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Results on a strong multiplicity one theorem

Chandrasheel Bhagwat and Gunja Sachdeva

Abstract. We prove an analogue of the strong multiplicity one theorem in
the context of 𝜏𝑛-spherical representations of the group 𝐺 = SO(2, 1)◦ ap-
pearing in 𝐿2(Γ𝑖∖𝐺) for uniform torsion-free lattices Γ𝑖 , 𝑖 = 1, 2 in 𝐺. This
is a generalisation of a previous result by the first author and C. S. Rajan in
[BR11] for the case of 𝐺 = SO(2, 1)◦.
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1. Introduction
It is well known that the representation theory of semisimple Lie groups and

the spectral theory of differential operators on associated symmetric and locally
symmetric spaces are intimately related. In the context of discrete subgroup Γ
of a Lie group 𝐺 with compact quotient, the spectra are discrete, and hence
it makes sense to study the multiplicity function for eigenvalues of Laplacian
operator as well as the irreducible representations appearing in function spaces
on Γ∖𝐺.
In [BR11], C.S. Rajan and the first author established a strong multiplicity

one property for 𝐿2(Γ∖𝐺). In the same article, they have also studied the rank-
1 semisimple Lie groups and established a strong multiplicity one property for
the𝐾-spherical representations of rank-1 semisimple Lie group𝐺, equivalently
for Laplacian eigenvalues for 𝒞∞(Γ∖𝐺∕𝐾).
The aim of this short note is to prove an analogue of the above results for the

𝜏-spherical representations of SO(2, 1)◦ for irreducible representations 𝜏 of its
maximal compact subgroup𝐾 ≅ SO(2). We use the classification of irreducible
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representations of SL(2,ℝ) and SO(2, 1)◦, their 𝐾-types, some properties of the
function spaces on SO(2, 1)◦ with respect to the regular action of 𝐾 × 𝐾, and
Selberg trace formula (as in [BR11]).
Our main theorem is

Theorem. Let 𝐺 = SO(2, 1)◦, 𝜏 be an irreducible representation of 𝐾, and 𝐺𝜏
be the set of isomorphism classes of irreducible unitary representations (𝜋,𝑉) of
𝐺 such that the 𝜏-isotypic component 𝑉𝜏 ≠ (0). Suppose Γ1 and Γ2 are uniform
torsion-free lattices in 𝐺 such that the multiplicities of 𝜋 in 𝐿2(Γ𝑖∖𝐺) for 𝑖 = 1, 2
satisfy

𝑚(𝜋,Γ1) = 𝑚(𝜋,Γ2) for all but finitely many representations 𝜋 ∈ 𝐺𝜏.

Then, 𝑚(𝜋,Γ1) = 𝑚(𝜋,Γ2) for all representations 𝜋 ∈ 𝐺𝜏.

We also establish the relation for the multiplicities of 𝜋 ∈ 𝐺𝜏 in 𝐿2(Γ∖𝐺) and
multiplicities of eigenvalues of Laplacian in 𝒞∞(Γ∖𝐺, 𝜏) in Proposition 3.2. We
note that the Laplacian eigenvalues corresponding to the non-trivial discrete
series representations are negative.
It is well-known that these eigenvalues are exactly the eigenvalues of the

Laplacian operator acting on the smooth sections of the homogeneous vector
bundles on𝐺∕𝐾 defined by 𝜏, and hence all these eigenvalues must be positive.
This bodes well with the conjecture that the non-trivial discrete series repre-
sentations do not appear in 𝐿2(Γ∖𝐺).

2. Representations of 𝐒𝐎(𝟐, 𝟏)◦ and associated functions on
hyperbolic plane

2.1. Lie groups. Consider the real Lie group SO(2, 1)(ℝ) defined by

SO(2, 1)(ℝ) = {𝑔 ∈ SL3(ℝ) ∶ 𝑔𝑇
⎡
⎢
⎣

1 0 0
0 1 0
0 0 −1

⎤
⎥
⎦
𝑔 =

⎡
⎢
⎣

1 0 0
0 1 0
0 0 −1

⎤
⎥
⎦
}.

