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OPERATOR REPRESENTATIONS OF GENERALIZED
HYPERGEOMETRIC FUNCTIONS AND CERTAIN POLYNOMIALS

Mumtaz Ahmad Khan and Mohd. Khalid Rafat Khan

Abstract. A new technique is evolved to give operator representations of hypergeometric
functions and certain polynomials.

1. Introduction

In 1731, Euler defined the derivative formula

Dn
xxλ =

Γ(1 + λ)
Γ(1 + λ− n)

xλ−n, Dx ≡ d

dx

where n is a positive integer. Its general form is

Dµ
xxλ =

Γ(1 + λ)
Γ(1 + λ− µ)

xλ−µ, (1.1)

where λ and µ are arbitrary complex numbers. Here (1.1) is given to facilitate the
use of D−n, i.e. replacing µ by −n in (1.1), where n is a positive integer. Here
series representations of different operators have been used to establish operational
representation of hypergeometric functions and various known polynomials. The
technique used and the results obtained are believed to be new.

2. Definitions and notation

In deriving the operator representations of hypergeometric functions and cer-
tain polynomials use has been made of the fact of the following notations:

If Dx denotes a derivative operator, then D−1
x is nothing but the inverse op-

erator of Dx. Now we can write the following:
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D−1
x =

1
Dx

, D−n
x = D−1

x D−1
x . . . (n times) = (D−1

x )n =
(

1
Dx

)n

,

(α)n x−n = xα(−Dx)n x−α, (2.1)
1

(α)n
xn = x−α+1(

1
Dx

)n xα−1. (2.2)

Some results used in the proofs are

ex =
∞∑

n=0

xn

n!
, (2.3)

(1− x)−a =
∞∑

n=0

(a)n xn

n! . (2.4)

We also need the definitions of the following generalized hypergeometric func-
tions and polynomials in terms of hypergeometric function and also their notations
(see [4], [11], [12]).

Generalized hypergeometric function. The generalized hypergeometric
function is defined as

pFq

[
a1, · · · , ap;
b1, · · · , bq;

x

]
=

∞∑
n=0

∏p
i=1(ai)n xn

∏q
j=1(bj)n n!

. (2.5)

Laguerre polynomial. It is denoted by the symbol L
(α)
n (x) and is defined as

L(α)
n (x) =

(1 + α)n

n! 1F1

[ −n;
1 + α;x

]
.

Legendre polynomial. It is denoted by the symbol Pn(x) and is defined as

Pn(x) =2 F1

[−n, n + 1 ;
1;

1− x

2

]
.

Jacobi polynomial. It is denoted by the symbol P
(α,β)
n (x) and is defined as

P (α,β)
n (x) =

(1 + α)n

n! 2F1

[−n, 1 + α + β + n ;
1 + α;

1− x

2

]
.

Ultraspherical polynomial. The special case of β = α of the Jacobi poly-
nomial is called ultraspherical polynomial and is denoted by P

(α,α)
n (x). It is thus

defined as

P (α,α)
n (x) =

(1 + α)n

n! 2F1

[−n, 1 + 2α + n ;
1 + α;

1− x

2

]
.

Gegenbauer polynomial. The Gegenbauer polynomial Cν
n(x) is the gener-

alization of Legendre polynomial and is defined as

Cν
n(x) =

(2ν)n

n! 2F1

[−n, 2ν + n ;
ν + 1

2 ;
1− x

2

]
.
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Bessel polynomial. Simple Bessel polynomial yn(x) is defined as

yn(x) =2 F0

[−n, n + 1 ;
−;

−x

2

]
,

and the generalized Bessel polynomials yn(a, b, x) is defined as

yn(a, b, x) =2 F0

[−n, a− 1 + n;
−;

−x

b

]
.

Lagrange polynomial. It is denoted by the symbol g
(α,β)
n (x, y) and is defined

by

g(α,β)
n (x, y) =

(α)n

n! 2F1

[ −n, β;
1− α− n;

y

x

]
.

Sylvester polynomial. It is denoted by the symbol ϕn(x) and is defined as

ϕn(x) =
xn

n! 2F0

[−n, x;
−; x−1

]
.

