.

Proposition 2.2. Let 𝐵1, 𝐵2 be braces with gcd(|𝐵1|, |𝐵2|) = 1. Consider semidi-
rect products 𝐵𝜎 ∶= 𝐵1 ⋊𝜎 𝐵2, 𝐵𝜏 ∶= 𝐵1 ⋊𝜏 𝐵2, for morphisms 𝜎, 𝜏 ∶ (𝐵2, ⋅) →
Aut(𝐵1,+, ⋅). An isomorphism ℎ ∶ 𝐵𝜎 → 𝐵𝜏 is of the form (ℎ1, ℎ2), where ℎ𝑖 ∈
Aut(𝐵𝑖), 𝑖 = 1, 2, and ℎ1 and ℎ2 satisfy

𝜏ℎ2 = ℎ1𝜎.
Proof. The coprimality of |𝐵1| and |𝐵2| implies that the 𝐵𝑖 are subbraces of
𝐵𝜎 and 𝐵𝜏 and furthermore, (𝐵1,+) (respectively (𝐵2,+)) is the only subgroup
of order 𝑚 (respectively 𝑛) in (𝐵𝜎,+) and (𝐵𝜏,+). Hence an isomorphism ℎ ∶
𝐵𝜎 → 𝐵𝜏 is of the form (ℎ1, ℎ2), where ℎ𝑖 ∈ Aut(𝐵𝑖), 𝑖 = 1, 2. For 𝑎, 𝑎′ ∈
𝐵1, 𝑏, 𝑏′ ∈ 𝐵2, we have

ℎ((𝑎, 𝑏) ⋅ (𝑎′, 𝑏′)) = ℎ(𝑎𝜎(𝑏)(𝑎′), 𝑏𝑏′) = (ℎ1(𝑎𝜎(𝑏)(𝑎′)), ℎ2(𝑏𝑏′))
and

ℎ(𝑎, 𝑏) ⋅ ℎ(𝑎′, 𝑏′) = (ℎ1(𝑎), ℎ2(𝑏)) ⋅ (ℎ1(𝑎′), ℎ2(𝑏′))
= (ℎ1(𝑎)𝜏(ℎ2(𝑏))(ℎ1(𝑎′)), ℎ2(𝑏)ℎ2(𝑏′)).

We obtain
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ℎ1(𝜎(𝑏)(𝑎′) = 𝜏(ℎ2(𝑏))(ℎ1(𝑎′)).
Replacing 𝑎′ by ℎ−11 (𝑎′) results in the equation

ℎ1(𝜎(𝑏)(ℎ−11 (𝑎′)) = 𝜏(ℎ2(𝑏))(𝑎′).
As 𝑎′ and 𝑏 are arbitrary, this implies

𝜏ℎ2 = ℎ1𝜎.
□

3. Braces of size 𝒑𝟐, for 𝒑 an odd prime number
In [3] Bachiller obtained the classification of braces of sizes 𝑝2 and 𝑝3, up

to isomorphism, for 𝑝 a prime number. We recall it for braces (𝐵,+, ⋅) of size
𝑝2, for 𝑝 odd. We note that in this case (𝐵, ⋅) is isomorphic to (𝐵,+). For each
brace, we give the group of brace automorphisms and an explicit isomorphism
from (𝐵, ⋅) to (𝐵,+).

3.1. (𝑩,+) ≃ 𝐙∕(𝒑𝟐). There are two braces, up to isomorphism, with additive
group isomorphic to 𝐙∕(𝑝2), the trivial one and a brace with ⋅ defined by

𝑥1 ⋅ 𝑥2 = 𝑥1 + 𝑥2 + 𝑝𝑥1𝑥2.
In both cases, (𝐵, ⋅) ≃ 𝐙∕(𝑝2). In the trivial case, we have

Aut𝐵 = Aut(𝐙∕(𝑝2)) ≃ (𝐙∕(𝑝2))∗.
In the nontrivial case, we have

Aut𝐵 = {𝑘 ∈ (𝐙∕(𝑝2))∗ ∶ 𝑘 ≡ 1 (mod 𝑝)}
and an isomorphism from (𝐵, ⋅) into 𝐙∕(𝑝2) is given by 𝑛 ↦ 𝑛 − 𝑝𝑛(𝑛 − 1)∕2.

3.2. (𝑩,+) ≃ 𝐙∕(𝒑)×𝐙∕(𝒑). Wewrite the elements in 𝐙∕(𝑝)×𝐙∕(𝑝) in vector
form. There are two braces, up to isomorphism,with additive group isomorphic
to 𝐙∕(𝑝) × 𝐙∕(𝑝), the trivial one and a brace with ⋅ defined by

(𝑥1𝑦1
) ⋅ (𝑥2𝑦2

) = (𝑥1 + 𝑥2 + 𝑦1𝑦2
𝑦1 + 𝑦2

) .

In both cases, (𝐵, ⋅) ≃ 𝐙∕(𝑝) × 𝐙∕(𝑝). In the trivial case, we have
Aut𝐵 = Aut(𝐙∕(𝑝) × 𝐙∕(𝑝)) ≃ GL(2, 𝑝).

In the nontrivial case, we have

Aut𝐵 = {( 𝑑2 𝑏
0 𝑑 ) ∶ 𝑏 ∈ 𝐙∕(𝑝), 𝑑 ∈ (𝐙∕(𝑝))∗}

and an isomorphism from (𝐵, ⋅) into 𝐙∕(𝑝) × 𝐙∕(𝑝) is given by
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(𝑥𝑦)↦ (𝑥 − 𝑦(𝑦 − 1)∕2
𝑦 ) .

4. Groups of order 𝒑𝟐𝒒𝟐

We assume now that 𝑝 and 𝑞 are primes satisfying 𝑝 > 2, 𝑞 > 𝑝 and 𝑞 ≥ 5.
These hypotheses imply that a group 𝐺 of order 𝑝2𝑞2 has a unique normal 𝑞-
Sylow subgroup 𝑆𝑞 of order 𝑞2. Indeed, the number 𝑛𝑞 of 𝑞-Sylow subgroups of
𝐺 satisfies 𝑛𝑞 ∈ {1, 𝑝, 𝑝2} and 𝑛𝑞 ≡ 1 (mod 𝑞). Clearly 𝑞 ∤ 𝑝 − 1 and 𝑞 ∣ 𝑝2 − 1
implies 𝑞 ∣ 𝑝 − 1 or 𝑞 ∣ 𝑝 + 1 but, if 𝑞 > 𝑝, the second condition holds only
for 𝑝 = 2 and 𝑞 = 3. We obtain that a group of order 𝑝2𝑞2 is the semidirect
product of a normal subgroup 𝑆𝑞 of order 𝑞2 and a subgroup 𝑆𝑝 of order 𝑝2.
It is then determined by a group 𝐺1 of order 𝑞2, a group 𝐺2 of order 𝑝2 and a
morphism 𝜏 ∶ 𝐺2 → Aut(𝐺1). We note that triples (𝐺1, 𝐺2, 𝜏) and (𝐺′

1, 𝐺′
2, 𝜏′)

provide isomorphic groups of order 𝑝2𝑞2 if and only if there exist isomorphisms
𝑓 ∶ 𝐺1 → 𝐺′

