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STRONG CONVERGENCE THEOREMS OF COMMON FIXED
POINTS FOR A PAIR OF QUASI-NONEXPANSIVE AND
ASYMPTOTICALLY QUASI-NONEXPANSIVE MAPPINGS

Gurucharan Singh Saluja

Abstract. The purpose of this paper is to give necessary and sufficient condition of modified
three-step iteration scheme with errors to converge to common fixed points for a pair of quasi-
nonexpansive and asymptotically quasi-nonexpansive mappings in Banach spaces. The results
presented in this paper generalize, improve and unify the corresponding results in [1, 3, 4, 8, 9].

1. Introduction and preliminaries

Let F be a real Banach space, K be a nonempty subset of £ and S,T: K — K
be two mappings. F(S,T) denotes the set of common fixed points of S and T. We
recall the following definitions.

DEFINITION 1.1. Let T: K — K be a mapping:

(1) T is said to be nonexpansive if | Tz — Ty|| < ||z — y|| for all z,y € K.

(2) T is said to be quasi-nonexpansive if F(T) # (0 and |Tx —p| < ||z —p||
forallz € K, pe F(T).

(3) T is said to be asymptotically nonexpansive if there exists a sequence {r,, }
in [0,00) with lim, . 7, = 0 such that ||T"z — T"y| < (1 + r,) ||z — y|| for all
z,y € Kandn > 1.

(4) T is said to be asymptotically quasi-nonexpansive if F(T') # () and there
exists a sequence {r,} in [0,00) with lim, .7, = 0 such that [|T"x —p| <
(147, |lx—p| forallz € K, pe F(T) and n > 1.

(5) T is said to be uniformly L-Lipschitzian if there exists a positive constant
L such that | "z — T"y|| < L ||z — y|| for all ,y € K and n > 1.

(6) T is said to be uniformly quasi-Lipschitzian if there exists L € [1,+00)
such that [|[T"2 —p|| < L |z —p|| for all z € K, p € F(T) and n > 1.
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From the above definitions, it follows that if F/(T") is nonempty, a nonexpansive
mapping must be quasi-nonexpansive, an asymptotically nonexpansive mapping
must be asymptotically quasi-nonexpansive, a uniformly L-Lipschitzian mapping
must be uniformly quasi-Lipschitzian and an asymptotically quasi-nonexpansive
mapping must be uniformly quasi-Lipschitzian. But the converse does not hold.

In 1973, Petryshyn and Williamson [8] established a necessary and sufficient
condition for a Mann [7] iterative sequence to converge strongly to a fixed point of a
quasi-nonexpansive mapping. Subsequently, Ghosh and Debnath [1] extended the
results of [8] and obtained some necessary and sufficient condition for an Ishikawa-
type iterative sequence to converge to a fixed point of a quasi-nonexpansive map-
ping. In 2001, Liu in [3, 4] extended the results of Ghosh and Debnath [1] to the
more general asymptotically quasi-nonexpansive mappings. In 2006, Shahzad and
Udomene [9] gave the necessary and sufficient condition for convergence of common
fixed point of two-step modified Ishikawa iterative sequence for two asymptotically
quasi-nonexpansive mappings in real Banach space.

Recently, Liu et al. in [5, 6] study the weak and strong convergence of common
fixed points for modified two and modified three-step iteration sequence with errors
with respect to a pair of mappings .S and T'.

Motivated and inspired by Liu et al. in [5, 6] and others, we study the fol-
lowing iteration scheme for a pair of quasi-nonexpansive and asymptotically quasi-
nonexpansive mappings. Our scheme is as follows.

DEFINITION 1.2. Let K be a nonempty convex subset of a normed linear space
E and S,T: K — K be two mappings. For an arbitrary z; € K, the modified
three-step iteration sequence with errors {z, },,>1 with respect to S and T' defined
by:
Yn = STy + BT 2 + ViV, (1.1)
Tnt1 = STy + BT "Yn + nwn, Yn2>1,
where {an}, {al,}, {ai}, {Ba}, {8}, {87}, {}, {7} and {;} are sequences in
[0, 1] satisfying
an+PBntm=ap+ B+ =+ B+, =1

and {u,}, {v,} and {w,} are three bounded sequences in K.

REMARK 1.1. In case S =TI and 8/ =4/ = 0 for n > 1, then the sequence
{zn}n>1 generated in (1.1) reduces to the usual modified Ishikawa iterative sequence
with errors.

The purpose of this paper is to give necessary and sufficient condition to con-
verge to a common fixed point of modified three-step iterative sequence with errors
for a pair of quasi-nonexpansive and asymptotically quasi-nonexpansive mappings
in a real Banach space. The results presented in this paper generalize, improve and
unify the corresponding results of [1, 3, 4, 8, 9] and many others.

