Mathematical Physics Electronic Journal ISSN1086-6655 Volume4,1998 Paper5 Received:Apr1,1998,Revised: Oct3,1998,Accepted:Oct5,1998 Editor: J.-P.Eckmann

Strict Concavity of the Intersection Exponent for Brownian Motion in Two and Three Dimensions

Gregory F. Lawler^1 Department of Mathematics Box 90320 Duke University Durham, NC 27708-0320

Abstract

The intersection exponent for Brownian motion is a measure of how likely Brownian motion paths in two and three dimensions do not intersect. We consider the intersection exponent ξ(λ) = ξd(k, λ) as a function of λ and show that ξ has a continuous, negative second derivative. As a consequence, we improve some estimates for the intersection exponent; in particular, we give the first proof that the intersection exponent ξ_3(1, 1) is strictly greater than the mean field prediction. The results here are used in a later paper to analyze the multifractal spectrum of the harmonic measure of Brownian motion paths.

1Research supported by the National Science Foundation

1 Introduction

Let B^1, . . . , B^k, W^1, . . . , W^j, be independent Brownian motions starting at the origin in R^d . Let T^i_n = inf{t : |B^i_t| = e^n}, S^i_n = inf{t : |W^i_t | = e^n}, and let Λ_n, Θ_n be the random sets Λ_n = B^1[T^1_0 , T^1_n ] ∪ · · · ∪ B^k[T^k_0 , T^k_n ], Θ_n = W^1[S^1_0 , S^1_n] ∪ · · · ∪ W^j[S^j_0, S^j_n].

If d ≥ 4 [10], P{Λ_n ∩ Θ_n = ∅} = 1, while for d < 4, lim_{n→∞} P{Λ_n ∩ Θ_n = ∅} = P{Λ_∞ ∩ Θ_∞ = ∅} = 0.

The intersection exponent ξ = ξ_d(k, j) is defined for d < 4 by the relation P{Λ_n ∩ Θ_n = ∅} ≈ e^{−nξ}, where ≈ means that the logarithms of both sides are asymptotic. It can be shown by subadditivity (see e.g. [12]) that the exponent ξ is well defined, and in fact [15, 16], that ≈ can be replaced with ≍ where ≍ means that either side is bounded by a constant multiple of the other. Sometimes, ζ = ξ/2 is defined to be the intersection exponent; it can be shown that as t → ∞, P{(B^1[0, t] ∪ · · · ∪ B^k[0, t]) ∩ (W^1[0, t] ∪ · · · ∪ W^j[0, t]) = ∅} ≍ t^{−ζ} . If d = 1, it is easy to see that P{Λ_n ⊂ (−∞, 0), Θ_n ⊂ [0, ∞)} ≤ P{Λ_n ∩ Θ_n = ∅} ≤ 2P{Λ_n ⊂ (−∞, 1], Θ_n ⊂ [−1, ∞)}. Both sides can easily be estimated using the “gambler’s ruin estimate” to show that P{Λ_n ∩ Θ_n = ∅} ≍ e^{−(j+k)n}, i.e., ξ_1(j, k) = j +k. This paper will consider dimensions 2 and 3 where the values of the intersection exponents are not known.

One of the reasons that properties of intersections of Brownian motions have been studied is that the properties are analogous to those in a number of models in equilibrium statistical physics. There is a critical dimension, four, above which the problem is easy and below which there are interesting nontrivial critical exponents, in this case the intersection exponents. Methods from (mostly, but not exclusively, nonrigorous) mathematical physics, such as renormalization group [1, 7, 11] and conformal field theory [8] have been applied to this problem, and the problem seems like an interesting, nontrivial problem that might be tractable, and hence is a good test problem for these techniques.

We restrict ourselves to dimensions two and three in this paper because these are the only dimensions in which the intersection exponent is defined and nontrivial. However, in d = 4 there is an interesting problem if we consider the probability P{dist(Λ_n, Θ_n) ≥ 1}.

For d > 4, this probability tends to a positive constant as n → ∞, while for d = 4 it tends to zero. The power of decay is given by P{dist(Λ_n, Θ_n) ≥ 1} ≍ (log n)^{−kj/2}.

Actually, we do not know if a proof of this fact has been written down. However, Albeverio and Zhou [2] have given a proof in the case j = k = 1 and the analogous problem for simple random walk for all j, k has been solved [13]. What happens in four dimensions is that the events U_n = {dist(B^1[T^1_0 , T^1_n ], W^1[T^1_0 , T^1_n ]) ≥ 1} and V_n = {dist(B^2[T^1_0 , T^1_n ], W^1[T^1_0 , T^1_n ]) ≥ 1} are independent up to a constant in the sense that P(U_n ∩ V_n) ≍ P(U_n)P(V_n).

This is analogous to the “mean field” property of models in statistical physics; in general, one expects in critical phenomenon for the mean field property to hold at the critical dimension, but not below. One of the purposes of this paper is to show rigorously that the mean field property does not hold below the critical dimension.

There is a slightly different way of looking at the intersection exponent that will be useful for this paper. Fix k and suppose B^1, . . . , B^k are independent Brownian motions defined on the probability space (Ω, P), again starting at the origin. Suppose B is another Brownian motion starting at the origin, defined on the probability space (Ω_1, P_1) with stopping times T_n = inf{t : |B_1| = e^n}.

We write (Ω̄, P̄) for (Ω × Ω_1, P × P_1), so that B^1, . . . , B^k, B are independent on (Ω̄, P̄). Define the random variable Z_n on Ω by Z_n = P_1{B[T_0, T_n] ∩ Λ_n = ∅}.

Note that if Θ_n is defined as above, P{Λ_n ∩ Θ_n = ∅} = E[Z^j_n], and hence the intersection exponent ξ = ξ_d(k, j) satisfies E[Z^j_n] ≈ e^{−nξ}. We can define the intersection exponent ξ = ξ(k, λ) for any positive λ > 0 by the relation E[Z^λ_n ] ≈ e^{−nξ}. It is also well defined for λ = 0 if we make the convention 0^0 = 0, i.e., P{Z_n > 0} ≈ e^{−nξ(k,0)}.

