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CERTAIN BOUNDED FUNCTIONS OF COMPLEX ORDER
M. K. Aouf and A. O. Mostafa

Abstract. In this paper we obtain sharp coefficient bounds for functions analytic in the
unit disc U and belonging to the class R(b, M), b # 0 is a complex number. Also, we maximize
lag — pa2| over the class R(b, M) and obtain distortion theorem for functions in this class.

1. Introduction

Let A denote the class of functions
oo
f)=z4+ > apz™ (1.1)
n=2

which are analytic in the unit disc U. Also denote by S the subclass of A, consisting
of all univalent functions in U. Let €2 denote the class of bounded analytic functions
w in U satisfying the conditions w(0) = 0 and |w(z)| < |z| for z € U. For f € A,
we say that f belongs to the class F(b, M) (b # 0 complex, M > ), of bounded

starlike functions of complex order, if and only if @ # 0 in U and for fixed M,

h—14 2
TJC‘Z)*M <M, zel. (1.2)

The class F'(b, M) was studied by Nasr and Aouf [13].
We note that:

(i) F(b,00) = S(b), where S(b) is the class of starlike functions of complex
order, introduced and studied by Nasr and Aouf [14];

(i) F(cosAe™™ M) = Fxam (|| < Z,M > ), where F) 5 is the class of
bounded spiral-like functions, studied by Kulshrestha [9];

(iii) F((1 — a)cosde™™ M) = Fyy(A,a) (]| < 5,0 < <1,M > 1), where
Fayr (A, «) is the class of bounded spiral-like functions of order «, studied by Aouf
(3, 4].
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In [1] Halim studied the class R(b) defined as follows:
A function f € A belongs to the class R(b), if and only if, for z € U

m{1+2g%ﬂ-n}>m zeU, (1.3)

where b is a non-zero complex number. We note that R(1) = R (see MacGregor
[10]). Halim [1] proved that if Re{b} > |b|*, then f € R(b) is univalent.
In the present paper, we consider the class R(b, M) of functions f € A, satis-
fying the condition:
b—1+/(2)
-
where b # 0, complex. We note that R (b,00) = R(b) and R(1 — a,00) = R,, (0 <
a < 1) (Ahuja [2]).
Taking different values of b and M, the class R(b, M) reduces to the following
subclasses of R:

(1) R(1 - a, 55i5) = Ri(a, ) (Mogra [12])

_ ) f'(z)-1 .
—{fEA"ZB(f’() S=F =D <1,0§a<1,0<ﬁ§1,zeU},

(2) R((1 = a) cos A, 57) = Ri(a, 5) (Ahuja. [2)
— . f(z)-1 .
—{rea: | prmmat2 e | <1L0<a<10<f<1z2eU}
(3) R((1 — a)cos Ae™™ 00) = R) (Ahuja [2])
={f€A:Ree?f'(z) >asin\, 0<a <1, [N\ <35,zeU};
(4) R(cos e, —L5) = R**(Ahuja [2])
={fed: ’ei’\f’(z) -1 +isin)\)‘ <LN<3,2zeU};
(5) Rleos e, &) = R*(p) (Alja [2])
i gl P
z{feA:ef(Czo)is‘;s‘“— 5 N <3 O§p<1,z€U};
(6) R(cos _/\e_M,M) R3%} (Ahuja [2])
S Diemd | < M N < 3,M > 4zeU;

(7) R((1 — @) cos Ae™, M) = R}} , (Aouf and Owa [5])

f(z) e A: e f'(2)—acos A—isin A M‘ <M, 0<a<l, |/\| < s M> € U}'
: (1—a) cos A X

(8) R(22U=2) _L y — R(a, ) (Juneja and Mogra [7])

1
—M‘<M (M>§;zeU), (1.4)

1
%‘<

1+3 1-8
R R <ﬁ,0§a<1,0<ﬁ§LzeU};
(9) R(2U=oleosde ™ 1y — R (Makowka [11])
{red: |2 s <ﬂ,0§a<1,|>\|<g,0<6§1,zeU};

(10) R(ffﬁ, T 16) R(B) (Padmanabhan [16] and Caplinger and Causey [6])

feA:|ra <ﬂ,0<ﬁ<1zeU}
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We further, observe that, by the special choice of M our class R(b, M) gives
rise the following new subclasses of R:

(1) B (b 3riy) = B 59)

_ ) f'(z)=1 )
= {f eA: ‘2B[f,(z)7lgrb]7[f,(z)71]‘ <1,b#0, complex, 0 < <1,z € U},

