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In�nite families of reciprocal monogenic
polynomials and their Galois groups

Lenny Jones

Abstract. We prove a new irreducibility theorem for a particular class of
polynomials, and we use it to construct in�nite families of reciprocal mono-
genic polynomials. These results extend previous work on reciprocal sextic
polynomials to reciprocal polynomials of degree �

(
2aqb

)
, where q ∈ {3, 5, 7},

and a ≥ 0, b ≥ 1 are integers. As an application, we construct in�nite fami-
lies of reciprocal monogenic polynomials with prescribed Galois group.
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1. Introduction
Throughout this article, for f(x) ∈ ℤ[x], when the words “over F" are omit-

ted from the statement “The polynomial f(x) is irreducible over F", it is to be
understood that F = ℚ, unless contextual restrictions dictate otherwise. We
say f(x) is reciprocal if f(x) = xdeg(f)f (1∕x). We let ∆(f) and ∆(K) denote
the discriminants over ℚ, respectively, of f(x) and a number �eld K. If f(x)
is irreducible, with f(�) = 0 and K = ℚ(�), then we have the well-known
equation [6]

∆(f) = [ℤK ∶ ℤ[�]]
2 ∆(K), (1.1)

where ℤK is the ring of integers of K. We say that f(x) is monogenic if f(x)
is irreducible and ℤK = ℤ[�], or equivalently from (1.1), that ∆(f) = ∆(K).
In this situation, {1, �, �2,… , �degf−1} is a basis for ℤK , making computations
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easier inℤK , as in the case of cyclotomic polynomialsΦn(x) of degree �(n) [28].
We see from (1.1) that if ∆(f) is squarefree, then f(x) is monogenic. However,
the converse is false in general, and when f(x) is monogenic and ∆(f) is not
squarefree, it can be di�cult to show that all square factors of ∆(f) are, in fact,
factors of ∆(K).

Recently [19], the construction of in�nite families of monic sextic recipro-
cal monogenic polynomials f(x) was given, with Gal(f) ≃ Dn, where Gal(f)
denotes the Galois group of f(x) overℚ, and Dn denotes the dihedral group of
order 2n with n ∈ {3, 6}. It is the primary goal of this article to extend some
of the results from [19] to larger degree polynomials. More precisely, we prove
the following:

Theorem1.1. Leta ≥ 0 and b ≥ 1 be integers. Let q ∈ {3, 5, 7} and letN = 2aqb.
Let r ≥ 3 be a prime such that r is a primitive root modulo q2. Then there exist
in�nitely many primes p such that

ℱN,p(x) ∶= ΦN(x) + 4rq2px�(N)∕2 is monogenic, (1.2)

where ΦN(x) is the cyclotomic polynomial of indexN.

Remark 1.2. Theorem 1.1 can be extended to primes q with 11 ≤ q ≤ 211, but
this extension is conditional on the abc-conjecture for number �elds.

To provide some applications of Theorem 1.1, we prove the following:

Theorem 1.3. Let q ∈ {3, 5, 7} and let r ≥ 3 be a prime primitive root modulo
q2. Then, there exist in�nitely many primes p such that, when

I. q = 3,
all of ℱ12,p(x), ℱ18,p(x), ℱ24,p(x) and ℱ36,p(x) are simultaneously re-
ciprocal monogenic polynomials with Gal

(
ℱ12,p

)
= 4T2, Gal

(
ℱ18,p

)
=

6T3, Gal
(
ℱ24,p

)
= 8T9 and Gal

(
ℱ36,p

)
= 12T10,

II. q = 5,
bothℱ5,p(x) andℱ10,p(x) are simultaneously reciprocal monogenic poly-
nomials with Gal

(
ℱ5,p

)
= Gal

(
ℱ10,p

)
= 4T3,

III. q = 7,
(a) ℱ7,p(x) is a reciprocalmonogenic polynomialwithGal

(
ℱ7,p

)
= 6T11,

(b) ℱ14,p(x) is a reciprocal monogenic polynomial with Gal
(
ℱ14,p

)
=

6T11.
Remark 1.4. For clari�cation, the in�nite sets of primes for which I., II., III.
(a) and III. (b) hold are not the same.

All computer computations in this article were done using either MAGMA,
Maple or Sage.

2. Basic preliminaries
In this article, we make use of the “T"-notation for transitive groups as given

inMAGMAand [5,10,21]. For the convenience of the reader, Table 1 gives some
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common “AKA"-group names for groups isomorphic to certain “T"-notation
groups. We let Cn denote the cyclic group of order n, Dn denote the dihedral
group of order 2n, and Sn denote the symmetric group on n letters of order n!.

T-name AKA-names

4T2 C2 × C2
4T3 D4
6T3 C2 × S3, D6
6T11 C2 × S4, C2 ≀ S3
8T9 C2 × D4
12T10 C22 × S3
12T139 (C2 × C2) ≀ S3

Table 1. Some common AKA group names for certain T-groups.

Lemma 2.1. [24] Letm ≥ 1 and n ≥ 1 be integers. Let p be a prime with n ≡ 0
(mod p). Then

Φpn(x) = Φn (xp) .
Theorem2.2. [12]Letp be a prime such thatp ∤ n. Let ordn(p) denote the order
of pmodulo n. ThenΦn(x) factors modulo p into a product of �(n)∕ ordn(p) dis-
tinct irreducible polynomials, each of degree ordn(p). Moreover, for any positive
integerm,

Φpmn(x) ≡ Φn(x)�(p
m) (mod p).

De�nition 2.3. [6] Let ℛ be an integral domain with quotient �eld K, and
let K be an algebraic closure of K. Let f(x), g(x) ∈ ℛ[x], and suppose that
f(x) = a∏m

i=1 (x − �i) ∈ K[x] and g(x) = b∏n
i=1 (x − �i) ∈ K[x]. Then the

resultant R(f, g) of f and g is:

R(f, g) = an
m∏

i=1
g (�i) = (−1)mnbm

n∏

i=1
f (�i) .

Theorem 2.4. Let f(x) and g(x) be polynomials inℚ[x], with respective leading
coe�cients a and b, and respective degreesm and n. Then

∆(f◦g) = (−1)m2n(n−1)∕2 ⋅ an−1bm(mn−n−1)∆(f)nR(f◦g, g′)
Remark 2.5. As far as we can determine, Theorem 2.4 is originally due to John
Cullinan [9]. A proof of Theorem 2.4 can be found in [16].

The next two theorems are due to Capelli [27].

Theorem 2.6. Let f(x) and ℎ(x) be polynomials in ℚ[x] with f(x) irreducible.
Suppose that f(�) = 0. Then f(ℎ(x)) is reducible over ℚ if and only if ℎ(x) − �
is reducible overℚ(�).
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Theorem 2.7. Let s ∈ ℤ with s ≥ 2, and let � ∈ ℂ be algebraic. Then xs − �
is reducible over ℚ(�) if and only if either there is a prime p dividing s such that
� = �p for some � ∈ ℚ(�) or 4 ∣ s and � = −4�4 for some � ∈ ℚ(�).

The next theorem follows from Corollary (2.10) in [25].

Theorem 2.8. Let K and L be number �elds with K ⊂ L. Then
∆(K)[L∶K] |||| ∆(L).

The following theorem is sometimes refereed to in the literature asDedekind’s
Criterion.

Theorem 2.9 (Dedekind [6]). LetK = ℚ(�) be a number �eld, T(x) ∈ ℤ[x] the
monicminimal polynomial of �, andℤK the ring of integers ofK. Let q be a prime
number and let ∗ denote reduction of ∗modulo q (in ℤ, ℤ[x] or ℤ[�]). Let

T(x) =
k∏

i=1
ti(x)ei

be the factorization of T(x)modulo q in Fq[x], and set

g(x) =
k∏

i=1
ti(x),

where the ti(x) ∈ ℤ[x] are arbitrary monic lifts of the ti(x). Let ℎ(x) ∈ ℤ[x] be a
monic lift of T(x)∕g(x) and set

F(x) = g(x)ℎ(x) − T(x)
q ∈ ℤ[x].

Then
[ℤK ∶ ℤ[�]] ≢ 0 (mod q)⟺ gcd

(
F, g, ℎ

)
= 1 in Fq[x].

The following well-known theorem is also due to Dedekind.

