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EQUITORSION CONFORM MAPPINGS OF GENERALIZED
RIEMANNIAN SPACES

Miéa S. Stankovié, Ljubica S. Velimirovié,
Svetislav M. Minci¢ and Milan Lj. Zlatanovié

Abstract. We define an equitorsion conform mapping of two generalized Riemannian spaces
and obtain some invariant geometric objects of this mapping, generalizing the tensor of conform
curvature.

0. Introduction

A generalized Riemannian space GRy in the sense of Eisenhart’s definition
[5] is a differentiable N-dimensional manifold, equipped with nonsymmetric basic
tensor g;;.

The use of non-symmetric basic tensor and non-symmetric connection became
especially actual after appearance of the works of A. Einstein [1]-[4] related to
creation of the Unified Field Theory (UFT). Remark that at UFT the symmetric
part g;; of the basic tensor g;; is related to the gravitation, and antisymmetric
one g;; to the electromagnetism. M Prvanovié [14] and S. Min¢i¢ [8] gave geo-

A\
metric interpretations of the torsion and curvature tensors of non-symmetric affine
connection.

Consider two N-dimensional generalized Riemannian spaces GRy and GRy.

Generalized Cristoffel’s symbols of the first kind of the space GRy and GRy are
given by

1 — 1, _ _
ik = i(gji,k — ik + gik,j) and T = i(gji,k ~ Gk + ik j)s (0.1)

where, for example, g;;r = 0g;;/0x*. Connection coefficients of these spaces

are generalized Cristoffel’s symbols of the second kind F;k = giﬁf‘p,jk and f;k =
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G2T, jx, respectively, where (g2) = (9i5)~ ! and ij denote symmetrisation with divi-
sion by indices i and j. Generally it is ij # F};j. We suppose that g = det(g;;) # 0,
7= det(y;) # 0. g = dei(gy; ) # 0. 7 = det(7,,) # 0.

One says that a reciprocal one-valued mapping f : GRy — GRy is conform
if for the basic tensors g;; and g,; of these spaces the condition

?ij = ezw 9ij (02)
is satisfied, where 1 is an arbitrary function of z’s, and the spaces are considered
in the common by this mapping system of local coordinates x’. In this case for the
Cristoffel’s symbols of the first kind of the spaces GRy and GRy the relation

Tk =Y (Tijr + gjitb ks — gjrti + gixt ;) (0.3)
holds true, and for the Cristoffel’s symbols of the second kind
f;‘k = F;k + gi£<gjpw,k = Gik.p + Gprtb,5) (0.4)

holds. Let us denote 9y, = ¢ = 9 /dx* and ¥* = giﬁ@/}p. Now from (0.4) we have

T, =T + g% (9ip Uk — Gik o + Gok V5) + 92 (g5p0k — 9iktp + Gk s);

ie. )

Ty =Ty + 0% v + 0 b5 — bz + S (0.5)
where ‘ 4 ‘

ik = 92 (gip Yk — ik ¥p + gpr ¥5) = =&} (0.5)

A\ \" Vv
and 7j denotes an antisymmetrisation with division. In the corresponding points
\
M (z) and M (z) of conform mapping we can put
T =Th+ P (g k=1,...,N), (0.6)

where P;k is the deformation tensor of the connection I' of GRy according to the
conform mapping f : GRy — GRy.
Notice that in GRy we have
P
I, =0, (0.7)

(eq. (2.10) in [13]).
In a generalized Riemannian space one can define four kinds of covariant deriva-

tives [10, 11]. For example, for a tensor a§- in GRy we have

i _ i aP — TP i

Ajjm = +Fpm J ij P
1

7 _ 1 ¥4 i

Gl = W + Ty = Ty,
2

7 _ ) P i

Wy = T+ Dy — T 50,
3

azA _ +Fz FP 2

jlm
4

mp] Jmp
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|,| a covariant derivative of the kind § in GRy and GRy respec-
09
tively. We have [7]

Denote by

Yijlma = Gij|ma = 0.
2 2l

In the case of the space GRy we have five independent curvature tensors [9]

(in [9] g is denoted by g)

7 T i P % P
5 jmn — ij,n - an,m + ijrpn - anrpmv
7 I at) i Yy i P i
'§ jmn ij,n - Fnj,m + ijrnp - Fnjrmpa
) i ) » . P i . .
R = T~ T+ DTy = T, Th 4 T, (T, — T3,
7 I a2 7 ¥4 7 ¥4 7 7 7
@ jmn ij,n - Fnj,’m + F]mrnp - 1_‘njr‘pm + Fg}nn(rp] - Fjp)v
'3 _ '3 (3 P P
§ jmn — §(ij,n + ij,n - 1—‘;n,m - F?nj,m + F]mF;n + ijrilp
2 pU P i
— anrmp — Fnjl_‘pm).
We use the conform mapping f: GRy — GRy to obtain tensors gzmn 0 =
1,...,5), where for example
i e =1t =P == =P =t
?jmn - ij,n - ijm + ijrpn - anrpm' (08)