1, 𝑔 ∶ 𝐺2 → 𝐺′
2 such that

𝑓𝜏 = 𝜏′𝑔. The groups of order 𝑝2𝑞2
may then be described by determining the equivalence classes of morphisms
𝜏 ∶ 𝐺2 → Aut(𝐺1) under the relation

𝜏 ∼ 𝜏′ ⇔ ∃(𝑓, 𝑔) ∈ Aut𝐺1 × Aut𝐺2 ∶ 𝑓𝜏 = 𝜏′𝑔.
Let us further assume that 𝑝 and 𝑞 satisfy 𝑝 ∣ 𝑞−1, 𝑝 ∤ 𝑞+1 and 𝑝2 ∤ 𝑞−1. If

𝐺1 ≃ 𝐙∕(𝑞2) then Aut𝐺1 ≃ (𝐙∕(𝑞2))∗ ≃ 𝐙∕𝑞(𝑞−1). The assumptions 𝑝 ∣ 𝑞−1
and 𝑝2 ∤ 𝑞 − 1 imply that Aut𝐺1 contains a unique subgroup of order 𝑝 but
no subgroup of order 𝑝2. If 𝐺1 ≃ 𝐙∕(𝑞) × 𝐙∕(𝑞), then Aut𝐺1 ≃ GL(2, 𝑞) and
|GL(2, 𝑞)| = (𝑞+1)𝑞(𝑞−1)2. The assumptions 𝑝 ∣ 𝑞−1, 𝑝 ∤ 𝑞+1 and 𝑝2 ∤ 𝑞−1
imply that Aut𝐺1 contains elements of order 𝑝 but no element of order 𝑝2.
Since 𝜏 and 𝑓𝜏, for 𝑓 ∈ GL(2, 𝑞), give isomorphic groups of order 𝑝2𝑞2, we

need to determine the subgroups of order 𝑝 ofGL(2, 𝑞), up to conjugation. This
is done in the following lemma which is easy to prove.

Lemma 4.1. For 𝜆 a fixed generator of the unique subgroup of order 𝑝 of 𝐙∕(𝑞)∗,
a system of representatives of the conjugation classes of subgroups of order 𝑝 of
GL(2, 𝑞) is

⟨
( 1 0
0 𝜆 )

⟩
,
⟨
( 𝜆 0
0 𝜆 )

⟩
,
⟨
( 𝜆 0
0 𝜆−1 )

⟩
,
⟨
( 𝜆 0
0 𝜆𝑘 )

⟩
, (4.1)

for 𝑘 running over a system of representatives of elements of (𝐙∕(𝑝))∗, different
from 1 and −1, under the relation 𝑘 ∼ 𝓁 if and only if 𝑘𝓁 ≡ 1 (mod 𝑝).
The number of subgroups of order 𝑝 of GL(2, 𝑞) up to conjugation is then (𝑝 +

3)∕2.
Wemay now describe the groups of order 𝑝2𝑞2 for primes 𝑝 and 𝑞 satisfying

the following conditions.

𝑞 > 𝑝, 𝑝 > 2, 𝑞 ≥ 5, 𝑝 ∣ 𝑞 − 1, 𝑝 ∤ 𝑞 + 1, 𝑝2 ∤ 𝑞 − 1. (4.2)
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Lemma 4.2. Let 𝑝 and 𝑞 satisfying (4.2). Let 𝐺 be a group of order 𝑝2𝑞2 and let
us denote by 𝑆𝑞 the unique 𝑞-Sylow subgroup of 𝐺.
1) Assume 𝑆𝑞 ≃ 𝐙∕(𝑞2) and let 𝛼 denote a fixed generator of the unique subgroup

of order 𝑝 of (𝐙∕(𝑞2))∗. In this case, 𝐺 is isomorphic to one of the following
groups.
1.1) 𝐙∕(𝑝2𝑞2);
1.2) 𝐙∕(𝑞2)⋊ 𝐙∕(𝑝2) with product given by

(𝑥1, 𝑦1) ⋅ (𝑥2, 𝑦2) = (𝑥1 + 𝛼𝑦1𝑥2, 𝑦1 + 𝑦2);
1.3) 𝐙∕(𝑝𝑞2) × 𝐙∕(𝑝);
1.4) 𝐙∕(𝑞2)⋊ (𝐙∕(𝑝) × 𝐙(𝑝)) with product given by

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝛼𝑦1𝑥2,

( 𝑦1+𝑦2𝑧1+𝑧2
))
.

2) Assume 𝑆𝑞 ≃ 𝐙∕(𝑞) × 𝐙∕(𝑞) and let 𝜆 denote a fixed generator of the unique
subgroup of order 𝑝 of (𝐙∕(𝑞))∗. In this case, 𝐺 is isomorphic to one of the
following groups.
2.1) 𝐙∕(𝑝2𝑞) × 𝐙∕(𝑞);
2.2) one of the (𝑝+3)∕2 groups (𝐙∕(𝑞)×𝐙∕(𝑞))⋊𝑀𝐙∕(𝑝2)with product given

by

(( 𝑥1
𝑦1

) , 𝑧1) ⋅ ((
𝑥2
𝑦2

) , 𝑧2) = (( 𝑥1
𝑦1

) +𝑀𝑧1 ( 𝑥2
𝑦2

) , 𝑧1 + 𝑧2) ,

where𝑀 denotes one of the matrices in (4.1).
2.3) 𝐙∕(𝑝𝑞) × 𝐙∕(𝑝𝑞);
2.4) one of the (𝑝 + 3)∕2 groups (𝐙∕(𝑞) × 𝐙∕(𝑞)) ⋊𝑀 (𝐙∕(𝑝) × 𝐙∕(𝑝)), with

product given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1𝑦1

)
+𝑀𝑧1

( 𝑥2𝑦2
)
,
( 𝑧1+𝑧2
𝑡1+𝑡2

))
,

where𝑀 denotes one of the matrices in (4.1);
2.5) (𝐙∕(𝑞) × 𝐙∕(𝑞))⋊𝜆 (𝐙∕(𝑝) × 𝐙∕(𝑝)) with product given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝜆𝑡1𝑥2

𝑦1+𝜆𝑧1+𝑡1𝑦2

)
,
( 𝑧1+𝑧2
𝑡1+𝑡2

))
.

