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ON e-APPROXIMATION AND FIXED POINTS
OF NONEXPANSIVE MAPPINGS IN METRIC SPACES

T. D. Narang and Sumit Chandok

Abstract. Using fixed point theory, B. Brosowski [2] proved that if T is a nonexpansive
linear operator on a normed linear space X, C a T-invariant subset of X and z a T-invariant
point, then the set Po(z) of best C-approximant to = contains a T-invariant point if Po(x) is
non-empty, compact and convex. Subsequently, many generalizations of the Brosowski’s result
have appeared. We also obtain some results on invariant points of a nonexpansive mapping for the
set of e-approximation in metric spaces thereby generalizing and extending some known results
including that of Brosowski, on the subject.

Using fixed point theory, the theorem of Meinardus [6] on invariant approxi-
mation was generalized by Brosowski [2] who proved that if T' is a nonexpansive
linear operator on a normed linear space X, C' a T-invariant subset of X and z
a T-invariant point, then the set Po(x) of best C-approximant to x contains a T-
invariant point if Po(x) is non-empty, compact and convex. Subsequently, various
generalizations of Brosowski’s result have appeared (see e.g. [5]). In the present
work we also obtain some results on invariant points of a nonexpansive mapping
T on the set of e-approximation in metric spaces. Our results contain some of the
results of [1], [2], [5], [6], [7], [8], [11] and [12].

To begin with, we recall a few definitions.

Let G be a non-empty subset of a metric space (X,d),z € X and € > 0. An
element g, € G is said to be (s.t.b.) an e-approximation or e-approximant to x
(respectively, e-coapproximation or e-coapproximant to x) if d(z, go) < d(z,g) + ¢
(respectively, d(go,9) + ¢ < d(z,g)) for all ¢ € G, ie. (d(z,9,) < d(z,G) + ¢
(respectively, d(go,9) + ¢ < d(z,G)). We shall denote by Pg(xz,¢) (respectively,
Re(z,¢)) the set of all e-approximant (respectively, e-coapproximant) to x, i.e.
Po(z,e) = {90 € G : d(x,9,) < d(x,G) + €} (respectively, Rg(z,e) = {go € G :
d(go,g) + & < d(z,G)}). For e =0, the set Pg(z,e) (respectively, Rg(x,¢)) is the
set of best approximations (respectively, best coapproximations) of z in G.
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For € > 0, the set Pg(z,¢) is always a non-empty bounded set and is closed if G
is closed. In normed linear spaces, the elements of e-approximation were introduced
by R.C. Buck (who used the term ‘good approximation’ for such elements) and
subsequently, the study was taken up by others (see, e.g. [10]).

A sequence (g,) in G is said to be e-minimizing for z if lim, . d(x,gn) <
d(xz,G) +¢e. The set G is said to be e-approximatively compact (see [7]) if for each
x € X, each e-minimizing sequence has a subsequence converging to an element

of G.

If a mapping T: X — X leaves subset G of X invariant, then the restriction
of T to G is denoted by T'/G.

If G is a closed subset of X then T: G — G is called a compact mapping [5] if
for every bounded subset A of G, T(A) is compact in G.

A mapping T: X — X is s.t.b.

a) nonexpansive if d(Tz, Ty) < d(z,y) for all z,y € X,

b) contraction if there exists o, 0 < aw < 1 such that d(Tz, Ty) < ad(z,y) for
all z,y € X.

A mapping T: X — X satisfies condition (A) (see [7]) if d(T'z,y) < d(z,y) for
all z,y € X.

A family of maps {f, : @ € G} is s.t.b. a G-convex structure (see [3]), if

i. fa:]0,1] = G, i.e. f, is a mapping from [0, 1] into G for each o € G;

ii. fo(l) = a for each « € G;

iil. fo(t) is jointly continuous in (a,t), i.e. fo(t) — fa,(to) for @ — as in G
and t — t, in [0, 1], and

iv. d(fa(t), fa(t)) < ®(t)d(«, B) where ®: (0,1) — (0,1).

