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ON THE CONTACT AND CO-CONTACT OF HIGHER ORDER

A. Mastromartino and Y. Nogier

Abstract. The unifying methodologies are based on the construction of ‘bridges’ connect-
ing distinct mathematical theories with each other. The purpose of this paper is to study the
relationship between the geometric and algebraic formulation of completely integrable systems of
order k and dimension n over a differentiable manifold, in terms of contact Ck,nM and co-contact
(Ck,nM)0 of higher order, as seen in [A. Morimoto, Prolongation of Geometric Structures, Math.
Inst. Nagoya University, Nagoya, (1969)], to establish an equivalence between both formulations.

1. Introduction

In this article we establish equivalence between the notions of completely in-
tegrable systems of higher order, given in [6], in the geometric and algebraic for-
mulation, respectively.

Moreover, we clarify the concept of co-contact and the ideal associated with a
differential system (W k)◦ on co-contact manifold and we show some examples.

Let M be a smooth m-dimensional manifold and Ck,nM , n ≤ m, the manifold
of contact elements of order k and dimension n over M [8]. Given an n-submanifold
S ⊂ M , we denote by Ck

xS a contact element of order k of S at x ∈ S and by ρk
0

the canonical projection over M . We put C0,nM = M . There exists a natural
immersion

i1,k : Ck+1,nM → C1,n(Ck,nM), Ck+1
x S 7→ C1

Ck
xSCkS

where CkS ⊂ Ck,nM denotes the n-submanifold in Ck,nM , defined by the immer-
sion ik : x ∈ S ⊂ M 7→ Ck

xS ∈ Ck,nM .
Let Jk

0 (Rp,M) be the tangent bundle of pk-velocities, i.e., the k-jets bundles
of curves mappings from Rp to M with source 0 ∈ Rp. If p = k = 1, we have the
tangent bundle TM , and if p = 1, k = 2, we have the second tangent bundle T 2M ,
and if p = 1, k > 2, we have the k-tangent bundle T kM .
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Moreover, Jk
0 (Rp,M) can be immersed in T (T k−1M) as the invariant set of

the canonical involution α [3, 4] and thus T kM ≡ T (T k−1M).
We recall [4] that two n-dimensional submanifolds S1, S2 ⊂ M have co-contact

of order k and codimension n in x ∈ S1 ∩ S2 if the annihilator of the r-th order
tangent vector at x ∈ S1, denoted by (T r

xS1)0, coincides with the annihilator of the
r-th order tangent vector at x ∈ S2, where r is an arbitrary integer with 0 ≤ r ≤ k.

The equivalence class of co-contact elements of an n-dimensional submanifold
S is called the co-contact element of order k and codimension n at x and denoted by
(Ck

xS)0. The set (Ck,nM)0 of all co-contact elements of order k and codimension n
on M has a differentiable manifold structure induced by the local bijections between
coordinate neighborhoods of the manifold Ck,nM .

Denote by (ρk
r )0 : (Ck

xS)0 ∈ (Ck,nM)0 7→ (Cr
xS)0 ∈ (Cr,nM)0, the canonical

projection, with 0 ≤ r ≤ k and (C0,nM)0 = M . By a differential system of order
k and dimension n in (Ck,nM)0 we mean an imbedded submanifold (W k)0 ⊂
(Ck,nM)0. The solution of a differential system (W k)0 in a point (Xk

0 )0 ∈ (W k)0

is an n-dimensional imbedded submanifold S ⊂ M , with x0 = (ρk
0)0((Xk

0 )0) ∈ S,
such that (Ck

xS)0 ∈ (W k)0, x ∈ S and (Ck
x0

S)0 = (Xk
0 )0.

The differential system (W k)0, of order k and dimension n in (Ck,nM)0 is
completely integrable in a given point (Xk

0 )0 ∈ (W k)0, if there exists a solution
S ⊂ M at (Xk

0 )0.
If (ρk

k−1)
0 is an immersion in a neighborhood (Uk)0 of (Xk)0, then it was proved

in [5] that there exists an ideal defined in an open subset (Uk−1)0 of (W k−1)0 =
(ρk

k−1)
0(W k)0, such that this ideal is locally generated by independent 1-forms in

(Uk−1)0. The ideal associated with the differential system (W k)0 is denoted by
Y(W k)0.

