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A NOTE ON SUBPARACOMPACT SPACES

D. Buhagiar and S. Lin

Abstract. Some results on subparacompact spaces have only been obtained for the class of
regular spaces. The aim of this note is to obtain some properties of subparacompact spaces, and
also some applications to generalized metric spaces, without requiring the regularity of the spaces
involved.

Subparacompactness is one of the important covering properties in General
Topology. D. K. Burke [2] and H. J. K. Junnila [7] have made many contributions
to the characterizations and applications of subparacompact spaces. Some results
on subparacompact spaces have only been obtained for the class of regular spaces.
In particular, we have the following two results:

(1) A regular inverse image of a subparacompact space under a perfect map is a
subparacompact space [2].

(2) Every regular, strong X-space is a subparacompact space [4,9].

In [1], D. Buhagiar and T. Miwa investigated four proerties on continuous
maps without requiring the spaces to satisfy any separation axioms. In particular,
they proved that the inverse image of a subparacompact space under a subpara-
compact map is a subparacompact space. In this paper we use a technique from[1]
about subparacompact maps obtaining some further properties of subparacompact
spaces, and also some applications to generalized metric spaces, without requiring
the regularity of the spaces involved.

In this paper all spaces are Hausdorff (7%) and all maps are continuous. For
a space X, if & and V are families of subsets of X, and G is a subset of X,
then we denote the family {UNV : U € U,V € V} by U AV and the family
{UNG : UelU}byUg. If Xisaspaceand A C X then by clx A we understand
the closure of A in X.
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LEMMA 1. Let K be a compact subset of a space X. If U is an open in X
cover of K, then there exists an open subset O in X such that K C O and Up has
a finite refinement closed in O.

Proof. Since U is an open in X cover of K, there exists a finite subfamily
{U; : i <n}of U such that K C |J{U; : ¢ < n}. For every z € K, there exists
i(z) < n satisfying © € Uy,). Let F(z) = K \ Uj(). Since the space X is T> and
F(z) is a compact subset of X, there exist open subsets V(z) and W(x) in X such
that z € V(z), F(z) C W(z) and V(z) N W(z) = 0. Let G(z) = U,y U W(x),
then G(z) is open in X and K C G(x). Take a finite subset {z; : j < m} of K

satisfying K C {V(z;) : j <m} and let O = (njgm G(;cj)) N (UKm V(xj)) N
(Uign Ui). Then, the set O is open in X and contains K. For every j < m, let
P; =clo(V(z;) N O), then we have that P; is closed in O, O =, ., P;, and

j<m
Pj\ Uiy C (G(x5) \ Ui(z,)) Nclx (V(x5)) € W () Nelx (V(z;)) =0

Consequently, P; C U(i(z;)) and { P; : j < m }is a closed refinement of Up in O. m

Recall that a space X is said to be subparacompact if every open cover of X has
a o-discrete closed refinement. This condiditon was introduced by L. F. McAuley
[8] as F,-screenable. A map f: X — Y is said to be perfect if it is closed, onto and
f~Y(y) is compact for every y € Y.

THEOREM 2. Let f: X — Y be a perfect map. If Y is a subparacompact space,
then X is also a subparacompact space.

Proof. Let U be an open cover of X. For every y € Y, f~1(y) is compact in
X and therefore, by Lemma 1, there exists an open subset O(y) in X such that
' (y) C O(y) and Up(,) has a finite refinement closed in O(y). Since the map f is
closed, there exists an open subset H(y) in Y such that y € H(y) and f~1(H(y)) C
O(y). Thus, Up-1(p(y)) has a finite closed refinement F, in f~*(H(y)). Let H =
{H(y) : y €Y }. Since the space Y is subparacompact, H has a o-discrete closed
refinement W = |J,cny Wi, here each W; = {W;, : y € Y } is discrete and closed
inY, and W;, C H(y). For every i € N, let

Pi={f'Wi,)NF : yeY and F € F, }.