In the sequel we need the following lemmas to prove our main results.
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LEMMA 1.1. [10, Lemma 1] Let {a,}52 1, {8,352, and {r,}52, be sequences

n=1’
of nonnegative numbers satisfying the inequality
Api1 < (14 Bp)an +1n, Vn>1.
If S50 B < o0 and Y07 rn < 00, then lim, .o v, ezists. In particular,
{an}52L, has a subsequence which converges to zero, then lim,,_ o o, = 0.

LEMMA 1.2. Let K be a nonempty convex subset of a normed linear space
E. Let S: K — K be a quasi-nonexpansive mapping and T: K — K be an
asymptotically quasi-nonexpansive mapping with a sequence {r,} C [0,00) satis-
fying lim, oo 7, = 0 such that .2 1, < 0o and F(S,T) # 0. Let the sequence
{zp}n>1 defined by (1.1) with the restrictions Y .o ;Y < 00, Do vh < 00,
oo Y < oo. Then:

(a) imy, oo ||zn — p|| exists for any p € F(S,T).

(b) There exists a constant M > 0 such that

n+m—1
[Znsm —pll < M ||z —pll+ M Y7 Ay,
k=n

n+m-—1 .

for alln,m >1 and p € F(S,T), where M = e3zk:n Tk

Proof. (a)Let p € F(S,T). Note that {u,—p}n>1, {vn—D}n>1 and {w,—p}n>1
are bounded. It follows that M = sup{||u, — p||, ||vn — 2|, Jwn —p|| : 7 > 1} < 0.
Since S is quasi-nonexpansive and 7' is asymptotically quasi-nonexpansive, by (1.1)
we note that
||xn+1 - p” = ||OénSJ)n + ﬁnTnyn + YnWn — pH
< ap [|Szn = pll + Ba I T"yn — pll + v lwn — pll
< ap [z = pll + Ba(1 +70) 1y — pll + Vo [lwn — p|

< ay ||z = pll + Bl +70) lyn — pll + 1M (1.2)
and
lyn —pll = a5, Szn + B, T" 20 + 00 — 1
< ay 1Sz = pll + By 1T 20 = pll + 7, [l — pll
< ol [lzn = pll + B8, (1 +74) |20 — pll + 75 [lon —
< o [len = pll + Bu (1 +10) 120 — pll + 7, M (1.3)
and

”Zn - p|| = Ha’ésfvn + ﬂngxn + 'Y;Zun *p“
< ay 1Sz = pll + By 1T — pll + 7 [un — pll
< ay llen = pll + B, (1 +70) |20 — pll + ) [Jun —
< (o + B) X +10) ([0 — pll + 75 llun = pl]
= (1 =) +70) 20 = pll + ) [lun — 1
< (L) lzn —pll + v M. (1.4)
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Substituting (1.4) into (1.3), we have
1yn = pll < og llzn = pll + (L +72) 8, [(1+ 1) lon — pll + 7 M] + 7, M
< (L +7a)(an, + Bp) 2w = pll + B (1 + r0) v M + 7, M
(L +70)*(1 = 7p) lwn = pll + B, (1 + )y M + 9, M
< (14 ) n — Bl + (1 1)y + 7M. (15)
Substituting (1.5) into (1.2), we have
21 = pll < e llzn = pll + Bu(L + ) [(1+ )2 2 — pl|
+ (L) (v + )M+ M
< (L +7a)(an + Ba) llzn = pll + Ba(L +70)* (v, + 70 M + 7 M
= 1+ 72)°(1 = yn) 2 = pll + Bu(L+70)* (v, + )M + 7 M
< (L47n) llzn = pll+ L+ 70) [ + 70+ 71M
=1 +70)% 20 —pll + An (1.6)

where An = (1 + )% +7n +y0IM. Since Y 07 T, < 00, Yoot Y < 00,
S h <ooand Yo7 vl < oo, so that > oo | A, < oo, thus by Lemma 1.1, we
have lim,, . ||z, — p|| exists. This completes the proof of part (a).