In this paper we clarify the concept of co-contact and the ideal associated to
the differential system (W k)0 and we show some examples. Moreover, we show
that necessaries conditions of integrability over (W k)0 and W k are “equivalents”.
In Sections 2 and 3, we recall briefly, as seen in [4, 5], the geometric formulation
(contact theory) and the algebraic formulation (co-contact theory) of differential
systems completely integrable but we clarify the concept of co-contact and the ideal
associated with the differential system (W k)0.

In Sections 4 and 5, some preliminary notions are introduced and studied and
the main theorems (Theorem 4.3, Theorem 5.3) are formulated and proved in terms
of differential systems and in terms of ideals respectively.

2. Contact theory and integrable systems

Let (M, N, ρ) be a fibred manifold with total space M , base M , projection ρ,
dim M = m, dim N = n, x0 ∈ N and k an integer, k ≥ 0. Two sections f , g whose
domains contain x0 are k-equivalent at x0 if there is some fibred chart x = (xi, x

j)
in x0, with 1 ≤ i ≤ n, n+1 ≤ j ≤ m, such that the r-partial derivatives, 0 ≤ r ≤ k,
of f and g coincide at x0, i.e., ∂rf j(x0) = ∂rgj(x0) where f j = xj ◦ f (resp.
gj = xj ◦ g) is the expression of f (resp. of g) in terms of (xi, x

j).



On the contact and co-contact of higher order 91

The equivalence class of f , denoted by jk
x0

f , is called a k-jet of f at x0. We
denote by JkM the differentiable manifold of all k-jets of sections of (M,N, ρ) and
by Jk

x0
M the set of k-jets at x0. We shall define the jets of curves through x0, by

which we henceforth mean smooth functions f : R→ M such that f(0) = x0.
Let f and g be a pair of curves through x0. We will then say that f and g

are equivalent to order k at x0 if there is some neighborhood U of x0, such that,
for every smooth function ϕ : U → R, jk

x0
(ϕ ◦ f) = jk

x0
(ϕ ◦ g). This equivalence

relation is sometimes called the k-th order contact between curves at x0.
We now define the k-jet of a curve f through x0 to be the equivalence class

of f . The k-th order jet space Jk
0 (R,M)x0 is then the set of k-jets of curves at x0.

As x0 varies over M , Jk
0 (R,M)x0 forms a fibre bundle over M and the k-th order

tangent bundle, often denoted in the literature by T kM , the k-th order tangent
vectors on M .

Two k-jets, jk
x0

f, jk
x0

g ∈ Jk
x0

M are equivalent at x0 if there exists an invertible
k-jet jk

x0
h ∈ Jk

x0
N , with h : N → N , such that jk

x0
f = jk

x0
g ◦ jk

x0
h = jk

x0
g ◦ h.

An equivalence class is called the contact element of order k and dimension n at
f(x0) ∈ M . The set of all contact elements of order k at x is denoted by Ck,n

x M ,
and Ck,nM denotes all the k-contact elements of sections of (M,N, ρ).

Let S ⊂ M be an imbedded n-submanifold, then the tangent space TxS in
x ∈ S defines a local fibration (V, U, ρ) at x ∈ M such that S is the images of a
cross section f and the fibred chart (V, x = (xi, x

j)) satisfies xi ◦ f = ξi, where ξi

are the canonical coordinates in Rn.
A coordinate neighborhood at Xk = Ck

xS is given by

(VXk = CkV, (xi, x
j , pj

Ir
)), pj

Ir
(Ck

xg(U)) =
∂r

∂xi1 . . . ∂xir

gj(x),

where Ir = (i1, . . . , ir) is an ordered r-uple of integers {1, . . . , n}. The set VXk of
all k-contact transversal manifolds of (V, U, ρ) is called the chart associated with
Xk = Ck