Shively’s pseudo Laguerre polynomial. It is denoted by the symbol
Rn(a, x) and is defined as

Rn(a, x) =
(a)2n

n!(a)n
1F1

[ −n ;
a + n ; x

]
.

Hermite polynomial. It is denoted by the symbol Hn(x) and is defined as

Hn(x) = (2x)n
2F0

[− 1
2n,− 1

2n + 1
2 ;

−; − 1
x2

]
.

Bateman’s Zn(x). Bateman’s polynomial Zn(x) is defined as

Zn(x) =2 F2

[−n, n + 1 ;
1, 1; x

]
.

Bateman’s generalization of Zn(x). Bateman moved from Zn(x) to the
more general polynomial

2F2

[−n, 2v + n ;
v + 1

2 , 1 + b; t

]
.

It may be remarked here that the above polynomial is the Gegenbauer type gener-
alization of Zn(x). We will therefore adopt the symbol Zv

n(b, t). Thus we have

Zv
n(b, t) =2 F2

[ −n, 2v + n ;
v + 1

2 , 1 + b; t
]

.

A Jacobi type generalization of Zn(x) may be denoted by the symbol Z
(α,β)
n (b, x)

and is defined as

Z(α,β)
n (b, x) =2 F2

[ −n, 1 + α + β + n ;
1 + α, 1 + b; x

]
.
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Tchebycheff polynomials. The Tchebycheff polynomials Tn(x) and Un(x)
of the first and second kinds respectively are special ultraspherical polynomials. In
details

Tn(x) =
n!

( 1
2 )n

P
(− 1

2 ,− 1
2 )

n (x), Un(x) =
(n + 1)!

( 3
2 )n

P
( 1
2 , 1

2 )
n (x),

and in terms of hypergeometric function their definition will be as follows

Tn(x) =2 F1

[−n, n ;
1
2 ;

1− x

2

]
, Un(x) = (n + 1) 2F1

[−n, n + 2;
3
2 ;

1− x

2

]
.

Cesáro polynomial. It is denoted by the symbol g
(s)
n (x) and is defined as

g(s)
n (x) =

(
s + n

n

)
2F1

[ −n, 1 ;
−s− n ;x

]
.

Bedient’s polynomials. Bedient [2], in his study of some polynomials asso-
ciated with Appell’s F2 and F3, introduced

Rn(β, γ, x) =
(β)n(2x)n

n! 3F2

[−n
2 ,−n

2 + 1
2 , γ − β;

γ, 1− β − n ;
1
x2

]
,

Gn(α, β;x) =
(α)n(β)n(2x)n

n!(α + β)n
3F2

[− 1
2n,− 1

2n + 1
2 , 1− α− β − n;

1− α− n, 1− β − n ;
1
x2

]
.

Rice polynomial. Rice polynomial Hn(ξ, p, v) is defined as

Hn(ξ, p, v) = 3F2

[−n, n + 1 , ξ;
1, p; v

]
.

A Jacobi type generalization of Rice polynomial Hn(ξ, p, v) is due to Khandekar
[10] who denoted his generalized polynomial by the symbol H

(α,β)
n (ξ, p, v) and is

defined as

H(α,β)
n (ξ, p, v) =

(1 + α)n

n! 3F2

[−n, 1 + α + β + n , ξ;
1 + α, p; v

]
.

Sister Celine’s polynomial. Sister M. Celine denoted her polynomial by

the symbol fn

[
a1, · · · , ap;
b1, · · · , bq;

x

]
and is defined as

fn

[
a1, · · · , ap;
b1, · · · , bq;

x

]
=p+2 Fq+2

[−n, n + 1, a1, · · · , ap;
1, 1

2 , b1, · · · , bq;
x

]
.