For d = 3 the probability on the left hand side is one, so ξ_3(k, 0) = 0. For d = 2, this is not true; the exponent ξ_2(k, 0) is called the disconnection exponent (Z_n = 0 if and only if Λ_n disconnects the origin from infinity.)

Other than ξ_3(k, 0), the only value of the intersection exponent that is known rigorously is ξ_d(2, 1) = ξ_d(1, 2) = 3 − d. Some bounds are known. For the disconnection exponent ξ = ξ_2(k, 0), we have [4, 25] 1/2π ≤ ξ < .469, k = 1, 1/π ≤ ξ < .985, k = 2. Duplantier (see [9]) conjectured using nonrigorous conformal field theory that ξ_2(1, 0) = 1/4. The exponent ξ_2(2, 0) is related to the Hausdorff dimension of the frontier or outer boundary of Brownian motion; it has been proved [17] that the dimension of the frontier is given by 2−ξ_2(2, 0). Mandelbrot [22] conjectured that this dimension is 4/3 and hence has conjectured that ξ_2(2, 0) = 2/3. This is consistent with numerical simulation, see e.g. [23].

For ξ = ξ_d(1, 1), the following rigorous bounds are known [4].

ξ ∈ [1 + 1 4π , 3 2 ), d = 2, ξ ∈ [ 1 2 , 1), d = 3. The lower bounds are obtained from interpolating the exact values and bounds for ξ_d(1, 2) and ξ_d(1, 0) using concavity as we now describe. If r > 1, then

E[Z^λ_n] ≤ E[Z^{rλ}_n ]^{1/r},

and by Hölder’s inequality, if λ = aλ_1 + (1 − a)λ_2 with 0 < a < 1, then

E[Z^λ_n ] ≤ (E[Z^{λ1}_n ])^a(E[Z^{λ2}_n ])^{1−a}.

Hence, ξ_d(k, λ) ≥ r^{−1}ξ_d(k, rλ), (1) ξ_d(k, λ) ≥ aξ_d(k, λ_1) + (1 − a)ξ_d(k, λ_2). (2)

The upper bound for two dimensions uses the Beurling projection theorem (see Lemma 3.2). Nonrigorous conformal field theory predicts that ξ_2(1, 1) = 5/4 [8, 9], and this is consistent with simulations [5, 20]. For d = 3, there is no reason to believe that ξ_3(1, 1) is rational. Simulations [5, 19] indicate that it is slightly less than .58.

The values of ξ_d(k, λ) for k = 2 are closely related to the harmonic measure of a Brownian motion path, i.e., the hitting measure of another Brownian motion starting away from the path. To see this intuitively, note that at a typical point x = B_t of a single Brownian path, there are two independent Brownian motions starting at x — the path of B_s for s < t and the path of B_s for s > t. Probabilities of starting a Brownian motion near x and avoiding the path can be seen to be related to probabilities that another Brownian motion hits the first path near x (reverse the time). The exact value for ξ_d(2, 1) can be obtained by studying a simple property of the harmonic measure. One other exponent inequality which was proved using this relationship [14] is

ξ_2(2, 2) ≤ 3.

This is obtained by using the ξ_2(2, 1) = 2 value and a theorem of Makarov [21] about harmonic measure of connected subsets of the plane. This theorem states that the harmonic measure is carried on a set of Hausdorff dimension one. The results in this paper are used in [18] to establish that the frontier of a Brownian path is multifractal; moreover, the multifractal spectrum can be derived from ξ_d(2, λ).

In this paper, we fix d and k and consider the function ξ(λ) = ξ_d(k, λ). By (2), ξ is a concave function of λ. One of the main goals of this paper is to show that ξ is strictly concave. In fact we show that for λ > 0, ξ has two continuous derivatives and ξ^{′′}(λ) < 0. In particular, (1) and (2) can be replaced with ξ_d(k, λ) > r^{−1}ξ_d(k, rλ), r > 1, (3) ξ_d(k, λ) > aξ_d(k, λ_1) + (1 − a)ξ_d(k, λ_2), a ∈ (0, 1), aλ_1 + (1 − a)λ_2 = λ. (4)

As a corollary we improve three of the known inequalities for the exponent to strict inequalities:

ξ_2(1, 1) > 1 + 1 4π , ξ_3(1, 1) > 1 2 , ξ_2(2, 2) < 3.

The first two of these two inequalities follow immediately from the known estimates and (3) and (4). The third is not so immediate, and we will discuss it in the next section where we derive the more general estimate ξ_2(2, λ) < 1 + λ, d = 2, λ ≠ 1. (5)

The inequality for ξ_3(1, 1) is important. This is the first rigorous proof that the exponent does not take on its “mean field" values of 1/2. Mean field is not a well-defined notion, but if the mean field theory were to hold, then we would expect

P̄{B[0, T_n] ∩ (B^1[0, T^1_n ] ∪ B^2[0, T^1_n ]) = ∅}

≈ P̄{B[0, T_n] ∩ B^1[0, T^1_n ] = ∅}P̄{B[0, T_n] ∩ B^2[0, T^2_n ] = ∅}.

Note that if this were to be true, then ξ(2) would equal 2ξ(1). As previously noted, the intersection exponent is analogous to a number of critical exponents in statistical physics for which mean field values are not taken on below the critical dimension.

We will make the following convention about constants in this paper. We will start by choosing 0 < λ_1 < λ_2 < ∞ and considering λ ∈ [λ_1, λ_2]. Constants c, c_1, c_2, . . . and β are positive constants that depend only on d, k, λ_1, λ_2. The value of c, c_1, c_2, β may change from line to line; the values of other constants will not change.

Some of the work in the paper was completed while the author was a visitor at Ecole Normale Supérieure. I would like to thank Wendelin Werner for useful conversations. I would also like to thank J.-P. Eckmann and an anonymous referee for comments and corrections.

2 Main Results

In this section we give an overview of the main results of the paper. As we will see, analysis of the intersection exponent is essentially the same as determining the large deviation behavior of the random variable − log Z_n. It will be convenient to look at a slightly different random variable than the Z_n discussed in the first section. (In this paper we will look at a number of slightly different versions of Z_n; they all will have the same exponents.) Let u denote the unit vector in R^d whose first component is 1 and let γ̄ denote the set γ̄ = {−tu : 0 ≤ t ≤ 1}, Assume we have k Brownian motions B^1, . . . , B^k starting at −u defined on the probability space (Ω, P). As before we set Λ_n = B^1[0, T^1_n ] ∪ · · · ∪ B^k[0, T^k_n ].