Let 𝐺 = SO(2, 1)◦ be the connected component of 1𝐺 in SO(2, 1)(ℝ). An
Iwasawa decomposition of 𝐺 is given by 𝐺 = 𝐴𝑁𝐾 where

𝐴 = {𝑎𝑡 =
⎡
⎢
⎣

cosh 𝑡 0 sinh 𝑡
0 1 0

sinh 𝑡 0 cosh 𝑡

⎤
⎥
⎦
∶ 𝑡 ∈ ℝ},

𝑁 = {𝑛𝑢 =

⎡
⎢
⎢
⎢
⎢
⎣

1 − 𝑢2
2 𝑢 𝑢2

2
−𝑢 1 𝑢

−𝑢
2

2 𝑢 1 + 𝑢2
2

⎤
⎥
⎥
⎥
⎥
⎦

∶ 𝑢 ∈ ℝ},

𝐾 = {𝑘𝜃 =
⎡
⎢
⎣

cos 𝜃 −sin 𝜃 0
sin 𝜃 cos 𝜃 0
0 0 1

⎤
⎥
⎦
∶ 𝜃 ∈ [0, 2𝜋]} = { [ 𝐵 1 ] ∶ 𝐵 ∈ SO(2)}.
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An isomorphism between PSL2(ℝ) and SO(2, 1)◦: We fix an isomorphism
between the groups PSL2(ℝ) and SO(2, 1)◦ once and for all.

Define Ψ ∶ SL2(ℝ)⟶ SO(2, 1)◦ by

Ψ ([ 𝑎 𝑏
𝑐 𝑑 ]) =

⎡
⎢
⎢
⎢
⎣

1
2(𝑎

2 − 𝑏2 − 𝑐2 + 𝑑2) 𝑎𝑏 − 𝑐𝑑 1
2(𝑎

2 + 𝑏2 − 𝑐2 − 𝑑2)
𝑎𝑐 − 𝑏𝑑 𝑎𝑑 + 𝑏𝑐 𝑎𝑐 + 𝑏𝑑

1
2(𝑎

2 − 𝑏2 + 𝑐2 − 𝑑2) 𝑎𝑏 + 𝑐𝑑 1
2(𝑎

2 + 𝑏2 + 𝑐2 + 𝑑2)

⎤
⎥
⎥
⎥
⎦

.

It can be checked that Ψ is a group homomorphism, and kernel(Ψ) = (±𝐼2).
Thus Ψ defines an isomorphism of Lie groups between PSL2(ℝ) and SO(2, 1)◦.
We also note down the images of some special elements of SL2(ℝ)underΨhere.

Ψ ([ 𝑒
𝑡 0
0 𝑒−𝑡 ]) = 𝑎2𝑡 =

⎡
⎢
⎣

cosh 2𝑡 0 sinh 2𝑡
0 1 0

sinh 2𝑡 0 cosh 2𝑡

⎤
⎥
⎦

∀ 𝑡 ∈ ℝ,

Ψ ([ 1 𝑢
0 1 ]) = 𝑛𝑢 =

⎡
⎢
⎢
⎢
⎢
⎣

1 − 𝑢2
2 𝑢 𝑢2

2
−𝑢 1 𝑢

−𝑢
2

2 𝑢 1 + 𝑢2
2

⎤
⎥
⎥
⎥
⎥
⎦

∀ 𝑢 ∈ ℝ,

Ψ ([ cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃 ]) = 𝑘2𝜃 =

⎡
⎢
⎣

cos 2𝜃 −sin 2𝜃 0
sin 2𝜃 cos 2𝜃 0
0 0 1

⎤
⎥
⎦

∀ 𝜃 ∈ ℝ.

Thus the Iwasawa decompositions for SL2(ℝ) and SO(2, 1)◦ are related via the
mapΨ. Wemake use of this fact later in the discussion for𝐾-types of irreducible
unitary representations of SO(2, 1)◦.

2.2. Induced representations of𝑮. FixHaarmeasures on𝐺 and𝐾 such that

∫
𝐾
1 𝑑𝑘 = 1. We identify 𝑑𝑘 with the normalised Lebesgue measure 𝑑𝜃

2𝜋 on

[0, 2𝜋]. Let 𝑠 ∈ ℂ. Define a character of the torus 𝐴 of 𝐺 = SO(2, 1)◦ by
𝜇𝑠 ∶ 𝑎𝑡 ↦ 𝑒𝑠𝑡 ∀ 𝑡 ∈ ℝ.