3. Operational representation

If Dxi ≡ ∂
∂xi

and Dyi ≡ ∂
∂yi

, where i = 1, 2, 3, . . . , by using these partial
differential operators, we define the following function:

q⊎
p

[b1, b2 . . . , bp; c1, c2, . . . , cq; x1, x2, . . . , xq : y1, y2, . . . , yp]

=
P∏

j=1

y
bj

j

q∏

i=1

x−ci+1
i exp

(
(−1)p

∏P
j=1 Dyj∏q

i=1 Dxi

)
P∏

j=1

y
−bj

j

q∏

i=1

xci−1
i , (3.1)
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and we can show that the result (3.1) is equivalent to the following:

q⊎
p

[b1, b2 . . . , bp; c1, c2, . . . , cq; x1, x2, . . . , xq : y1, y2, . . . , yp]

= pFq

[
b1, b2, . . . , bp; c1, c2, . . . , cq;

x1x2 . . . xq

y1y2..yp

]
. (3.2)

Again we define another function, as follows:

q⊎
p+1

[a, b1, b2 . . . , bp; c1, c2, . . . , cq;x1, x2, . . . , xq : y1, y2, . . . , yp]

=
p∏

j=1

y
bj

j

q∏

i=1

x−ci+1
i

(
1− (−1)p

∏p
j=1 Dyj∏q

i=1 Dxi

)−a P∏

j=1

y
−bj

j

q∏

i=1

xci−1
i . (3.3)

Further, we can show that the result (3.3) is equivalent to the following

q⊎
p+1

[b1, b2 . . . , bp; c1, c2, . . . , cq; x1, x2, . . . , xq : y1, y2, . . . , yp]

= p+1Fq

[
a, b1, b2, . . . , bp; c1, c2, . . . , cq;

x1x2 . . . xq

y1y2..yp

]
. (3.4)

Proof of (3.2). Taking the R.H.S of (3.1) and applying the result (2.3), we get

p∏

j=1

y
bj

j

q∏

i=1

x−ci+1
i

∞∑
r=0

(−1)pr
∏p

j=1(Dyj )
r

r!
∏q

i=1(Dxi)r

p∏

j=1

y
−bj

j

q∏

i=1

xci−1
i

=
∞∑

r=0

1
r!

p∏

j=1

{
y

bj

j (−Dyj )
ry
−bj

j

} q∏

i=1

{
x−ci+1

i

(
1

Dxi

)r

xci−1
i

}
.

Now applying the results (2.1) and (2.2), we get

=
∞∑

r=0

1
r!

p∏

j=1

{
(bj)r y−r

j

} q∏

i=1

{
1

(ci)r
xr

i

}
.

From (2.5), we get the result (3.2).

Proof of (3.4). Taking the R.H.S of (3.3) and applying the results (2.4), we get

p∏

j=1

y
bj

j

q∏

i=1

x−ci+1
i

∞∑
r=0

(a)r (−1)pr
∏p

j=1(Dyj )
r

r!
∏q

i=1(Dxi)r

p∏

j=1

y
−bj

j

q∏

i=1

xci−1
i

=
∞∑

r=0

(a)r

r!

p∏

j=1

{
y

bj

j (−Dyj )
ry
−bj

j

} q∏

i=1

{
x−ci+1

i

(
1

Dxi

)r

xci−1
i

}
,
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and now applying the results (2.1) and (2.2), we get the following:

=
∞∑

r=0

(a)r

r!

p∏

j=1

{
(bj)r y−r

j

} q∏

i=1

{
1

(ci)r
xr

i

}
.

Again from (2.5), we get the result (3.4).

4. Operational representations of hypergeometric functions

By taking different values of p and q in (3.1)–(3.4), we get operational repre-
sentations of hypergeometric functions. If we take p = 1 and q = 0 in (3.2), we
get

0⊎
1

[a;−;− : x] = 1F0

[
a;−;

1
x

]
,

and from (3.1)

1F0

[
a;−;

1
x

]
= xa e−Dx x−a.

Similarly, we can define the following

1F1

[
a; b;

x

y

]
= ya x−b+1 e

−Dy
Dx y−axb−1

1F1 [a; b; x] = x−b+1

(
1− 1

Dx

)−a

xb−1

2F0

[
a, b;

1
x

]
= xa (1 + Dx)−b

x−a

2F0

[
a, b;

1
x

]
= xb (1 + Dx)−a

x−b

2F0

[
a, b;