(b) Since 1 + 2 < e” for all x > 0. Then from part (a) it can be obtained that
”anrm - pH < (1 + rn+mfl)3 ||xn+m71 _pH + Antm—1
< e?rntm ||xn+m71 _pH + Antm—1
< ernim=1 [637-n+m72 |‘mn+m72 - pH + An+m72} + Anerfl
< 63(Tn+m71+rn+m72) ||xn+mf2 - pH + 63Tn+1n71An+m72 + Anerfl

< 3(Tntm—147Tnim—2) ||93n+m—2 7pH + e3Tntm—1 [An+m_2 + An+m_1]

IN

n+m n4m— 1 n+m—1
< XNy —pl T TS

k=n
n+m—1 3 n+m— 1
<Mz, —pl|l+M >, Ap, where M=e 2k
k=n
This completes the proof of part (b). m

2. Main results

THEOREM 2.1. Let E be a real Banach space and K be a nonempty closed
convex subset of E. Let S: K — K be a quasi-nonexpansive mapping and T: K —
K be an asymptotically quasi-nonexpansive mapping with a sequence {ry} C [0, 00)
satisfying lim, ooy, = 0 such that > > r, < oo and F(S,T) # 0. Let the
sequence {l’n}n>1 defined by (1.1) with the restrictions Y o | Yn < 00, D oo Y <

00, Yoo vl < 0o. Then {xy}n>1 converges strongly to a common fized point of the
mappings S and T if and only if liminf, o d(x,, F(S,T)) = 0, where d(z, F(S,T))
denotes the distance between x and the set F(S,T).
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Proof. The necessity is obvious. Thus we only prove the sufficiency. For all
p € F(S,T), by equation (1.6) of Lemma 1.2, we have

lznsr = pll < A+ 70)° on —pll + A, ¥R €N (2.1)

where A, = (1 + 7,)%[yn + 7, + v4]M. Since Y 07 7 < 00, Dove Y < 00,
oo v < ooand Y o2 4 < oo, sothat Y 02 | A, < oo, so from equation (2.1),
we obtain
d(xpy1, F(S,T)) < (14 7r,)%d(x,, F(S,T)) + A, (2.2)

Since liminf,, o d(zn, F(S,T)) = 0 and from Lemma 1.1, we have
lim,, 00 d(xy, FI(S,T)) = 0.

Next we will show that {z,,} is a Cauchy sequence. For all 1 > 0, from Lemma
1.2, it can be known there must exists a constant M > 0 such that

n+m—1
|Tnim — Dl S M||lzp —pl|+ M >, Ax, VYn,meN, Vpe F(S,T). (2.3)
k=n

Since lim;, .o d(2p, F(S,T)) = 0 and Y ,o A < oo, then there must exists a
constant Ny, such that when n > N;
€1
d F(S,T — 2.4
(a0, F(S.T)) < 21 (2.4

and
o0

A < 537 (2.5)
k=n
So there must exists p* € F(S5,T), such that

€1

d(meF(SaT)) = Hle 7p*|| < AM
From (2.3), (2.5) and (2.6) it can be obtained that when n > Ny

||xn+m = Zn|l < ||Tntm _p*H + [|zn — p*|l

(2.6)

o0
< Moy, —p*ll+M Y Ax+ M|y, —p
k=N,

<2M oy, —p*|+ M Y A
k=N,
€1 €1
2M - — 4+ M- — 2.7
< 4M+ 2M<51 (2.7)

that is || Zp4m — Tnll < 1.

This shows that {z,} is a Cauchy sequence and so is convergent since E is
complete. Let lim,_ o x, = y*. Then y* € K. It remains to show that y* €
F(S,T). Let €2 > 0 be given. Then there exists a natural number N» such that

€2
n— U < ——2— Yn> N,. 2.8
o =7l < gy Yoz N (28)
Since lim,, o0 d(zy, F(S,T)) = 0, there must exists a natural number N3 > N
such that for all n > N3, we have
d(xn, F(S,T)) < ——2

3(L+1)’ (2.9)
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and in particular, we have

d(zn,, F(S,T)) < ﬁ (2.10)
Therefore, there exists z* € F(S,T) such that
len, — 2*| < ﬁ (2.11)
Consequently, we have
ITy" —y*[| = ITy" — 2" + 2" —an, +ang — Y7l
<|Ty* =21+ 112" — 2wl + lzns — 7|l
S Llly" = 2" + 12" —ong | + llzn, — o7
<Ly —an, +an, — 2|+ 127 —ang |+ [lon, — 37|
< Llly" —onall + llzns = 271+ 12" — 2wl + lev, — o7
S L+ Dy —onll + (L+ 1) 2" — 2, ||
<(L+1).2(L611)+(L+1).ﬁ<52. (2.12)

This implies that y* € F(T). Similarly, we can show that y* € F(S). Since S is
quasi-nonexpansive, so it is uniformly quasi-1 Lipschitzian, so here taking L = 1,
we have

15y* —y*ll = 1Sy" — 2" + 2" —an, + 2N, — ¥
<[ISy" =21+ 112" — oy | + lon, — 7
<ly" = 2"l + 12" = 2l + llows — 37|l
<ly™ — 2Ny +an, = 27+ 1127 — el + e, — 37l

<ly™ = 2wl + ey = 251+ 112" = sl + lons = 7

* % 3 5
<2y — ol + 22" — el <20 420 <ea
(2.13)