Inflate 𝜇𝑠 to the Borel subgroup 𝐵 ∶= 𝑁𝐴 = 𝐴𝑁 of 𝐺 and then consider the
induced space𝑉(𝑠) consisting of all measurable functions 𝑓 ∶ 𝐺 → ℂ such that
𝑓|𝐾 ∈ 𝐿2(𝐾, 𝑑𝑘) and

𝑓(𝑏𝑔) = 𝑒𝑡𝜇𝑠(𝑎𝑡)𝑓(𝑔) ∀ 𝑏 = 𝑎𝑡𝑛𝑢 ∈ 𝐵 = 𝐴𝑁, 𝑔 ∈ 𝐺.
Define a representation 𝜌𝑠 of 𝐺 on 𝑉(𝑠) by

𝜌𝑠(𝑔)𝑓(𝑦) = 𝑓(𝑦𝑔) ∀ 𝑔, 𝑦 ∈ 𝐺, 𝑓 ∈ 𝑉(𝑠).
The representation (𝜌𝑠, 𝑉(𝑠)) is unitary and irreducible precisely when 𝑠 ∈
𝐢ℝ ∪ (−1, 1) (see [LA85]). Furthermore, the only possible isomorphisms be-
tween (𝜌𝑠, 𝑉(𝑠)) and (𝜌′𝑠, 𝑉(𝑠′)) are when 𝑠 = ±𝑠′. Thus we can without loss of
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generality assume 𝑠 ∈ 𝐢ℝ≥0 ⊔ (0, 1) while considering the irreducible unitary
representation 𝑉(𝑠), and we call (𝜌𝑠, 𝑉(𝑠)) by the names principal series when
𝑠 ∈ 𝐢ℝ≥0 and complementary series when 𝑠 ∈ (0, 1), respectively.

2.3. Associated spherical functions onℋ. Fix 𝑠 ∈ ℂ. Letℋ = {𝑧 = 𝑥+𝐢𝑦 ∶
𝑦 > 0} be the hyperbolic 2-space. Consider the usual action of SL(2,ℝ) onℋ
by fractional linear transformations and let 𝑔 ∶ 𝑧 ↦ 𝑔 ⋅ 𝑧 ∶= Ψ−1(𝑔) ⋅ 𝑧 be the
corresponding action of 𝐺 = SO(2, 1)◦ onℋ. We use this to define a function
𝜒𝑠 ∶ℋ → ℂ by

𝜒𝑠(𝑥 + 𝐢𝑦) = 𝜒𝑠(𝑛𝑥𝑎ln 𝑦 ⋅ 𝐢) = 𝜇𝑠(𝑛𝑥𝑎ln 𝑦) = 𝑦𝑠 ∀ 𝑥 + 𝐢𝑦 ∈ℋ.
Let 𝜙𝑠 be the function defined by

𝜙𝑠(𝑧) = ∫
𝐾

𝜒𝑠(𝑘 ⋅ 𝑧) 𝑑𝑘 ∀ 𝑧 ∈ℋ,

where 𝑘 ⋅𝑧 ∶= Ψ−1(𝑘) ⋅𝑧 for all 𝑧 ∈ℋ, 𝑘 ∈ 𝐾, andΨ−1(𝑘) ⋅𝑧 denotes the usual
action of SL(2,ℝ) onℋ by fractional linear transformations.
A simple calculation (as in [LU10, p.65-67]) gives that

Lemma 2.1. For every 𝑠 ∈ ℂ, the function 𝜙𝑠+ 1
2
satisfies:

(i) 𝜙𝑠+ 1
2
(𝑘 ⋅ 𝑧) = 𝜙𝑠+ 1

2
(𝑧) ∀ 𝑘 ∈ 𝐾, 𝑧 ∈ℋ.

(ii) 𝜙𝑠+ 1
2
∈ 𝒞∞(ℋ) and ∆𝜙𝑠+ 1

2
= 1−𝑠2

4
𝜙𝑠+ 1

2
where ∆ = −𝑦2( 𝑑

2

𝑑𝑥2
+ 𝑑2

𝑑𝑦2
) is the

hyperbolic Laplacian operator onℋ.