Suppose we have another Brownian motion B_t defined on (Ω_1, P_1). Let

Z_n = P_1{B(0, T_n] ∩ (γ̄ ∪ Λ_n) = ∅ | B(0, T_0] ∩ γ̄ = ∅}.

The conditioning is on a set of probability 0; however, it is not difficult using the theory of hprocesses (see, e.g, [6]) to make rigorous sense of this quantity. Let

ξ_n(λ) = − 1 n log E[Z^λ_n ].

Our first theorem, proved in Section 4, shows that ξ_n(λ) converges to ξ(λ), the intersection exponent as defined in the previous section.

Theorem 2.1 For every 0 < λ_1 < λ_2 < ∞, there exist 0 < c_1, c_2 < ∞ such that for all n and all λ_1 ≤ λ ≤ λ_2, c_1e^{−nξ} ≤ E[Z^λ_n ] ≤ c_2e^{−nξ}. In order to make the notation more typical of that in large deviations let

Ψ_n = − log Z_n,

so that E[e^{−λΨn} ] ≍ e^{−ξ(λ)n}, and ξ_n(λ) = − 1 n log E[e^{−λΨn} ].

For a fixed n, we can see by direct computation that

ξ^′_n(λ) = 1 n E_n[Ψ_n], ξ^{′′}_n(λ) = − 1 n Var_n[Ψ_n], ξ^{′′′}_n (λ) = 1 n [E_n[Ψ^3_n] − 3E_n[Ψ^2_n]E_n[Ψ_n] + 2(E_n[Ψ_n])^3], where E_n and Var_n denote expectation and variance, respectively, with respect to the probability measure Q_n = Q_{n,λ} with density (E[e^{−λΨn} ])^{−1}e^{−λΨn} .

We will show in Section 8 that there exist a = a(λ) and σ^2 = σ^2(λ) such that

ξ^′_n(λ) = a + O( 1 n ), ξ^{′′}_n(λ) = −σ^2 + O( 1 n ), ξ^{′′′}_n (λ) ≤ c. The uniform bound on the third derivative allows us to take the limit in the first and second derivative and conclude ξ^′(λ) = a, ξ^{′′}(λ) = −σ^2. While it will not be obvious from the expressions for σ^2(λ) that it is strictly positive, we will be able to show more directly that Var_n[Ψ_n] → ∞, and this will imply σ^2(λ) > 0.

The way to obtain such convergence results is to analyze the measure Q_n. One of the main goals of this paper is to show that the measures Q_n converge to an invariant measure. We describe the result here briefly; see Sections 5 and 7 for more details. Let C_0 be the set of continuous functions

γ : [0, s] → R^d ,

with γ(0) = 0, |γ(s)| = 1, and 0 ≤ |γ(t)| < 1, 0 ≤ t < s. We allow s to take on any positive value. Given γ̄_0 = (γ^1_0 , · · · , γ^k_0 ) ∈ C^k_0 , we start Brownian motions B^1, . . . , B^k on the unit sphere at the endpoints of these curves. Let

Z_n = P_1{B(0, T_n] ∩ (γ̄_0 ∪ Λ_n) = ∅ | B(0, T_0] ∩ γ̄_0 = ∅}.

Here we have written γ̄_0 for the union of the images of the γ^j_0, and we assume that the γ̄_0 is sufficiently nice so that the conditioning on B makes sense as an h-process (this is a very weak assumption, and unions of Brownian paths satisfy this). If we start with any distribution μ_0 on C^k_0 , concentrated on such nice paths, and consider the probability measure Z^λ_n E[Z^λ_n ] , we can obtain another measure μ_n on C^k_0 . In this measure, the paths are γ^j_0 with B^j[0, T^j_n] attached, scaled (using Brownian scaling) so that they are elements of C^k_0 . What we show is that there is a unique measure μ on C^k_0 that is invariant (that is, if μ_0 = μ then μ_n = μ for all n). In fact, if we start with any μ_0, then very quickly the measure on paths is very close to μ. In particular, we show that for any initial μ_0, there is a C = C(μ_0) such that

E_{μ0} [Z^λ_n ] = Ce^{−nξ}[1 + O(e^{−β√n})].

Let F_n be the σ-algebra generated by γ̄_0 ∪ {B^j_t : j = 1, . . . , k; 0 ≤ t ≤ T^j_n}. We define R_n = lim_{m→∞} e^{mξ}E[Z^λ_{n+m} | F_n] Z^λ_n , and let μ̄ be the measure on paths whose density with respect to μ is R_0. Then μ̄ is the invariant measure for the Markov chain on C^k_0 with transition density R_nR^{−1}_0 e^{nξ}Z^λ_n .

In other words, μ̄ gives a stationary measure. We will see that a = E_{μ̄}[Ψ_1], Var_{μ̄}[Ψ_n] = σ^2n + O(1).

Note that σ^2(λ) > 0 implies that a(λ) is a strictly decreasing function of λ. In particular, the measures Q_{n,λ} for different λ become singular with respect to each other. We will also write a_λ for a(λ). We define a_0 = lim_{λ↓0} a_λ, a_∞ = lim_{λ→∞} a_λ.

Since a is a decreasing function, these limits exist and are nonnegative. Proposition 2.2

a_∞ = { 1/2, d = 2, 0 d = 3.

Proof. The Beurling projection theorem (see Lemma 3.2) implies that there is a constant c such that for d = 2, Ψ_n ≥ n 2 − c. Since a(λ) = E_n[Ψ_n], we see that a_λ > 1/2, if d = 2. In [4], it was shown that for every ϵ > 0 there exists C, M such that

P{Ψ_n ≤ ( 1 2 + ϵ)n} ≥ Ce^{−Mm}, d = 2, P{Ψ_n ≤ ϵn} ≥ Ce^{−Mn}, d = 3. Hence, ξ(λ) ≤ ( 1 2 + ϵ)n + M, d = 2, ξ(λ) ≤ ϵn + M, d = 3.

This and the fact that a_λ = ξ^′(λ) is a decreasing function give the lemma. �

In Section 9 we prove that for d = 2, a_0 < ∞. For d = 3, we have no proof, but we conjecture that a_0 < ∞.