(2) R ((1 — ) cos he” 2%) = R (p, )
—{fea; |t _ Lo LN <3,0<a<1,0<p<1izEU}.
We can easily show that f € R(b, M) if and only if there exists a function
w € § such that [9]

Atw(z) mzlfi. (1.5)

45U -1 = g =

b
Thus, from (1.5) it follows that f € R(b, M) if and only for z € U

£(2) = 1+ [(114-_722)(—2;)1]10(2)

1
, w(z) €Q, mfl—M. (1.6)

2. Coefficient estimates

THEOREM 1. Let the function f defined by (1.1) be in the class R(b, M),
M > L. Then

lap| < ——— (>2,m=1-—). (2.1)

The estimates are sharp.

Proof. Since f € R(b, M), we have

_ L[ +m)b — mw(z) (weQm=1— i). (2.2)

7'2) F

1 —mw(z)
By simplification, (2.2) yields
(14 m)b+m(f'(z) = D]w(z) = f'(2) - 1,

that is
[(T+m)b+m Y na,z" Y[ thz"] = 3 na,z" L. (2.3)
n=2 n=1 n=2
Equating corresponding coefficients on both sides of (2.3), we find that the coef-
ficient a,, on the right hand side of (2.3) depends only on as,as,...,a,—1, on the
left hand side of (2.3). Hence for n > 2, it follows from (2.3) that

k—1 k 00
[(T4+m)b+m > napz" Hw(z) = 3 napz"t+ Y dp2" 1,
n=2 n=2 n=k+1
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o0
where > d,2""! converges in U. Then, since |w(z)| < 1, we get
n=k+1

k=1
(1+m)b+m > nanz"_1’ >

n=2

k o)
3o onap 2"t 4+ > dpz . (2.4)
n=2 n=k+1

Writing z = re?®, r < 1, squaring both sides of (2.4), and then integrating we obtain
2 k=l 2 k 2 = 2
(L m)? 2 2 5 02 an 7200 > 52 2 a 220D 5 [y,
n=2 n=2 n=k+1
Taking the limit as r approaches to 1, we have

2 2 k=l 2
n? lan|” < (14 m)? bl — (1 — m2) S n?an|”. (2.5)

n=2
Since m > 1, it follows that

14+m
n

lan| < ( )l (n=2). (2.6)

The sharpness of the result follows for the function

i (1+m)btn1 1 1
= _—_— > = _— — ). .
f(z) /0 [l—l- TpE—— dt (n>2,m=1 ,M>2) (2.7

Putting m = 1 (M = o0) in Theorem 1, we get the following result obtained
by Halim [1].

COROLLARY 1. Let the function f defined by (1.1) be in the class R(b,c0) =
R(b). Then

The result is sharp for the function

z bnfl
f(z):/o [1+%1dt (n>22€el).

Putting b = (1 — a)cosAe™™, 0<a <1, []A\|<Zandm=1- 4 (M > 1) in
Theorem 1, we get the following result obtained by Aouf and Owa [5].

COROLLARY 2.  Let the function f defined by (1.1) be in the class
R((1—a)coshe™™ M) = Ry}, (1A <5,0<a<1,M>%). Then

2M — 1, (1 — «)cos A

au] < ()

(n>2)

and the result is sharp.
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3. Maximization of ’a3 — pa
We shall need the following lemmas in our investigation.

LEMMA 1. [15]. Let the function w defined by
oo
w(z) = Y ek, (3.1)
k=1

be in the class Q. Then |c1| <1 and |ea] <1 — |eg]?.
LEMMA 2. [8]. Let the function w defined by (3.1) be in the class Q2. Then
o2 — pe | < maxc{1, ]}, (32)

for any complex number u. FEquality in (3.2) may be attained with the functions
w(z) = 2% and w(z) = z for |u| <1 and |u| > 1, respectively.

THEOREM 2. Let the function f defined by (1.1) be in the class R(b, M). Then

(a) for any real number p we have

(I+m)

b
jas - pa3] < LI g1 (33

(b) for any complex number u we have

1 b
las — pal| < %

The result is sharp for each u either real or complex.

Proof. Since f € R(b, M), we have from (2.2) that

;o L1+ m)b—mlw(z) B 1
where w(z) = i cr2* € Q. From (3.5), we have
k=1
w(z) = fz) -1 = "2::2 e [ — mn 5 na,z" 1 —...
- D+ armb . Gamp || Grmb "
(3.6)

and then comparing the coefficients of 2z and z? on both sides of (3.6), we have
2 3
o1 = ey and c2 = iy — met.

