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POSITION VECTORS OF CURVES IN THE
GALILEAN SPACE G3

Ahmad T. Ali

Abstract. In this paper, we study the position vector of an arbitrary curve in Galilean
3-space G3. We first determine the position vector of an arbitrary curve with respect to the
Frenet frame. Also, we deduce in terms of the curvature and torsion, the natural representation of
the position vector of an arbitrary curve. Moreover, we define a plane curve, helix, general helix,
Salkowski curves and anti-Salkowski curves in Galilean space G3. Finally, the position vectors of
some special curves are obtained and sketching.

1. Introduction

Helix is one of the most fascinating curves in science and nature. Scientist
have long held a fascinating, sometimes bordering on mystical obsession, for helical
structures in nature. Helices arise in nano-springs, carbon nano-tubes, α-helices,
DNA double and collagen triple helix, lipid bilayers, bacterial flagella in salmonella
and escherichia coli, aerial hyphae in actinomycetes, bacterial shape in spirochetes,
horns, tendrils, vines, screws, springs, helical staircases and sea shells [7, 18, 27]. As
well, helix curve or helical structures in fractal geometry, for instance hyperhelices
[26]. In the field of computer aided design and computer graphics, helices can be
used for the tool path description, the simulation of kinematic motion or the design
of highways, etc. [28].

From the view of differential geometry in the Euclidean 3-space, a helix is a
geometric curve with non-vanishing constant curvature κ and non-vanishing con-
stant torsion τ [6]. The helix may be called a circular helix or W-curve [13]. Its
known that straight lines (κ(s) = 0) and circles (τ(s) = 0) are degenerate-helices
examples [16]. In fact, circular helix is the simplest three-dimensional spirals. One
of the most interesting spiral example is the k-Fibonacci spirals. These curves ap-
pear naturally in the study of the k-Fibonacci numbers {Fk,n}∞n=0 and the related
hyperbolic k-Fibonacci function. Fibonacci numbers and the related Golden Mean
or Golden section appear very often in theoretical physics and physics of the high
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energy particles [9, 10]. Three-dimensional k-Fibonacci spirals was studied from a
geometric point of view in [11].

Indeed a helix is a special case of the general helix. A curve of constant slope
or general helix in Euclidean 3-space E3 is defined by the property that the tangent
makes a constant angle with a fixed straight line called the axis of the general helix.
A classical result stated by Lancret in 1802 and first proved by de Saint Venant
in 1845 (see [25] for details) says that: A necessary and sufficient condition that a
curve be a general helix is that the ratio

κ

τ
is constant along the curve, where κ and

τ denote the curvature and the torsion, respectively [12, 19].
Izumiya and Takeuchi [14] have introduced the concept of slant helix by saying

that the normal lines make a constant angle with a fixed straight line. They char-
acterize a slant helix if and only if the geodesic curvature of the principal image of
the principal normal indicatrix

κ2

(κ2 + τ2)3/2

( τ

κ

)′

is a constant function.
A family of curves with constant curvature but non-constant torsion is called

Salkowski curves and a family of curves with constant torsion but non-constant
curvature is called anti-Salkowski curves [24]. Monterde [20] studied some charac-
terizations of these curves and he proved that the principal normal vector makes
a constant angle with fixed straight line. As a direct consequence of Monterde
results, Salkowski and anti-Salkowski curves are good examples of slant helices.

The problem of the determination of parametric representation of the position
vector of an arbitrary space curve according to the intrinsic equations is still open
in the Euclidean space E3 [8, 17]. This problem is not easy to solve in general
case. However, this problem is solved in some special cases such as: the case of a
plane curve (τ = 0), the case of a helix (κ and τ are both non-vanishing constant).
Recently, Ali [4, 5] adapted fundamental existence and uniqueness theorem for
space curves in Euclidean space E3 and constructed a vector differential equation
to solve this problem in the case of a general helix ( τ