5. Left braces of size 𝒑𝟐𝒒𝟐

In this section we consider primes 𝑝 and 𝑞 satisfying the conditions in (4.2).
At the beginning of Section 4, we have seen that, under these assumptions,
𝑚 = 𝑞2 and 𝑛 = 𝑝2 satisfy the conditions in Theorem 2.1. Hence, every brace
of size 𝑝2𝑞2 is the semidirect product of a brace 𝐵1 of size 𝑞2 and a brace 𝐵2 of
size 𝑝2. We use the description of braces of order 𝑝2 recalled in Section 3 and
Proposition 2.2 to determine all braces of size 𝑝2𝑞2, for 𝑝 and 𝑞 satisfying the
conditions (4.2). We note that, in particular, these conditions are satisfiedwhen
𝑝 is an odd Germain prime and 𝑞 = 2𝑝 + 1.
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For the description of the multiplicative groups of the braces of size 𝑝2𝑞2
given below we shall use the explicit isomorphism from (𝐵2, ⋅) to (𝐵2,+) given
in Sections 3.1 and 3.2, respectively. Using these isomorphisms, one may prove
that the description of the action ofAut𝐵2 on (𝐵2, ⋅) looks the same as its action
on (𝐵2,+) (see [9] Lemma 7).
5.1. (𝑩𝟏,+) = 𝐙∕(𝒒𝟐) and (𝑩𝟐,+) = 𝐙∕(𝒑𝟐). In this sectionwe describe braces
of size 𝑝2𝑞2 whose additive law is given by

(𝑥1, 𝑥2) + (𝑦1, 𝑦2) = (𝑥1 + 𝑦1, 𝑥2 + 𝑦2), (5.1)
for 𝑥1, 𝑦1 ∈ 𝐵1;𝑥2, 𝑦2 ∈ 𝐵2.
5.1.1. 𝑩𝟏 trivial brace. In this case,Aut𝐵1 = (𝐙∕(𝑞2))∗. SinceAut𝐵1 is abelian,

ℎ1𝜏 = 𝜏, for every morphism 𝜏 from (𝐵2, ⋅) to Aut𝐵1.
The morphisms from 𝐙∕(𝑝2) to Aut𝐵1 are 𝜏𝑖 defined by 1↦ 𝛼𝑖, for 𝛼 a fixed

generator of the unique subgroup of order 𝑝 of Aut𝐵1, 0 ≤ 𝑖 ≤ 𝑝 − 1, where
𝑖 = 0 corresponds to the trivial morphism.
If 𝐵2 is trivial, for ℎ2 ∈ Aut𝐵2 defined by ℎ2(1) = 𝑖, with 𝑝 ∤ 𝑖, we have
𝜏𝑖 = 𝜏1ℎ2. We obtain then two braces, the first one is the direct product of 𝐵1
and 𝐵2, with multiplicative law given by

(𝑥1, 𝑥2) ⋅ (𝑦1, 𝑦2) = (𝑥1 + 𝑦1, 𝑥2 + 𝑦2), (5.2)
and the second one has multiplicative law given by

(𝑥1, 𝑥2) ⋅ (𝑦1, 𝑦2) = (𝑥1 + 𝛼𝑥2𝑦1, 𝑥2 + 𝑦2), (5.3)
for 𝑥1, 𝑦1 ∈ 𝐵1;𝑥2, 𝑦2 ∈ 𝐵2;𝛼 a fixed element of order 𝑝 of (𝐙∕(𝑞2))∗.
If 𝐵2 is nontrivial, Aut𝐵2 = {𝑘 ∈ (𝐙∕(𝑝2))∗ ∶ 𝑘 ≡ 1 (mod 𝑝)} and, for
the morphisms 𝜏𝑖 defined above we have 𝜏𝑖ℎ2 = 𝜏𝑖, for each ℎ2 ∈ Aut𝐵2. We
obtain 𝑝 braces, including the direct product one. Taking into account the iso-
morphism from (𝐵2, ⋅) into 𝐙∕(𝑝2) given in Section 3.1 and that 𝛼 has order 𝑝,
their multiplicative laws are given by

(𝑥1, 𝑥2) ⋅ (𝑦1, 𝑦2) = (𝑥1 + 𝛼𝑖𝑥2𝑦1, 𝑥2 + 𝑦2 + 𝑝𝑥2𝑦2), (5.4)
for 𝑥1, 𝑦1 ∈ 𝐵1;𝑥2, 𝑦2 ∈ 𝐵2; 𝑖 = 0,… , 𝑝 − 1;𝛼 a fixed element of order 𝑝 of
(𝐙∕(𝑞2))∗.
5.1.2. 𝑩𝟏 nontrivial brace. In this case, Aut𝐵1 = {𝑘 ∈ (𝐙∕(𝑞2))∗ ∶ 𝑘 ≡ 1
(mod 𝑞)} ≃ 𝐙∕(𝑞). Then the unique morphism 𝜏 from (𝐵2, ⋅) ≃ 𝐙∕(𝑝2) to
Aut𝐵1 is the trivial one. We obtain two braces which are direct products of 𝐵1
and 𝐵2, where 𝐵2 is either trivial or nontrivial. Their multiplicative laws are
given by

(𝑥1, 𝑥2) ⋅ (𝑦1, 𝑦2) = (𝑥1 + 𝑦1 + 𝑞𝑥1𝑦1, 𝑥2 + 𝑦2), (5.5)

(𝑥1, 𝑥2) ⋅ (𝑦1, 𝑦2) = (𝑥1 + 𝑦1 + 𝑞𝑥1𝑦1, 𝑥2 + 𝑦2 + 𝑝𝑥2𝑦2), (5.6)
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for 𝑥1, 𝑦1 ∈ 𝐵1;𝑥2, 𝑦2 ∈ 𝐵2.

Summing up, we have obtained the following result.

Theorem 5.1. Let 𝑝 and 𝑞 be primes satisfying 𝑞 > 𝑝, 𝑞 ≥ 5, 𝑝 ∣ 𝑞−1, 𝑝 ∤ 𝑞+1
and 𝑝2 ∤ 𝑞 − 1. There are 𝑝 + 4 braces with additive group 𝐙∕(𝑝2𝑞2). Four of
themhavemultiplicative group𝐙∕(𝑝2𝑞2)and the remaining𝑝 havemultiplicative
group 𝐙∕(𝑞2)⋊ 𝐙∕(𝑝2).
5.2. (𝑩𝟏,+) = 𝐙∕(𝒒𝟐) and (𝑩𝟐,+) = 𝐙∕(𝒑)×𝐙∕(𝒑). In this sectionwe describe
braces of size 𝑝2𝑞2 whose additive law is given by

(
𝑥1,

( 𝑦1𝑧1
))
+
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝑥2,

( 𝑦1+𝑦2𝑧1+𝑧2
))
, (5.7)

for 𝑥1, 𝑥2 ∈ 𝐵1;
( 𝑦1𝑧1

)
,
( 𝑦2𝑧2

)
∈ 𝐵2.