Theorem 2.10. [8] Let f(x) ∈ ℤ[x] be monic and irreducible of degree n. Let p
be a prime such that p ∤ ∆(f). If f(x) factors in Fp[x] as a product of irreducible
factors of degrees n1, n2,… , nt. Then Gal(f), when viewed as isomorphic to a sub-
group of the symmetric group Sn, contains a permutation �1�2⋯�t, where �i is
a cycle of length ni .
Theorem 2.11. Let f(x) ∈ ℤ[x], and suppose that f(x) factors into a product
of distinct irreducibles, where the largest degree of any irreducible factor of f(x)
is d. De�ne

Nf (X) = |||{p ≤ X ∶ p is prime and f(p) is squarefree}|||
Then, the following asymptotic holds unconditionally if d ≤ 3, and holds, assum-
ing the abc-conjecture for number �elds for f(x), if d ≥ 4:

Nf(X) ∼ cf
X

log(X)
,
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where

cf =
∏

l prime

(1 −
�f

(
l2

)

l(l − 1))

and �f
(
l2

)
is the number of z ∈

(
ℤ∕l2ℤ

)∗
such that f(z) ≡ 0 (mod l2).

Theorem 2.11 follows fromwork of Helfgott, Hooley and Pasten. To be more
explicit, Hector Pasten has relayed to us (private communication) the follow-
ing information. We consider �rst the unconditional part (d ≤ 3) of Theorem
2.11. The case when f(x) is a single irreducible cubic is settled in [17, Main
Theorem]. Then one can use a key estimate from the proof of Helfgott’s main
theorem in [17], along with [26, Lemma 3.2 and Lemma 3.3] and an asymptotic
formula forNf(X) from [26, p. 728], to handle the cases when f(x) is a product
of only cubics, only quadratics or only linear polynomials. The situation when
f(x) is the product of irreducibles of various degrees, all smaller than 4, is ad-
dressed in [18, Chapter 4]. The conditional part (when d ≥ 4) of Theorem 2.11
follows from [26, Theorem 1.1].

The following immediate corollary of Theorem 2.11 is a main tool for the
proof of Theorem 1.1. We require only the unconditional part here.

Corollary 2.12. Let f(x) ∈ ℤ[x], and suppose that f(x) factors into a product
of distinct irreducibles, where the largest degree of any irreducible factor of f(x)
is d. To avoid the situation when cf = 0, we suppose further that, for each prime
l, there exists some z ∈

(
ℤ∕l2ℤ

)∗
such that f(z) ≢ 0 (mod l2). If d ≤ 3, or

if d ≥ 4 and assuming the abc-conjecture for number �elds for f(x), there exist
in�nitely many primes p such that f(p) is squarefree.

Remark 2.13. If for some prime l, there does not exist z ∈
(
ℤ∕l2ℤ

)∗
such

that f(z) ≢ 0 (mod l2), we say that f(x) has an obstruction at l.

Theorem 2.14. [6] Suppose that deg(f(x)) = n. If f(x) is irreducible, then
Gal(f) is isomorphic to a subgroup of the alternating group An if and only if√
∆(f) ∈ ℤ.

Theorem2.15. [7] Let q be a prime and letf(x) ∈ ℤ[x] be amonic q-Eisenstien
polynomial with deg(f) = n. Let K = ℚ(�), where f(�) = 0. If n ≢ 0 (mod q),
then qn−1||∆(K).

De�nition2.16. [23] TheChebyshevPolynomials of theFirst, SecondandFourth
Kind, respectively Tn, Un andWn, are de�ned as:

T0(x) = 1, T1(x) = x and Tn(x) = 2xTn−1(x) − Tn−2(x) for n ≥ 2,
U0(x) = 1, U1(x) = 2x and Un(x) = 2xUn−1(x) −Un−2(x) for n ≥ 2,
W0(x) = 1, W1(x) = 2x + 1 andWn(x) = 2xWn−1(x) −Wn−2(x) for n ≥ 2.

De�nition 2.17. [22] The Vieta Polynomials Vn are de�ned as:

V0(x) = 0, V1(x) = 1 and Vn(x) = xVn−1(x) − Vn−2(x) for n ≥ 2.
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Proposition 2.18. Let Tn,Un,Vn andWn be as de�ned in De�nitions (2.16) and
(2.17). Then

(1) [23] 2Tn(x) =Wn(x) −Wn−1(x),
(2) [23]Wn(x) = U2n (

(x+1
2

)1∕2
),

(3) [22, 23] Vn(x) = Un−1 (x∕2),
(4) [15] Vq(x) ≡

(
x2 − 4

)(q−1)∕2 (mod q) for any prime q ≥ 3.
Proposition 2.19. [1, 11] Let n ≥ 2 be an integer and let

f(x) =
2n∑

j=0
ajxj ∈ ℤ[x],

where aj = a2n−j for all j, so that f(x) is reciprocal. De�ne an nth degree poly-
nomial g(u) ∈ ℤ[u], by

g(u) ∶= an + 2
n∑

j=1
an−jTj (u∕2) . (2.1)

Then
f(x) = xng

(
x + x−1

)
. (2.2)

The following corollary is immediate from Proposition 2.19.

Corollary 2.20. Every zero � ≠ ±2 of g(u) corresponds to the two distinct zeros(
� ±

√
�2 − 4

)/
2 of f(x). In particular, every real zero of g(u) in the interval

(−2, 2) corresponds to a conjugate pair of distinct nonreal zeros of f(x) on the
unit circle. Moreover, if g(u) and f(x) are irreducible, it follows that Gal(g) is
isomorphic to a subgroup of Gal(f).

The following proposition is a generalization, from ℚ to an arbitrary �eld F
with char(F) ≠ 2, of some special cases of results in [3].

Proposition 2.21. Let F be a �eld with char(F) ≠ 2.
(1) Let f(x) = x4+ cx2+1 ∈ F[x]. Then f(x) is reducible over F if and only

if at least one of

c2 − 4, −c + 2 or − c − 2
is a square in F.

(2) Let f(x) = x4+bx3+cx2+bx+1 ∈ F[x], with b ≠ 0. Then f(x) factors
over F into the product of two irreducible quadratics if and only if at least
one of

8 + b2 − 4c, b2 − 2c − 4 − 2
√
4 − 4b2 + 4c + c2 or

b2 − 2c − 4 + 2
√
4 − 4b2 + 4c + c2

is a square in F.
The next proposition is a special case of the results in [13].
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Proposition 2.22. [13]Letf(x) ∈ ℤ[x] bemonic and irreducible, withdeg(f) =
m. Thenf

(
x2s

)
is reducible if and only if there exist S0(x), S1(x) ∈ ℤ[x] such that

either
(−1)mf(x) = (S0(x))

2 − x (S1(x))
2 , (2.3)

or
s ≥ 2 and f

(
x2

)
= (S0(x))

2 − x (S1(x))
2 . (2.4)

Theorem 2.23. [20] Let f(x) = x4 + bx2 + d ∈ ℚ[x] be irreducible. Then
(1) Gal(f) ≃ C2 × C2 ⟺

√
d ∈ ℚ

(2) Gal(f) ≃ C4 ⟺
√
d (b2 − 4d) ∈ ℚ

(3) Gal(f) ≃ D4 ⟺
√
d ∉ ℚ and

√
d (b2 − 4d) ∉ ℚ.

Proposition 2.24. [14] Let H(x) = x3 + ax2 + bx − c2 ∈ ℤ[x] be irreducible.
Then ℎ(x) = x6 + ax4 + bx2 − c2 is reducible if and only if ℎ̂(x) = x4 + 2ax2 −
8cx + a2 − 4b has exactly one integer zero.

Theorem 2.25. [14] Let f(x) = x6 + bx3 + c3 ∈ ℤ[x] be irreducible, and let
g(x) = x3 − 3cx − b. Then

Gal(f) ≃ { C2 × S3 if
√
∆(g) ∉ ℤ

C6 if
√
∆(g) ∈ ℤ.

Remark 2.26. If c = 1 in Theorem 2.25, then f(x) is reciprocal, and g(x) is
precisely the polynomial g(u) in (2.1).

The following theorem follows from Algorithm 2.3 in [2].

Theorem 2.27. [2] Let f(x) = x6 + ax4 + bx2 + c ∈ ℤ[x] be irreducible. Let
ℎ(x) = x6 − bx4 + acx2 − c2 and let d = a2b2 − 4b3 − 4a3c + 18abc − 27c2.
Suppose that none of −c, d and −cd is a square in ℤ.