xS.
The manifold structure on Ck,nM is given by all coordinate neighborhoods

(VXk , (xi, x
j , pj

Ir
)), Xk ∈ Ck,nM . With this differential structure the natural pro-

jections,

ρk
0 : Ck

xS ∈ Ck,nM 7→ x ∈ M, ρk
r : Ck

xS 7→ Cr
xS ∈ Cr,nM

are submersions, and the natural injections

ik : x ∈ S 7→ Ck
xS, i1,k : Ck+1

x S 7→ C1
Ck

xS(CkS) ∈ C1,n(Ck,nM)

are immersions, moreover, the natural immersion i1,k makes it possible to identify

Ck+1
x S ' C1

Ck
xS(CkS) ' TCk

xS(CkS).

By a differential system of order k and dimension n in Ck,nM , we mean an
imbedded submanifold W k ⊂ Ck,nM . A solution of a differential system W k at
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Xk ∈ W k, is an n-dimensional imbedded submanifold S ⊂ M , with x = ρk
0(Xk) ∈

S, such that CkS ⊂ W k and Ck
xS = Xk. A system W k is completely integrable if

for each Xk ∈ W k there exists a solution S ⊂ M passing through Xk.
The first prolongation of a submanifold W k ⊂ Ck,nM is defined by Olver [7]

as PW k = C1,nW k ∩Ck+1,nM , where Ck+1,nM is identified with its image by i1,k

in C1,n(Ck,nM).

Theorem 2.1. [4] Let W k ⊂ Ck,nM be an imbedded submanifold and Xk ∈
W k such that the following conditions are satisfied:
1) ρk

k−1 : W k → Ck−1,nM is a local immersion in a neighborhood of Xk ∈ W k;

2) ρk+1
k : PW k → W k is a local submersion in a neighborhood of Xk.

Then W k is completely integrable, that is, there exists a solution S ⊂ M of the
differential system W k passing through Xk. Moreover, if S̃ is another submanifold
of W k passing through Xk, then there exists an open set A ⊂ M , x = ρk

0(Xk) ∈ A,
such that S ∩A = S̃ ∩A.

Let C̃1,n(Ck,nM) be the manifold of all contact elements of order 1 and di-
mension n, of n-submanifolds S ⊂ Ck,nM , such that the natural projection ρ1,k

0

restricted to S over M, has a maximal rank. The manifold C̃1,n(Ck,nM) is embed-
ded in C1,n(Ck,nM), and the natural immersion

i1,k : Ck+1,nM → C̃1,n(Ck,nM), Ck+1
x S 7→ C1

Ck
xSCkS (2.1)

is an embedding.

3. Co-contact manifolds and higher order differential systems

Let S ⊂ M be an embedded n-dimensional submanifold of M and f : Rn → M
be a local parametrization of S and a maximal rank. Given an n dimensional
subspace TxS ⊂ TxM we will denote by (TxS)0 the set of one-forms ω ∈ Ω1(C0,nM)
on the contact bundle C0,nM = M of order k = 0, which annihilate TxS, i.e.,
i∗ω = 0, where i : S = im(f) ↪→ C0,nM is the natural inclusion map.

Now we will denote by (T 2
xS)0 the set of one-forms ω ∈ Ω1(C1,nM) on the

contact bundle C1,nM of order k = 1, which annihilate T 2
xS, i.e., i∗ω = 0, where

the map i : C1S ↪→ C1,nM is an embedding. At each point x ∈ S the annihilator of
tangent space of (T k

x S) denoted by (T k
x S)0 is the set of one-forms ω ∈ Ω1(Ck−1,nM)

on the contact bundle Ck−1,nM which annihilate T k
x S, i.e., i∗ω = 0, where i :

Ck−1S ↪→ Ck−1,nM is the natural inclusion map.
We say that two n-dimensional submanifolds S1, S2 have co-contact of order

k and codimension n in x ∈ S1 ∩ S2 if the annihilator of the r-th order tangent
vector at x ∈ S1 coincides with the annihilator of the r-th order tangent vector at
x ∈ S2, i.e., (T r

xS1)0 = (T r
xS2)0 where r is an arbitrary integer with 0 ≤ r ≤ k.