5.2.1. 𝑩𝟏 trivial brace. In this case,Aut𝐵1 ≃ (𝐙∕(𝑞2))∗. SinceAut𝐵1 is abelian,
we have ℎ1𝜏 = 𝜏, for every morphism 𝜏 from 𝐺2 to Aut𝐵1 and ℎ1 ∈ Aut𝐵1.
If 𝐵2 is trivial, every nontrivial morphism 𝜏 ∶ 𝐙∕(𝑝) × 𝐙∕(𝑝) → (𝐙∕(𝑞2))∗ is
equal to 𝜏0ℎ2, for ℎ2 ∈ Aut𝐵2 ≃ GL(2, 𝑝) and 𝜏0 defined by 𝜏0

( 1
0
)
= 𝛼,𝜏0

( 0
1
)
=

1, for 𝛼 a fixed element of order 𝑝 in (𝐙∕(𝑞2))∗. We obtain one brace whose
multiplicative law is given by

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝛼𝑦1𝑥2,

( 𝑦1+𝑦2𝑧1+𝑧2
))
, (5.8)

where 𝛼 is an element of order 𝑝 inAut𝐵1. Besides, we have the direct product
of 𝐵1 and 𝐵2 with multiplicative law given by

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝑥2,

( 𝑦1+𝑦2𝑧1+𝑧2
))
, (5.9)

If 𝐵2 is nontrivial, Aut𝐵2 =
{( 𝑑2 𝑏

0 𝑑
)
∶ 𝑑 ∈ (𝐙∕(𝑝))∗, 𝑏 ∈ 𝐙∕(𝑝)

}
. Every non-

trivialmorphism 𝜏 from𝐙∕(𝑝)×𝐙∕(𝑝) toAut𝐵1 is equal to 𝜏0𝑔, for 𝑔 ∈ GL(2, 𝑝)
and 𝜏0 defined by 𝜏0

( 1
0
)
= 𝛼, 𝜏0

( 0
1
)
= 1, for 𝛼 a fixed element of order 𝑝

in Aut𝐵1. By computation, we obtain that, for 𝑔1, 𝑔2 ∈ GL(2, 𝑝), we have
𝜏0𝑔1 = 𝜏0𝑔2 if and only if the first rows of 𝑔1 and 𝑔2 are equal. We obtain then
that the set of nontrivial morphisms 𝜏 from 𝐙∕(𝑝)×𝐙∕(𝑝) toAut𝐵1 is precisely
{𝜏0

( 𝑎 𝑏
0 1

)
∶ 𝑎 ∈ (𝐙∕(𝑝))∗, 𝑏 ∈ 𝐙∕(𝑝)} ∪ {𝜏0

( 0 𝑏
1 0
)
∶ 𝑏 ∈ (𝐙∕(𝑝))∗}. Now, for

𝜏 ∶= 𝜏0
( 𝑎 𝑏
0 1

)
, 𝜏′ ∶= 𝜏0

( 𝑎′ 𝑏′
0 1

)
, there exists ℎ2 ∈ Aut𝐵2 such that 𝜏′ℎ2 = 𝜏

if and only if 𝑎′∕𝑎 is a square; for 𝜏 ∶= 𝜏0
( 0 𝑏
1 0
)
, 𝜏′ ∶= 𝜏0

( 0 𝑏′
1 0

)
, there always

exists ℎ2 ∈ Aut𝐵2 such that 𝜏′ℎ2 = 𝜏; for 𝜏 ∶= 𝜏0
( 𝑎 𝑏
0 1

)
, 𝜏′ ∶= 𝜏0

( 0 𝑏′
1 0

)
, there

exists no ℎ2 ∈ Aut𝐵2 such that 𝜏′ℎ2 = 𝜏. We obtain then three braces. By
considering the isomorphism from (𝐵2, ⋅) into 𝐙∕(𝑝) × 𝐙∕(𝑝) given in Section
3.2, their multiplicative laws are given by

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝛼𝑦1−𝑧1(𝑧1−1)∕2𝑥2,

( 𝑦1+𝑦2+𝑧1𝑧2𝑧1+𝑧2
))
, (5.10)

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝛼𝑎(𝑦1−𝑧1(𝑧1−1)∕2)𝑥2,

( 𝑦1+𝑦2+𝑧1𝑧2𝑧1+𝑧2
))
, (5.11)
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and

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝛼𝑧1𝑥2,

( 𝑦1+𝑦2+𝑧1𝑧2𝑧1+𝑧2
))
, (5.12)

respectively, where 𝛼 is a fixed element of order 𝑝 in Aut𝐵1 and 𝑎 is a fixed
quadratic nonresidue modulo 𝑝. Besides, we have the direct product of 𝐵1 and
𝐵2 with multiplicative law given by

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝑥2,

( 𝑦1+𝑦2+𝑧1𝑧2𝑧1+𝑧2
))
, (5.13)

5.2.2. 𝑩𝟏 nontrivial brace. In this case, Aut𝐵1 = {𝑘 ∈ (𝐙∕(𝑞2))∗ ∶ 𝑘 ≡ 1
(mod 𝑞)} ≃ 𝐙∕(𝑞). Then the unique morphism 𝜏 from 𝐺2 ≃ 𝐙∕(𝑝) × 𝐙∕(𝑝)
to Aut𝐵1 is the trivial one. We obtain then just two braces which are the di-
rect product of 𝐵1 and 𝐵2, corresponding to 𝐵2 trivial and 𝐵2 nontrivial. Their
multiplicative laws are given by

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝑥2 + 𝑞𝑥1𝑥2,

( 𝑦1+𝑦2𝑧1+𝑧2
))
, (5.14)

(
𝑥1,

( 𝑦1𝑧1
))
⋅
(
𝑥2,

( 𝑦2𝑧2
))
=
(
𝑥1 + 𝑥2 + 𝑞𝑥1𝑥2,

( 𝑦1+𝑦2+𝑧1𝑧2𝑧1+𝑧2
))
, (5.15)

Summing up, we have obtained the following result.

Theorem 5.2. Let 𝑝 and 𝑞 be primes satisfying 𝑞 > 𝑝, 𝑞 ≥ 5, 𝑝 ∣ 𝑞−1, 𝑝 ∤ 𝑞+1
and 𝑝2 ∤ 𝑞−1. There are eight braces with additive group 𝐙∕(𝑝𝑞2)×𝐙∕(𝑝). Four
of them have multiplicative group 𝐙∕(𝑝𝑞2) × 𝐙∕(𝑝) and the remaining four have
multiplicative group 𝐙∕(𝑞2)⋊ (𝐙∕(𝑝) × 𝐙∕(𝑝)).
5.3. (𝑩𝟏,+) = 𝐙∕(𝒒)×𝐙∕(𝒒) and (𝑩𝟐,+) = 𝐙∕(𝒑𝟐). In this sectionwe describe
braces of size 𝑝2𝑞2 whose additive law is given by

(( 𝑥1𝑦1
)
, 𝑧1

)
+
(( 𝑥2𝑦2

)
, 𝑧2

)
=
(( 𝑥1+𝑥2𝑦1+𝑦2

)
, 𝑧1 + 𝑧2

)
, (5.16)

for
( 𝑥1𝑦1

)
,
( 𝑥2𝑦2

)
∈ 𝐵1, 𝑧1, 𝑧2 ∈ 𝐵2.