2.4. Discrete series representations. For every positive integer𝑚 ≥ 2, there
are inequivalent unitary discrete series representations 𝐷±(𝑚) of the group 𝐺
that can be realised as an irreducible sub-representation of the induced space
𝑉(𝑚− 1). This follows from the construction of discrete series representations
of SL(2,ℝ) (see [LA85]).

2.5. 𝑲-types of irreducible representations of 𝐒𝐎(𝟐, 𝟏)◦. Let 𝑛 ∈ ℤ. De-
fine 𝜏𝑛 to be a character of the (abelian) group 𝐾 by

𝜏𝑛(𝑘𝜃) = 𝑒𝐢𝑛𝜃 ∀ 𝑘𝜃 ∈ 𝐾.
For any unitary irreducible representation (𝜋,𝑉) of 𝐺, we have a Hilbert di-

rect sum decomposition of 𝑉 into 𝐾-isotypes

𝑉 =
⨁̂

𝑛∈ℤ
𝐻𝑛,

where𝐻𝑛 is the 𝐾-isotype 𝑉𝜏𝑛 of 𝑉 w.r.t. 𝜏𝑛, i.e.
𝐻𝑛 = {𝑣 ∈ 𝑉 ∶ 𝜋(𝑘𝜃)𝑣 = 𝜏𝑛(𝑘𝜃)𝑣 = 𝑒𝐢𝑛𝜃𝑣 ∀ 𝑘𝜃 ∈ 𝐾}.
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It can be shown that for every 𝑛 ∈ ℤ, the complex vector space 𝐻𝑛 is either
(0) or of dimension 1 (this is a well-known fact. As reference, see [LA85, p.
24]).

We say that the 𝐾-type 𝜏𝑛 appears in 𝜋 if𝐻𝑛 ≠ (0) in 𝑉. Thus

𝑉 =
⨁̂

𝑛∈ℤ
𝐻𝑛 =

⨁̂

𝜏𝑛 appears in 𝜋
𝐻𝑛.

The irreducible unitary representations 𝜋 of 𝐺 bijectively correspond to the
irreducible unitary representations �̃� of SL(2,ℝ) such that −𝐼2×2 ∈ kernel(�̃�).
Thus only ‘half’ of the discrete series representations of SL(2,ℝ) appear in the
list for 𝐺. Using this and the adjoint action of the Lie algebra 𝔤 of 𝐺, we can
compute the𝐾-types that appear in𝜋 for all irreducible unitary representations
𝜋 of 𝐺. The following table summarises this information.

1 𝜏0
𝐷+
𝑚, 𝑚 ≥ 2 even 𝜏𝑛 ∶ 𝑛 = 𝑚

2
+ 𝑗, 𝑗 ≥ 0

𝐷−
𝑚, 𝑚 ≤ −2 even 𝜏𝑛 ∶ 𝑛 = −𝑚

2
− 𝑗, 𝑗 ≥ 0

𝜌𝑠, 𝑠 ∈ 𝐢ℝ≥0 ⊔ (0, 1) 𝜏𝑛 ∶ 𝑛 ∈ ℤ

Definition 2.2. An irreducible unitary representation (𝜋,𝑉) of 𝐺 is said to be
𝜏𝑛-spherical if there exists a nonzero vector 𝑣 ∈ 𝑉 such that

𝜋(𝑘𝜃)𝑣 = 𝜏𝑛(𝑘𝜃)𝑣 = 𝑒𝐢𝑛𝜃𝑣 ∀ 𝑘𝜃 ∈ 𝐾.

For a given 𝑛 ∈ ℤ, we can list the 𝜏𝑛-spherical representations of 𝐺 as fol-
lows:

𝑛 > 0 1, 𝐷+
𝑚 ∶ 𝑚 ∈ {2, 4,… , 2𝑛}, 𝜌𝑠 ∶ 𝑠 ∈ 𝐢ℝ≥0 ⊔ (0, 1)

𝑛 = 0 1, 𝜌𝑠 ∶ 𝑠 ∈ 𝐢ℝ≥0 ⊔ (0, 1)
𝑛 < 0 1, 𝐷−

𝑚 ∶ 𝑚 ∈ {−2,−4,… ,−2𝑛}, 𝜌𝑠 ∶ 𝑠 ∈ 𝐢ℝ≥0 ⊔ (0, 1)

Notation: Let 𝐺𝜏𝑛 denote the 𝜏𝑛-spherical spectrum of 𝐺, defined as the set of
all equivalence classes of irreducible unitary representations 𝜋 of 𝐺 such that
𝜏𝑛 appears in 𝜋.