The equivalence class of co-contact elements of an n-dimensional submanifold S is
called the co-contact element of order k and codimension n at x and denoted by
(Ck

xS)0.



On the contact and co-contact of higher order 93

Let us also denote by (Ck,nM)0 the set of all co-contact elements of order k
and codimension n over M , and put (C0,nM)0 = M . Let (Xk)0 = (Ck

xS)0 be a
co-contact element in (Ck,nM)0, and consider a local coordinate system (V, ϕ =
(xi, x

j)), 1 ≤ i ≤ n, n + 1 ≤ j ≤ m, at x ∈ M , such that {dxi} generates T ∗x S.

Consider (V,U, ρ), a local fibration of V associated to S and Vk, (Vk)0 open
set defined as

Vk = CkV, (Vk)0 = (CkV )0.

Then the map
Ψk

V : Vk → (Vk)0, Ck
xg(U) 7→ (Ck

xg(U))0 (3.1)

is a bijection.

Moreover, if Y k = Ck
xg(U) is defined in coordinates as Y k = (xi, x

j , pj
Ir

) with
1 ≤ r ≤ k, then (Y k)0 is generated by one-forms defined as follows

ωj
Ir

= dpj
Ir
−

n∑

i=1

pj
Ir,idxi, n + 1 ≤ j ≤ m, 0 ≤ r ≤ k − 1,

where dpj
I0

= dxj , and Ir, i denotes the ordered (r + 1)-uple of integers {1, . . . , n}
given by the set {i1, . . . , ir, i}. These one forms, are contact forms on (Y k)0, i.e.,
i∗ω = 0 and the map Ψk

V allows us to define a differential structure on (Ck,nM)0.

A coordinate neighborhood at (Xk)0 = (Ck
xS)0 is given by ((Vk)0, xi, x

j , (pj
Ir

)0),
where (pj

Ir
)0(Y k)0 = ωj

Ir
((Y k−1)(v

Y k−1 )) with (v
Y k−1 ) basis of TY k−1(Ck−1M).

With this differential structure the natural injection, (ik)0 : S ↪→ (Ck,nM)0 is
given in coordinates as

(ik)0(xi, f
j(xi)) = (xi, f

j(xi), (p
j
Ir

)0 = ωj
Ir

= dpj
Ir
−

n∑

i=1

∂r+1f j

∂xIr,i
dxi)

where 0 ≤ r ≤ k − 1 and f(U) = S. Moreover, (ik)0 is an imbedding and (ik)0(S),
denoted by (CkS)0, is a regular submanifold of dimension n. The natural projection
(ρk

r )0 : (Ck,nM)0 → (Cr,nM)0 with 0 ≤ r < k is a submersion.

Let (C̃1,n(Ck,nM)0)0 be the manifold of all co-contact elements of order 1 and
codimension n, of n-submanifolds S0 ⊂ (Ck,nM)0, such that the natural projection
(ρ1,k

0 )0 restricted to S0 over M, has a maximal rank.

Remarks 3.3. 1. Let (Xk+1)0 = (Ck+1
x S)0 ∈ (Ck+1,nM)0. Then we have the

natural identification

T 0
(Ck

xS)0(C
kS)0 ' (i1,k)0(Ck+1

x S)0 ∈ (C̃1,n
(Ck

xS)0
(Ck,nM)0)0.

2. Note that generally pj
{Ik−1,i1},i 6= pj

{Ik−1,i},i1 .

3. Let i1,k be the natural immersion given in (2.1) and Ψ1,k
V be the map defined
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as C1
XkSk 7→ (C1

(Xk)0(Sk)0)0. Then the following diagram

(Ck+1,nV )0
(i1,k)0−−−−→ (C1,n(Ck,nV )0)0

Ψk+1
V

x
xΨ1,k

V

Ck+1,nV −−−−→
i1,k

C1,nCk,nV

is commutative.