5.3.1. 𝑩𝟏 trivial brace. In this case,Aut𝐵1 = GL(2, 𝑞). Everymorphism from
𝐙∕(𝑝2) to Aut𝐵1 = GL(2, 𝑞) is equal to ℎ1𝜏 for some ℎ1 ∈ Aut𝐵1 and 𝜏 defined
by 𝜏(1) = 𝑀𝓁 for𝑀 one of the matrices in (4.1) and 1 ≤ 𝓁 ≤ 𝑝 − 1.
If 𝐵2 is trivial, Aut𝐵2 = Aut𝐙∕(𝑝2). For 𝜏 ∶ 𝐙∕(𝑝2) → Aut𝐵1 defined by
𝜏(1) = 𝑀 and ℎ2 ∈ Aut𝐙∕(𝑝2), we have 𝜏ℎ2(1) = 𝑀ℎ2(1). Hence formorphisms
𝜏, 𝜏′ with 𝜏(1) = 𝑀 and 𝜏′(1) = 𝑀𝓁, one has 𝜏 ∼ 𝜏′. We have then one brace for
each conjugation class of subgroups of order 𝑝 inGL(2, 𝑞). We obtain (𝑝+3)∕2
braces, whose multiplicative laws are given by

(( 𝑥1𝑦1
)
, 𝑧1

)
⋅
(( 𝑥2𝑦2

)
, 𝑧2

)
=
(( 𝑥1𝑦1

)
+𝑀𝑧1

( 𝑥2𝑦2
)
, 𝑧1 + 𝑧2

)
, (5.17)

for𝑀 one of the matrices in (4.1). Besides, we obtain the direct product of 𝐵1
and 𝐵2 whose multiplicative law is given by
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(( 𝑥1𝑦1
)
, 𝑧1

)
⋅
(( 𝑥2𝑦2

)
, 𝑧2

)
=
(( 𝑥1+𝑥2𝑦1+𝑦2

)
, 𝑧1 + 𝑧2

)
, (5.18)

If𝐵2 is nontrivial,wehaveAut𝐵2 = {𝑘 ∈ (𝐙∕(𝑝2))∗ ∶ 𝑘 ≡ 1 (mod 𝑝)}. Since
a nontrivial morphism 𝜏 from (𝐵2, ⋅) to Aut𝐵1 sends 1 to an element of order
𝑝, we have 𝜏ℎ2 = 𝜏 for ℎ2 ∈ Aut𝐵2. As noted above, a nontrivial morphism
𝜏 from 𝐙∕(𝑝2) to Aut𝐵1 is equal to ℎ1𝜏 for some ℎ1 ∈ Aut𝐵1 and 𝜏 defined by
𝜏(1) = 𝑀𝓁 for𝑀 one of the matrices in (4.1) and 1 ≤ 𝓁 ≤ 𝑝 − 1. Let us see if
for some 𝓁 ∈ {2,… , 𝑝 − 1} and some matrix𝑀 in (4.1), the matrices𝑀 and𝑀𝓁

are conjugate by some element in GL(2, 𝑞). This is so only for𝑀 =
( 𝜆 0
0 𝜆−1

)
and

𝓁 = 𝑝 − 1. In this case, there are 𝑝 − 1 braces for each matrix𝑀 different from( 𝜆 0
0 𝜆−1

)
and (𝑝 − 1)∕2 for this last one. By considering the isomorphism from

(𝐵2, ⋅) into 𝐙∕(𝑝2) given in Section 3.1 and taking into account that𝑀 denotes

a matrix of order 𝑝, we obtain 𝑝 + 1
2 (𝑝 − 1) + 𝑝 − 1

2 = (𝑝 − 1)(𝑝 + 2)
2 braces

whose multiplicative laws are given by

(( 𝑥1𝑦1
)
, 𝑧1

)
⋅
(( 𝑥2𝑦2

)
, 𝑧2

)
=
(( 𝑥1𝑦1

)
+𝑀𝓁𝑧1

( 𝑥2𝑦2
)
, 𝑧1 + 𝑧2 + 𝑝𝑧1𝑧2

)
, (5.19)

for 𝑀 one of the matrices in (4.1) and with 1 ≤ 𝓁 ≤ 𝑝 − 1, for 𝑀 ≠
( 𝜆 0
0 𝜆−1

)
;

1 ≤ 𝓁 ≤ (𝑝 − 1)∕2, for𝑀 =
( 𝜆 0
0 𝜆−1

)
.

Besides, we obtain the direct product of 𝐵1 and 𝐵2 whose multiplicative law
is given by

(( 𝑥1𝑦1
)
, 𝑧1

)
⋅
(( 𝑥2𝑦2

)
, 𝑧2

)
=
(( 𝑥1+𝑥2𝑦1+𝑦2

)
, 𝑧1 + 𝑧2 + 𝑝𝑧1𝑧2

)
, (5.20)

5.3.2. 𝑩𝟏 nontrivial brace. If 𝐵1 is nontrivial,

Aut𝐵1 = {((𝑑
2 𝑏
0 𝑑)) ∶ 𝑏 ∈ 𝐙∕(𝑞), 𝑑 ∈ (𝐙∕(𝑞2))∗} .

The matrices of order 𝑝 in Aut𝐵1 are conjugate to some diagonal matrix of the
form

( 𝑑2 0
0 𝑑

)
with 𝑑 an element of order 𝑝 in (𝐙∕(𝑞))∗. For 𝜆 a chosen element of

order 𝑝 in (𝐙∕(𝑞))∗, the morphisms 𝜏 from 𝐙∕(𝑝2) toAut𝐵1 are given by 𝜏(1) =( 𝜆2 0
0 𝜆

)𝓁
, for 1 ≤ 𝓁 ≤ 𝑝 − 1. We note that

( 𝜆2 0
0 𝜆

)
=
( 𝜆 0
0 𝜆𝑘

)2
, with 𝑘 = (𝑝 + 1)∕2.

If𝐵2 is trivial, for 𝜏 ∶ 𝐙∕(𝑝2)→ Aut𝐵1 defined by 𝜏(1) = 𝑀, we have 𝜏ℎ2(1) =
𝑀ℎ2(1). Hence for morphisms 𝜏, 𝜏′ with 𝜏(1) = 𝑀 and 𝜏′(1) = 𝑀𝓁, one has
𝜏 ∼ 𝜏′. We may then reduce to the case where 𝜏(1) =

( 𝜆2 0
0 𝜆

)
and we obtain one

brace whose multiplicative law is given by
(( 𝑥1𝑦1

)
, 𝑧1

)
⋅
(( 𝑥2𝑦2

)
, 𝑧2

)
=
((

𝑥1+𝜆2𝑧1𝑥2+𝜆2𝑧1𝑥1𝑥2
𝑦1+𝜆𝑧1𝑦2

)
, 𝑧1 + 𝑧2

)
. (5.21)

Besides, we have the direct product whose multiplicative law is given by
(( 𝑥1𝑦1

)
, 𝑧1

)
⋅
(( 𝑥2𝑦2

)
, 𝑧2

)
=
(( 𝑥1+𝑥2+𝑥1𝑥2𝑦1+𝑦2

)
, 𝑧1 + 𝑧2

)
. (5.22)

If 𝐵2 is nontrivial, we have Aut𝐵2 = {𝑘 ∈ (𝐙∕(𝑝2))∗ ∶ 𝑘 ≡ 1 (mod 𝑝)},
as above. For ℎ2 ∈ Aut𝐵2 and 𝜏 ∶ (𝐵2, ⋅) → Aut𝐵1, we have 𝜏ℎ2 = 𝜏. We
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obtain then 𝑝 − 1 braces. By considering again the isomorphism from (𝐵2, ⋅)
into 𝐙∕(𝑝2) given in Section 3.1 and taking into account that 𝜏(1) is a matrix of
order 𝑝, their multiplicative laws are given by

(( 𝑥1𝑦1
)
, 𝑧1

)
⋅
(( 𝑥2𝑦2

)
, 𝑧2

)
=
(( 𝑥1+𝜆2𝓁𝑧1𝑥2+𝜆2𝓁𝑧1𝑥1𝑥2

𝑦1+𝜆𝓁𝑧1𝑦2

)
, 𝑧1 + 𝑧2 + 𝑝𝑧1𝑧2

)
, (5.23)

where 𝜆 is a fixed element of order 𝑝 in (𝐙∕(𝑞))∗ and 1 ≤ 𝓁 ≤ 𝑝 − 1. Besides,
we have the direct product whose multiplicative law is given by

(( 𝑥1𝑦1
)
, 𝑧1

)
⋅
(( 𝑥2𝑦2

)
, 𝑧2

)
=
(( 𝑥1+𝑥2+𝑥1𝑥2𝑦1+𝑦2

)
, 𝑧1 + 𝑧2 + 𝑝𝑧1𝑧2

)
. (5.24)

Summing up, we have obtained the following result.