1
xy

]
= xayb eDxDyx−ay−b

2F1

[
a, b; c;

x

y

]
= x−c+1yb

(
1 +

Dy

Dx

)−a

xc−1y−b

2F1

[
a, b; c;

x

y

]
= x−c+1ya

(
1 +

Dy

Dx

)−b

xc−1y−a

2F1

[
a, b; c;

x

yz

]
= x−c+1yazb exp

(
DyDz

Dx

)
xc−1y−az−b

2F2

[
a, b; c, d;

xy

z

]
= x−c+1y−d+1zb

(
1 +

Dz

DxDy

)−a

xc−1yd−1z−b

2F2

[
a, b; c, d;

xy

z

]
= x−c+1y−d+1za

(
1 +

Dz

DxDy

)−b

xc−1yd−1z−a

2F2

[
a, b; c, d;

xy

z

]
= x−d+1y−c+1zb

(
1 +

Dz

DxDy

)−a

xd−1yc−1z−b
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2F2

[
a, b; c, d;

xy

zw

]
= x−c+1y−d+1za wb exp

(
DzDw

DxDy

)
xc−1yd−1z−a w−b

2F2

[
a, b; c, d;

xy

zw

]
= x−d+1y−c+1zb wa exp

(
DzDw

DxDy

)
xd−1yc−1z−b w−a

3F0

[
a, b, c;−;

1
xy

]
= xbyc (1−DxDy)−a

x−by−c

3F0

[
a, b, c;−;

1
xy

]
= xayc (1−DxDy)−b

x−ay−c

3F0

[
a, b, c;−;

1
xy

]
= xayb (1−DxDy)−c

x−ay−b

3F0

[
a, b, c;−;

1
xyz

]
= xaybzc exp (DxDyDz)x−ay−bz−c

3F1

[
a, b, c; d;

x

yz

]
= x−d+1yazb

(
1− DyDz

Dx

)−c

xd−1y−az−b

3F1

[
a, b, c; d;

x

yz

]
= x−d+1yazc

(
1− DyDz

Dx

)−b

xd−1y−az−c

3F1

[
a, b, c; d;

x

yz

]
= x−d+1ybzc

(
1− DyDz

Dx

)−a

xd−1y−bz−c

3F1

[
a, b, c; d;

x

yzw

]
= x−d+1ybzcwa exp

(−DzDyDw

Dx

)
w−axd−1y−bz−c.

5. Operational representations of certain polynomials

The operational representations of several polynomials are given as follows

L(α)
n (x) =

x−α

n!
(Dx − 1)nxn+α

L(α)
n (x) =

(1 + α)n

n!
x−α

(
1− 1

Dx

)n

xα

L(α)
n (

x

y
) =

(1 + α)n

n!
x−αy−ne

−Dy
Dx xαyn

Pn

(
1− 2x

y

)
=

y−n

n!
Dn

x

(
1 +

Dy

Dx

)−n−1

xnyn

Pn

(
1− 2x

y

)
= y−n

(
1 +

Dy

Dx

)−n−1

x0yn

Pn

(
1− 2x

y

)
= yn+1

(
1 +

Dy

Dx

)n

x0y−n−1

P (α,β)
n

(
1− 2x

y

)
=

x−αy−n

n!
Dn

x

(
1 +

Dy

Dx

)−n−α−β−1

xn+αyn
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P (α,β)
n

(
1− 2x

y

)
=

(1 + α)nx−αy1+α+β+n

n!

(
1 +

Dy

Dx

)n

xαy−1−α−β−n

P (α,β)
n

(
1− 2x

y

)
=

(1 + α)nx−αy−n

n!

(
1 +

Dy

Dx

)−n−α−β−1

xαyn

P (α,α)
n

(
1− 2x

y

)
=

x−αy−n

n!
Dn

x

(
1 +

Dy

Dx

)−n−2α−1

xn+αyn

P (α,α)
n

(
1− 2x

y

)
=

(1 + α)nx−αy−n

n!

(
1 +

Dy

Dx

)−n−2α−1

xαyn

P (α,α)
n

(
1− 2x

y

)
=

(1 + α)nx−αy1+2α+n

n!

(
1 +

Dy

Dx

)n

xαy−1−2α−n

C(ν)
n

(
1− 2x

y

)
=

(2ν)nx−ν+ 1
2 y−n

n!