For a metric space (X,d), a continuous mapping W: X x X x [0,1] — X is
s.t.b. convex structure on X if for all z,y € X and X € [0, 1], we have

d(u, W(z,y,\)) < Ad(u,z) + (1 — N)d(u,y)

for all w € X. The metric space (X,d) with convex structure is called a convex
metric space [14].

A subset K of a convex metric space (X,d) is s.t.b. a convex set [14] if
W(z,y,\) € K for all z,y € K and X € [0,1].

The set K is said to be starshaped (or p-starshaped) [4] if there exists ap € K
such that W (z,p,\) € K for all zx € K and X € [0,1].

Clearly, each convex set is starshaped but not conversely.

A convex metric space (X, d) is said to satisfy Property (I) [4] if for all z,y,p €
X and A € [0,1],

d(W (z,p, ), W(y,p, ) < Ad(z,y).

A normed linear space and each of its convex subsets are simple examples of
convex metric spaces. There are many convex metric spaces which are not normed
linear spaces (see [14]). Property (I) is always satisfied in a normed linear space.
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A more general class of sets containing the starshaped sets is called ‘contrac-
tive’.

A subset K of a metric space (X,d) is s.t.b. contractive if there exists a se-
quence {f,) of contraction mappings of K into itself such that f,y — y for each
ye K.

In a convex metric space (X, d) satisfying Property (I), every starshaped set
is contractive can be seen as below.

Suppose K is starshaped with respect to p € K. Define f,,: K — K as
1
fn(y) = W(y7p7 1- E)yn = 1a2a37 e

Consider, d(y, foy) = d(y, W(y,p,1— 1)) < (1—£)d(y,y)++d(y,p) — Oasn — oo.
Thus f,y — y for all y € K. Moreover,

Afu, Fug) = AOV (@1 = 2, W (yp 1 = 2)) < (1= )dly)

for all z,y € K, i.e. (f,) is a sequence of contraction mappings.

The following result dealing with the structure of the set Pg(x,¢) will be used
in the sequel.

LEMMA. If G is an e-approximatively compact set in a metric space (X,d)
then Pg(x,€) is a non-empty compact set.

Proof. By the definition of d(x,G), we can find g, € G such that d(z,g,) <
d(z,G) + ¢ and so Pg(z,¢) is non-empty.
Let (gn) be a sequence in Pg(z,¢), i.e. d(x,gn) < d(x,G)+ecforalln=1,2...
and so
lim d(z,g,) <d(z,G)+¢ (1)

i.e. {(gn) is e-minimizing sequence in G. Since G is e-approximatively compact,
(gn) has a subsequence (g,,) — go € G. So (1) implies d(z, go) < d(z,G) + ¢, i.e.
go € Pg(z,¢) and so Pg(x,¢€) is compact. m

The following result which deals with invariance of e-approximations for non-
expansive mappings improves and generalizes Theorem 2.1 of [8].

THEOREM 1. Let T be a self mapping on a metric space (X,d), G a T-
invariant subset of X and x a T-invariant point. If the set D of e-approzimant to
x s a compact set with D-convez structure and T is nonexpansive on DU{x}, then
D contains a T-invariant point.

Proof. Since D ={y € G : d(z,y) <d(z,G)+¢},T: D — D. Infact ify € D,
then
d(z,Ty) = d(Tz,Ty) < d(z,y) < d(z,G) + ¢

and so Ty € D.
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Let (k), 0 < k, < 1 be a sequence of real numbers such that k, — 1 as
n — oo. Define T), as T,z = fr.(kyn),z € D. Since T(D) C D and 0 < k,, < 1, we
have that each T, is a well defined and maps D into D. Moreover, for all y,z € D

d(Tny7 Tnz) = d(ny(kn)7 sz(knD
< B(k,)d(Ty, T2) < Bk )d(y, 2),

and so each T;, is a contraction mapping on D. Since D is compact, it follows from
Banach Contraction Principle that each T, has a unique fixed point z,, € D, i.e.
T,x, = x, for each n. Since D is compact, (x,) has a subsequence z,, — T € D.
We claim that T'% = Z. Consider