Theorem 5.3. Let 𝑝 and 𝑞 be primes satisfying 𝑞 > 𝑝, 𝑞 ≥ 5, 𝑝 ∣ 𝑞 − 1, 𝑝 ∤
𝑞 + 1 and 𝑝2 ∤ 𝑞 − 1. There are (𝑝2 + 4𝑝 + 9)∕2 braces with additive group
𝐙∕(𝑝2𝑞) × 𝐙∕(𝑞).
a) There are four such braces with multiplicative group 𝐙∕(𝑝2𝑞) × 𝐙∕(𝑞);
b) for each of the matrices𝑀 in (4.1) different from

( 𝜆 0
0 𝜆−1

)
and

(
𝜆 0
0 𝜆(𝑝+1)∕2

)
, there

are 𝑝 such braces with multiplicative group (𝐙∕(𝑞) × 𝐙∕(𝑞))⋊𝑀 𝐙∕(𝑝2);
c) for 𝑀 =

( 𝜆 0
0 𝜆−1

)
, there are (𝑝 + 1)∕2 such braces with multiplicative group

(𝐙∕(𝑞) × 𝐙∕(𝑞))⋊𝑀 𝐙∕(𝑝2);
d) for𝑀 =

(
𝜆 0
0 𝜆(𝑝+1)∕2

)
, there are 2𝑝 such braceswithmultiplicative group (𝐙∕(𝑞)×

𝐙∕(𝑞))⋊𝑀 𝐙∕(𝑝2).
5.4. (𝑩𝟏,+) = 𝐙∕(𝒒) × 𝐙∕(𝒒) and (𝑩𝟐,+) = 𝐙∕(𝒑) × 𝐙∕(𝒑). In this section we
describe braces of size 𝑝2𝑞2 whose additive law is given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
+
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝑥2𝑦1+𝑦2

)
,
( 𝑧1+𝑧2
𝑡1+𝑡2

))
, (5.25)

for
( 𝑥1𝑦1

)
,
( 𝑥2𝑦2

)
∈ 𝐵1;

( 𝑧1
𝑡1
)
,
( 𝑧2
𝑡2
)
∈ 𝐵2.

5.4.1. 𝑩𝟏 trivial brace. In this case, Aut𝐵1 = GL(2, 𝑞). A nontrivial mor-
phism 𝜏 from 𝐙∕(𝑝) × 𝐙∕(𝑝) to Aut𝐵1 either has an order 𝑝 kernel or is injec-
tive. In the first case, it is equal to ℎ1𝜏 for some ℎ1 ∈ Aut𝐵1 and 𝜏 defined by
𝜏(𝑢) = 𝑀, 𝜏(𝑣) = Id, for some 𝐙∕(𝑝)-basis (𝑢, 𝑣) of 𝐙∕(𝑝) × 𝐙∕(𝑝), where 𝑀
is one of the matrices in (4.1). In the second case, it is equal to ℎ1𝜏 for some
ℎ1 ∈ Aut𝐵1 and 𝜏 defined by 𝜏(𝑢) =

( 1 0
0 𝜆
)
, 𝜏(𝑣) =

( 𝜆 0
0 𝜆

)
, for an element 𝜆

of order 𝑝 in (𝐙∕(𝑞))∗ and some basis (𝑢, 𝑣) of 𝐙∕(𝑝) × 𝐙∕(𝑝). Indeed, all sub-
groups of order 𝑝2 ofGL(2, 𝑞) are conjugate, as they are the 𝑝-Sylow subgroups
of GL(2, 𝑞), and

( 1 0
0 𝜆
)
and

( 𝜆 0
0 𝜆

)
are a basis of the subgroup of order 𝑝2 whose

elements are diagonal matrices.
If 𝐵2 is trivial, we have Aut𝐵2 = GL(2, 𝑝). For 𝜏 defined by 𝜏(𝑢) = 𝑀, 𝜏(𝑣) =
Id, for some𝐙∕(𝑝)-basis (𝑢, 𝑣) of𝐙∕(𝑝)×𝐙∕(𝑝), we have 𝜏 = 𝜏0ℎ2, forℎ2 defined
by ℎ2(𝑢) =

( 1
0
)
, ℎ2(𝑣) =

( 0
1
)
and 𝜏0 defined by 𝜏0

( 1
0
)
= 𝑀, 𝜏0

( 0
1
)
= Id. We

obtain then (𝑝 + 3)∕2 braces whose multiplicative laws are given by
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(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1𝑦1

)
+𝑀𝑧1

( 𝑥2𝑦2
)
,
( 𝑧1+𝑧2
𝑡1+𝑡2

))
, (5.26)

for𝑀 one of thematrices in (4.1). In the casewhen 𝜏 is injective, for an adequate
ℎ2, we have 𝜏 = 𝜏0ℎ2, for 𝜏0 defined by 𝜏0

( 1
0
)
=
( 1 0
0 𝜆
)
, 𝜏0

( 0
1
)
=
( 𝜆 0
0 𝜆

)
, where

𝜆 is a fixed element of order 𝑝 in (𝐙∕(𝑞))∗. We obtain then one brace whose
multiplicative law is given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝜆𝑡1𝑥2

𝑦1+𝜆𝑧1+𝑡1𝑦2

)
,
( 𝑧1+𝑧2
𝑡1+𝑡2

))
, (5.27)

for 𝜆 a fixed element of order 𝑝 in (𝐙∕(𝑞))∗. Besides, we have the direct product,
whose multiplicative law is given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝑥2𝑦1+𝑦2

)
,
( 𝑧1+𝑧2
𝑡1+𝑡2

))
. (5.28)

If 𝐵2 is nontrivial, we have Aut𝐵2 =
{( 𝑑2 𝑏

0 𝑑
)
∶ 𝑑 ∈ (𝐙∕(𝑝))∗, 𝑏 ∈ 𝐙∕(𝑝)

}
, as

in Section 5.2.1. Now every morphism 𝜏 from 𝐙∕(𝑝) × 𝐙∕(𝑝) to Aut𝐵1 with
an order 𝑝 kernel is equal to 𝜏0𝑔, for 𝑔 ∈ GL(2, 𝑝) and 𝜏0 defined by 𝜏0

( 1
0
)
=

𝑀, 𝜏0
( 0
1
)
= Id, for𝑀 one of the matrices in (4.1). Similarly as in Section 5.2.1,

we obtain that the set of nontrivial morphisms 𝜏 from 𝐙∕(𝑝) × 𝐙∕(𝑝) to Aut𝐵1
is precisely {𝜏0

( 𝑎 𝑏
0 1

)
∶ 𝑎 ∈ (𝐙∕(𝑝))∗, 𝑏 ∈ 𝐙∕(𝑝)} ∪ {𝜏0

( 0 𝑏
1 0
)
∶ 𝑏 ∈ (𝐙∕(𝑝))∗}.