(1) If ℎ(x) is reducible, then Gal(f) = 6T3.
(2) If ℎ(x) is irreducible, then Gal(f) = 6T11.

3. More preliminaries: new results
We require the following additional newmachinery for the proof of Theorem

1.1. Throughout this section, we let

ℱN,t(x) ∶= ΦN(x) + 4ktx�(N)∕2, (3.1)

where N = 2aqb, q ≥ 3 is prime, a ≥ 0 and b ≥ 1 are integers, k is some
prescribed nonzero integer constant, and t is an indeterminate. The �rst lemma
is of interest in its own right.

Lemma 3.1. Let r ≥ 3 be a prime that is a primitive root modulo q2, where q ≥ 3
is prime. Let k = r in (3.1). ThenℱN,t(x) is irreducible for all integer values of t.
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Proof. We consider two cases: 0 ≤ a ≤ 1 and a ≥ 2. Suppose �rst that 0 ≤
a ≤ 1, so that N = qb or N = 2qb. Observe that

ℱN,t(x) ≡ ΦN(x) (mod r).

Since r is odd and r is a primitive root modulo q2, then r is a primitive root
modulo qb and 2qb for all integers b ≥ 1 [4]. Thus, it follows from Theorem 2.2
that ℱN,t(x) is irreducible over Fr, and therefore, also irreducible over ℚ.

Suppose now that a ≥ 2. By Lemma 2.1, we have that

ℱ2aqb ,t(x) = ℱ2qb ,t
(
x2a−1

)
.

Since we have shown that ℱ2qb ,t(x) is irreducible, we can use Proposition 2.22
to show that ℱ2aqb ,t(x) is irreducible. We assume that ℱ2aqb ,t(x) is reducible
and show that the assumption of either condition (2.3) or (2.4) leads to a con-
tradiction. For both arguments, we let S0(x) ∈ ℤ[x] and S1(x) ∈ ℤ[x], where

S0(x) = x�(N)∕2 +
�(N)∕2−1∑

j=0
cjxj and S1(x) =

�(N)∕2−1∑

j=0
djxj, (3.2)

with N = 2qb assuming (2.3) holds, and N = 4qb assuming (2.4) holds.
We assume �rst that (2.3) holds. Noting that deg

(
ℱ2qb ,t(x)

)
= �

(
2qb

)
≡ 0

(mod 2) and using (3.2), we have that

ℱ2qb ,t(x) = Φ2qb(x) + 4rtxqb−1(q−1)∕2 = (S0(x))
2 − x (S1(x))

2 . (3.3)

Then,

ℱ2qb ,t(x) ≡ Φ2qb(x) (mod 2)

= Φ2q
(
xqb−1

)
(by Lemma 2.1)

≡ x(q−1)qb−1 + x(q−2)qb−1 +⋯ + x2qb−1 + xqb−1 + 1 (mod 2), (3.4)

and

(S0(x))
2 − x (S1(x))

2 ≡ x�(N) +
�(N)∕2−1∑

j=0
c2jx

2j +
�(N)∕2−1∑

j=0
d2jx

2j+1 (mod 2)

= x�(N) + d2�(N)∕2−1x
�(N)−1 + c2�(N)∕2−1x

�(N)−2+ (3.5)

⋯ + d22x
5 + c22x

4 + d21x
3 + c1x2 + d20x + c20,

where N = 2qb. Let

J = {0, 1,… , �(N)∕2 − 1} =
{
0, 1,… , (q − 1)qb−1∕2 − 1

}
,

Jc =
{
0, qb−1, 2qb−1,… , (q − 3)qb−1∕2

}
and

Jd =
{
(qb−1 − 1)∕2, (3qb−1 − 1)∕2,… , ((q − 2)qb−1 − 1)∕2

}
.
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Then, equating coe�cients in (3.11) and (3.5), yields:

cj ≡ 1 (mod 2) if j ∈ Jc,
cj ≡ 0 (mod 2) if j ∈ J ⧵ Jc,
dj ≡ 1 (mod 2) if j ∈ Jd,
dj ≡ 0 (mod 2) if j ∈ J ⧵ Jd.

(3.6)

Now we equate coe�cients in

(S0(x))
2 − x (S1(x))

2 = ℱ2qb ,t (x) , (3.7)

and focus on the coe�cient C of xn, where n = qb−1. We de�ne cn ∶= 1, when
q = 3. Then, using (3.6), this computation reveals, for the left-hand side of
(3.7), that

C = 2
⎛
⎜
⎝

(n−1)∕2∑

j=0
cjcn−j −

(n−3)∕2∑

j=0
djdn−1−j

⎞
⎟
⎠
−d2(n−1)∕2 ≡ 2c0cn−1 (mod 4), (3.8)

while for the right-hand side of (3.7), we get

C = { 4rt − 1 ≡ −1 (mod 4) if q = 3
−1 ≡ −1 (mod 4) if q ≥ 5. (3.9)

Combining (3.8) and (3.9), we deduce that

2c0cn ≡ 0 (mod 4),

which is impossible, since c0 ≡ cn ≡ 1 (mod 2). Thus, ℱ2aqb ,t(x) is irreducible
if a = 2.

Suppose then that a ≥ 3 and assume condition (2.4) holds. Then

ℱ2qb ,t
(
x2

)
= Φ2qb

(
x2

)
+ 4rt

(
x2

)qb−1(q−1)∕2

= Φ4qb (x) + 4rtxqb−1(q−1) (by Lemma 2.1)

= (S0(x))
2 − x (S1(x))

2 .

(3.10)

Thus, from (3.10) and Lemma 2.1, we have that

ℱ2qb ,t
(
x2

)
≡ Φ2qb

(
x2

)
(mod 2)

≡ Φq
(
x2qb−1

)
(mod 2)

≡ x2qb−1(q−1) + x2qb−1(q−2) +⋯ + x2qb−1 + 1 (mod 2). (3.11)

Let
J = {0, 1,… , �(N)∕2 − 1} =

{
0, 1,… , (q − 1)qb−1 − 1

}

and
Ĵ =

{
0, qb−1, 2qb−1,… , (q − 2)qb−1

}
.
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Then, equating coe�cients in (3.11) and (3.5) with N = 4qb, yields:

dj ≡ 0 (mod 2) for all j ∈ J,
cj ≡ 1 (mod 2) for all j ∈ Ĵ,
cj ≡ 0 (mod 2) for all j ∈ J ⧵ Ĵ.

(3.12)

As in the previous argument, we equate coe�cients in

(S0(x))
2 − x (S1(x))

2 = ℱ2qb ,t
(
x2

)
= ℱ4qb ,t(x), (3.13)

and focus on the coe�cient C of xn, where n = qb−1. For the left-hand side of
(3.13), using (3.12) we get that

C = 2
⎛
⎜
⎝

(n−1)∕2∑

j=0
cjcn−j −

(n−3)∕2∑

j=0
djdn−1−j

⎞
⎟
⎠
− d2(n−1)∕2 ≡ 2c0cn (mod 4),

while for the right-hand side of (3.13), we see that C = 0. Then, since c0 ≡ cn ≡
1 (mod 2), we arrive at the same contradiction as in the previous case. Hence,
ℱ2aqb ,t(x) is irreducible for any integer t. �

We require formulas for ∆(ℱN,t) in the indeterminate t, where N ∈ {q, 2q}
and k = rq2 in (3.1). Later, wewill set r equal to an odd prime that is a primitive
root modulo q2, but for now, r can be thought of as an arbitrary nonzero con-
stant. We use (2.1) in Proposition 2.19 to construct the polynomials ga(u), with
a ∈ {0, 1}, corresponding respectively to the reciprocal polynomials ℱ2aq,t(x),
with a ∈ {0, 1}:

ga(u) =

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

4rq2t + 1 + 2
(q−1)∕2∑

j=1
Tj(u∕2) if a = 0

4rq2t + (−1)(q−1)∕2
⎛
⎜
⎝
1 + 2

(q−1)∕2∑

j=1
(−1)jTj(u∕2)

⎞
⎟
⎠

if a = 1.

(3.14)

Lemma 3.2. Let ga(u) be as in (3.14). Then g0(u + 2) and g1(u − 2) are q-
Eisenstein. Consequently, ga(u) is irreducible for all integers t.