~ In the case of conform mapping f: Ry — Ry of Riemannian spaces Ry and
Ry [6, 15] we have an invariant geometric object

Cijmn = Rijmn + 6er Pjn - 6; ij + P'ringj" - Pritgmj (09)
where
P = — (R L Rg)
im =N _gVum T gy — 1) im)
and R';,,, is Riemann-Cristoffel’s curvature tensor of the space Ry, Rj Ricci’s

tensor and R a scalar curvature.

The object C’ijmn is called a conform curvature tensor [6, 15]. Having a conform
mapping of two generalized Riemannian spaces, we cannot find a generalization of
the tensor of conform curvature as an invariant of conform mapping in general case.

For that reason we define a special conform mapping.

A mapping f: GRy — GRx is an equitorsion conform mapping if the torsion
tensors of the spaces GRy and GRy are equal. Then from (0.5) and (0.6) we have

&, =0. (0.10)

In [12] we have investigated equitorsion geodesic mappings of generalized Riemann-
ian spaces.
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1. Equitorsion conform curvature tensor of the first kind

Using (0.6), we get a relation between the first kind curvature tensors of the
spaces GRy and GRy [12, 16]

R

1 jmn

b = B+ P = P+ PP = Py B+ 2%, P
1 1

Substituting P with respect to (0.5, 6,10), and using (0.7’), we obtain

=05, (Vg jm — 0m) — (V' = Yn)gjm + (V) — Ym0 ) gjn

— 4, wpwpgjﬂ + 4, wpwpgjl + 25;‘ hntp + 2F£nnwj - 2Fj-mnwi'

(1.1)
Denoting
1{117‘ = ;15 — Yy, 11% = giﬁlfpj (1.2a)
1
Ay = gﬂ¢p¢q = ¢p¢p (1.2b)
and using the relation
?mn — ?nm = —2I'? 4y (1.3)
in (1.1), we get
, ) . . 1.4)
Further, let us denote
%21# = gﬂﬁ}p\q (15)

Then we have

7{’2 = 7vlbpqgﬁ = (Yplq — Yptq)g™t = %2@/’ = Ag.

Contracting by indices ¢ and n in (1.4) we get
Rim = Rim — (N = 2)m = [+ (N = 2A10lggm — Mympt”. (16)
From (0.2) we get - -
In (1.6) multiplying by ¢ and contracting by j and then by m we get
VR R~ 2(N ~ 1)gb — (N — DN ~ A0, (18)
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where R = g—qu, and R = gﬂR »g are scalar curvature of the first kind of the
spaces GRN and GRy respectlvely. From (1.8) we have

1 - N-2
————(R—e®R) - —— A4, 1.9

Substituting (1.9) in (1.6) we get

%ﬂﬁ =

_ B 1 2R
(N - 2)11%‘m = Rjm — Ljm — m(@ — e R)gjm
N o (1.10)
- TAﬂ/}gjﬂ = 2T mp¥?.
Let us denote in the space GRy
P. —;(R, #R m) (1.10")
Im S N o T (N — 1) 1 '
and analogously ij in the space GRy. In this case for wjm we obtain
— 1 2 »
apjm - ?jm - ?jm - §A1¢gm - mrjﬂipw . (111)
Substituting (1.11) in (1.4), we get
]ﬁ;mn = ]izijmn + 5:n (P jin — ?Jn) - 5;1 (P jm ?Jm)
+ j?ingjn PZ gjn - Png]m + Png]m
+ r(én Fj-Trip — O, Fj.np +T] npdjm — r; mp9jn )wp
+ 2Fl '(/}_7 ]mnwl
We can see that it follows from (0.2)
1, 0 0
= —— -Ing 1 1.13
¥ = g (55 07— 55 Ing) (1.13)
where g = det (g;5), g = det (g;;). From (0.10) and (1.13) we obtain
1 = i O 1 in O
nm ' nmJ L =g — =T pmgL—1 1.14
Ljnm¥" = 2vagaxpng 2N]'v96xpng ( )
and
i ¢ 1 =i 1 0
LonGmj P! = QNFqnngg Sgp BT~ QNFqngmyg 97 19 (1.15)

Taking into account (1.13, 14,15), we can write the relation (1.12) in the form

1 Jmn 1 jmn>

(1.16)
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where

qumn = ]izljmn—’—&:n‘?jn _§;€jm+Pl g]n _'Zl:):zgm

! 4 @ i i 0
TN =) Om D = 0Ly Linptjn = Laptym )9 55 Ing
1 : 9
2 D
+ N(Fjwcng*p mn(S] )W Ing
(1.17)

and analogously for ?ijmn.