We have a one-to-one function a : (0, ∞) → (a_∞, a_0).

We can invert this function and consider the inverse as a function λ : (a_∞, a_0) → (0, ∞).

We will write either a_λ or λ_a depending on whether we are considering the function or its inverse. Consider another function b : (a_∞, a_0) → (0, ∞), defined by saying if b = b(a), then P{Ψ_n ≤ an} ≈ e^{−bn}. The existence of such a b will be shown in the following proposition. Proposition 2.3 If a_∞ < a < a_0, then b(a) = ξ(λ_a) − aλ_a. Proof. By Chebyshev’s inequality, for any λ > 0, P{Ψ_n ≤ an} ≤ e^{aλn}E[e^{−λΨn} ] ≤ ce^{−n(ξ(λ)−λa)}. Hence, b(a) ≥ sup_λ ξ(λ) − aλ. The supremum is taken on when ξ^′(λ) = a, i.e., when λ = λ_a.

Now let λ = λ_a. By the estimate of the variance and Chebyshev’s inequality, we see that there exist c_1, c_2 such that E [ e^{−λΨn} ; an − c_1 √ n ≤ Ψ_n ≤ an + c_1 √ n ] ≥ c_2e^{−ξλ}. (6) Hence, P{Ψ_n ≤ an} ≥ exp{−nλ − c_1 √ nλ + an}. � We note that we do not expect for a < a_∞ that P{Ψ_n ≤ an} ≍ e^{−bn}, but rather we conjecture that P{Ψ_n ≤ an} ≍ n^{−1/2}e^{−bn}.

This would follow if we could prove the following weak form of the local central limit theorem, E[e^{−λaΨn} ; an ≤ Ψ_n ≤ an + 1] ≍ 1 √ n e^{−nξ}. This is very plausible from (6), and, in fact, central limit theorems for stationary processes can be used to show that n^{−1/2}(Ψ_n − an) under the measure E[Z^λ_n ]^{−1}Z^λ_n , approaches a nontrivial normal distribution. However, we do not know at this point how to go from the central limit theorem to a local central limit theorem. Note that b^′(a) = ξ^′(λ_a)λ^′(a) − λ_a − aλ^′(a).

But ξ^′(λ_a) = a. Hence b^′(a) = −λ_a. Proposition 2.3 is a “Legendre transform” relation. The following gives the dual relation. It follows immediately from Proposition 2.3. Proposition 2.4 ξ(λ) = b(a_λ) + λa_λ. The case k = 2 is related to the multifractal spectrum of harmonic measure of a region bounded by a Brownian path. The multifractal spectrum F (a) is the dimension of the set of points at which the harmonic measure looks like an a-dimensional measure (see [18] for the appropriate definitions). In [18] it is shown that the multifractal spectrum is given by F (a + d − 2) = 2 − b(a), at least for all a with ξ(λ_a) ≤ 2. From Makarov’s theorem [21] we know that for any subset of the plane F (1) = 1. Hence for k = 2, d = 2. b(1) = 1.

In this case we also know that ξ(1) = 2, and ξ^′(1) = a_1 = 1.

Since ξ is strictly concave this means that for d = 2, k = 2, ξ(λ) < 1 + λ, λ ≠ 1. This gives (5).

Let us give a summary of the remaining chapters. Section 3 consists of preliminary lemmas that will be used in this paper; it is recommended that this section be skipped on a first reading and referred to as necessary. The main purpose of the next section is to derive Theorem 2.1 and some necessary consequences for the convergence result. The basic structure of this section is similar to that found in the corresponding sections of [15, 16, 17]; unfortunately, we cannot use directly the results of those papers and instead derive the necessary propositions and lemmas from scratch. The next three sections discuss the convergence to equilibrium. The basic idea is similar to that in [15] where an invariant distribution is given on Brownian motions starting at the origin conditioned to have no intersection. The idea is to approximate by subMarkov chains that depend only on the last part of the path Λ_n. A technical complication arises in this approximation. Let 0 < m < n, and suppose we want to approximate the random variable

P_1 { B[0, T_{n+1}] ∩ (γ̄_0 ∪ Λ_{n+1}) = ∅ | B[0, T_n] ∩ (γ̄_0 ∪ Λ_n) = ∅ }

by a random variable that depends only on

Λ(m, n + 1) = B^1[T^1_m, T^1_{n+1}] ∪ · · · ∪ B^k[T^k_m, T^k_{n+1}].

The error in replacing Λ_{n+1} with Λ(m, n + 1) is not too difficult to estimate using estimates derived in Section 4. However replacing Λ_n with Λ(m, n) in the conditioning is a bit tricky. Section 6 is devoted to proving a lemma which allows for this substitution. We call it a Harnack-type inequality, because it is similar to boundary Harnack principles (unfortunately, a region bounded by a Brownian motion path is too rough to allow one to quote existing boundary Harnack results). Sections 5 and 7 describe and prove the main results about the invariant measure. With the invariant measure in hand, Section 8 does the necessary moment calculations. Section 9 proves that the intersection exponent is continuous at λ = 0; this is not difficult for d = 3, but requires work for d = 2.

3 Preliminaries

We collect here a number of facts about random variables and Brownian motion that we will use. Much of this section may be skipped in a first reading and referred to as necessary. Let B(t) denote a Brownian motion in R^d and as before let T_r = inf{t : |B_t| = e^r}. Let S_s denote the sphere {|x| = e^s}. The first lemma is essentially a version of the gambler’s ruin estimate.

Lemma 3.1 There exist constants c_1, c_2 such that if 0 < ϵ < 1/2, x ∈ S_{−ϵ}, then

c_1ϵ ≤ P^x{T_{−1} < T_0} ≤ c_2ϵ.

Proof. Let G(x) = log |x| if d = 2 and G(x) = |x|^{−1} if d = 3. Apply optional sampling to the martingale G(B_{t∧τ} ) where τ = T_{−1} ∧ T_0. �

The next lemma gives two estimates about planar Brownian motion that we will refer to as the Beurling estimates, see, e.g., [3, V.4].