This shows that y* € F(S). Thus y* € F(S,T), that is, y* is a common fixed point
of the mappings S and T'. This completes the proof. m

THEOREM 2.2. Let E be a real Banach space and K be a monempty closed
convez subset of E. Let S: K — K be a quasi-nonexpansive mapping and T: K —
K be an asymptotically quasi-nonezpansive mapping with a sequence {r,} C [0,00)
satisfying lim, oo 7, = 0 such that Y > r, < oo and F(S,T) # 0. Let the
sequence {y, tn>1 defined by (1.1) with the restrictions Y - | Yn < 00, Y oo Yh <
00, Yoo Ve < 0o. Then {x,}n>1 converges strongly to a common fized point p
of the mappings S and T if and only if there exists a subsequence {x,,;} of {x,}
which converges to p.

Proof. The proof of Theorem 2.2 follows from Lemma 1.1 and Theorem 2.1. m

THEOREM 2.3. Let E be a real Banach space and K be a nonempty closed con-
vex subset of E. Let S: K — K be a quasi-nonexpansive mapping and T: K — K
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be an asymptotically quasi-nonexpansive mapping with a sequence {r,} C [0,00)
satisfying lim,, .o 7, = 0 such that Y .- 7, < o0 and F(S,T) # 0. Let the se-
quence {xy, }n>1 defined by (1.1) with the restrictions Y oy Yn < 00, D ove ) Vi < 00,
oo LY < oo. Suppose that the mapping S and T satisfy the following conditions:

(1) limp— o0 |20 — Szp|| = 0 and limy, o ||z, — Tzy|| = 0;

(73) there exists a constant A > 0 such that {||z, — Szp| + |xn — Tznl|} >
Ad(zp, F(S,T)), Vn > 1.

Then {xyp}n>1 converges strongly to a common fized point of the mappings S
and T.

PRrOOF. From conditions (i) and (ii), we have lim,_,o d(zn, F'(S,T)) = 0, it
follows as in the proof of Theorem 2.1, that {x,},>1 must converges strongly to a
common fixed point of the mappings S and 7. m

EXAMPLE 2.1. Let E be the real line with the usual norm |- | and K = [0, 1].
Define S and T: K — K by

Tz =sinz, z€[0,1] and Sz==2z, ze€]0,1],
for x € K. Obviously T(0) = 0 and S(0) = 0, that is, 0 is a common fixed
point of S and T, that is, F(S,T) = {0}. Now we check that T is asymptotically
quasi-nonexpansive. In fact, if € [0,1] and p = 0 € [0, 1], then
|[Tx —p| = |Tx—0| =|sinz — 0| = |sinz| < |z| = |z — 0] = |z — p|,
that is [Tz — p| < |z — p|. That is, T is quasi-nonexpansive. It follows that T is
uniformly quasi-Lipschitzian and asymptotically quasi-nonexpansive with k,, = 1
for each n > 1. Similarly, we can verify that S is quasi-nonexpansive, for if 2 € [0, 1]
and p =0 € [0,1], then |Sz —p| =|Sx— 0| = | — 0] = |z — p|.

REMARK 2.1. Theorem 2.1 extends, improves and unifies the corresponding
results of [1, 3, 4, 8, 9]. Especially Theorem 2.1 extends, improves and unifies
Theorems 1 and 2 in [4], Theorem 1 in [3] and Theorem 3.2 in [9] in the following
ways:

(1) The identity mapping in [3, 4, 9] is replaced by a more general quasi-
nonexpansive mapping.

(2) The usual Ishikawa iteration scheme in [3], the usual modified Ishikawa
iteration scheme with errors in [4] and the usual modified Ishikawa iteration scheme
with errors for two mappings are extended to the modified three-step iteration
scheme with errors with respect to a pair of mappings.

REMARK 2.2. Theorem 2.2 extends, improves and unifies Theorem 3 in [4]
and Theorem 2.3 extends, improves and unifies Theorem 3 in [3] in the following
aspects:

(1) The identity mapping in [3] and [4] is replaced by a more general quasi-
nonexpansive mapping.

(2) The usual Ishikawa iteration scheme in [3] and the usual modified Ishikawa
iteration scheme with errors in [4] are extended to the modified three-step iteration
scheme with errors with respect to a pair of mappings.
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REMARK 2.3. Recently, Zhao and Wang in [12] and Xiao et al. in [11] have
studied respectively a finite family of asymptotically nonexpansive and a finite
family of asymptotically quasi-nonexpansive mappings and have proved some strong
convergence theorems while in this paper we have taken a pair of different mappings,
one is quasi-nonexpansive and other is asymptotically quasi-nonexpansive mapping
and have given a necessary and sufficient condition of strong convergence of common
fixed points for the above mappings.
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