κ is constant) and in the case of
a slant helix ( κ2

(κ2+τ2)3/2 ( τ
κ )′ is constant). However, this problem is neither solved

in other cases of the space curve in Euclidean 3-space nor Minkowski 3-space [1–3].
Our main result in this work is to solve the above problem for all curves in

the Galilean 3-space G3. Firstly, we determine the position vector of an arbitrary
curve with respect to the Frenet frame and deduce the natural representation of
the position vector of an arbitrary curve in the Galilean 3-space G3 in terms of
the curvature and the torsion with respect to standard frame. Also, we shall give
definitions of some special curves in Galilean 3-space G3 such as: plane curve, helix,
general helix, Salkowski curves and anti-Salkowski curves and plot such curves.
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2. Preliminaries

The geometry of the Galilean space G3 has been treated in detail in O. Roschl’s
habilitation in 1984 [23]. The Galilean space is a three dimensional complex pro-
jective space P3 in which the absolute figure {w, f, I1, I2} consists of a real plane
w (the absolute plane), a real line f ⊂ w (the absolute line) and two complex con-
jugate points I1, I2 ∈ f (the absolute points) [15]. We shall take, as a real model
of the space G3, a real projective space P3 with the absolute {w, f} consisting of a
real plane w ⊂ G3 and a real line f ⊂ w on which an elliptic involution ε has been
defined. In homogeneous coordinates

w . . . x0 = 0, f . . . x0 = x1 = 0,

ε : (0 : 0 : x2 : x3) → (0 : 0 : x3 : −x2),

while in the nonhomogeneous coordinates, the similarity group H8 has the form




x′ = a11 + a12x,

y′ = a21 + a22x + a23(y cos[φ] + z sin[φ]),

z′ = a31 + a32x− a23(y sin[φ]− z cos[φ]),

where aij and φ are real numbers. For a12 = a23 = 1, we have the subgroup B6

which is the group of Galilean motions:

B6 . . .





x′ = a + x,

y′ = b + c x + y cos[φ] + z sin[φ],

z′ = d + e x− y sin[φ] + z cos[φ].

It is worth noting that [21]: in G3 there are four classes of lines:
a: (proper) nonisotropic lines: they do not meet the absolute line f .
b: (proper) isotropic lines: lines that do not belong to the plane w but meet the

absolute line f .
c: (unproper) nonisotropic lines: all lines of w but f .
d: the absolute line f .

In affine coordinates, the Galilean scalar product between two vectors a =
(a1, a2, a3) and b = (b1, b2, b3) is defined by [22]:

(a.b)G =
{

a1 b1, if a1 6= 0 or b1 6= 0,

a2 b2 + a3 b3, if a1 = b1 = 0.

We can define the Galilean cross product as:

(a ∧ b)G =





∣∣∣∣∣∣∣

0 e2 e3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣
, if a1 6= 0 or b1 6= 0,

∣∣∣∣∣∣∣

e1 e2 e3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣
, if a1 = b1 = 0.
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Let α : I → G3, I ⊂ R be an unit speed curve in Galilean space G3 given by
α(x) =

(
x, y(x), z(x)

)
, where x is a Galilean invariant parameter (the arc-length

on α). The curvature and torsion of the curve α are defined by

κ(x) = ‖α′′(x)‖, τ(x) =
1

κ2(x)
Det

(
α′(x), α′′(x), α′′′(x)

)

respectively. The orthonormal trihedron {t,n,b} of the curve α is defined by

t(x) = α′(x) =
(
1, y′(x), z′(x)

)
,

n(x) =
α′′(x)
‖α′′(x)‖ =

1
κ(x)

(
0, y′′(x), z′′(x)

)
,

b(x) =
(
t(x) ∧ n(x)

)
G

=
1

κ(x)
(
0,−z′′(x), y′′(x)

)
,

where t(x), n(x) and b(x) are called the tangent vector, principal normal vector
and binormal vector, respectively. The Frenet equations for α(x) are given by




t′(x)
n′(x)
b′(x)