Moreover, again as in Section 5.2.1, under the relation

𝜏 ∼ 𝜏′ ⇔ ∃ℎ2 ∈ Aut𝐵2 ∶ 𝜏′ℎ2 = 𝜏,
weare leftwith 𝜏0, 𝜏0

( 𝑎 0
0 1
)
, for𝑎 ∈ (𝐙∕(𝑝))∗ anon-square element, and 𝜏0

( 0 1
1 0
)
.

Now, if𝑀 =
( 𝜆 0
0 𝜆−1

)
, thematrices𝑀 and𝑀−1 are conjugate by

( 0 1
1 0
)
∈ GL(2, 𝑞) =

Aut𝐵1. Hence, for ℎ1 =
( 0 1
1 0
)
, we have ℎ1𝜏0 = 𝜏0

( −1 0
0 1

)
which implies that, if

−1 is not a square in 𝐙∕(𝑝), then the orbits corresponding to 𝜏0 and 𝜏0
( 𝑎 0
0 1
)

coincide. We obtain then two braces corresponding to𝑀 =
( 𝜆 0
0 𝜆−1

)
and three

corresponding to the othermatrices. Summing up, there are (3∕2)(𝑝+3) braces
if 𝑝 ≡ 1 (mod 4) and (3∕2)(𝑝 + 3) − 1 braces if 𝑝 ≡ 3 (mod 4). Taking into
account the isomorphism from (𝐵2, ⋅) into 𝐙∕(𝑝) × 𝐙∕(𝑝) given in Section 3.2,
the corresponding multiplicative laws are given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1𝑦1

)
+𝑀𝑧1−𝑡1(𝑡1−1)∕2

( 𝑥2𝑦2
)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
, (5.29)

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1𝑦1

)
+𝑀𝑎(𝑧1−𝑡1(𝑡1−1)∕2)

( 𝑥2𝑦2
)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
,

(5.30)
and

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1𝑦1

)
+𝑀𝑡1

( 𝑥2𝑦2
)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
, (5.31)

respectively, where𝑀 is one of the matrices in (4.1) and 𝑎 is a fixed quadratic
nonresidue modulo 𝑝 with the exception that, for 𝑝 ≡ 3 (mod 4) and 𝑀 =( 𝜆 0
0 𝜆−1

)
, the braces with multiplicative laws (5.29) and (5.30) are isomorphic.
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As established above, an injective morphism 𝜏 from 𝐙∕(𝑝) ×𝐙∕(𝑝) toAut𝐵1
is equal to ℎ1𝜏 for some ℎ1 ∈ GL(2, 𝑞) and 𝜏 defined by 𝜏(𝑢) =

( 1 0
0 𝜆
)
, 𝜏(𝑣) =( 𝜆 0

0 𝜆
)
, for an element 𝜆 of order 𝑝 in (𝐙∕(𝑞))∗ and some 𝐙∕(𝑝)-basis (𝑢, 𝑣) of

𝐙∕(𝑝) × 𝐙∕(𝑝). A transversal of Aut𝐵2 in GL(2, 𝑝) is
{( 𝑎 0

𝑐 1
)
∶ 𝑎 ∈ (𝐙∕(𝑝))∗, 𝑐 ∈ 𝐙∕(𝑝)

}
∪
{( 0 𝑐

1 0
)
∶ 𝑐 ∈ (𝐙∕(𝑝))∗

}
,

hence any injective morphism 𝜏 from 𝐙∕(𝑝) × 𝐙∕(𝑝) to Aut𝐵1 is equivalent
under the relation in Proposition 2.2 either to 𝜏𝑎,𝑐 = 𝜏0ℎ2 for ℎ2 =

( 𝑎 0
𝑐 1
)

for some 𝑎 ∈ (𝐙∕(𝑝))∗, 𝑐 ∈ 𝐙∕(𝑝) or to 𝜏𝑐 = 𝜏0ℎ2 for ℎ2 =
( 0 𝑐
1 0
)
for some

𝑐 ∈ (𝐙∕(𝑝))∗, where 𝜏0 is defined by 𝜏0
( 1
0
)
=
( 1 0
0 𝜆
)
, 𝜏0

( 0
1
)
=
( 𝜆 0
0 𝜆

)
. Now the

normalizer of
⟨( 1 0

0 𝜆
)
,
( 𝜆 0
0 𝜆

)⟩
in GL(2, 𝑞) consists of diagonal and anti-diagonal

matrices. Conjugation by a diagonal matrix leaves diagonal matrices fixed and
for an anti-diagonal ℎ1 we have

ℎ1( 1 0
0 𝜆
)
=

( 𝜆 0
0 1
)
, ℎ1

( 𝜆 0
0 𝜆

)
=

( 𝜆 0
0 𝜆

)
. We ob-

tain then ℎ1𝜏𝑎,𝑐 = 𝜏−𝑎,𝑎+𝑐, for ℎ1 =
( 0 1
1 0
)
and no further equivalences. This

gives (𝑝(𝑝 − 1)∕2) + 𝑝 − 1 = (𝑝2 + 𝑝 − 2)∕2 braces. With 𝜆 an element of
order 𝑝 in (𝐙(𝑞))∗, and taking into account the isomorphism from (𝐵2, ⋅) into
𝐙∕(𝑝) × 𝐙∕(𝑝) given in Section 3.2, their multiplicative laws are given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝜆(𝑧1−𝑡1(𝑡1−1)∕2)(𝑎+𝑐)+𝑡1𝑥2

𝑦1+𝜆(𝑧1−𝑡1(𝑡1−1)∕2)𝑐+𝑡1𝑦2

)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
, (5.32)

for some (𝑎, 𝑐) ∈ (𝐙∕(𝑝))∗×𝐙∕(𝑝)where the braces corresponding to (𝑎, 𝑐) and
(−𝑎, 𝑎 + 𝑐) are isomorphic, and

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝜆𝑧1−𝑡1(𝑡1−1)∕2𝑥2

𝑦1+𝜆𝑧1−𝑡1(𝑡1−1)∕2+𝑐𝑡1𝑦2

)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
, (5.33)

for some 𝑐 ∈ (𝐙∕(𝑝))∗. Besides, we have the direct product of 𝐵1 and 𝐵2 with
multiplicative law given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝑥2𝑦1+𝑦2

)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
, (5.34)