Lemma 3.2 Suppose d = 2. There exist constants c_1, c_2 such that the following holds. Suppose γ : [0, 1] → R^2 is a continuous function with |γ(0)| = 1, |γ(1)| = e^r, r ≥ 2. Then if |y| = 1,

P^y{B[0, T_1] ∩ γ[0, 1] ≠ ∅} ≥ c_1, P^y{B[0, T_r] ∩ γ[0, 1] = ∅} ≤ c_2e^{−r/2}.

The unique harmonic function in {x ∈ R^3 : |x| > 1} with boundary value 1 on the sphere of radius 1 and boundary value 0 at infinity is f(x) = |x|^{−1}. The next lemma follows immediately from this.

Lemma 3.3 If d = 3, y ∈ S_r, r > 0, P^y{T_0 < ∞} = e^{−r}. For any δ > 0 let A_δ be the closed infinite cone A_δ = {0} ∪ {x ∈ R^d : | x |x| − u| ≤ δ}, (7) where u is the unit vector whose first component is 1.

Lemma 3.4 For every δ > 0, there exist a, b > 0 such that for all 0 < |x| < 1, ||x|^{−1}x − u| ≤ δ/2, P^x{B[0, T_0] ⊂ A_δ} ≥ b|x|^a. (8) Proof (sketch). Let τ = τ_δ be the first time that the Brownian motion reaches S_0 ∩{y : |y −u| ≤ δ/2}. Let q = q(δ) > 0 be the infimum over all z ∈ S_{−1} ∩ {y : |ey − u| ≤ δ/2} of P^z{B[0, τ_δ] ⊂ A_δ}. If we let p(r) = p(r, δ) be the infimum of the probability on the left hand side of (8) over all x ∈ S_{−r} ∩ {y : |ϵ^ry − u| ≤ δ/2}, then p(r) ≥ qp(r − 1). Iterating this gives the lemma. �

The exact value a = a(δ) can be calculated exactly for d = 2 using conformal mapping. It is not so easy to calculate the value in d = 3, but we will not need it. We will use the easily verified fact that a(δ) → ∞ as δ → 0. The following lemma handles the complement. Lemma 3.5 For every 0 < δ < 1, there exist a, b > 0 such that P^{−u}{B[0, T_n] ∩ A_δ = ∅} ≥ be^{−an}. Moreover, a = a(δ) can be chosen so that lim_{δ→0} a(δ) = { 1/2, d = 2, 0, d = 3. Proof. The existence of such an a can be proved in the same way as the previous lemma. For d = 2, the Beurling estimate gives that a(0) = 1/2, and the limit above can be proved by conformal mapping. For d = 3 let q = q(δ) be defined by q = P^0{B[T_0, T_1] ∩ A_δ ≠ ∅}, It is easy to see that q → 0 as δ → 0; in fact, one can see that for every ϵ > 0 we can find δ = δ(ϵ) sufficiently small such that for all x ∈ S_0 with |x − u| ≥ ϵ, P^x{B[0, T_1] ∩ A_δ ≠ ∅} < ϵ.

Let V_n be the event {B[T_0, T_n] ∩ A_δ = ∅} and let q_n = P(V^c_n | V_{n−1}). Note that P{|B(T_n) − nu| ≤ ϵn; V_n | V_{n−1}} ≤ P{|B(T_n) − nu| ≤ ϵn | V_{n−1}} ≤ cϵ^2, and hence P{|B(t_n) − nu| ≤ ϵn | V_n} ≤ cϵ^2 1 − q_n . Therefore, q_{n+1} ≤ ϵ + cϵ^2(1 − q_n)^{−1}.

In particular, for all ϵ sufficiently small we can show that q_n < 2ϵ implies q_{n+1} < 2ϵ, and hence P^0{B[T_0, T_n] ∩ A_δ = ∅} ≥ (1 − 2ϵ)^n. � The following two lemmas can be proved in a similar way; we omit the proofs. Let −A_δ = {x : −x ∈ A_δ}. Lemma 3.6 There exist c_1, c_2 such that the following hold. For every 0 < δ < 1/2, let V = V_δ be the translated infinite cone V = A_δ + (1 − δ)u = {x ∈ R^d : x − (1 − δ)u ∈ A_δ}. Then if x ∈ S, |x − u| ≤ δ/2, P^x{T_1 < T_{−δ}; B[0, T_1] ⊂ V } ≥ c_1δ^{c2} . Moreover, if x ∈ S, |x − u| ≥ 2δ, P^x{T_1 < T_{−δ}; B[0, T_1] ∩ V = ∅} ≥ c_1δ^{c2} .

Lemma 3.7 There exist c_1, c_2 such that the following is true. Suppose x ∈ S_{1/8} \ A_{2δ}. Then

P^x { B[0, T_{1/4}] ∩ A_δ = ∅; |e^{−1/4}B(T_{1/4}) + u| ≤ 1 20 } ≥ cδ^{c2} , P^x { B[0, T_{1/4}] ∩ A_δ = ∅; T_{1/4} < T_0; B[T_{1/4}, T_1] ⊂ −A_{1/10} } ≥ cδ^{c2} . The following lemma contains standard exponential estimates for binomial and geometric random variables. Since the proofs are short, we present them here.

Lemma 3.8 (a) If X is a binomial random variable with parameters n and p and k > 1, then P{X ≥ knp} ≤ ( e^{k−1} k^k )^{np}, P{X ≤ k^{−1}np} ≤ (k^{1/k} exp{ 1 k − 1})^{np}. (b) For every M < ∞, ϵ > 0, there exists a ρ > 0 such that if X_1, X_2, . . . are independent nonnegative integer random variables with P{X_i = j} ≤ Mρ^j, then P{X_1 + · · · + X_n ≥ ϵn} ≤ M^{−1}e^{−Mn}.

Proof. (a) For any t, E[e^{tX} ] = [1 + p(e^t − 1)]^n ≤ (exp{e^t − 1})^{np}.

Hence if t > 0, P{X ≥ knp} ≤ e^{−tknp}E[e^{tX} ] ≤ ( exp{e^t − 1} e^{kt} )^{np}, P{X ≤ k^{−1}np} ≤ e^{tnp/k}E[e^{−tX} ] ≤ (e^{t/k} exp{e^{−t} − 1})^{np}. Letting t = log k gives the result.