Ln; = Tnian, = foni (kni) - fTit(l)

As the family {f,} is jointly continuous and T" being nonexpansive, is continuous.
Thus z,, — TZ. Therefore TZ =z i.e. £ € D is T-invariant. m

For € = 0, we have

COROLLARY 1. Let T be mapping on a metric space (X,d), G a T-invariant
subset of X and x a T-invariant point. If the set D of best G-approximant to x is
compact set with D-convex structure and T is nonexpansive on D U {x}, then D
contains a T-invariant point.

The above corollary improves and generalizes Theorem 2 of [7].

In view of the Lemma, we have

COROLLARY 2. Let T be mapping on a metric space (X,d), G an e-
approzimatively compact (approximatively compact) and T-invariant subset of X
and x a T-invariant point. If the set D of e-approximant (best approxzimant) to
x has convex structure and T is nonexpansive on D U {x}, then D contains a
T-invariant point.

THEOREM 2. Let T be a self mapping on a metric space (X,d), G a T-
invariant subset of X and x a T-invariant point. If the set D of e-approzimant to
x is compact, contractive and T is nonexpansive on D U {z}, then D contains a
T-invariant point.

Proof. Since D ={y € G : d(z,y) < d(z,G)+¢},T: D — D. Infact ify € D,
then
d(z,Ty) = d(Tz,Ty) < d(z,y) < d(z,G) +¢

and so Ty € D. Since D is contractive, there exists a sequence (f,,) of contraction
mapping of D into itself such that f,z — z for every z € D.

We claim that z, is a fixed point of T'. Let € > 0 be given. Since z,, — 2z, and
fnTzo — Tz, there exist a positive integer m such that for all n; > m

and  d(fn,T2,T%) < =

d(zn, , Zo .
(ner70) < -

N ™
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Again,

d(fniTZnufmTZO) S d(Zni,Zo) < %

Hence, d(fn,Tzn,,T2) < d(fn,T2n;, fn,T2) + d(fn,T2,T2,) < § +
d(fn,Tzn,,Tzo) < e for all n; > m and so fn,Tzn, — Tzo. But frn,Tzn, = 2n
and therefore Tz, = z,. m

P
3 1.e.

— 2o

Using the Lemma we have

COROLLARY 3. Let T be a self mapping on a metric space (X,d), G an e-
approzimatively compact, T-invariant subset of X and x a T-invariant point. If
the set D of e-approzimant to x is contractive and T is nonexpansive on D U {x},
then D contains a T-invariant point.

COROLLARY 4. Let T be mapping on a convex metric space (X,d) satisfying
Property (1), G a T-invariant subset of X and x a T-invariant point. If the set D
of e-approzimant to x is compact, starshaped and T is nonexpansive on D U {z},
then D contains a T-invariant point.

Proof. As in Theorem 2, T is a self map on D. Since D is non-empty and
starshaped, there exists p € D such that W(z,p,\) € Dforallz € D, A € I =0,1].
Let (k,), 0 <k, <1, be a sequence of real numbers such that k, — 1 as n — oo.
Define T, as T,,(z) = W(T'z,p, k), z € D. Since T is a self map on D and D is
starshaped, each T,, is a well defined and maps D into D. Moreover,

ATy, Tnz) = dW(Ty,p, kn), W(Tz,p, kpn)) < knd(Ty,Tz) < knd(y, 2),

i.e. each T}, is a contraction mapping on the compact set D. So by Banach Con-
traction Principle each T, has a unique fixed point z,, € D, i.e. T,z, = x, for
each n. Since D is compact, (x,) has a subsequence z,, — & € D. We claim that
Tz = z. Consider,

d(:Cn”TJ_S) = d(TnlIn”TQ_j) = d(W(TJEn“p, km)a Tj)
<k, d(Txn,, TZ) + (1 — ky,)d(p, TT)
< ko, d(@n,, @) + d(1 — ko, )d(p, TE) — 0,

and so x,, — TZ. Therefore TZ = z, i.e. T is T-invariant. m

REMARKS 1. (i) Since in a convex metric space (X, d) satisfying Property (I)
every starshaped set is contractive, the result also follows from Theorem 2.