4. Any section local F : U ⊂ R→ V ⊂ M can be prolonged to a smooth map
(Ck)0F : {x 7→ (Ck

F (x)S)0 = dF j
Ir
−∑n

i=1
∂r+1F j

∂xIr,i
dxi} with F j

Ir
= ∂r+1F j

∂xIr,i
and where

0 ≤ r ≤ k − 1, F (U) = S. Note that (Ck)0F satisfies (ρk
0)0o(Ck)0F = idU .

Definition 3.4. By a differential system of order k and dimension n in
(Ck,nM)0 we mean an imbedded submanifold (W k)0 ⊂ (Ck,nM)0. A solution
of a differential system (W k)0 at (Xk)0 ∈ (W k)0 is an n-dimensional imbedded
submanifold S ⊂ M , with x = (ρk

0)0((Xk)0) ∈ S, such that

(ik)0(S) = (CkS)0 ⊂ (W k)0 and (Ck
xS)0 = (Xk)0.

Example 3.5. Let (Mm, Nn, ρ) be a fiber manifold with local coordi-
nates at x ∈ M (xi, x

j) and (Ck,nM)0 the k order co-contact manifold. If
((Vk)0, (Vk−2)0, (ρk

k−2)
0) is a local fibration and Φ : (Vk−2)0 → (Vk)0 is a local

section of the special form (C1)0F with F : (Vk−2)0 → (Vk−1)0, then Φ(Vk−2)0 is
a subspace of T ∗(Ck−1,nM) generated by one-forms

dF j −
n∑

i=1

∂F j

∂xi
dxi.

Definition 3.6. The first prolongation of an n-submanifold (W k)0 ⊂
(Ck,nM)0 is defined as

P (W k)0 = (C1,n(W k)0)0 ∩ (Ck+1,nM)0,

where (Ck+1,nM)0 is identified with its image by (i1,k)0 in (C̃1,n(Ck,nM)0)0.

Proposition 3.7. [4] Let (W k)0 ⊂ (Ck,nM)0 be an imbedded submanifold,
and let (Xk)0 ∈ (W k)0, (V,U, ρ) be a local fibration at x = ρk

0(Xk) associated with
(Xk)0. Suppose that (ρ ◦ (ρk

0)0)|(W k)0 is a local submersion on U . Then

(Ck+1
x S)0 ∈ P (W k)0 ⇐⇒ (T(Ck

xS)0(C
kS)0)0 ∈ (T(Ck

xS)0(W
k)0)0,

(PW k)0 ∩ (Ck+1V )0 = (Ck+1V )0 ∩ (C1,n(W k)0)0.
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Proposition 3.8. [4] Let W k ⊂ Ck,nM be an imbedded submanifold passing
through Xk and (W k)0 ⊂ (Ck,nM)0 be its annihilator. Let (V,U, ρ) be a local
fibration at x = ρk

0(Xk) associated with (Xk)0 and Ψ1,k
V the map defined as

C1
XkSk ∈ C1,nCk,nV 7→ (C1

(Xk)0(Sk)0)0.

Then Z ∈ PW k if and only if Ψ1,k
V (Z) ∈ P (W k)0.

4. On the equivalence problem and integrable systems

Let W k ⊂ Ck,nM be a differential system and (Xk) ∈ W k be a contact ele-
ment, (V,U, ρ) be a fiber manifold associated and (Xk)0 = (Ψk

V )−1((Xk)), where
Ψk

V is given in (3.1). Let ((Vk)0, (pj
Is

)0), (Vk, pj
Is

) be coordinate systems at (Xk)0

and Xk respectively and let (F 1), . . . , (F s) be smooth functions defined in a neigh-
borhood of Xk such that

(Vk) ∩W k = {(Y k) ∈ (Vk) : (F 1)((Y k)) = · · · = (F s)((Y k)) = 0}.

Definition 4.1. The differential system (W k)0 generated by (F j)0 = F j ◦
(Ψk

V )−1 in a neighborhood (Vk)0 of (Xk)0 is called the associated differential system
at W k.