 =




0 κ(x) 0
0 0 τ(x)
0 −τ(x) 0







t(x)
n(x)
b(x)


 (2.1)

3. Position vector of a curve with respect to the Frenet frame in G3

Theorem 3.1 The position vector α(x) of an arbitrary curve with curvature
κ(x) and torsion τ(x) 6= 0 with respect to the Frenet frame in the Galilean space
G3 is given by:

α(x) = (x + c1)t +
[
c2 −

∫
(x + c1)κ(x) sin

[ ∫
τ(x) dx

]
dx

]
×

×
(

sin
[ ∫

τ(x) dx
]
n+cos

[ ∫
τ(x) dx

]
b
)
+

[
c3+

∫
(x+c1)κ(x) cos

[ ∫
τ(x) dx

]
dx

]
×

× sin
[ ∫

τ(x) dx
](

cos
[ ∫

τ(x) dx
]
n− sin

[ ∫
τ(x) dx

]
b
)
, (3.1)

where c1, c2 and c3 are arbitrary constants.

Proof. Let α(x) be an arbitrary curve in Galilean space G3, then, we may
express its position vector as follows:

α(x) = λ(x) t + µ(x)n + γ(x)b, (3.2)

where λ(x), µ(x) and γ(x) are differentiable functions of x ∈ I ⊂ R. Differentiating
the above equation with respect to x and using the Frenet equations, we can have
a system following system of ordinary differential equations:





λ′(x)− 1 = 0

µ′(x) + κ(x)λ(x)− τ(x)γ(x) = 0

γ′(x) + τ(x)µ(x) = 0

(3.3)
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The first equation of (3.3) leads to

λ(x) = x + c1, (3.4)

where c1 is an arbitrary constant.
It is useful to change the variable x by the variable t =

∫
τ(x) dx. So that all

functions of x will transform to functions of t, for example λ(t) = (λ ◦x)(t), κ(t) =
(κ ◦ x)(t), and so on. Here, we will use dot to denote derivation with respect to t
(prime denotes derivative with respect to x). The third equation of (3.3) can be
written as

µ(t) = −γ̇(t). (3.5)

Substituting the above equation to the second equation of (3.3) we have the follow-
ing equation for γ(t)

γ̈(t) + γ(t) =
λ(t)κ(t)

τ(t)
. (3.6)

The general solution of this equation is

γ(t) =
[
c2 −

∫
λ(t)κ(t)

τ(t)
sin[t] dt

]
cos[t] +

[
c3 +

∫
λ(t)κ(t)

τ(t)
cos[t] dt

]
sin[t]. (3.7)

where c2 and c3 are arbitrary constants. From (3.5), the function µ(t) is given by

µ(t) =
[
c2 −

∫
λ(t)κ(t)

τ(t)
sin[t] dt

]
sin[t]−

[
c3 +

∫
λ(t)κ(t)

τ(t)
cos[t] dt

]
cos[t]. (3.8)

Hence the equations (3.7) and (3.8) take the following form

γ(x) =
[
c2 −

∫
(x + c1)κ(x) sin

[ ∫
τ(x) dx

]
dx

]
cos

[ ∫
τ(x) dx

]

+
[
c3 +

∫
(x + c1)κ(x) cos

[ ∫
τ(x) dx

]
dx

]
sin

[ ∫
τ(x) dx

]
.

(3.9)

µ(x) =
[
c2 −

∫
(x + c1)κ(x) sin

[ ∫
τ(x) dx

]
dx

]
sin

[ ∫
τ(x) dx

]

−
[
c3 +

∫
(x + c1)κ(x) cos

[ ∫
τ(x) dx

]
dx

]
cos

[ ∫
τ(x) dx

]
.
(3.10)

Substituting equations (3.4), (3.9) and (3.10) to (3.2) we arrive to equation (3.1),
so the proof of the theorem is complete.