Proof. We �rst consider g0(u). De�ne

0(u) ∶= 1 +
(q−1)∕2∑

j=1
2Tj(u∕2),
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so that g0(u) = 4rq2t + 0(u). Then, by Proposition 2.18, we have that

0(u) = 1 +
(q−1)∕2∑

j=1

(
Wj(u∕2) −Wj−1(u∕2)

)

= 1 +W(q−1)∕2(u∕2) −W0(u∕2)

=W(q−1)∕2(u∕2)

= Uq−1 (
(u + 2)1∕2

2 )

= Vq
(
(u + 2)1∕2

)

≡ (u − 2)(q−1)∕2 (mod q).

(3.15)

Hence, noting that Vq(2) = q, we deduce from (3.15) that

g0(2) = 4rq2t + 0(2) = 4rq2t + Vq(2) = 4rq2t + q ≡ q (mod q2),
and

g0(u + 2) ≡ u(q−1)∕2 (mod q).
Thus, g0(u + 2) is q-Eisenstein and g0(u) is irreducible.

To examine g1(u), de�ne

1(u) ∶= 1 +
(q−1)∕2∑

j=1
(−1)j2Tj(u∕2),

so that g1(u) = 4rq2t + (−1)(q−1)∕21(u). Since Tn(x) is an even function if n is
even, and an odd function if n is odd [23], it follows that

1(u) = 1 +
(q−1)∕2∑

j=1
2Tj(−u∕2).

Then, using Proposition 2.18 and proceeding as in (3.15) yields

1(u) = Vq
(
(−u + 2)1∕2

)
≡ (−1)(q−1)∕2 (u + 2)(q−1)∕2 (mod q).

Therefore,

g1(−2) = 4rq2t + (−1)(q−1)∕21(−2)
= 4rq2t + (−1)(q−1)∕2Vq(2)
= 4rq2t + (−1)(q−1)∕2q
≡ (−1)(q−1)∕2q (mod q2),

and
g1(u − 2) ≡ (−1)(q−1)∕2u(q−1)∕2 (mod q).

Thus, g1(u − 2) is q-Eisenstein and g1(u) is irreducible. �
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Based on computer calculations, we make the following conjecture.

Conjecture 3.3. Let q ≥ 3 be prime. Let N = 2aq, with a ∈ {0, 1}, and k = rq2
in (3.1), where r is an arbitrary nonzero constant. Then

∆
(
ℱ2aq,t

)
=

⎧

⎨
⎩

q(4qrt + 1)
(
4q2rt + (−1)(q−1)∕2

)
∆ (g0)

2 if a = 0

q
(
4qrt + (−1)(q−1)∕2

) (
4q2rt + 1

)
∆ (g1)

2 if a = 1,
(3.16)

where
∆ (ga) = q(q−3)∕2ℎa (t) , (3.17)

such that ℎa(t) has content 1, ℎa(t) = 1 if q = 3, and ℎa (t) ∈ ℤ [t] is irreducible
with deg (ℎa) = (q − 3)∕2, if q ≥ 5.

We then have the following result, which is conditional on Conjecture 3.3.

Theorem 3.4. Let q ≥ 3 be prime, and let r ≥ 3 be a prime that is a primitive
rootmodulo q2. Letℱ2aqb ,t(x) be as in (3.1), with k = rq2, and let g0(u) and g1(u)
be as in (3.14). Assume Conjecture 3.3 is true, with ℎ0(t) and ℎ1(t) as in (3.17).
De�ne

ℬq(t) ∶ = (4qrt + 1)
(
4q2rt + (−1)(q−1)∕2

)
ℎ0(t)

Cq(t) ∶ =
(
4qrt + (−1)(q−1)∕2

) (
4q2rt + 1

)
ℎ1(t), and

(3.18)

Aq(t) ∶= lcm
(
ℬq(t),Cq(t)

)
. (3.19)

If there exists an integer t1 such thatℬq (t1) is squarefree, then g0(u) is monogenic,
and ℱqb ,t(x) is monogenic for all integers b ≥ 1. If there exists an integer t2 such
that Cq (t2) is squarefree, then g1(u) is monogenic, and ℱ2aqb ,t(x) is monogenic
for all integers a ≥ 1 and b ≥ 1. Consequently, if there exists an integer t (i.e.
t1 = t2) such that Aq(t) is squarefree, then g0(u) and g1(u) are monogenic, and
furthermore,ℱ2aqb ,t(x) is monogenic for all integers a ≥ 0 and b ≥ 1.

Proof. We present the proof for the situation when there exists an integer t
such thatAq(t) is squarefree. We omit the proof for the situation assuming the
weaker condition that t1 ≠ t2, since it is similar.

We show �rst that g0(u) is monogenic. By Lemma 3.2, g0(u) is irreducible.
Let g0(�) = 0, K = ℚ(�) and ℤK be the ring of integers of K. Since Aq(t)
is squarefree, we know that ℎ0(t) is squarefree. Therefore, by (3.17), to prove
that g0(u) is monogenic, it is enough to show that q ∤

[
ℤK ∶ ℤ[�]

]
. Note that

deg (g0) = (q−1)∕2 ≢ 0 (mod q). Since g0(u+2) is q-Eisenstein by Lemma 3.2,
it follows from Theorem 2.15 that q(q−1)∕2−1 = q(q−3)∕2||∆(K). Hence, ∆(K) =
∆ (g0), and g0(u) is monogenic. The argument to show that g1(u) is monogenic
is similar, and we omit it.

Wenow show thatℱ2aqb ,t(x) ismonogenic by considering several cases. Note,
by Lemma 3.1, ℱ2aqb ,t(x) is irreducible for all t ∈ ℤ. We consider �rst the case
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(a, b) = (0, 1). Suppose that ℱq,t(�) = 0, and let L = ℚ(�). By Corollary 2.20,
K ⊂ L. Hence, by Theorem 2.8 and (3.17), we have that

∆(K)[L∶K] = ∆ (g0)
2 = qq−3ℎ0(t)2

|||| ∆(L).

Since Aq is squarefree, it follows from (3.16) that ∆
(
ℱq,t

)
= ∆(L), so that

ℱq,t(x) is monogenic. A similar argument handles the case (a, b) = (1, 1).
Next, we need to calculate ||||∆

(
ℱ2aqb ,t

)||||when (a, b) ∉ {(0, 1), (1, 1)}. Suppose
�rst that a ≥ 1. By Lemma 2.1,

ℱ2aqb ,t(x) = ℱ2q,t
(
x2a−1qb−1

)
=

(
ℱ2q,t◦G

)
(x),

where
G(x) = x2a−1qb−1 .

Then, by Theorem 2.4 and De�nition 2.3, we have that

||||∆
(
ℱ2aqb ,t

)|||| =
|||||||
∆

(
ℱ2q,t

)2a−1qb−1 R
(
ℱ2q,t◦G,G′

)|||||||

=
|||||||||||
∆

(
ℱ2q,t

)2a−1qb−1 (2a−1qb−1
)�(2aqb) 2

a−1qb−1−1∏

i=1
ℱ2aqb ,t(0)

|||||||||||
=

|||||||
∆

(
ℱ2q,t

)2a−1qb−1 (2a−1qb−1
)�(2aqb)|||||||

.

The case a = 0 is similar, and we omit the details. To summarize, we have that

||||∆
(
ℱ2aqb ,t

)|||| =
⎧

⎨
⎩

|||||||
∆

(
ℱq,t

)qb−1 (qb−1
)�(qb)|||||||

if a = 0
|||||||
∆

(
ℱ2q,t

)2a−1qb−1 (2a−1qb−1
)�(2aqb)|||||||

if a ≥ 1.
(3.20)

We focus now on the cases when a ≥ 2 and b ≥ 2, so that the powers of 2
and q do not vanish in (3.20). The remaining cases are similar and we omit the
details. Suppose that ℱ2aqb ,t(�) = 0. Then ℱ2q,t

(
�2a−1qb−1

)
= 0. Let

K = ℚ
(
�2a−1qb−1

)
and L = ℚ(�).

Then
K ⊂ L and [L ∶ K] = 2a−1qb−1.