(b) For any t > 0, P{X_1 + · · · + X_n ≥ ϵn} ≤ e^{−tϵn}E[e^{t(X1+···+Xn)}] ≤ e^{−tϵn}(sup_j E[e^{tXj} ])^n. Let t = 2M/ϵ and then choose ρ sufficiently small so that E[e^{tXj} ] ≤ min{1, M^{−1}}e^M . � The following is a simple estimate of binomial coefficients.

Lemma 3.9 There exists c < ∞ such that for all a ∈ (0, 1/c), ( n an ) ≤ ca^{−an}e^{2an}, provided an is a positive integer.

Proof. By Stirling’s formula, for all a < 1/2, ( n an ) ≤ c e^{−n}n^{n+(1/2)} (an)^{an+(1/2)}e^{−an}[(1 − a)n]^{(1−a)n+(1/2)}e^{−(1−a)n} ≤ ca^{−an}(1 − a)^{−(1−a)n}. As a → 0, (1 − a)^{1−a} = e^{(1−a) ln(1−a)} = e^{−a+O(a2)}.

In particular, for all a sufficiently small, (1 − a)^{−(1−a)} ≤ e^{2a}. �

We will not prove the following standard estimates which follow from concavity (λ ≤ 1) and Minkowski’s inequality (λ ≥ 1).

Lemma 3.10 Let X, Y be random variables. If 0 < λ ≤ 1, E[|Y |^λ] ≥ E[|X|^λ] − E[|X − Y |^λ].

In particular, if E[|X − Y |^λ] ≤ aE[|X|^λ], E[|Y |^λ] ≥ (1 − a)E[|X|^λ]. If 1 ≤ λ < ∞, E[|Y |^λ] ≥ [(E[|X|^λ])^{1/λ} − (E[|X − Y |^λ])^{1/λ}]^λ.

In particular, if E[|X − Y |^λ] ≤ aE[|X|^λ], E[|Y |^λ] ≥ (1 − a^{1/λ})^λE(|X|^λ).

Hence, for every λ_0 ≥ 1, there exists a C = C(λ_0) such that for all a ≤ 1/2, 1 ≤ λ ≤ λ_0, E[|Y |^λ] ≥ [1 − Ca^{1/λ}]E(|X|^λ). We will now prove a series of lemmas that will be needed in Section 6. For any ϵ ∈ (0, 1/10) let L be the line segment with endpoints u and e^4u, where again u is the unit vector whose first component is 1, and let R_ϵ = {x ∈ R^d : |x − y| ≤ ϵ for some y ∈ L}. Let U_ϵ be the collection of subsets D of R^d such that D ∩ {1 ≤ |x| ≤ e^4} ⊂ R_ϵ and such that for every x ∈ R_ϵ, the probability that a Brownian motion starting at x hits D before leaving the ball of radius ϵ centered at x is at least 1/100. The second condition implies that D fills up a reasonable fraction of R_ϵ. Let τ = τ_D be the first time that the Brownian motion hits the set D and let ρ = ρ_D = min{T_3, τ}. For |x| < e^3, |y| = e^3, let H(x, y; D) denote the density of the hitting measure of B(ρ). This is a density of a subprobability measure; in fact, if σ = σ_3 denotes normalized surface measure on S_3, the sphere of radius e^3, ∫ S3 H(x, y; D) dσ(y) = P^x{τ > T_3}. The next lemma will give an estimate for H(x, y; D). Assume that D ∈ U_ϵ; |x| ≤ e^2; |y| = e^3;

and y ∉ R_{2ϵ}. It is immediate from the strong Markov property that H(x, y; D) ≤ P^x{T_2 < τ} sup_{|z|=e2} H(z, y; D). Let R^d_− denote the points in R^d whose first component is nonpositive. Then the Harnack principle

can be combined with the strong Markov property to conclude H(x, y; D) ≥ cP^x{T_2 < τ; B(T_2) ∈ R^d_− }H(−e^2u; y). The boundary Harnack principle can be used to see that for |z| ≤ e^2, H(z, y; D) ≍ H(z, ỹ; D), |ỹ| = e^3, |y − ỹ| ≤ ϵ/2.

Hence, H(z, y; D) ≍ ϵ^{1−d}P^z{|B(ρ) − y| ≤ ϵ/2}. Let η(y, δ) be the first time that the Brownian motion reaches the ball of radius δ about y. Then it is easy to see that c_1P^z{η(y, ϵ/4) < τ} ≤ P^z{|B(ρ) − y| ≤ ϵ/2} ≤ c_2P^z{η(y, ϵ/2) < τ}. Let G(z, w; D) denote the Green’s function of the Brownian motion killed at time ρ. Then it is standard to see that P^z{η(y, ϵ/4) < τ} ≍ P^z{η(y, ϵ/2) < τ} ≍ ϵ^{d−2}G(z; (1 − ϵe^{−3}/2)y; D). The Green’s function satisfies G(z_1, z_2; D) = G(z_2, z_1; D), and hence H(z, y; D) ≍ ϵ^{−1}G((1 − ϵe^{−3}/2)y, z; D). Let ȳ = (1 − ϵe^{−3}/2)y. Then again using standard arguments, if |z| = e^2 G(ȳ; z; D) ≤ cP^ȳ{T_{5/2} < ρ}, G(ȳ; −e^2u; D) ≥ cP^ȳ{T_2 < ρ; B(T_2) ∈ R^d_− }.

Combining all of the estimates in this paragraph, we see that if |x| ≤ e^2, |y| = e^3, x, y ∉ R_{2ϵ}, and ȳ is defined as above H(x, y; D) ≤ cϵ^{−1}P^x{T_2 < τ}P^ȳ{T_{5/2} ≤ ρ}, H(x, y; D) ≥ cϵ^{−1}P^x{T_2 < τ; B(T_2) ∈ R^d_− }P^ȳ{T_2 < ρ; B(T_2) ∈ R^d_− }.

The probabilities can be estimated in a standard fashion to give the following lemma. Lemma 3.11 There exist constants c_1, c_2 such that the following is true. Suppose D ∈ U_ϵ satisfies D ∩ {1 ≤ |z| ≤ e^4} ⊂ R_ϵ. Let α_x = dist(x, R_ϵ), α_y = dist(y, R_ϵ). Then for x, y ∉ R_{2ϵ} c_1α_xα_y ≤ H(x, y; D) ≤ c_2α_xα_y, d = 2, c_1 log α_x − log ϵ − log ϵ log α_y − log ϵ − log ϵ ≤ H(x, y; D) ≤ c_2 log α_x − log ϵ − log ϵ log α_y − log ϵ − log ϵ , d = 3. We will not need the exact form of the probabilities in the previous lemma, but just the following corollary.