Definition 4.2. Let W k ⊂ Ck,nM be a differential system. We say that the
system W k is completely integrable, if the following conditions are satisfied:

1) The map ρk
k−1 : W k −→ Ck−1,nM is a local immersion in a neighborhood

of (Xk) ∈ W k.

2) The map ρk+1
k : P (W k) −→ W k is a local submersion in a neighborhood of

Xk.

Theorem 4.3. Let W k be a differential system in Vk and (W k)0 be the asso-
ciated differential system in (Vk)0. Then (W k)0 is completely integrable if and only
if W k is completely integrable.

Proof. Let (Xk) = (Ck
xS) be a co-contact element, and let (V, U, ρ) be a

fiber manifold associated, (Xk)0 = (Ψk
V )((Xk)), where Ψk

V is given in (3.1). Let
((Vk)0, (pj

Is
)0), (Vk, pj

Is
) be coordinate systems at (Xk)0 and Xk respectively, and

(F 1), . . . , (F s) be smooth functions defined in a neighborhood of (Xk) such that

(Vk) ∩W k = {(Y k) ∈ (Vk) : (F 1)((Y k)) = · · · = (F s)((Y k)) = 0}.

Let
CkV = Vk, F j = (F j)0 ◦Ψk

V ,

and the differential system (W k)0 of order k in (Vk)0 be generated by (F j)0. We
shall verify that (W k)0 satisfies the conditions of Definition 4.2.
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Consider the commutative diagram, given in Proposition 3.2.

Vk+1
Ψk+1

V−−−−→ (Vk+1)0

ρk+1
k

y
y(ρk+1

k
)0

Vk −−−−→
Ψk

V

(Vk)0

ρk
k−1

y
y(ρk

k−1)
0

Vk−1 −−−−→
Ψk−1

V

(Vk−1)0

Now, as by hypothesis (ρk
k−1) : W k −→ (Ck−1,nM) is a local immersion, then

(ρk
k−1)

0 : (W k)0 ∩ (Vk)0 −→ (Ck−1,nM)0

is also a local immersion, and Condition 1 of Definition 4.2 is verified.
To verify that (ρk+1

k )0 : P (W k)0 −→ (W k)0 is a local submersion we consider
the commutative diagram given in Remark 3 of 3.3,

(Ck+1,nV )0
(i1,k)0−−−−→ (C1,n(Ck,nV )0)0

Ψk+1
V '

x
x'Ψ1,k

V

Ck+1,nV −−−−→
i1,k

C1,nCk,nV

where
(i1,k) : Ck+1

x S ∈ Ck+1V 7−→ C1
Ck

xS(CkS) ∈ C1(CkV )

and (i1,k)0 are immersions and the map

ψ1,k
V : C1

XkSk 7→ (C1,n
(Xk)0

(Sk)0))0

is as seen in (3.1). Using Proposition 3.8 we have

Z ∈ PW k ⇐⇒ Ψ1,k
V (Z) ∈ (C1,n(W k)0)0 ∩ (Ck+1,nV )0 = P ((W k)0),

and hence Ψ1,k
V (PW k) = P ((W k)0).

Now, by hypothesis, (ρk+1
k ) : P (W k) −→ W k is a local submersion and

Ψk
V ◦ ρk+1

k = (ρk+1
k )0 ◦Ψk+1

V .

Consequently,
(ρk+1

k )o : P (W k)0 −→ (W k)0

is a local submersion, and Condition 2 of Definition 4.2 is satisfied. Hence the
differential system W k is completely integrable.

The proof of the converse is similar.
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5. On the equivalence problem in terms of ideals

If M is a smooth n-dimensional manifold then we denote by dk the dimension
of (Ck,nM)0 and by F0

k (M) the algebra of smooth functions on (Ck,nM)0. The
Lie algebra over R with respect to the commutator product [X,Y ] in the set of all
vector fields on (Ck,nM)0 is denoted by Ξk(M).

An ideal Y in E∗(M) is called a differential ideal if it is closed under exterior
differentiation, that is dY ⊂ Y.