Sinceℱ2q,t(x) is monogenic, we have that ∆
(
ℱ2q,t

)
= ∆(K). Thus, by Theorem

2.8, it follows that

∆
(
ℱ2q,t

)2a−1qb−1 |||||||
∆ (L) . (3.21)

Also, from (1.1) and (3.20), we have that
|||||||
∆

(
ℱ2q,t

)2a−1qb−1 (2a−1qb−1
)�(2aqb)|||||||

= [ℤL ∶ ℤ[�]]
2 ⋅ |||∆(L)||| . (3.22)
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Thus, we conclude from (3.21) and (3.22) that to proveℱ2aqb ,t(x) is monogenic,
it is enough to show that

[ℤL ∶ ℤ[�]] ≢ 0 (mod 2) and [ℤL ∶ ℤ[�]] ≢ 0 (mod q). (3.23)

To establish (3.23), we use Theorem 2.9 with T ∶= ℱ2aqb ,t(x). By Theorem 2.2,
we have that

Φ2aqb(x) ≡ { Φqb(x)�(2
a) (mod 2)

Φ2a(x)�(q
b) (mod q). (3.24)

We examine the prime 2 �rst. By Theorem 2.2,

Φqb(x) ≡
�(qb)∕ ordqb (2)∏

i=1
i(x) (mod 2), (3.25)

where i(x) is irreducible over F2 and deg (i) = ordqb(2). Thus, in Theorem
2.9, we may let

g(x) =
�(qb)∕ ordqb (2)∏

i=1
i(x) and g(x)ℎ(x) =

⎛
⎜
⎜
⎝

�(qb)∕ ordqb (2)∏

i=1
i(x)

⎞
⎟
⎟
⎠

�(2a)

.

By (3.25), we may write

g(x) = Φqb(x) + 2�(x) = xqb − 1
xqb−1 − 1

+ 2�(x),

where �(x) ∈ ℤ[x]. De�ne

Fa(x) ∶=
g(x)2a−1 −ℱ2aqb ,t(x)

2 =
g(x)2a−1 − (Φ2qb

(
x2a−1

)
+ 4rq2t

(
x2a−1

)�(qb)∕2
)

2 .

Since

g(x)2a ≡ g
(
x2

)2a−1 (mod 4) for a ≥ 2,
it follows that

2Fa+1(x) = g(x)2a − (Φ2qb
(
x2a

)
+ 4rq2t

(
x2a

)�(qb)∕2)

≡ g
(
x2

)2a−1 − (Φ2qb (
(
x2

)2a−1) + 4rq2t (
(
x2

)2a−1)
�(qb)∕2

) (mod 4)

= 2Fa
(
x2

)
,

for a ≥ 2. Hence,

Fa+1(x) ≡ Fa
(
x2

)
≡ Fa(x)2 (mod 2) for a ≥ 2.
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Consequently, to show that gcd
(
Fa, g

)
= 1 for all a ≥ 2, it is enough to show

that gcd
(
F2, g

)
= 1. Straightforward computations show that

F2(x) =
Φqb(x)2 − Φ2qb

(
x2

)

2 + 2E(x)

=
( xqb − 1
xqb−1 − 1

)
2

− ( x2qb + 1
x2qb−1 + 1

)

2 + 2E(x)

=
xqb−1 (

(
xqb−1

)q+1
− 1) (

(
xqb−1

)q−1
− 1)

(
xqb−1 − 1

)2 (x2qb−1 + 1
) + 2E(x),

where

E(x) = �(x)Φqb(x) + �(x)2 − rq2t
(
x2

)�(qb)∕2 .

Hence,

F2(x) =
xqb−1 (

(
xqb−1

)q+1
− 1) (

(
xqb−1

)q−1
− 1)

(
xqb−1 − 1

)2 (x2qb−1 + 1
) . (3.26)

Suppose that g(�) = 0, where � is an element of some algebraic closure K of
F2. Then the order of � inK is qb, and it is easy to see from (3.26) thatF2(�) ≠ 0
inK, from which we conclude that gcd

(
F2, g

)
= 1.

We now examine the prime q. Using (3.24) and proceeding as in the exami-
nation of the prime 2, we may take

g(x) = Φ2a(x) + q�(x),

where �(x) ∈ ℤ[x]. Then

F =
g(x)�(qb) −ℱ2aqb ,t(x)

q

=
Φ2a(x)�(q

b) − Φ2aqb(x) +
∑�(qb)

j=1 Φ2a(x)�(q
b)−j (q�(x))j − 4rq2tx�(2aqb)∕2

q .
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Thus, by Theorem 2.2, and the fact that b ≥ 2 , we have that

qF(x) = Φ2a(x)�(q
b) − Φ2q

(
x2a−1qb−1

)

=
(
x2a−1

)�(qb)
+ 1 +

�(qb)−1∑

j=1

(�
(
qb

)

j
) (
x2a−1

)j

−
⎛
⎜
⎝

(
x2a−1qb−1

)q−1
+ 1 +

q−2∑

j=1
(−1)j

(
x2a−1qb−1

)q−1−j⎞
⎟
⎠

=
�(qb)−1∑

j=1

(�
(
qb

)

j
) (
x2a−1

)j
−

q−2∑

j=1
(−1)j

(
x2a−1qb−1

)q−1−j
.

Suppose that �2a−1 +1 = 0 for some � ∈ K, an algebraic closure of Fq. Then, in
K, we have that

0 = Φ2a(�)�(q
b) = (−1)�(q

b) + 1 +
�(qb)−1∑

j=1

(�
(
qb

)

j
)
(−1)j ,

and hence,
�(qb)−1∑

j=1

(�
(
qb

)

j
)
(−1)j = −2.

Thus,

qF (�) =
�(qb)−1∑

j=1

(�
(
qb

)

j
)
(−1)j −

q−2∑

j=1
(−1)q−1

= −2 − (q − 2)
= −q,

so that F(�) = −1. Therefore, gcd
(
g, F

)
= 1 and ℱ2aqb ,t(x) is monogenic. �

Using a computer, we have veri�ed that Conjecture 3.3 is true for all primes
q with 3 ≤ q ≤ 211. Nevertheless, for an unconditional version of Theorem 3.4
for these primes, the question still remains as to whether there exist in�nitely
many prime values of t such that ℱ2aqb ,t(x) is monogenic. To accomplish this
task, we must show that either there exist in�nitely many primes u and v such
thatℬq(u) and Cq(v) in (3.18) are squarefree, or that there exist in�nitely many
primes p such thatAq(p) in (3.19) is squarefree. Both of these conclusions fol-
low from Corollary 2.12, provided that, respectively, ℬq(t) and Cq(t) have no
local obstructions, or Aq(t) has no local obstructions (see Remark 2.13). How-
ever, when 11 ≤ q ≤ 211, this result is conditional on the abc-conjecture for
number �elds since deg (ℎ0) = deg (ℎ1) = (q − 3)∕2 ≥ 4 for these primes.
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Therefore, the only completely unconditionalmonogenic result we can achieve
at this time is Theorem 1.1.

4. The proof of Theorem 1.1
Proof of Theorem 1.1. In light of Theorem 3.4, and since Conjecture 3.3 has
been veri�ed by computer for q ∈ {3, 5, 7}, it would su�ce to show for each
of these primes q that there exist in�nitely many prime values of t such that
Aq(t) in (3.19) is squarefree. Wewill see that this is possible only for the primes
q ∈ {3, 5}. For the prime q = 7, because of a local obstruction of A7(t) at the
prime l = 3 for certain congruence classes of r (mod 9), we must resort to an
analysis of the two separate cases ℬ7(t) and C7(t) in (3.18).

For each q ∈ {3, 5}, we wish to apply Corollary 2.12 to the polynomialsAq(t)
in Table 2. We must �rst checkAq(t) for obstructions. Suppose that q = 3. We

q ℎa(t) Aq(t)
3 1 (12rt + 1) (36rt − 1) (12rt − 1) (36rt + 1)
5 80rt − 1 (20rt + 1)(100rt + 1)(80rt − 1)

Table 2. Computer Calculations of ℎa(t) and Aq(t) for q ∈ {3, 5}.

see easily that A3(t) has no obstruction at l = r since A3(t) ≡ 1 (mod r2). So,
assume that l is a prime with l ≠ r, and let z be an integer such that rz ≡ 1
(mod l2). Then
A3(z) ≡ (12 − 1)(36 − 1)(12 + 1)(36 + 1) = 11 ⋅ 5 ⋅ 7 ⋅ 13 ⋅ 37 ≢ 0 (mod l2),
and hence A3(t) has no obstructions.

Now suppose that q = 5. Since
A5(1) ≡ −40r − 1 ≢ 0 (mod r2),

we conclude that A5(t) has no obstruction at l = r. Assume then that l is a
prime with l ≠ r and let z be an integer such that rz ≡ 1 (mod l2). Then

A5(z) ≡ (20 + 1)(100 + 1)(80 − 1) = 3 ⋅ 7 ⋅ 101 ⋅ 79 ≢ 0 (mod l2),
and hence A5(t) has no obstructions.