From (1.16) we see that the tensor qijmn is an invari-
ant of equitorsion conform mapping, and one can call it the equitorsion conform

curvature tensor of the first kind. So, we have

THEOREM 1. Let generalized Riemannian spaces GRy and GRy be defined
by virtue of their nonsymmetric basic tensors g;; and g,; respectively. The equitor-

sion conform curvature tensor of the first kind ql (1.17) is an invariant of the

jmn
equitorsion conform mapping f: GRy — GRy, defined by (0.2), (0.5), (0.10), i.e
(1.16) is in force, where the tensor ]13 is given by (1.107).

2. Equitorsion conform curvature tensor of the second kind

For the second kind curvature tensors of the spaces GRy and GRy we get the
relation [12, 16]

R} :R +P

5 Jmn jmn

Z]\n - n]\m_'_Pp]P:zp_ijPrZer+2FfLmP;§]7
2 2

i.e., using (0.5,6,10) one obtains

i i (2.1)
+ (6m gmg 6 gm] )A1¢ + 2F ¢] 2F£m¢ gpfja

where ' ‘
Z}ij = V15 — Vi, ?éjé = 92772/11‘3‘, A1 = g¥apyi, (2.2)

Now, analogously to previous case, we get the invariant object of the equitorsion
conform mapping f: GRy — GRy

G imn = B jmn + O Djn = 00 Bjm + Prngng = Pngmi
1 , , 5
+ m(&n Cjpn — 6,1 pm + Fpmg’ﬂJ angmj )gEL Dot Ing
1 i 0
+ 5 Tinmg® =T} ) 55 g

(2.3)
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where

1 1
Pim =~ (Rip — ————Ragm: ), 2.4
2] N*2<2j 2(N71)297J> ( )

]Q:Ejm is Ricci’s curvature tensor of the second kind and R is a scalar curvature tensor
of the second kind. The object C’ . 1s a tensor and we call it equitorsion conform

curvature tensor of the second klnd Accordlngly, we have

THEOREM 2. Starting from the curvature tensor 12%’ under conditions as in

jmn’

Theorem 1, one obtains an invariant tensor g’ijmn (2.3) of the equitorsion conform

mapping of generalized Riemannian spaces, where 123 is given according to (2.4).

3. Equitorsion conform curvature tensor of the third kind

In the case of the third kind curvature tensors of the spaces GRy and GRy
we get the relation [12, 16]
P % D A
jm|n — nj|m+P]mPnp Pnjppm
2 1

+2PP T¢. 4+2PP P!

\% "

i.e., because of (0.5,6,10), (1.2a,b) and (2.2),

]S%_l]mn = Igijmn + 5%1 fjn - 5; ¢jm - 7%19@ + ¢:n9n73

Bl = B i + P}

g jmn jmn

i i i (3.1)
+ (5m gﬂ - 6n gjm ) HZ) + 21/’m + 21/% - 21/1’79@ ij
Also, the following is satisfied
/¢mn = wmn + 2Fp ¢pa ¢z 1/}1 + 29”) Fq /(/)q (32)
2 1 2

From (3.1), (3.2) and (0.10) we get
}?’%;mn = Rijmn + 5:”,7, 7/}]'" - 5:L l{}jm + %);ngﬂ - qf;gm

+ (81 Gn = O Gjm ) A1V + 20Ty + 20T = 207 0um Ty (3.3
+ 25jn an’(/)p - 29@ Fg”¢qgjﬂ'

\4

Contracting (3.3) with respect to ¢ and n, and using (1.5), we get

Bjm = Bjm — (N = 2)jm — [+ (N = 2)A1¢]gjm — 9T pj- (3.4)

Multiplying (3.4) by 2™ = e~ ?¥¢™ and contracting we get

! (R —e*R) — EA@. (3.5)

Aotp= — L
2V = sv o A



126 M. S. Stankovié, Lj. S. Velimirovié¢, S. M. Min¢ié¢, M. Lj. Zlatanovié

Substituting (3.5) in (3.4) and denoting
1 1

Pim=——Rjm— —————<Rgjm 3.6
37 N—2(3] 2(N—1)3gj—) (36)
in GRy and analogously in GRy, in this case for 1j,, we obtain
1
— 1 2 »
1f)jm = ]?)Djm - -§jm - §A1ngﬂ - mfm.;ovjiﬁ : (3.7)
Substituting (3.7) in (3.3) and using (1.14, 15) we get
where )
gjmn_lgjmn+6m§jn_5 P +P gn] Pg]m
1 i i 0
+m(5mrnzy—6n mp])g (3' qlng
(3.9)

1 0 i i

\% \/

Ing

0
q
+F’J9nmg — 6L F]n)a .