5.4.2. 𝑩𝟏 nontrivial brace. In this case, Aut𝐵1 =
{( 𝑑2 𝑏

0 𝑑
)
∶ 𝑑 ∈ (𝐙∕(𝑞))∗,

𝑏 ∈ 𝐙∕(𝑞)} ⊂ GL(2, 𝑞). Since the only subgroup of order 𝑝 ofAut𝐵1 is
⟨( 𝜆2 0

0 𝜆
)⟩
,

for 𝜆 ∈ (𝐙∕(𝑞))∗ of order 𝑝, a nontrivial morphism 𝜏 from 𝐙∕(𝑝) × 𝐙∕(𝑝) to
Aut𝐵1 has an order 𝑝 kernel and is defined by 𝜏(𝑢) =

( 𝜆2 0
0 𝜆

)
, 𝜏(𝑣) = Id, for

some 𝐙∕(𝑝)-basis (𝑢, 𝑣) of 𝐙∕(𝑝) × 𝐙∕(𝑝).
If 𝐵2 is trivial, Aut𝐵2 = GL(2, 𝑝). For 𝜏 defined by 𝜏(𝑢) =

( 𝜆2 0
0 𝜆

)
, 𝜏(𝑣) = Id,

for some basis (𝑢, 𝑣) of (𝐵2, ⋅) = 𝐙∕(𝑝)×𝐙∕(𝑝), we have 𝜏 = 𝜏0ℎ2, for ℎ2 defined
by ℎ2(𝑢) =

( 1
0
)
, ℎ2(𝑣) =

( 0
1
)
and 𝜏0 defined by 𝜏0

( 1
0
)
=
( 𝜆2 0
0 𝜆

)
, 𝜏0

( 0
1
)
= Id.

We obtain then one brace, whose multiplicative law is given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
((

𝑥1+𝜆2𝑧1𝑥2+𝜆𝑧1𝑦1𝑦2
𝑦1+𝜆𝑧1𝑦2

)
,
( 𝑧1+𝑧2
𝑡1+𝑡2

))
, (5.35)
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for 𝜆 a fixed element of order 𝑝 in (𝐙∕(𝑞))∗. Besides, we have the direct product
whose multiplicative law is given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝑥2+𝑦1𝑦2𝑦1+𝑦2

)
,
( 𝑧1+𝑧2
𝑡1+𝑡2

))
. (5.36)

If 𝐵2 is nontrivial, Aut𝐵2 =
{( 𝑑2 𝑏

0 𝑑
)
∶ 𝑑 ∈ (𝐙∕(𝑝))∗, 𝑏 ∈ 𝐙∕(𝑝)

}
⊂ GL(2, 𝑝).

As in Section 5.2.1, we obtain that the set of nontrivial morphisms 𝜏 from
𝐙∕(𝑝) × 𝐙∕(𝑝) to Aut𝐵1 is precisely

{𝜏0
( 𝑎 𝑏
0 1

)
∶ 𝑎 ∈ (𝐙∕(𝑝))∗, 𝑏 ∈ 𝐙∕(𝑝)} ∪ {𝜏0

( 0 𝑏
1 0
)
∶ 𝑏 ∈ (𝐙∕(𝑝))∗},

for 𝜏0 defined by 𝜏0
( 1
0
)
=
( 𝜆2 0
0 𝜆

)
, 𝜏0

( 0
1
)
= Id. Again, under the relation in

Proposition 2.2, we have three orbits corresponding to the matrices Id,
( 𝑎 0
0 1
)
,

for 𝑎 non-square, and
( 0 1
1 0
)
. We obtain then three braces. Taking into account

the isomorphism from (𝐵2, ⋅) into 𝐙∕(𝑝)×𝐙∕(𝑝) given in Section 3.2, their mul-
tiplicative laws are given by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))

=
(( 𝑥1+𝜆2(𝑧1−𝑡1(𝑡1−1)∕2)𝑥2+𝜆𝑧1−𝑡1(𝑡1−1)∕2𝑦1𝑦2

𝑦1+𝜆𝑧1−𝑡1(𝑡1−1)∕2𝑦2

)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
,

(5.37)

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))

=
(( 𝑥1+(𝑎𝜆2)(𝑧1−𝑡1(𝑡1−1)∕2)𝑥2+𝜆𝑧1−𝑡1(𝑡1−1)∕2𝑦1𝑦2

𝑦1+𝜆𝑧1−𝑡1(𝑡1−1)∕2𝑦2

)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
,

(5.38)

for a fixed quadratic nonresidue 𝑎 modulo 𝑝, and

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))

=
(( 𝑥1+𝜆(𝑧1−𝑡1(𝑡1−1)∕2)𝑥2+𝜆2(𝑧1−𝑡1(𝑡1−1)∕2)𝑦1𝑦2

𝑦1+𝜆2(𝑧1−𝑡1(𝑡1−1)∕2)𝑦2

)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
.

(5.39)

Besides, we have the direct product with multiplicative law defined by

(( 𝑥1𝑦1
)
,
( 𝑧1
𝑡1
))
⋅
(( 𝑥2𝑦2

)
,
( 𝑧2
𝑡2
))
=
(( 𝑥1+𝑥2+𝑦1𝑦2𝑦1+𝑦2

)
,
( 𝑧1+𝑧2+𝑡1𝑡2

𝑡1+𝑡2
))
. (5.40)

Summing up, we have obtained the following result.

Theorem 5.4. Let 𝑝 and 𝑞 be primes satisfying 𝑞 > 𝑝, 𝑞 ≥ 5, 𝑝 ∣ 𝑞−1, 𝑝 ∤ 𝑞+1
and 𝑝2 ∤ 𝑞−1. There are 𝑝

2 + 5𝑝
2 +14 (resp. 𝑝

2 + 5𝑝
2 +13) braces with additive

group 𝐙∕(𝑝𝑞) × 𝐙∕(𝑝𝑞) if 𝑝 ≡ 1 (mod 4) (resp. if 𝑝 ≡ 3 (mod 4)).
a) There are four of them with multiplicative group 𝐙∕(𝑝𝑞) × 𝐙∕(𝑝𝑞);
b) for each of the matrices𝑀 in (4.1) different from

( 𝜆 0
0 𝜆−1

)
and

(
𝜆 0
0 𝜆(𝑝+1)∕2

)
, there

are four of themwithmultiplicative group (𝐙∕(𝑞)×𝐙∕(𝑞))⋊𝑀 (𝐙∕(𝑝)×𝐙∕(𝑝));
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c) for 𝑀 =
( 𝜆 0
0 𝜆−1

)
, there are four (resp. three) such braces with multiplicative

group (𝐙∕(𝑞) × 𝐙∕(𝑞))⋊𝑀 (𝐙∕(𝑝) × 𝐙∕(𝑝)), if 𝑝 ≡ 1 (mod 4) (resp. if 𝑝 ≡ 3
(mod 4));

d) for𝑀 =
(
𝜆 0
0 𝜆(𝑝+1)∕2

)
, there are eight of them with multiplicative group (𝐙∕(𝑞)×

𝐙∕(𝑞))⋊𝑀 (𝐙∕(𝑝) × 𝐙∕(𝑝));
e) there are (𝑝2 + 𝑝)∕2 of them with multiplicative group (𝐙∕(𝑞) × 𝐙∕(𝑞)) ⋊𝜆
(𝐙∕(𝑝) × 𝐙∕(𝑝)).
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