2.6. 𝝉𝒏-spherical representations and 𝝉𝒏-spherical functions. For 𝑛 ∈ ℤ,
we denote by𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏𝑛), the space of all compactly supported smooth func-
tions 𝑓 ∶ 𝐺 → ℂ such that

𝑓(𝑘𝜃1𝑥𝑘𝜃2) = 𝑒𝐢𝑛(𝜃1+𝜃2)𝑓(𝑥) ∀ 𝑥 ∈ 𝐺, 𝑘𝜃1 , 𝑘𝜃2 ∈ 𝐾.
Let (𝜋,𝑉) be a 𝜏𝑛-spherical representation of 𝐺. Let 𝑒𝜋 ∈ 𝐻𝑛 = 𝑉𝜏𝑛 ⊆ 𝑉 be a
unit vector. Let 𝜙𝜋 ∶ 𝐺 → ℂ be a function defined by

𝜙𝜋(𝑥) = ⟨𝜋(𝑥)𝑒𝜋, 𝑒𝜋⟩ ∀ 𝑥 ∈ 𝐺.
We state a lemma here which will be used later.
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Lemma 2.3. Let (𝜋,𝑉) be a 𝜏𝑛-spherical representation of𝐺. Then the character
distribution of 𝜋 satisfies

𝜒𝜋(𝑓) = ∫
𝐺

𝑓(𝑔)𝜙′𝜋(𝑔)𝑑𝑔 ∀ 𝑓 ∈ 𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏𝑛),

where 𝜙′𝜋(𝑔) is defined by

𝜙′𝜋(𝑔) = {⟨𝜋(𝑥)𝑣−𝑛, 𝑣−𝑛⟩ if𝐻−𝑛 = ℂ𝑣−𝑛 ≠ (0), ||𝑣−𝑛|| = 1
0 if𝐻−𝑛 = (0).

Proof. Let 𝑘𝜃 ∈ 𝐾, 𝑣, 𝑤 ∈ 𝑉, 𝑓 ∈ 𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏𝑛). We have
⟨𝜋(𝑘𝜃)𝜋(𝑓)𝑣, 𝑤⟩ = ⟨𝜋(𝑓)𝑣, 𝜋(𝑘−𝜃)𝑤⟩

= ∫
𝐺

𝑓(𝑥) ⟨𝜋(𝑥)𝑣, 𝜋(𝑘−𝜃)𝑤⟩ 𝑑𝑥

= ∫
𝐺

𝑓(𝑘−𝜃𝑥) ⟨𝜋(𝑥)𝑣, 𝑤⟩ 𝑑𝑥

= 𝑒−𝐢𝑛𝜃⟨𝜋(𝑓)𝑣, 𝑤⟩.
Thus we conclude that

𝜋(𝑓)𝑣 ∈ 𝑉𝜏−𝑛 = 𝐻−𝑛 ∀ 𝑣 ∈ 𝑉, 𝑓 ∈ 𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏𝑛).
∙ Case (1). The isotypic component𝑉𝜏−𝑛 = 𝐻−𝑛 in (𝜋,𝑉) is non-zero, say
equals ℂ𝑣−𝑛 for some 𝑣−𝑛 with ||𝑣−𝑛|| = 1. Thus 𝜒𝜋(𝑓) = trace 𝜋(𝑓) =
⟨𝜋(𝑓)𝑣−𝑛, 𝑣−𝑛⟩ since the components 𝐻𝑚 are mutually orthogonal and
𝜋(𝑓)𝑣 ∈ 𝐻−𝑛 ∀ 𝑣 ∈ 𝑉.

∙ Case (2). The isotypic component 𝑉𝜏−𝑛 = 𝐻−𝑛 in (𝜋,𝑉) is zero. In this
case 𝜋(𝑓) = 0 from above calculation.