(i) Corollary 3 generalizes Theorem 2 of [11] which is a generalization of The-
orem of Brosowski [2] as well as of Singh [12].

(iii) Since a Banach space is a convex metric space with Property (I) and D is
compact if G is e-approximatively compact. Theorem 2.2 of [8] is a particular case
of Corollary 4.

Clearly, f,T is a contraction on the compact set D for each n and so by Banach
contraction principle, each f,T has a unique fixed point, say z, in D. Now the
compactness of D implies that the sequence (z,) has a subsequence z,, — 29 € D.
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For € = 0, we derive the following known results as corollaries.

COROLLARY 5. Let T be a self mapping on a convexr metric space (X,d)
satisfying Property (1), G a T-invariant subset of X and x a T-invariant point. If
the set D of best G-approzimant to x is non-empty compact and starshaped and T
is nonexpansive on D U {z}, then D contains a T-invariant point.

COROLLARY 6. [12]. Let T be a nonerpansive mapping on a normed linear
space X. Let G be a T-invariant subset of X and x a T-invariant point in X. If
D, the set of best G-approximant to x is non-empty compact and starshaped, then
it contains a T-invariant point.

COROLLARY 7. [13] Let X be a normed linear space and T: X — X be a non-
expansive mapping. Let T have a fized point, say x, and leaves a finite-dimensional
subspace G of X invariant. Then T has a fized point which is a best G-approximant
to x in G.

Since in this case the set D is non-empty and compact, the result follows from
Corollary 6.

THEOREM 3. Let T be a self mapping on a convex metric space (X, d) satisfying
Property (I). Suppose G is a closed T-invariant subset of X, T/G is compact and
x a T-invariant point. If the set D of e-approzimant to x is starshaped and T is
nonexpansive on D U {x}, then D contains a T-invariant point.

Proof. As in the proof of Theorem 2, D is T-invariant. Now D is a bounded
subset of G and T/G is compact so T(D) is compact. Since D is closed and
starshaped, by Theorem 3 [1] T has a fixed point in D. m

For e = 0, Theorem 3 improves Theorem 10 of [1] and also generalizes Theorem
4 of [5].

Now we give a result for T-invariant points in the set of e-coapproximations in
G for a given element x of a metric space (X, d).

THEOREM 4. Let T be a self map satisfying condition (A) on a conver metric
space (X,d) satisfying Property (I), G a subset of X such that Rg(z,e) is non-
empty compact, starshaped and T is nonexpansive on Rg(x,€). Then there exists
a G € Rg(x,e) such that Tgs = Gs.

PROOF. Let g, € Rg(x,¢e). Consider
d(Tgoag> +e< d(goag> +e< d($7G)

and so Tg, € Rg(x,e) i.e. T : Rg(xz,e) — Rg(x,e). Now proceeding as in
Corollary 4, we shall get g5 € Rg(x, ) which is a fixed point for 7. m

REMARKS 2. (i) Taking e = 0, we see that Theorem 4 improves and generalizes
Theorem 4.1 of [8].
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(ii) Proceeding as in Theorem 1, one can show that Theorem 4 holds if star-
shapedness of Rg(z,¢) is replaced by the condition that Rg(x,¢) is a set with
convex structure.

(iii) Results similar to those proved in the earlier part of the paper can be
proved for the set of e-coapproximations.

(iv) Theorem 4.2 of [8] on strong best coapproximation can also be proved for
convex metric space under relaxed conditions as in Theorem 4.
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