Corollary 3.12 There exists a c such that the following is true. Let 0 < ϵ < 1/5, and let D = D_ϵ be the open region D = {1 < |z| < e^3} \ R_{2ϵ}. For x ∈ D, y ∈ ∂D ∩ S_3, let H(x, y) denote the density (in y, with respect to normalized surface measure on S_3) of the distribution of B(T_3) given B_0 = x and B[0, T_3) ⊂ D. Then for all x_1, x_2 ∈ D ∩ {|z| ≤ e^2}, y ∈ S_3, H(x_1, y) ≤ cH(x_2, y).

Now suppose we have an open region D contained in {1 < |z| < e^n}. Let x_1, x_2 ∈ D and let Y^1_t , Y^2_t denote h-processes conditioned to leave D at S_n, starting at x_1, x_2 respectively. (This will be conditioning with respect to a set of positive probability, so we really do not need to use h-processes, but it is convenient to use the term anyway.)

In the analysis below, we will use the following coupling of Brownian motions.

Lemma 3.13 There exists a c such that the following is true. If x, y ∈ B(0, e^{−1}), there exist Brownian motions B^1, B^2, defined on the same probability space (Ω, P), with corresponding stopping times T^1_r , T^2_r , and also stopping times τ^1, τ^2 (coupling times) such that:

P{τ^1 < T^1_{−1/2}} ≥ c; P{τ^2 < T^2_{−1/2}} ≥ c;

and if τ^1 < T^1_0 , B^1_{t+τ} 1 = B^2_{t+τ} 2 , 0 < t < T^1_0 − τ^1 = T^2_0 − τ^2.

Moreover if g^i, h^i denote the density of B^i(T^i_0) (with respect to normalized surface measure on S), conditioned on the events {τ^i < T^i_{−1/2}} and {τ^i ≥ T^i_{−1/2}}, respectively, then c ≤ g^i, h^i ≤ c^{−1}. Proof. We will only give the coupling rule, leaving it to the reader to verify that it satisfies the conditions of the lemma. We will do the d = 2 case; the d = 3 case is essentially the same. Let x = (x^1, x^2), y = (y^1, y^2) and let X^1_t , X^2_t , Y^1_t , Y^2_t be independent one dimensional Brownian motions starting at x^1, x^2, y^1, y^2, respectively. Let B^1_t = (X^1_t , X^2_t ) for all t. Let

ρ^1 = inf{t : Y^1_t = X^1_t },

and let ρ^2 = inf{t ≥ ρ^1 : Y^2_t = X^2_t }.

Then we let

B^2_t =

(Y^1_t , Y^2_t ), 0 ≤ t ≤ ρ^1, (X^1_t , Y^2_t ), ρ^1 ≤ t ≤ ρ^2, (X^1_t , X^2_t ), ρ^2 ≤ t < ∞. � A corollary is a coupling for h-processes. Suppose D is a bounded open set and suppose h is a positive harmonic function on D. Then the h-process killed upon hitting ∂D is the process with transition density q_t(x, y) = p_t(x, y; D)h(y)/h(x), x, y ∈ D where p_t(x, y : D) is the density of usual Brownian motion killed upon hitting ∂D. (See [6, Chapter 10] for a detailed discussion of h-processes.) One particular case that we will use is when V ⊂ ∂D, and h(x) is the probability that Brownian motion starting at x first hits ∂D some place in the set V . The following follows immediately from Lemma 3.13 .

Corollary 3.14 There exists a c such that the following is true. Let h be any positive harmonic function on the interior of B(0, e) and let x, y ∈ B(0, e^{−1}). There exist h-processes Y^1, Y^2, defined on the same probability space (Ω, P), with corresponding stopping times T^1_r , T^2_r , and also stopping times τ^1, τ^2 (coupling times) such that: P{τ^1 < T^1_{−1/2}} ≥ c; P{τ^2 < T^2_{−1/2}} ≥ c;

and if τ^1 < T^1_0 , Y^1_{t+τ} 1 = Y^2_{t+τ} 2 , 0 < t < T^1_0 − τ^1 = T^2_0 − τ^2.

Now let A be a closed subset of R^d and let D = D_n(A) be the open region D = {|z| < e^n} \ A. We will assume that D is connected. Let τ = τ_A be the first hitting time of A and let h be the harmonic function on D, h(x) = P^x{τ_A ≥ T_n}. Let x, y ∈ D. We want to define a coupling of h-processes starting at x, y, i.e., we want to define h-processes Y^1_t , Y^2_t on the same probability space (Ω, P) such that Y^1_0 = x, Y^2_0 = y, and such that with high probability Y_1(T^1_n ) = Y_2(T^2_n ).

Let J = J_n(A) be the set of even integers m less than n such that B(e^mu, 1 5 e^m) ⊂ D. Start by taking independent h-processes starting at x, y, say X^1_t , X^2_t . We let σ^i_m = inf{t : X^i_t ∈ B(e^mu, 1 30 e^m)}. Let l_1 be the smallest integer m in J such that σ^1_m < T^1_{m+1}, σ^2_m < T^2_{m+2}. Let Y^i_t = X^i_t , 0 ≤ t ≤ σ^i_{l1} . Let ρ^i_m = inf{t ≥ σ^i_m : Y^i_t ∈ ∂B(e^mu, 1 5 e^mu)}. We can use Corollary 3.14 to define Y^i_t for σ^i_{l1} ≤ t ≤ ρ^i_{l1} in such a way so that with probability at least c, Y^1(ρ^1_{l1} ) = Y^2(ρ^2_{l2} ).