Let Ωi(Ck,nM)0 be the algebra of all smooth i-forms on (Ck,nM)0. The set
of all differential forms on (Ck,nM)0 is denoted by Ω?(Ck,nM)0 and it has the
structure of a module over the ring F0

k with respect to the operation of wedge
product.

Consider an n-dimensional distribution

T k : (Ck,nM)0 3 θk 7→ T k
θk ⊂ Tθk(Ck,nM)0.

Denote by T Ξk(M) ⊂ Ξk(M) the submodule of vector fields lying in T k and

T 1
k = {ω ∈ Ω1(Ck,nM)0 | iXω = 0, X ∈ T Ξk(M)},

where iX is the inner product.

Proposition 5.1. [5] If (ρk
k−1)

0 is an immersion in a neighborhood (Uk)0 of
(Xk)0 then there exists an ideal denoted by Y(W k)0 and defined in an open subset
(Uk−1)0 of (W k−1)0 = (ρk

k−1)
0(W k)0, such that it is an ideal locally generated by

independent 1-forms in (Uk−1)0.

The ideal Y(W k)0 is called the ideal associated with the differential system
(W k)0.

Furthermore, we have the following theorem.

Theorem 5.2. [5] The projection (ρk+1
k )0 : P (W k)0 → (W k)0 is a local

submersion on a neighborhood of (Xk)0 ∈ (W k)0 if and only if Yk(W k)0 is a
differential ideal.

Now, the problem of equivalence in terms of ideals is terated in the following

Theorem 5.3. Let W k be a differential system in Vk, Xk ∈ W k and (W k)0

be the associated differential system (Vk)0 with (Xk)0 = Ψ(Vk)0(Xk) ∈ (W k)0.
Suppose (W k)0 is transverse to the fiber FXk . Then Yk(W k)0 is a differential ideal
if and only if Yk(W k) is a differential ideal.

Proof. Let (Xk)0 ∈ (W k)0. As (W k)0 is transverse to the fiber FXk there exist
an open subset (Uk)0 of (Xk)0 and function F j

Ir
defined on neighborhood (Uk−1)0

of (ρk
k−1)

0(Xk)0 such that

(pj
Ir

)0 = F j
Ir

(xi, x
j , (pj

Ir−1
)0).
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Now if Yk(W k)0 is a differential ideal, then we have by Theorem 5.2 that the map
(ρk+1

k )0 : P (W k)0 −→ (W k)0 is a local submersion in a neighborhood of (Xk)0.
Moreover, the ideal Yk(W k)0 is an ideal locally generated by one-forms

ωj
Ir

= dpj
Ir
−

n∑

i=1

F j
Ir−1,idxi, 1 ≤ r ≤ k − 1

and by its exterior derivative dωj
Ir

on (Uk−1)0 = (ρk
k−1)

0(Uk)0.
This one-form and its exterior derivative are annihilates by the n-distribution:

T k−1 = {L(Xk−1)0 ∈ T(Xk−1)0(C
k−1,nM)0 | (Xk−1)0 ∈ (Uk−1)0, ωj

Ir
((Xk−1)0) = 0}

where dpj
I0

= dxj , Ir,i denotes the ordered r + 1-uple of integers {1, . . . , n} given

by the set {i1, . . . , ir, i}, and σ =
(
(ρk

k−1)
0
)−1|(Uk−1)0 is the section of the fiber

bundle ((Uk)0, (Uk−1)0, (ρk
k−1)

0) defined by

σ((xi, x
j , (pj

Ir
)0)) = (xi, x

j , (pj
Ir

)0, F j
Ir

(xi, x
j , (pj

Ir
)0))

Thus, (ρk
k−1)

0 is an immersion on (Uk−1)0, and hence (W k)0 is completely inte-
grable.

Now, using Theorem 4.3, Proposition 5.1 and Theorem 5.2, we have the proof
of the theorem.

Remark 5.4. Let (W k)0 be a differential system in (Vk)0 and W k the as-
sociated differential system in Vk determined by Ψk

V and i : Wk ↪→ (Ck,nM) the
embedding.