Thus, for each q ∈ {3, 5}, we can apply Corollary 2.12 to Aq(t) to conclude
that there exist in�nitely many primes p such that Aq(p) is squarefree, and
this conclusion is unconditional since Aq(t) has no irreducible factor of degree
d > 3. Hence, by Theorem 3.4, the proof of Theorem 1.1 is complete for these
primes q.

Finally, we turn to q = 7. Note that r = 5 is a primitive root modulo 49. For
this value of r, it is easy to check that

A7(t) ≡ 0 (mod 9) for all t ∈ (ℤ∕9ℤ)∗.
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Hence, A7(t) has an obstruction at l = 3, and so we must break our analysis
into two cases as indicated in Theorem 3.4. For the �rst case, we have

ℎ0(t) = 21168r2t2−56rt−1 and ℬ7(t) = (28rt + 1) (196rt − 1)ℎ0(t), (4.1)
while for the second case, we have

ℎ1(t) = 21168r2t2+56rt−1 and C7(t) = (28rt − 1) (196rt + 1)ℎ1(t). (4.2)
Because the methods are similar for resolving each of the cases (4.1) and

(4.2), we provide the details only for (4.1). Since ℬ7(t) ≡ 1 (mod 4), we see
that ℬ7(t) has no obstruction at l = 2. Also, since

ℬ7(t) ≡ −112rt + 1 ≢ 0 (mod r2),
we conclude that ℬ7(t) has no obstruction at l = r. Next, suppose that l =
3. In Table 3, we give the possible congruences classes of r (mod 9) and we
indicate a value of t ∈ (ℤ∕9ℤ)∗ for which ℬ7(t) ≢ 0 (mod 9). Thus, ℬ7(t) has
no obstruction at l = 3.

r (mod 9) 1 2 3 4 5 7 8
t (mod 9) 2 1 1 8 1 8 7

ℬ7(t) (mod 9) 3 3 7 6 6 3 3

Table 3. Values of r (mod 9), t (mod 9) and ℬ7(t) (mod 9).

Suppose now that l is a prime with l ∉ {2, 3, r}. Let z be an integer such
that rz ≡ 1 (mod l2). Then
ℬ7(z) ≡ (28+1)(196−1)(21168−56−1) = 32 ⋅5⋅13⋅29⋅31⋅227 ≢ 0 (mod l2),
which shows that ℬ7(t) has no obstructions.

Note that the largest degree of an irreducible factor of bothℬ7(t) and C7(t) is
2. Thus, combining the conclusions of Corollary 2.12 when applied to each of
ℬ7(t) and C7(t), together with Theorem 3.4, completes the unconditional proof
of the theorem. �

5. The proof of Theorem 1.3
Proof of Theorem 1.3. For part I., suppose �rst thatN = 12. Let p be a prime
such that

ℱ12,p(x) = x4 + (36rp − 1)x2 + 1
is a reciprocal monogenic polynomial from Theorem 1.1, for which A3(p) in
Table 2 is squarefree. We see immediately from part (1) of Theorem 2.23 that

Gal
(
ℱ12,p

)
= 4T2 ≃ C2 × C2.

For part I. with N = 18, let p be a prime such that

ℱ18,p(x) = x6 + (36rp − 1)x3 + 1
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is a reciprocal monogenic polynomial from Theorem 1.1, for which A3(p) in
Table 2 is squarefree. In the context of applying Theorem 2.25 to ℱ18,p(x), we
get

g(x) = x3 − 3x − (36rp − 1).
Then, a Maple computation gives that

∆(g) = −81(12rp − 1)(36rp + 1),

which is clearly not a square in ℤ. Hence, Gal(ℱ) ≃ C2 × S3.
For part I. with N = 24, let p be a prime such that

ℱ24,p(x) = x8 + (36rp − 1)x4 + 1

is a reciprocal monogenic polynomial from Theorem 1.1, for which A3(p) in
Table 2 is squarefree. Corresponding to the reciprocal polynomial ℱ24,p(x) we
have from (2.1) that

g(u) = u4 − 4u2 + 36rp + 1.
Note that g(u) = f(ℎ(u)), where

f(u) = u2 − 4u + 36rp + 1 and ℎ(u) = u2.

Applying Theorems 2.6 and 2.7 to this situation, we let

� = 2 +
√
−3(12rp − 1),

noting that f(�) = 0 and f(u) is irreducible. Then g(u) is reducible if and only
if � = �2 for some � ∈ ℚ(�). However, the norm of � is

N(�) = 36rp + 1,

which is not a square inℚ, and therefore � cannot be a square inℚ(�). Hence,
g(u) is irreducible. Using Theorem 2.23, it is easy to verify that Gal(g) ≃ D4.
Thus, by Corollary 2.12, Gal

(
ℱ24,p

)
contains a subgroup of isomorphic to D4.

Suppose that ℱ24,p(�) = 0, and let L be a splitting �eld of ℱ24,p(x). Since

−
(
�4 + �−4

)
= 36rp − 1,

we have that

ℱ24,p(x) = (x − �)(x + �)
(
x − �−1

) (
x + �−1

) (
x2 + �2

) (
x2 + �−2

)

overℚ(�). Thus, either L = Q(�) or L = ℚ(�, i), depending on whether x2+ �2
is, respectively, reducible or irreducible overℚ(�). Note that

f1(x) ∶= x4 + (36rp − 1)x2 + 1

is irreducible sinceℱ24,p(x) is irreducible. Also, applying part (1) of Proposition
2.21 to

f2(x) ∶= x4 − (36rp − 1)x2 + 1



1484 LENNY JONES

con�rms that f2(x) is irreducible since neither
c2 − 4 = 3(12rp − 1)(36rp + 1),
−c + 2 = 36rp + 1 nor
−c − 2 = 3(12rp − 1)

is a square in ℚ. Thus, ℚ
(
�2

)
and ℚ

(
i�2

)
are both degree-4 normal sub�elds

of L, since they are splitting �elds of, respectively, f1(x) and f2(x). Ifℚ
(
�2

)
=

ℚ
(
i�2

)
, then there exist A, B, C, D,m ∈ ℤ, withm ≠ 0, such that

i�2 = A + B�2 + C�4 + D�6
m . (5.1)

Squaring both sides of (5.1) and using the fact that ℱ24,p(�) = 0, we get

(2CD − 72CDrp + 2AD + 2BC)�6

+ (−72BDrp − 72D2rp + 2AC + B2 + 1296D2r2p2 + 2BD − 36C2rp + C2)�4

+ (m2 − 2CD + 2AB)�2 + A2 − C2 − D2 + 36D2rp − 2BD = 0.
Since the elements of the set

{
1, �2, �4, �6

}
are linearly independent, we then

arrive at the system of equations:

2CD − 72CDrp + 2AD + 2BC = 0
−72BDrp − 72D2rp + 2AC + B2 + 1296D2r2p2 + 2BD − 36C2rp + C2 = 0

m2 − 2CD + 2AB = 0
A2 − C2 − D2 + 36D2rp − 2BD = 0.

Using the Maple isolve command on this system con�rms that there are no
integer solutions with m ≠ 0, and therefore, ℚ

(
�2

)
≠ ℚ

(
i�2

)
. Thus, if L =

ℚ(�), then Gal
(
ℱ24,p

)
contains at least two distinct normal subgroups of order

2, corresponding to the two distinct degree-4 normal sub�elds. Since [ℚ(�) ∶
ℚ] = 8 and Gal

(
ℱ24,p

)
contains a subgroup isomorphic to D4, it must be that

Gal
(
ℱ24,p

)
≃ D4. However, D4 contains only one normal subgroup of order 2.