In both cases, we get the desired conclusion for the character distribution 𝜒𝜋
of 𝜋. □

From Lemma 2.3 and its proof, we also conclude that

Corollary 2.4. If 𝜋 is 𝜏𝑛-spherical, and 𝑓 ∈ 𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏−𝑛), then

𝜒𝜋(𝑓) = ∫
𝐺

𝑓(𝑥)𝜙𝜋(𝑥) 𝑑𝑥.

3. Some preliminary results
Let Γ be a uniform lattice in 𝐺 so that the quotient space Γ∖𝐺 is compact.

Consider the regular representation of𝐺 on𝐿2(Γ∖𝐺). For an irreducible unitary
representation 𝜋 of 𝐺, let𝑚(𝜋,Γ) be the multiplicity of 𝜋 in the decomposition
of 𝐿2(Γ∖𝐺).
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Now further assume that Γ is torsion-free. The center 𝑍(𝑈𝔤) of the univer-
sal enveloping algebra of 𝐺 acts on the space of all smooth functions on Γ∖𝐺.
Let 𝒞∞(Γ∖𝐺, 𝜏𝑛) be the subspace of 𝒞∞(Γ∖𝐺) consisting of all smooth right 𝜏𝑛-
equivariant 𝑓 i.e.

𝑓(𝑔𝑘𝜃) = 𝑒𝐢𝑛𝜃𝑓(𝑔) ∀ 𝑔 ∈ 𝐺, 𝑘𝜃 ∈ 𝐾.
It can be checked that 𝒞∞(Γ∖𝐺, 𝜏𝑛) is stable under 𝑍(𝑈𝔤)-action, and the eigen-
spaces 𝑉(𝜆,Γ, 𝜏𝑛), w.r.t. characters 𝜆 of 𝑍(𝑈𝔤) are finite dimensional subspaces
of 𝒞∞(Γ∖𝐺, 𝜏𝑛) (see [LU10]). We discuss the following result that relates the
multiplicities𝑚(𝜋,Γ𝑖) for 𝜋 ∈ 𝐺𝜏𝑛 with these eigenspaces.
If (𝜋,𝑉𝜋) is a 𝜏𝑛-spherical representation, then we can associate a character

𝜆𝜋 of 𝑍(𝑈𝔤) such that 𝜙𝜋(𝑥) ∶= ⟨𝜋(𝑥)𝑒𝜋, 𝑒𝜋⟩ defines an eigenfunction of 𝜆𝜋
where 𝑒𝜋 is a vector in 𝑉𝜋 with ||𝑒𝜋|| = 1.

Lemma 3.1. If 𝜋𝑗 ∶ 1 ≤ 𝑗 ≤ 𝑟 are mutually inequivalent 𝜏𝑛-spherical represen-
tations then 𝜙𝜋𝑗 ∶ 1 ≤ 𝑗 ≤ 𝑟 are linearly independent and analytic functions on
𝐺.

Proof. The conclusion of this lemma follows at once from the fact that 𝜙𝜋𝑗s
are eigenvectors of distinct characters and also of elliptic essentially self-adjoint
differential operators in 𝑍(𝑈𝔤). □

Proposition 3.2. If 𝜋 is a 𝜏𝑛-spherical representation, then
𝑚(𝜋,Γ) = dimℂ𝑉(𝜆𝜋,Γ, 𝜏𝑛).

Conversely, if 𝜆 is a character of 𝑍(𝑈𝔤) such that 𝑉(𝜆,Γ) ≠ 0, then there exists
a unique 𝜏𝑛-spherical representation 𝜋 of 𝐺 such that 𝜆 = 𝜆𝜋 and 𝑚(𝜋,Γ) =
dimℂ𝑉(𝜆𝜋,Γ, 𝜏𝑛).

Proof. Let 𝑚 = 𝑚(𝜋,Γ). Let𝑊𝑗 ∶ 1 ≤ 𝑗 ≤ 𝑚 be mutually orthogonal sub-
spaces in 𝐿2(Γ∖𝐺), each of them isomorphic to 𝜋. Let 𝑒(𝑗)𝜋 ∈𝑊𝑗 be a unit vector
such that it is a basis of the one dimensional 𝜏𝑛-isotype𝑊

𝜏𝑛
𝑗 . Define ℎ𝑗 by

ℎ𝑗(𝑥) = ∫
[0,2𝜋]

𝑒−𝐢𝑛𝜃𝑒(𝑗)𝜋 (𝑥𝑘𝜃)
𝑑𝜃
2𝜋 ∀ 𝑥 ∈ 𝐺.