Thus as = (Hm% and az = (1%”1)}) [c2 +mci]. Hence

1+m)b 3u(l+m)b—4m
oy = (L o, SHLes i

3 4 “
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and therefore

14+m)|b 3u(l+m)b—4m
las — pa3| = a+mel cy — il ) . (3.7)
3 4
(a) When p is real, (3.7) becomes
1+m)|b
jay - o3| < LI o) 4 fam = sp1 cmpplla?]. 39)
Now, applying Lemma 1 for |co| in (3.8), we have
1+ b
|lag — pa3| < (177;)H [4+{|4m—3u(1+m)b\ —4}|cl|2} . (3.9)
Again, using Lemma 1 for |¢1] in (3.9), we obtain
1 b
las — pa3| < % [4m — 3u(1 + m)b| .
The equality in (3.3) is attained for the function
— (1 —m)b 1 b 1
fie) = mmomb] (1t m) . (3.10)
m m 1—mz
(b) When p is a complex number, applying Lemma 2 in (3.7), we get
1 b 4m — 1 b
|a3ua§|§(+;n)|max{l, m 3“4( +m) |}, (3.11)
which is (3.4) of Theorem 2.
When [4m = 3“4(1 +m)b) > 1, we choose the function
[m — (1 +m)b] (1+m)b
f(z)= — . log(1 — mz) (3.12)
dm — 1 b
and when [4m 3”4( +m)b) < 1, we have the function
[m — (1+m)b] (I+m)b /z dt
_ 3.13
1) m et m o 1—mit?’ (3.13)

for attaining the equality in (3.4). Thus the result is sharp. m
Putting b = (1 —a)cosAe™*,0 < a < 1 and |A| < % in Theorem 2, we get the
following corollary.

COROLLARY 3.  Let the function [ defined by (1.1) be in the class
R((1 = a)cosXe™, M) = R3} . Then
(a) for any real p, we have
(I+m)(1—a)cosA
12
(b) for any complex number u, we have
(I+m)(1—a)cosA { [4me™ — 3p(1 +m)(1 — &) cos A|
3 max< 1, 1 .

las — pa3| < |4mei’\—3u(1+m)(1—a) cos A

. (3.14)

lag — ua] <

(3.15)
The result is sharp for each u either real or complex.
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4. Distortion theorem

THEOREM 3. Let the function f defined by (1.1) be in the class R(b, M). Then
for |z| < r <1 we have

1— (L+m)|bl7 +m[(1+m)Re{b} — m]r?
1—m?2r2

Re f'(z) > (z€U) (4.1)

and
1+ (1+m)[b]r + m[(1 + m)Re{b} — m]r?
1 —m?2r2

Re f'(z) < (ze€U). (4.2)

The result is sharp.

Proof. Since f € R(b, M), we observe that the condition (1.6) doubled with
an application of Schwarz’s lemma [15], implies |f'(z) — ¢| < R, where

1+ m[(1+m)b—m]r? (L+m)[b]r
1= 22 , and R=-—5%—.

¢= 1 —m?r?
Hence we have (4.1) and (4.2). By considering the function f defined by

flay = oL, QAT 10y e,

where
b +mzb

 b+mz|b|
we find that the bounds in (4.1) and (4.2) are sharp at z = £r, respectively. m
Putting b = (1 — @) cos Ae ™ (0 < @ < 1 and |A| < Z) in Theorem 3, we get

iy

COROLLARY 4.  Let the function f defined by (1.1) be in the class
R((1 — a)cos Ae™™ M) = R*Nia. Then for |z| = r <1 we have

1—(1+4+m)(1—a)cosA\r+m[(l+m)(l—a)cos? A —m]r?

Re f'(z) > T2 (4.3)
and
Re f'(2) < 1+ (1 +m)(1—a)cosAr+m[(l+m)(1—a)cos® A —m]r (14

1 — m2r2
The equalities in (4.3) and (4.4) are attained, respectively at z = +r, for the func-
tion f defined by

[m — (1 +m)(1 — a)cos Ae™™] (1+m)(1 —a)cos A

_ o . 2y
flz) = - z Gy ey log(1 — mze),
where ,
, e +mz
el = ——.
1+ mzei

The bounds in (4.3) and (4.4) are sharp at z = *r, respectively.
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