Therefore, we conclude that L = ℚ(�, i) and
[ℚ(�, i) ∶ ℚ] = ||||Gal

(
ℱ24,p

)|||| = 16.
De�ne

g̃(u) ∶= u4 + 4u2 + 36rp + 1.
Then, using the fact that the set of zeros of g(u) is

{
±

(
� + �−1

)
, ±i

(
� − �−1

)}
,

and that the set of zeros of g̃(u) is
{
±i

(
� + �−1

)
, ±

(
� − �−1

)}
,

alongwith arguments similar to the previous discussion forf1(x) andf2(x), we
see that the splitting �eldsK1 of g(u) andK2 of g̃(u) are such thatK1 ≠ K2, both
K1 and K2 are contained in L and [K1 ∶ ℚ] = 8 = [K2 ∶ ℚ]. Thus, as before,
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we deduce that Gal
(
ℱ24,p

)
contains at least two distinct normal subgroups of

order 2. Since, by a Maple computation,

∆
(
ℱ24,p

)
= 2432(12rp − 1)2(36rp + 1)2,

we conclude that Gal
(
ℱ24,p

)
is even by Theorem 2.14. Examination of the six

transitive groups 8T6 to 8T11 of degree 8 and order 16 reveals that only 8T9 is
even, contains a subgroup isomorphic to D4 and has at least two normal sub-
groups of order 2 (see [10, 21]). Thus, Gal

(
ℱ24,p

)
= 8T9.

Next, for part I. with N = 36, let p be a prime such that

ℱ36,p(x) = x12 + (36rp − 1)x6 + 1
is a reciprocal monogenic polynomial from Theorem 1.1, for which A3(p) in
Table 2 is squarefree. From (2.1), wehave for the reciprocal polynomialℱ36,p(x)
that

g(u) = u6 − 6u4 + 9u2 + 36rp − 3,
which is 3-Eisenstein, and hence irreducible. Let

a = −6
b = 9
c = 36rp − 3
d = −81(36rp + 1)(12rp − 1) and

ℎ(u) = u6 − 9u4 + (−216rp + 18)u2 − 1296r2p2 + 216rp − 9
=

(
u3 + 3u2 + 36rp − 3

) (
u3 − 3u2 − 36rp + 3

)
.

(5.2)

Thus, applying Theorem2.27 1 to g(u)with the information in (5.2), we deduce,
since A3(p) is squarefree, that Gal(g) = 6T3. Let ℱ36,p(�) = 0, so that

[ℚ(�) ∶ ℚ] = 12.
Let � be a primitive sixth root of unity. A straightforward computation shows
that the 12 zeros of ℱ36,p(x) are:

±�, ±�−1, ±��, ±��2, ±�−1�, ±�−1�2.
Hence,ℱ36,p(x) splits completely overℚ(�, �). If � ∈ ℚ(�), then |Gal

(
ℱ36,p

)
| =

12, and thus 6T3 = Gal (g) = Gal
(
ℱ36,p

)
by Corollary 2.20. However, since

∆
(
ℱ36,p

)
= 212318(36rp + 1)6(12rp − 1)6,

we have fromTheorem 2.14 that Gal
(
ℱ36,p

)
is isomorphic to a subgroup ofA12,

which contradicts the fact that 6T3 is not even. Consequently,
[ℚ(�, �) ∶ ℚ(�)] = 2,

so that |Gal
(
ℱ36,p

)
| = 24. Examination of the four even transitive groups 12T6,

12T7, 12T9 and 12T10 of degree 12 and order 24 reveals that the only one of
these groupswith a subgroup isomorphic to 6T3 is 12T10 [21], which completes
the proof in this case.
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For part II., we give the details only forℱ10(x) since the details forℱ5(x) are
similar. Let q = 5 and let p be a prime such that

ℱ10,p(x) = x4 − x3 + (100rp + 1)x2 − x + 1
is a reciprocal monogenic polynomial from Theorem 1.1, for which A5(p) in
Table 2 is squarefree. Observe that ℱ10,p(x) = Φ10(x) + 100rpx2 > 0 for all x,
which implies thatℱ10,p(x) has no real zeros. Applying Proposition 2.19 to the
reciprocal polynomial ℱ10,p(x), we have from (2.1) that

g(u) = g1(u) = u2 − u + 100rp − 1.
Note that ∆(g) = −400rp + 5, from which we conclude that g(u) has no real
zeros. Hence, by Corollary 2.20, ℱ10,p(x) has no zeros on the unit circle. Sup-

pose that ℱ10,p(�) = 0 so that [ℚ(�) ∶ ℚ] = 4. Thus, �, �−1, � and �
−1

are the
four distinct zeros of ℱ10,p(x), and since

100rp + 1 = −�2 + � + �−1 − �−2,
it follows that

ℱ10,p(x) = (x − �)
(
x − �−1

) (
x2 +

(
� + �−1 − 1

)
x + 1

)
,

over ℚ(�). If � ∈ ℚ(�), then ℱ10,p(x) splits completely over ℚ(�) and
||||Gal

(
ℱ10,p

)|||| = 4.
A computer calculation yields

∆
(
ℱ10,p

)
= 53(20rp + 1)(100rp + 1)(80rp − 1)2,

which con�rms (3.16) in Conjecture 3.3. Since ∆
(
ℱ10,p

)
is not a square, it fol-

lows that Gal
(
ℱ10,p

)
= 4T1 ≃ C4. However,

�1(�) = �−1 and �2(�) = �
are two distinct elements of order 2 in Gal

(
ℱ10,p

)
, which contradicts the fact

that C4 has a single element of order 2. Therefore, |Gal
(
ℱ10,p

)
| = 8, and

Gal
(
ℱ10,p

)
= 4T3, since 4T3 is the only transitive group of degree 4 and or-

der 8 [21].
For III., we give the details only for part (a) since part (b) is similar. Let q = 7

and let p be a prime such that

ℱ7,p(x) = x6 + x5 + x4 + (196rp + 1)x3 + x2 + x + 1
is a reciprocal monogenic polynomial from Theorem 1.1, for which ℬ7(p) in
(3.18) is squarefree. Then, from (3.14), we have that

g(u) = g0(u) = u3 + u2 − 2u + 196rp − 1,
which is monogenic by Theorem 3.4. Since

∆(g) = −72
(
21168r2p2 + 56rp + 1

)
< 0,
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g(u) has exactly one real zero �, two non-real zeros � and �, and Gal(g) ≃ S3.
Moreover, since

g
(
−(196rp − 1)1∕3 − 1

)
< 0 and g

(
−(196rp − 1)1∕3

)
> 0,

it follows that

−(196rp − 1)1∕3 − 1 < � < −(196rp − 1)1∕3

and

� =
−(� + 1) +

√
9 − 2� − 3�2
2 , with 9 − 2� − 3�2 < 0. (5.3)

Thus, by Corollary 2.20, we deduce that ℱ7,p(x) has exactly two real zeros,

� =
� +

√
�2 − 4
2 and �−1 =

� −
√
�2 − 4
2 , (5.4)

and four non-real zeros,

� =
� +

√
�2 − 4
2 , �−1 =

� −
√
�2 − 4
2 ,

� =
� +

√
�
2
− 4

2 and �−1 =
� −

√
�
2
− 4

2 .

(5.5)

Since
ℱ7,p(−.5) = .671875 − 24.5rp < 0 and ℱ7,p(0) = 1,

we see that −.5 < � < 0. Furthermore, ℱ7,p(x) has no zeros on the unit circle
since a calculus argument reveals that the absolute minimum value of g(u) on
the interval [−2, 2] is (−1 +

√
7)∕2 + 196rp > 0.

Thus, since −�3 − �2 + 2� + 2 = 196rp + 1, we have that
ℱ7,p(x) =

(
x2 − �x + 1

)

⏟⎴⎴⎴⏟⎴⎴⎴⏟
=1(x)

(
x4 + (� + 1)x3 +

(
�2 + �

)
x2 + (� + 1)x + 1

)

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
=2(x)

,

where 1(x) has the two real zeros (5.4) and 2(x) has the four non-real zeros
(5.5). We claim that both 1(x) and 2(x) are irreducible over ℚ(�). We give
the details for the irreducibility of 2(x), and omit the details for 1(x) since the
argument for 1(x) is similar. Since ℚ(�) ⊂ ℝ and all zeros of 2(x) are non-
real, it follows that if 2(x) is reducible over ℚ(�), then 2(x) must factor into
the product of two irreducible quadratics.

We appeal to part (2) of Proposition 2.21 with b = �+1 and c = �2+�. There
are three possibilities to check. For the �rst possibility, we have from (5.3) that

8 + b2 − 4c = −3�2 − 2� + 9 < 0,
which is not a square in ℚ(�) ⊂ ℝ.