And analogously for gijmn of the space GRy. From (3.8) we can see that the

tensor C%.  is an invariant of equitorsion conform mapping, and one can call it
3 Jmn

the equitorsion conform curvature tensor of the third kind. Now we have

under the conditions as in

THEOREM 3. From the curvature tensor I??ijmn,

Theorem 1, we obtain an invariant tensor (Bjijmn (3.9) of the equitorsion conform

mapping f: GRy — GRy, where ]33 is given according to (3.6).

4. Equitorsion conform curvature tensor of the fourth kind

For curvature tensors of the fourth kind we get [12, 16]

ﬁzmn = ﬁzjmn + PZ

D % P %
jmin nj|m+PJmPnp PnJPpm
2 1

+2PP T¢. 4 2PP Pt

mn= pj mn* pj
Vv \

ie.
'ﬁi;mn - {Eljmn + 5:71 11#]'77« - 6:7. ?J‘m + Q{Jingﬂ - | ;gm
+ (0 gng — 61 Gjm VALY + 20T+ 200 T — 20 g T

\% \%

+ 25;71 an¢p - QQW and)qgjﬂ .

\%
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In this case, analogously to previous case, we get an invariant object of the equi-
torsion conform mapping in the form

G jmn = Rjran & Oin Bin = 0, Pim + Pragns = Pigim

1 s ; 0
+ 7N(N )(5m n.pj — Op, mm)g Dt Ing (4.1)
1, ,
+ 5 05 gim — o I

- 0
i 7 q
+ijgmgp 7(5m F]n)ﬂlng,

1 1
fjm = m(iﬂjm - m@gg‘ﬂ% (4.2)

where }4%]‘7” is Ricci’s curvature tensor of the fourth kind and {4% a scalar curvature
of the fourth kind. The object gijmn is a tensor and we call it equitorsion conform
curvature tensor of the fourth kind of the equitorsion conform mapping. So, the

next theorem is valid.

under the conditions as in

THEOREM 4. From the curvature tensor @ijmn,

Theorem 1, one obtains an invariant tensor gijmn (4.1) of the equitorsion conform

mapping of generalized Riemannian spaces, where Jj is given with respect to (4.2).

5. Equitorsion conform curvature tensor of the fifth kind

For the curvature tensors of the fifth kind of the spaces GRy and GRy we
find the relation [12, 16]

1

R = Rl + 5 ;ml" - Pjnlm + P, i P,ijimjt
+ P]me;n — PpnP,’np + Pf:u Pflp Pf;] P;m)
ie.
Fin = Bimn + 5100 (U + i1 = 250) = 85 (W + ¥y = 20550
R e (e e o (5.1)
: Y

+ 2(5m Gin = On Gjm JUpU”]-

Let us denote
1 i i
Yin = i(l/fjm Vi — 205%n), Vi =gP by, Arp = gPlabyip,. (5.2)
34 3 4 34 34

Then ] ) _ ) _
E;mn - szmn + 6:% wj” - 5:1 ¢jm + 1/’%9& - w%gmj
34 34 34 34

(51 9jn — & gjﬂ)AﬂZ’-
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Contracting by indices i, n and denoting

— — 1
D _ i P — . —
]gjmp = }E?j'rrm ]5% jmp — ]E?]?na ﬁ¢ - 2.9& (¢plq + d)plq)a (54)
we obtain B 4
gjm = ]E?jm - (N - 2)"/}271 - [Aw + (N - 2)A1w]gjm7 (5'5>
34 34 —

wherefrom, multiplying by g™ = ¢~2¥¢™ and contracting by j and then by m
one obtains

1 — N -2
A= ———(R—e>R)— —= A9 5.6
341/} 2(N —1) (]5% c 1?) 2 1Y (5.6)
From (5.5) and (5.6) we get
— 1
;/jljm = jg)jm - I;jm - §A1’(/)gm (57)

where we denoted
1 1

= m — =~ Rgim 5.8
Pim = 52 Bim — gy =7y B9im) (5:8)

in GRy and analogously ?jm in GRy.

Analogously to previous cases eliminating 1 j,,, from (5.3) we can write
34

gijmn = (gijmn7 (59)

where we denoted

The object %’i

equitorsion conform curvature tensor of the fifth kind. So, we have

jmn 18 an invariant of the equitorsion conform mapping. We call it

jmns under the conditions

THEOREM 5. Starting from the curvature tensor Js%i

5.10) of the equitorsion

as in the Theorem 1, we obtain an invariant tensor g’zjmn (

mapping f: GRy — GRy, where ];’ is given according to (5.8).

If GRN(GRy) reduces to Ry(Ry), then the objects g 6 =1,...,5)

reduce to the conform curvature tensor (0.9).

jmn
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