(
1 +

Dy

Dx

)−n−2ν

xν− 1
2 yn

C(ν)
n

(
1− 2x

y

)
=

(2ν)nx−ν+ 1
2 y2ν+n

n!

(
1 +

Dy

Dx

)n

xν− 1
2 y−2ν−n

yn

(
1
x

)
= x−n

(
1− Dx

2

)−n−1

xn

yn

(
1
x

)
= xn+1

(
1− Dx

2

)n

x−n−1

yn

(
a, b,

1
x

)
= x−n

(
1− Dx

b

)−n−a+1

xn

yn

(
a, b,

1
x

)
= xn+a−1

(
1− Dx

b

)−n

x−n−a+1

g(α,β)
n (x, y) =

(α)n

n!
yn+αx−n(1 +

Dx

Dy
)−βy−n−αxn

g(α,β)
n

(
1
x

,
1
y

)
=

(α)n

n!
xn+αyβ

(
1 +

Dy

Dx

)n

x−n−αyβ

Φn(x) =
1
n!

(1 + Dx)−x
xn

Rn(a, x) =
(a)2n

(a)nn!
x−n−a+1

(
1 +

1
Dx

)n

xn+a−1

Rn

(
a,

x

y

)
=

(a)2n

(a)nn!
x−n−a+1y−n exp

(−Dy

Dx

)
xn+a−1yn

Hn

(x

2

)
= e−D2

xxn

Hn (
√

x) = 2n (1−Dx)
n
2− 1

2 x
n
2

Hn (
√

x) = 2nx
1
2 (1−Dx)

n
2 x

n
2− 1

2
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Zn (x) =
1
n!

Dn
x

{
xn

(
1− 1

Dx

)n

x0

}

Zn(x) =
1

(n!)2
Dn

x {xn(Dx − 1)nxn}

Zν
n

(
b,

xy

z

)
= z2ν+ny−bx−ν+ 1

2

(
1 +

Dz

DxDy

)n

z−2ν−nybxν− 1
2

Zν
n

(
b,

xy

z

)
= x−by−ν+ 1

2 z−n

(
1 +

Dz

DxDy

)−2ν−n

xbyν− 1
2 zn

Zν
n

(
b,

xy

zw

)
= z−ny−bx−ν+ 1

2 w2ν+n exp
(

DzDw

DxDy

)
znybxν− 1

2 w−2ν−n

Z(α,β)
n

(
b,

xy

z

)
= x−αy−bz−n

(
1 +

Dz

DxDy

)−n−α−β−1

xαybzn

Z(α,β)
n

(
b,

xy

z

)
= x−αy−bzn+α+β+1

(
1 +

Dz

DxDy

)n

xαybz−n−α−β−1

Z(α,β)
n

(
b,

xy

zw

)
= x−αy−bzn+α+β+1w−n exp

(
DzDw

DxDy

)
xαybz−n−α−β−1wn

Tn

(
1− 2x

y

)
= x

1
2 y−n

(
1 +

Dy

Dx

)−n

x−
1
2 yn

Un

(
1− 2x

y

)
= (n + 1)x−

1
2 y−n

(
1 +

Dy

Dx

)−n−2

x
1
2 yn

g(s)
n

(
x

y

)
=

(
s + n

n

)
xs+n+1y−n

(
1 +

Dy

Dx

)−1

x−s−n−1yn

Hn

(
ξ, p,

y

x

)
=

xξ

n!
Dn

y

(
yn−p+1

(
1 +

Dx

Dy

)n

x−ξy−p−1

)

H(α,β)
n

(
ξ, p,

xy

zw

)
= x−αy−p+1z−nwξ

(
1− DzDw

DxDy

)−α−β−n−1

xαyp−1znw−ξ

Gn

(
α, β;

x

2
√

yz

)
=

(α)n(β)n

n!(α + β)n
zα+ n

2 yβ+ n
2

(
1− D2

x

DyDz

)β+α+n−1

xny−β−nz−α−n

Rn

(
β, γ;

x

2
√

yz

)
=

(β)n

n!
z−γ+1−n

2 yβ+ n
2

(
1− D2

x

DyDz

)β−γ

xny−β−nzγ−1.
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