For the next two possibilities in Proposition 2.21, we see that a necessary
condition for either of

b2 − 2c − 4 ± 2
√
4 − 4b2 + 4c + c2
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to be a square inℚ(�), is that 4−4b2+4c+c2must be a square inℚ(�). Repeated
use of the fact that

�3 = −�2 + 2� − (196rp − 1) (5.6)

yields

4 − 4b2 + 4c + c2 = �4 + 2�3 + �2 − 4�
= 2�2 − (196rp + 1)� − (196rp − 1). (5.7)

Assume that (5.7) is a square in ℚ(�). Then, there exist A, B, C,m ∈ ℤ such
that

m2 (2�2 − (196rp + 1)� − (196rp − 1)
)
=

(
A + B� + C�2

)2 . (5.8)

Note that we cannot have A = B = C = 0 since that would contradict the fact
that the minimal polynomial of � has degree 3. Expanding (5.8) and using (5.6)
produces the equation

(
B2 + 3C2 − 2BC + 2AC − 2m2) �2

+
(
4BC + 2AB +m2 − C2 − 196rpC2 + 196rpm2) �

− C2 + 196rpm2 − 392rpBC + 196rpC2 + A2 −m2 + 2BC = 0. (5.9)

Since the elements of {1, �, �2} are linearly independent, we extract from (5.9)
the following system of equations:

S =
⎧

⎨
⎩

B2 + 3C2 − 2BC + 2AC − 2m2 = 0
4BC + 2AB +m2 − C2 − 196rpC2 + 196rpm2 = 0

−C2 + 196rpm2 − 392rpBC + 196rpC2 + A2 −m2 + 2BC = 0.

Using the isolve command, Maple supplies the following �ve solutions to S:
(1) {A = −2Z2, B = −Z2, C = Z2, r = Z1, p = 0, m = −Z2}
(2) {A = −2Z2, B = −Z2, C = Z2, r = 0, p = Z1, m = −Z2}
(3) {A = −2Z2, B = −Z2, C = Z2, r = 0, p = Z1, m = Z2}
(4) {A = −2Z2, B = −Z2, C = Z2, r = Z1, p = 0, m = Z2}
(5) {A = 0, B = 0, C = 0, r = Z1, p = Z2, m = 0} .

Since rp > 0, solutions (1) to (4) can be ruled, and, as mentioned, solution
(5) contradicts the degree of the minimal polynomial for �. Thus, 2(x) is irre-
ducible over ℚ(�).

Since

2(x) = (x − �)
(
x − �−1

) (
x2 +

(
� + �−1 + � + 1

)
x + 1

)

overℚ(�, �), the previous discussion tells us thatℚ(�, �, �, �) is a splitting �eld
for ℱ7,p(x) and gives us the following tower of �elds (with relative degrees):
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ℚ

ℚ(�)

ℚ(�, �)

ℚ(�, �, �)

ℚ(�, �, �, �)

3

4

2

d

where d = 1 or d = 2 depending on whether x2 +
(
� + �−1 + � + 1

)
x + 1 is,

respectively, reducible or irreducible over ℚ(�, �). We deduce that
||||Gal

(
ℱ7,p

)|||| ∈ {24, 48}.
To narrow down these choices, we use three additional facts. First, since

∆
(
ℱ7,p

)
= 75(28rp + 1)(196rp − 1)

(
21168r2p2 − 56rp − 1

)2

is not a square, we have, by Theorem 2.14, that Gal
(
ℱ7,p

)
is not even. Sec-

ond, since Gal(g) ≃ S3, we have by Corollary 2.20, that Gal
(
ℱ7,p

)
contains a

subgroup isomorphic to S3. Third, since ℱ7,p(x) ≡ Φ7(x) (mod r) and r is a
primitive root modulo 7, we have from Theorem 2.2 that ℱ7,p(x) is irreducible
modulo r. Therefore, by Theorem 2.10, Gal

(
ℱ7,p

)
contains an element of order

6.
We �rst examine the three transitive groups [21] of degree 6 and order 24:

6T6, 6T7 and 6T8. The group 6T7 is even and therefore can be ruled out by
the �rst fact above. The group 6T6 is isomorphic to C2 × A4, which contains
no subgroup isomorphic to S3, and thus, by the second fact above, 6T6 can be
ruled out as well. Finally, we can use the third fact above to rule out 6T8 since
6T8 ≃ S4, and S4 contains no element of order 6. Hence, |Gal

(
ℱ7,p

)
| = 48.

Since there is exactly one transitive group [21] of degree 6 and order 48, namely
6T11, it follows that Gal

(
ℱ7,p

)
= 6T11. �

6. Final comments
Computer calculations suggest the following:

Conjecture 6.1. Letℱ2aqb ,p(x) be as in (1.2). Let q = 7 and b = 1.
(1) If a = 2, then there exist in�nitely many primes p such thatℱ2a7,p(x) is a

reciprocal monogenic polynomial with Gal
(
ℱ2a7,p

)
= 12T139.

(2) If a ≥ 3, then there exist in�nitely many primes p such thatℱ2a7,p(x) is a
reciprocal monogenic polynomial with

||||Gal
(
ℱ2a7,p

)|||| = 24a−1 ⋅ 3.
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During attempts to establish part (1) of Conjecture 6.1, we encountered the
following unexpected consequence:

Theorem 6.2. Let r be a prime. Then there exist in�nitely many primes p such
that

g(u) ∶= u6 − 7u4 + 14u2 + 196pr − 7
is monogenic with Gal (g) = 6T11.

Remark 6.3. The polynomial g(u) corresponds to ℱ28,p(x) and arises from
(2.1).

Proof. By Corollary 2.12, there exist in�nitely many primes p such that

(28pr − 1)
(
21168p2r2 + 56pr − 1

)
is squarefree.

Let p be such a prime. Consider the polynomial

ĝ(u) ∶= u3 − 7u2 + 14u + 196pr − 7.
Note that g(u) and ĝ(u) are irreducible since they are both 7-Eisenstein. Sup-
pose that g(�) = 0. Then ĝ

(
�2

)
= 0. Let K = ℚ

(
�2

)
and L = ℚ(�), so that

K ⊂ L. Hence, by Theorem 2.8, we deduce that

∆(K)2 |||| ∆(L). (6.1)

From Maple, we have that

∆ (ĝ) = −72
(
21168p2r2 + 56pr − 1

)
and

∆(g) = −2675(28pr − 1)
(
21168p2r2 + 56pr − 1

)2 .
(6.2)

ByTheorem2.15, 72||∆(K) and 75||∆L. Since 21168p2r2+56pr−1 is squarefree,
we conclude that ĝ(u) is monogenic and therefore, ∆ (ĝ) = ∆(K). Thus, since
28pr−1 is squarefree, it follows from (6.1) and (6.2) that we only have to show
26||∆(L) to prove that g(u) is monogenic. We apply Theorem 2.9 with the prime
2. Using Maple, we get

F(x) =
(
u3 + u2 + 1

)2 − g(u)
2 = u5 + u3 + 4u4 − 6u2 + 4 − 98pr,

so that F(x) = u5 + u3. Then, another Maple calculation shows that

gcd
(
F, u3 + u2 + 1

)
= 1,

which implies that [ℤL ∶ ℤ[�]] ≢ 0 (mod 2), and hence g(u) is monogenic.
To see that Gal(g) = 6T11, we apply Theorem 2.27 to g(u) with

a = −7, b = 14, c = 196pr − 7 and d = ∆(ĝ).
Thus, from our assumptions on p, it is easy to see that none of −c, d and −cd
is a square in ℤ. Next, we calculate

ℎ(u) = u6 − 14u4 − 7(196pr − 7)u2 − (196pr − 7)2.
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We claim that ℎ(u) is irreducible. To see this, we use Proposition 2.24. Let

H(u) = u3 − 14u2 − 77(196pr − 7)u − (196pr − 7)2.
Observe that

H(u) ≡ u3 + u + 1 (mod 2),
which has no zeros modulo 2. Hence,H(u) is irreducible. Then, as in Proposi-
tion 2.24, we have

ℎ̂(u) = u4 − 28u2 + (−1568pr + 56)u + 5488pr.
By the Rational Zero Theorem, there are 80 possible integer zeros of ℎ̂(u), and
they have the form zi,j ∶= pirjn, where i, j ∈ {0, 1} and n is a divisor of 5488.
We use the Maple command isolve(W), where

W ∶=
{(
ℎ̂
(
zi,j

))
= 0, p > 0, r > 0

}
,

to see that there are no solutions for any i and j. It follows fromProposition 2.24
that ℎ(u) is irreducible. Finally, we conclude from Theorem 2.27 that Gal(g) =
6T11. �
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