These functions ℎ𝑗s are smooth, are in 𝒞∞(Γ∖𝐺, 𝜏𝑛), and are eigenfunctions of
the character 𝜆𝜋 of 𝑍(𝑈𝔤). Since the vectors 𝑒

(𝑗)
𝜋 ∈𝑊𝑗 and are mutually orthog-

onal, it follows that functions ℎ𝑗s are also mutually orthogonal and hence we
have

𝑚(𝜋,Γ) ≤ dimℂ𝑉(𝜆𝜋,Γ, 𝜏𝑛).
Conversely, if 𝑓 ∈ 𝒞∞(Γ∖𝐺, 𝜏𝑛) is an eigenfunction of a character 𝜆 of 𝑍(𝑈𝔤),
then 𝑓 ∈ 𝐿2(Γ∖𝐺). Write

𝐿2(Γ∖𝐺) =
⨁̂

𝑗
𝑉𝑗,
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where each 𝑉𝑗 is an irreducible subspace of 𝐿2(Γ∖𝐺) corresponding to 𝜋𝑗 ∈ 𝐺.
Hence 𝑓 can be written as

𝑓 =
∑

𝑗
𝛼𝑗𝑣𝑗,

where each 𝑣𝑗 is a unit vector in 𝑉𝑗. Observe that, we in fact get a sum over
only those 𝑗 such that 𝑉𝜏𝑛

𝑗 ≠ 0. Further, since 𝑓 is an eigenfunction of 𝜆, it
follows that 𝑣𝑗 is also an eigenfunction of 𝜆 for all 𝑗 such that 𝛼𝑗 ≠ 0. Using the
linear independence of characters 𝜆𝜋𝑗 for 𝜋𝑗 ∈ 𝐺, the sum is over only those𝑉𝑗
for which the representation is 𝜋 and the associated character is 𝜆𝜋 = 𝜆. This
implies that

𝑚(𝜋,Γ) = dimℂ𝑉(𝜆𝜋,Γ, 𝜏𝑛).
□

4. Main results
Let Γ1 and Γ2 be uniform torsion-free lattices in 𝐺. We prove the following

analogue of the strong multiplicity theorem for 𝜏𝑛-spherical spectra for Γ1 and
Γ2.

Theorem 4.1. Let 𝑛 ∈ ℤ. Suppose Γ1 and Γ2 are uniform torsion-free lattices in
𝐺 such that

𝑚(𝜋,Γ1) = 𝑚(𝜋,Γ2) for all but finitely many representations 𝜋 ∈ 𝐺𝜏𝑛 .

Then 𝑚(𝜋,Γ1) = 𝑚(𝜋,Γ2) for all representations 𝜋 ∈ 𝐺𝜏𝑛 .

We first prove a series of lemmas here.

Lemma 4.2. The space 𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏𝑛) separates points on the orbits of 𝐾 × 𝐾-
action on 𝐺 given by

(𝑘𝜃1 , 𝑘𝜃2) ⋅ 𝑔 ∶= 𝑘𝜃1𝑔𝑘
−1
𝜃2
.

Proof. Let 𝐾𝑥𝐾 and 𝐾𝑦𝐾 be disjoint orbits of the above action. Let 𝑓 be a
smooth and compactly supported function such that 𝑓 = 0 on 𝐾𝑦𝐾 and 𝑓 > 0
on 𝐾𝑥𝐾. Define 𝐹 by

𝐹(𝑔) = ∫
[0,2𝜋]

∫
[0,2𝜋]

𝑒−𝐢𝑛(𝜃1+𝜃2)𝑓(𝑘𝜃1𝑔𝑘𝜃2)
𝑑𝜃1
2𝜋

𝑑𝜃2
2𝜋 .

This𝐹 is in𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏𝑛), and separates𝐾𝑥𝐾 and𝐾𝑦𝐾 because of the assumed
properties of the function 𝑓. □

We state two more results about uniform lattices in semisimple Lie groups
here. We refer the reader to [BR11] for the proofs.

