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CAUCHY OPERATOR ON BERGMAN SPACE
OF HARMONIC FUNCTIONS ON UNIT DISC

Milutin R. Dostanié

Abstract. We find the exact asymptotic behaviour of singular values of the operator C' Py,
where C' is the integral Cauchy’s operator and P, integral operator with the kernel
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1. Introduction

Let D be the unit disc in C and let dA denote Lebesgue measure on D. By
L2 (D) (L} (D)) we denote the space of all analytic (harmonic) functions f on D

with finite norm
1/2
([ipaa) =15 <.
D

It is well known that LZ (D) and L? (D) are closed subspaces of L? (D). By P (P)
we denote the orthogonal projection of L? (D) onto L2 (D) (L} (D)). With (-,-)
we denote the inner product on L? (D).

It is known that P}, is an integral operator on L? (D) with the kernel
2
(L= 12P1C)" 2 |2
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By C we denote the operator acting on L?(D) in the following way:

1
Cf(z) = —f/ SO dA(¢) (Cauchy’s operator).
™ JD C —Z
For a compact operator T, let s,(T") denote the eigenvalues of the operator
(T*T)'/? arranged in non-decreasing order ([5]).
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By N (T) = 2 s, (my>t 1, t > 0 we denote the singular values distribution
function of T'. The notation a,, ~ b, (a, =< b,) means

lim Cl—nzl (0<01§Z—n§02<oo),

n—oo bn n

where c¢1, co do not depend on n.

The authors of [1] and [2] have determined the norm and singular values of C
on the space L*(D). It is known, [4], that s,(C) ~ ﬁ (n — 00). It was proved
in [3] that the restriction of C' on L2(D) accelerates the descending of its singular
values, i.e.,

1
The exact asymptotic behaviour of the singular values of operator PC was given
in [4] (for an arbitrary domain), implying
1
n(CP) ~ —.
$n(CP) ~ -
In this paper we find the exact asymptotic behaviour of singular values of the

operator CPy,.

2. Result

THEOREM. The following asymptotic formula

V2+1
sn<C|Li(D)):sn(CPh)~ —, n— o0,

holds.

Proof. The kernel Hy(-,-) of the operator C' P}, is given by

1L [ K(t{)

HO(zaC):_; I t— 2

dA(t),

CPuf(z) = /D Ho(= O)£(C) dA(C).

The kernel Hy can be represented as

1 2

Hy(z,¢) = pr(z,C) + ;B(Z»Qa (1)
where
B (1 —[t?[¢]*)?
Alz,¢) = /D =010 e AW
B It2|¢]?
B = | oo A0
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The functions A and B can be determined explicitly using Cauchy-Green formula

6], p. 42):
([6], p. 42) /5‘fdA(§)7f(Z)7i/ Q) 4
o (—= 218 Jop C—2z
Since
o (1 =1 + (1 — 1))
46 = [ o g A0
B dA(t) 2
= [ aon e L e —ee M0
2t¢
1 o oK)

we obtain

- Ao =1 [ S

m Jp (t—2)(1 —1)?

1 t2 dA(t) w2 1 tdA(t)
/<t—z><1—t<> N +24( w/pa—z)a—tc)(l—tc))' @

From Cauchy-Green formula, it follows

JlpoodAm) 1. o 1
w/Du—z)(l—to =¢1-207 -5

1 dA(t) z 2
o e el ree )

Hence, from (2), we get

2
YA P B
WA(Z,C)fC(l zZ() <+(1_Z©2(|Z| 1)
1 tdA(t)
“C( 2L <t—z>(1—t<>(1—t<>> ®)
Since, le = fD —(’f(g 11255‘4(2), we get

</>

=( 1 tdA(t)
(5 Lemons) @
It follows from (1), (3) and (4) that

Hoz.0) = 1 (70-207 = 1) + 2 (5 - D)

2L sam)
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Applying Cauchy-Green formula again, we obtain

z 722_
HO(Z’Oi<1(1ZQ11>+1 < (2 -+ BT

¢ ¢/ m(1-=2) ™ 1—2C
Let P,Q,R: L?*(D) — L?(D) be linear operators defined by
PG =+ [ (5 ¢ A dA),
T JD n=1
Qs = [ (2= = DT 1(0) dA),
D n=1

/Cf ) dA(C) - (12 — 1),

Then, it follows from (5) that CP, = P + Q + R. Since P*Q = Q*P = 0 and
QP* = PQ* =0, we obtain

N(P + Q) = Mi(P) + Ne(Q). (6)
Since -
_ —_ 1
Pf= ;0‘, Fn1)en(s) s
where e, (z2) = 1/"7“2", n=20,1,..., we obtain
WP e L L
nn+1) n
and so
tE%1+ tN(P) = 1. (7)

Consider the sequence f,(z) = \/%(Mz —1)z"/(n+1)(n+2)(n+3), n > 1.
The system (f,,),-, is orthogonal on L?(D).
Notice that

g \/7’},—|—1—T7,—|—3)<f76n+1>fn(2);

_ V2 V2
KA/ ey s S

hence we have

and so

Jim 1A (Q) = V2. (8)
It follows from (6), (7) and (8) that
Jim tNG(P +Q) = V241



Cauchy operator on Bergman space of harmonic functions on unit disc 67

Putting ¢ = s,(P + Q) in the previous equality, we obtain

(P~ 2L o)

Since the rank of R is one, according to Ky-Fan theorem ([5], p. 52), it follows from

(9) that
1 2
sn(CPp) ~ -l-n\f7

n—oo. N

CONJECTURE. For arbitrary bounded, simple connected domain Q2 C C having

analytic boundary,
lim ns,(CP) =d

holds.

Here, Pf? denotes Bergman projection on L2 () (L3 (f2) is the space of harmon-
ic functions on ), and the constant d depends on . There are some indications

that d = 142'—;/5\8Q|, where |0Q)| denotes the length of the boundary of .
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