Now, consider the pull-back i∗(ωj
Ir

), where ωj
Ir

are one-forms of contact on
Ck,nM . Then the differential ideal Yk(W k)0, can be considered as the ideal locally
generated by i∗(ωj

Ir
) with the diffeomorphism Ψk

V , i.e., (ωj
Ir

) ≡ dΨk
V ◦ (ωj

Ir
).

Example 5.5. Let (W 1)0 ⊂ (C1,2M)0 be the differential system determined
by the one form

ω = dy − (yxdx− Φdt) ∈ Ω1(M),

where Φ defines the differential system W 1 associated at (W 1)0, i.e.,

W 1 = {yt = Φ(x, t, y, yx)} ⊂ (C1,2M).

The differential ideal Y1(W 1)0 ⊂ Ω(W1) is generated by the one form ω and its
exterior derivative

dω = dyx ∧ dx− Φydy ∧ dt− Φyxdyx ∧ dt.

Suppose that (ρ1
0)

o : (C1,2(W 1)0)0 → ((W 1)0) is a local submersion on a neighbor-
hood of (X1)o ∈ ((W 1)0).

Consider ((X1)1)0 ∈ (C1,2(W 1)0)0 such that (ρ1
0)

0((X1)1)0 = (X1)0 and
(X1)1 ∈ C1,2(W 1), X1 ∈ W 1 the associated contact of ((X1)1)0 and (X1)0, re-
spectively.
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Now, let DX1 ⊂ TX1W 1 be a two-dimensional subspace, transversal to the
fibre over (X1) ∈ W 1, such that ω(X1)(DX1) = 0. This two-dimensional subspace
is generated by two vectors w1 and w2 of the forms

T
X1 i(w1) = ∂x + yx∂y + a1∂yx + b1∂yt

and
T

X1 i(w2) = ∂t + yt∂y + a2∂yx + b2∂yt

since DX1 ⊂ T
X1 W 1 is transversal to the fibre over (X1) ∈ W 1. As the one-form

ω annihilates DX1 , then the tangency condition is given by

i∗(dω(X1)(w1, w2)) = 0.

Moreover the components of fibre of this vectors are

a1 = Φxx, a2 = Φtx, b1 = Φxt, b2 = Φtt,

thus we have the system of equations




ω(w1) = 0

ω(w2) = 0

dω(w1, w2) = 0

From this it follows that




b1 − Φux(X1)a1 = −L1
1(Φ)(X1)

b2 − Φux(X1)a2 = −L1
2(Φ)(X1)

b1 − a2 = 0

where Lk
i are the contact field defined by

Lk
i = ∂xi +

m∑

j=n+1

∑

Ir

∂r

∂pj
Ir

pj
Ir,i,

where 1 ≤ r < k.
Using the formal derivative

Di = ∂xi +
m∑

j=n+1

∑

Ir

∂r

∂pj
Ir

pj
Ir,i,

where 1 ≤ r ≤ k, we know that
{

yxt = DxΦ = L1
1(Φ) + yxxΦyx

ytt = DtΦ = L1
2(Φ) + yxtΦyx

and hence yxt and ytt are determined for a value of yxx.
Then, to find the solution space of this system, first identify a1 = yxx and then

use the above relationships. Thus, we have that ytx = a2 = b1 = yxt and a1 = yxx
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and consequently Φtx = Φxt and from this it follows that the vectors w1 and w2

are the forms: {
T

X1 i(w1) = ∂x + yx∂y + yxx∂yx + yxt∂yt

T
X1 i(w2) = ∂t + yt∂y + ytx∂yx + ytt∂yt

The condition i∗(dω(X1)(w1, w2)) = 0 shows that Φtx = Φxt and that a local
section γ ∈ Γloc(ρ) exists such that i1γ(x) = X1. Hence T

X1 (im(i1γ)) is generate
by the vectors T

X1 i(w1) and T
X1 i(w2).

Consequently, ((X1)1)0 ∈ P (W 1)0 and the map (ρ2
1)

0 : P (W 1)0 −→ (W 1)0 is
a local submersion in a neighborhood of (X1)0 and DX1 is an integral element.
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