4. Position vector of a curve with respect to standard frame of G3

Theorem 4.1 The position vector α(x) of an arbitrary curve with curvature
κ(x) and torsion τ(x) in the Galilean space G3 is computed from the natural rep-
resentation form

α(x) =
(
x,

∫ [ ∫
κ(x) cos

[ ∫
τ(x) dx

]
dx

]
dx,

∫ [ ∫
κ(x) sin

[ ∫
τ(x) dx

]
dx

]
dx

)
.

(4.1)
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Proof: If α(x) is an arbitrary curve in Galilean space G3, then the Frenet
equations (2.1) are hold. From the second equation in (2.1), we have

b(x) =
1

τ(x)
n′(x).

Substituting the above equation to the third equation of (2.9) we have the following
ordinary differential equation according to principal normal vector n as

( 1
τ(x)

n′(x)
)′

+ τ(x)n(x) = 0.

The above equation can be written in the form

d2n
dt2

+ n = 0, (4.2)

where t is the new variable equal to t =
∫

τ(x) dx.
On other hand, we can write the principal normal vector in the following form

n =
(
0, cos[θ(t)], sin[θ(t)]

)
.

If we put the second and the third components from the vector n in the equation
(4.2) we have the following two equations

(
1− θ̇2(t)

)
cos[θ(t)]− θ̈(t) sin[θ(t)] = 0,

(
1− θ̇2(t)

)
sin[θ(t)] + θ̈(t) cos[θ(t)] = 0.

It is easy to prove that the above equations lead to the following two equations:

θ̇(t) = ±1, θ̈(t) = 0,

which lead to θ(t) = ± t = ± ∫
τ(x)dx. Without loss of generality, we can take the

positive sign for θ(t). Then the principal normal vector takes the form

n(x) =
(
0, cos

[ ∫
τ(x) dx

]
, sin

[ ∫
τ(x) dx

])
.

Multiplying the above equation by κ(x) and integrating the result with respect to
x, we have

t(x) =
∫

κ(x)
(
0, cos

[ ∫
τ(x) dx

]
, sin

[ ∫
τ(x) dx

])
dx + c,

where c is a constant vector. Because the first component of tangent vector equal
one, then with out loss of generality, we can take c = (1, 0, 0), and then

t(x) =
(
1,

∫
κ(x) cos

[ ∫
τ(x) dx

]
dx,

∫
κ(x) sin

[ ∫
τ(x) dx

]
dx

)
.

Integrating the above equation with respect to x, we obtain

α(x) =
∫ (

1,

∫
κ(x) cos

[ ∫
τ(x) dx

]
dx,

∫
κ(x) sin

[ ∫
τ(x) dx

]
dx

)
dx,

which leads to the equation (4.1) and the proof is complete.
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5. Examples

Example 1. When κ(x) = 0.

Definition 5.1 Let α be a regular curve in Galilean space G3, {t,n,b} the
Frenet frame along the curve α and κ its curvature. If κ = 0, then α is called a
straight line with respect to the Frenet frame.

If we take κ = 0 and put in the equation (4.1) we have the following lemma:

Lemma 5.2. The position vector α(x) of a straight line in the Galilean space
G3 is given by

α1(x) = (x, c1 x + c3, c2 x + c4),

where ci, i = 1, 2, 3, 4 are arbitrary constants.

Example 2. When τ(x) = 0.

Definition 5.3. Let α be a regular curve in Galilean space G3, {t,n,b} the
Frenet frame along the curve α and τ its torsion. If τ = 0, then α is called a plane
curve with respect to the Frenet frame.

If we take τ = 0 and put in equation (4.1) we have the following lemma:

Lemma 5.4. The position vector α(x) of a plane curve in the Galilean space
G3 is given by

α2(x) =
(
x, cos[ε]

∫ [ ∫
κ(x) dx

]
dx, sin[ε]

∫ [ ∫
κ(x) dx

]
dx

)
,

where ε is arbitrary constant.