To complete the proof of the theorem, it suffices to show that P = |J,.nPi is a
o-discrete closed refinement of ¢/ in X. The fact that P is a refinement of I/ is
evident. Since f~'(W;) is discrete in X and F, is finite for every y € Y, we have
that P; is o-discrete in X for every ¢ € N. For every y € Y and every F € F,, let

_ { X \ fﬁl(WLy), ifreX \ fﬁl(Wi’y);
: fTHHW)\F, ifxe f~1(Wiy)\F,
whenever z € X \ (f~'(W, ) N F). Then L, is an open neighbourhood of z in X

and L, N (f~'(W,,) N F) = 0. This shows that f~'(W,,) N F is closed in X and
consequently, X is a subparacompact space. m
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Semi-stratifiable spaces were introduced and studied by G. D. Creede [3]. Re-
call that a space X is semi-stratifiable if there exists a function G which assigns to
each n € N and closed set H C X, an open set G(n, H) containing H and satisfying

(i) H =pen G(n, H);

(iil) HC K = G(n,H) C G(n, K).
As an application of Theorem?2, we obtain a pull-back theorem for semi-stratifiable
spaces.

COROLLARY 3. Let f: X — Y be a perfect map. If the space X has a Gg-
diagonal, and Y is a semi-stratifiable space, then X is also semi-stratifiable.

Proof. Since the space Y is semi-stratifiable, it is a subparacompact space
[4, Theorem 5.11]. Hence, by Theorem 2, X is also a subparacompact space. Since
X is a subparacompact space with a Gs-diagonal, X is a of-space (i.e., a space
with a o-closure preserving closed p-network) [5, Proposition 4.1]. Since a semi-
stratifiable space is a B-space (i.e. a space (X, 7) having a function g: N x X — 7
satisfying (i) z € g(n,z), and (ii) if z € g(n,z,), then the set {z, : n € N}
has a cluster point in X [6]) and an inverse image of a [(-space under a perfect
map is a (-space, the space X is a of-space and a 3-space. Consequently, X is a
semi-stratifiable space [5, Theorem 5.2]. m

Remember that a space X is said to be a (strong) 3-space [E*-space] if there is
a o-locally finite [o-hereditarily closure-preserving] family P of closed subsets of X,
and a cover C of X consisting of closed countably compact (compact) subsets, such
that, whenever C' € C and C C U for some open subset U of X, then C C P C U
for some P € P. The family P is called a (mod k)-network (with respect to C).
It is convenient to consider the following modification of (mod k)-networks. A
family P of subsets of X is called an almost (mod k)-network [9] for X if every
x € X is in some compact C(z) C X such that, whenever C(x) C U for some open
subset U of X, then x € P C U for some P € P.

LeEMMA 4. Every strong Y*-space is o subparacompact space.

Proof. Let X be a strong YX*-space, and let P be a o-hereditarily closure-
preserving closed (mod k)-network with respect to a cover C of compact subsets
of X. If U is an open cover of X, for every z € X, there exists a compact subset
C(z) € C with x € C(z). By Lemma 1, there is an open subset O(z) in X
satisfying C(x) C O(z) and Up(,) has a finite closed refinement () in O(z). Then,
C(z) C P(xz) C O(z) for some P(z) € P. Let P' = { P(z) : z € X }, and for each
P € P’ choose a point zp such that P(xp) = P. Then, since P is o-hereditarily
closure-preserving, the family # = {PNF : P € P'and F € F(zp)} is a o-
closure-preserving closed refinement of &/ in X, and hence, X is a subparacompact
space. m

The proof of the following lemma can be fonud in [9].

LEMMA 5. Let P be a point-countable family of closed subsets of a space X
which is closed under finite intersections. If P is an almost (mod k)-network of
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X, there is a cover C of compact subsets of X such that P is a (mod k)-network
with respect to C.

THEOREM 6. The following are equivalent for a space X :

(1) X is a strong 3-space;

(2) X is a subparacompact space;

(8) X is an isocompact L-space;

(4) X has a o-discrete closed (mod k)-network with respect to a cover of
compact subsets.