Lemma 4.3. If Γ is a torsion-free uniform lattice in 𝐺, then every nontrivial con-
jugacy class [𝛾]𝐺 of 𝛾 ∈ Γ is disjoint from 𝐾 and hence 1𝐺 ∉ 𝐾[𝛾]𝐺𝐾.
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Lemma 4.4. Given torsion-free uniform lattices Γ1 and Γ2 in 𝐺, there exists a
non-empty open set𝐵 ⊂ 𝐺 which is (𝐾×𝐾)-stable and disjoint from all conjugacy
classes [𝛾]𝐺 with 𝛾 ∈ Γ1 ∪ Γ2.

Proof of Theorem 4.1. Let 𝑆 be a finite subset of 𝐺𝜏𝑛 such that

𝑚(𝜋,Γ1) = 𝑚(𝜋,Γ2) ∀ 𝜋 ∈ 𝐺𝜏𝑛 ⧵ 𝑆.
Applying the Selberg trace formula for lattices Γ1 and Γ2 for a function 𝑓 ∈
𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏−𝑛), we see that

∑

𝜋∈𝑆
(𝑚(𝜋,Γ1) −𝑚(𝜋,Γ2))𝜒𝜋(𝑓) =

∑

[𝛾]∈[Γ1]𝐺∪[Γ2]𝐺
[𝑎(𝛾,Γ1) − 𝑎(𝛾,Γ2)]𝑂𝛾(𝑓)

(here the term 𝑂𝛾(𝑓) refers to the orbital integral of 𝑓 w.r.t. the left invariant
measure on the conjugacy class [𝛾] in 𝐺 (see [BR11], [WA76] for more details).
Let 𝜙 = ∑

𝜋∈𝑆
(𝑚(𝜋,Γ1) −𝑚(𝜋,Γ2))𝜙𝜋. Thus using Lemma 2.3, we have

∫
𝐺

𝑓(𝑔) 𝜙(𝑔) 𝑑𝜇(𝑔) =
∑

[𝛾]∈[Γ1]𝐺∪[Γ2]𝐺
[𝑎(𝛾,Γ1) − 𝑎(𝛾,Γ2)]𝑂𝛾(𝑓).

Choose a𝐾×𝐾-stable open set 𝐵 that avoids all conjugacy classes appearing on
the right hand side of above (as in Lemma 4.4). For every 𝑓 ∈ 𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏−𝑛)
that is supported on 𝐵, we have

∫
𝐺

𝑓(𝑔) 𝜙(𝑔) 𝑑𝜇(𝑔) = 0,

showing that 𝜙 = 0 on 𝐵 since 𝒞∞𝑐 (𝐺∕∕𝐾, 𝜏−𝑛) separates points on 𝐵 as seen
in Lemma 4.2. Since all 𝜙𝜋 with 𝜋 ∈ 𝑆 are analytic and linearly independent,
we conclude that

𝑚(𝜋,Γ1) = 𝑚(𝜋,Γ2) ∀ 𝜋 ∈ 𝑆.
□

Remark 4.5. We expect that the analogous result to Theorem 4.1 should also
hold for the case of real rank one Lie groups 𝐺 and the 𝐾-types of their irre-
ducible unitary representations with respect to their maximal subgroups 𝐾.
The authors would like to explore more in that direction as a sequel to this
work. It will be also interesting to ask whether the isospectrality with respect
to 𝜏-spherical representations with respect to a particular 𝐾-type determines
the isospectrality with respect to the full representation spectrum of 𝐿2(Γ𝑖∖𝐺),
𝑖 = 1, 2.
Remark 4.6. As pointed out by the anonymous referee of this manuscript,
these results can be generalised to the case of the group SL2(ℝ) without any
non-trivial modification of the proof. There are two cases to consider. If the
uniform lattice contains the central torsion element −𝐼2×2 but no other tor-
sion, then this case reduces to the case already studied of PSL2(ℝ) divided by a
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torsion-free uniform lattice. If however the uniform lattice in SL2(ℝ) is torsion-
free, then one will see in addition more representations with half-integral 𝐾-
types, namely non-spherical principal series, discrete series, and limits of dis-
crete series, as described in [LA85].
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