The position vector of some plane curves with curvatures κ(x) = x, κ(x) =
sin[x] and κ(x) = cosh[x] are

α3(x) =
(
x, cos[ε1]x3, sin[ε1]x3

)
,

α4(x) =
(
x,− cos[ε2] sin[x],− sin[ε2] sin[x]

)
,

α5(x) =
(
x, cos[ε3] cosh[x], sin[ε3] cosh[x]

)
,

respectively, where εi, i = 1, 2, 3 are arbitrary constants. One can see the graphs
of such curves on Figure 1.

Fig. 1. Some plane curves with κ(x) = x, sin[x], cosh[x], respectively.
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Example 3. When κ(x) = const and τ(x) = const.
Definition 5.5. Let α be a regular curve in Galilean space G3, {t,n,b} the

Frenet frame along the curve α and κ, τ its curvature and torsion, respectively. If
κ and τ are positive constants, then α is called a circular helix or W -curve with
respect to the Frenet frame.

If we take κ and τ are constants and put in equation (4.1) we have the following
lemma:

Lemma 5.6. The position vector α(x) of a circular helix in the Galilean space
G3 is given by

α6(x) =
(
x,− κ

τ2
cos[τ x],

κ

τ2
sin[τ x]

)
.

One can see the graph of such curve (κ = 5 and τ = 1) in the left side of
Figure 2.

Fig. 2. Some general helices with κ(x) = 5, 1
2
√

x
, x, respectively.

Example 4. When τ(x) = mκ(x), where m is arbitrary constant.
Definition 5.7. Let α be a regular curve in Galilean space G3, {t,n,b} the

Frenet frame along the curve α and κ, τ its curvature and torsion, respectively. If
the ratio τ

κ is constant, then α is called a general helix with respect to the Frenet
frame.

If we put τ(x) = mκ(x) in equation (4.1) we have the following lemma:
Lemma 5.8. The position vector α(x) of a general helix in the Galilean space

G3 is given by

α7(x) =
(
x,

1
m

∫
sin

[
m

∫
κ(x) dx

]
dx,− 1

m

∫
cos

[
m

∫
κ(x) dx

]
dx

)
.

The position vector of some general helices with curvatures κ(x) = 1
2
√

x
and

κ(x) = x are:

α8(x) =
(
x,

2
m3

1

[
sin[m1

√
x]−m1

√
x cos[m1

√
x]

]
,

− 2
m3

[
cos[m1

√
x] + m1

√
x sin[m1

√
x]

])
,

α9(x) =
(
x,

√
π

m2
√

m2
FresnelS

[√m2

π
x
]
,−

√
π

m2
√

m2
FresnelC

[√m2

π
x
])

,
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respectively, where mi, i = 1, 2 are arbitrary constants. It is worth noting that

FresnelS[z] =
∫

sin
[π z2

2

]
dz, FresnelC[z] =

∫
cos

[π z2

2

]
dz.

One can see the graphs of such curves in the middle (m1 = 1
2 ) and in the right

(m2 = 1
4 ) of Figure 2.

Example 5. When κ(x) = a, where a is arbitrary constant.

Definition 5.9. A regular curve in Galilean space G3 with constant curvature
and non-constant torsion is called Salkowski curve.

If we put κ(x) = a in equation (4.1) we have the following lemma:

Lemma 5.10. The position vector α(x) of a family of Salkowski curves in the
Galilean space G3 is given by

α10(x) =
(
x, a

∫ [ ∫
cos

[ ∫
τ(x) dx

]
dx

]
dx, a

∫ [ ∫
sin

[ ∫
τ(x) dx

]
dx

]
dx

)
.

Example 6. When τ(x) = b, where b is arbitrary constant.

Definition 5.11. A regular curve in Galilean space G3 with constant torsion
and non-constant curvature is called Anti-Salkowski curve.

If we put τ(x) = b in equation (4.1) we have the following lemma:

Lemma 5.12. The position vector α(x) of a family of anti-Salkowski curves in
the Galilean space G3 is given by:

α11(x) =
(
x,

∫ [ ∫
κ(x) cos[b x] dx

]
dx,

∫ [ ∫
κ(x) sin[b x] dx

]
dx

)
.