Proof. We only need to show the implication (1) == (4). Let |J;c Ps be a o-
locally finite closed (mod k)-network with respect to a cover C of compact subsets
of X, here each P; is locally finite in X. Since X is a subparacompact space, for
every i € N, tehre is a o-discrete closed cover F; of X such that each element of F;
intersects only finitely many elements of P;. Thus, P; A F; is o-discrete and closed
in X. Let P = {(NF : F is a finite subfamily of |J;cn(Pi A Fi) }. Then P is a
o-discrete family of closed subsets of X which is closed under finite intersections.
For every x € C € C and every open subset U D C of X, there exist ¢ € N,
P e P;and F € F; such that z € F and C C¢ P C U. Therefore, PNF € P
and x € PNF C U, which shows that P is an almost (mod k)-network of X.
By Lemma 5, P is a o-discrete closed (mod k)-network with respect to a cover of
compact subsets of X. m

REMARK 1. H. J. Junilla [7] proved the equivalence (1) <= (4) in Theorem
6 for the class of regular spaces.

THEOREM 7. Let f: X — Y be a closed map with Lindeldf fibres. If X is a
strong X-space, then so isY.

Proof. Since X is a strong Y-space, by Lemma 5 we have that X is sub-
paracompact. Therefore, since f is closed, Y is also subparacompact [2]. Suppose
that (J;cn Pi is a o-discrete closed (mod k)-network with respect to a cover K
of compact subsets of X. For every ¢ € N, tehre is an open cover U; of X such
that each element of f; intersects at most one element of P;. Since f~!(y) is Lin-
delof, for every y € Y, there exists a countable subfamily U;(y) of U; such that
f1(y) € UUi(y). Thus, f~1(Vi(y)) € UU:(y) for some neighbouhood V(y) of
yinY. Let Vi = {Vi(y) : y € Y}. Since V; is an open cover of Y, V; has a
o-discrete closed refinement F; = {F, : a € A; }. Now, for each a € A, there
exists y, € Y satisfying Fy C Vi(ya). Let Ui(ya) = {Ua(j) : 7 € N} and let
Bij ={f Y F.)NUs(j) : « € A; }. Then B; = U,en Bij is a cover of X. Also, let
C; = (P;AB;)” ={clx(PnB) : P € P;,B € B;}. Since P; is closed and discrete in
X, each of its elements is a union of some subfamily of ;. Let P; = { P, : vy € I; },
then C; = J;en Cij» Where Cij = {clx(Py N f~1(Fo) NUa(4)) = @ € A;,y € Tu b,
so that f(Cs;) = {clx(f(Py NUa(j)) N Fy) : a € A;,y € T; }. Since each U, (y)
intersects at most one element of P; and F; is o-discrete and closed in X, we have
that f(C;;) is o-discrete and closed in Y. To complete the proof, by Lemma 5, it is
sufficient to show that |J; ;o f(Ci;) is an almost (mod k)-network for V.
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For every y € Y, there exists € K for some K € K, satisfying y = f(z). For
an open subset W D f(K)in Y, there exists v € I'; with K C P, C f~*(W). Since
P, is a union of some subfamily of C;, there exist a € A; and j € N such that

z € clx (P, N f~' (Fa) NU(j)) C Py, C f7HW),

so that
y € dx(f(PyNUal(s)) NFa) C f(Py) CW.

Consequently, |, jen f(Cij) is a o-discrete closed, almost (mod k)-network for Y,
and therefore, Y is a strong X-space. m

REMARK 2. E. Michael [9] proved that strong 3-spaces are preserved by o-
locally finite maps for the class of regular spaces. This is not true for the class
of Hausdorff spaces. Indeed, let Y be the space with a point irrational extension
topology ([10], Example 69). Then Y is a Hausdorff, second countable space which
is not subparacompact. Since Y is second countable, there exists a separable metric
space X and a map f: X — Y. Then, X is a strong X-space and f is a o-locally
finite map, while Y is not a strong X-space. m
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