The position vector of Salkowski curve with τ(x) = 1√
x
, anti-Salkowski curve

with κ(x) = cosh
[

x
4

]
and general curve with κ(x) = x2, τ(x) = x are:

α12(x) =
(
x,

1
4

[
(3− 4x) cos[2

√
x] + 6

√
x sin[2

√
x]

]
,

1
4

[
(3− 4x) sin[2

√
x]− 6

√
x cos[2

√
x]

])
,

α13(x) =
(
x,

16
289

[
8 sin[t] sinh

[ t

4
]− 15 cos[t] cosh

[ t

4
]]

,

− 16
289

[
8 cos[t] sinh

[x

4
]
+ 15 sin[t] cosh

[x

4
]])

,

α14(x) =
(
x,−√π x FresnelS

[ x√
π

]− 2 cos
[x2

2
]
,

√
π x FresnelC

[ x√
π

]− 2 sin
[x2

2
])

,

respectively. One can see the graphs of such curves in the left, middle and right
hand side on Figure 3, respectively.
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Fig. 3. Some general curves
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[3] A.T. Ali, M.R. López, Slant helices in Minkowski space E3
1, J. Korean Math. Soc. 48 (2011),

159–167.

[4] A.T. Ali, Determination of the position vector of general helices from intrinisic equations
in ε3, Bull. Math. Anal. Appl. 3 (2011), 198–205.

[5] A.T. Ali, Position vectors of slant helices in Euclidean 3-space, Preprint 2009: arXiv:
0907.0750v1 [math.DG].

[6] M. Barros, General helices and a theorem of Lancret, Proc. Amer. Math. Soc. 125 (1997),
1503–1509.

[7] N. Chouaieb, A. Goriely, J.H. Maddocks, Helices, PANS 103 (2006), 9398–9403.

[8] L.P. Eisenhart, A Treatise on the Differential Geometry of Curves and Surfaces, Ginn and
Co., 1909.

[9] M.S. El Naschie, Notes on superstings and the infinite sums of Fibonacci and Lucas numbers,
Chaos, Solitons and Fractals 12 (2001), 1937–1940.

[10] M.S. El Naschie, Experimental and theoretial arguments for the number and mass of the
Higgs particles, Chaos, Solitons and Fractals 23 (2005), 1901–1908.

[11] S. Falcon, A Plaza, On the 3-dimensional k-Fibonacci spirals, Chaos, Solitons and Fractals
38 (2008), 993–1003.

[12] H. Gluck, Higher curvatures of curves in Euclidean space, Amer. Math. Monthly 73 (1996),
699–704.

[13] K. Ilarslan, O. Boyacioglu, Position vectors of a spacelike W-cuerve in Minkowski space ε3
1,

Bull. Korean Math. Soc. 44 (2007), 429–438.

[14] S. Izumiya, N. Takeuchi, New special curves and developable surfaces, Turk. J. Math. 28
(2004), 531–537.

[15] I. Kamenarović, Existence theorems for ruled surfaces in the Galilean space G3, Rad HAZU
Math 456 (1991), 183–196.

[16] W. Kuhnel, Differential Geometry: Curves - Surfaces - Manifolds, Wiesdaden: Braunchweig,
1999.

[17] M.M. Lipschitz, Schum,s Outline of Theory and Problems of Differential Geometry, McGraw-
Hill Book Company, New York, 1969.



210 A. T. Ali

[18] A.A. Lucas, P. Lambin, Diffraction by DNA, carbon nanotubes and other helical nanostruc-
tures, Rep. Prog. Phys. 68 (2005), 1181–1249.

[19] R.S. Milman, G.D. Parker, Elements of Differential Geometry, Prentice-Hall Inc., Englewood
Cliffs, New Jersey, 1977.

[20] J. Monterde, Salkowski curves revisted: A family of curves with constant curvature and
non-constant torsion, Comput. Aided Geomet. Design 26 (2009), 271–278.
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