We now start up independent h-processes, X^1_t , X^2_t at Y^1(ρ^1_{l1} ), Y^2(ρ^2_{l1} ). On the event {Y^1(ρ^1_{l1} ) = Y^2(ρ^2_{l1} )}, we set Y^i_t = X^1(t − ρ^i_{l1} ),

for all t until the boundary is reached. Otherwise, we set

Y^i_t = X^i(t − ρ^i_{l1} ),

for all t until there exists an l_2, defined similarly as above. If that happens, we do the coupling procedure again, in a way so that the conditional probability of the processes being coupled, given that they were not already coupled is c. This defines the processes Y^1_t , Y^2_t for 0 ≤ t ≤ T^i_n.

Let R_ϵ (m) = e^mR_ϵ = {e^mw : w ∈ R_ϵ}. Suppose for a given integer m, ϵ < 1/10, A ∩ {e^{m−2} ≤ |z| ≤ e^{m+1}} ⊂ −R_ϵ(m − 2), (9) and Y^i[T^i_{m−1}, T^i_{m+1}] ⊂ {e^{m−2} ≤ |z| ≤ e^{m+1}} \ −R_{2ϵ}(m − 2). By the estimate in Lemma 3.11, given this information there is a positive probability that the processes, if they have not already coupled, will couple during this time interval. Suppose we have an ϵ < 1/10 and a collection K of 3j integers satisfying (9). Let Y^1, Y^2 be h-processes starting at x, y (not necessarily independent, in fact, we will be concerned mainly with the coupled precesses), and let p_i be the probability that there exists at least j integers m in K with Y^i[T^i_{m−1}, T^i_{m+1}] ⊄ {e^{m−2} ≤ |z| ≤ e^{m+1}} \ −R_{2ϵ}(m − 2). The probability that the coupling does not occur is bounded by

p_1 + p_2 + ce^{−βj}.

Note that p_i depends only on Y^i, so this quantity is independent of the coupling procedure used. This coupling procedure allows us to conclude the following lemma.

Lemma 3.15 There exist c, β such that the following is true. Let A be a closed subset of R^d , and let D = D_n(A) = {|z| < e^n} \ A. Let x, y ∈ D ∩ S and let Y^1_t , Y^2_t be h-processes conditioned to hit S_n before hitting A. Let H^i(z) denote the density (with respect to normalized surface measure σ_n on S_n) of Y^i(T^i_n). Suppose there exists an ϵ > 0, and a subset K of even integers m ≤ n such that (9) holds, and such that the cardinality of K is at least 3j. Let p^i be the probability that there exist at least j elements of K such that Y^i[T^i_{m−1}, T^i_{m+1}] ∩ {e^{m−2} ≤ |z| ≤ e^{m+1}} ∩ −L_{2ϵ} ≠ ∅. Then ∫ Sn |H^1(z) − H^2(z)| dσ_n(z) ≤ p^1 + p^2 + ce^{−βj}.

4 Intersection Exponent

In the section we will prove Theorem 2.1 and develop some of the technical results needed for the convergence to a stationary distribution. Let us review our convention about constants. We fix k, d and 0 < λ_1 < λ_2 < ∞ and choose λ ∈ [λ_1, λ_2]. Constants c, c_1, c_2, . . . are positive constants that may depend on k, d, λ_1, λ_2, but may not depend on λ. The values of c, c_1, c_2 may vary from place to place, but the values of c_3, c_4, . . . will not. We let B(x, r) denote the closed ball of radius r about x, and we let S_r denote the circle or sphere of radius e^r centered at the origin. We write S for S_0 and S^k for k-tuples of points in S. We let u = (1, 0) or (1, 0, 0) be the unit vector with first component 1. Let B^1, . . . , B^k, B be independent Brownian motions, not all necessarily starting at the same point. We will assume that B^1, . . . , B^k are defined on the probability space (Ω, P) and B is defined on the probability space (Ω_1, P_1). We write (Ω̄, P̄) for (Ω × Ω_1, P × P_1). We use E, E_1, and Ē for expectations with respect to P, P_1, and P̄, respectively. Define, as before, the stopping times

T^j_r = inf{t : |B^j_t | = e^r} = inf{t : B^j_t ∈ S_r},

T_r = inf{t : |B_t| = e^r} = inf{t : B_t ∈ S_r}.

Let F_r be the σ-algebra F_r = σ{B^j_t ; 1 ≤ j ≤ k, t ≤ T^j_r }. Let Λ_r denote the random set

Λ_r = B^1[0, T^1_r ] ∪ · · · ∪ B^k[0, T^k_r ],

and for r < s let Λ(r, s) = B^1[T^1_r , T^1_s ] ∪ · · · ∪ B^k[T^k_r , T^k_s ].

Note that Λ_r is a set determined by F_r-measurable random variables.

For any r > 0 and y ∈ S, define the following F_r-measurable random variables:

Z_{r,y} = P^y_1{B[0, T_r] ∩ Λ_r = ∅},

Z_{r,·} = P^0_1{B[T_0, T_r] ∩ Λ_r = ∅} = ∫ S Z_{r,y} dσ(y), Z̄_r = sup y∈S Z_{r,y}. Here σ = σ_0 denotes the normalized surface measure on S. Let ϕ(r) = ϕ(r, λ, k, d) = sup_{x∈Sk} E^x[Z^λ_{r,y}]. ϕ̃(r) = ϕ̃(r, λ, k, d) = ∫ S^k E^x[Z^λ_{r,·}] d^kσ(x), ϕ̄(r) = ϕ̄(r, λ, k, d) = sup x∈S^k E^x[Z̄^λ_r ].

If r, s > 0, then ϕ̄(r + s) = sup x∈S^k E^x[Z̄^λ_{r+s}] ≤ sup_{x∈Sk} E^x[Z̄^λ_r Y^λ_{r,s}], where Y_{r,s} = sup_{y∈Sr} P^y_1{B[0, T_{r+s}] ∩ Λ(r, r + s) = ∅}. By Brownian scaling, E^x[Y^λ_{r,s} | F_r] ≤ ϕ̄(s), and hence ϕ̄(r + s) ≤ sup x∈S^k E^x[E(Z̄^λ_r Y^λ_{r,s} | F_r)] ≤ ϕ̄(r)ϕ̄(s).

By standard arguments using the subadditivity of log ϕ̄ we can see that there is a ξ = ξ(λ) = ξ(λ, k, d), such that as r → ∞, ϕ̄(r) ≈ e^{−ξr}, where ≈ means that the logarithms of both sides are asymptotic. Moreover, ϕ̄(r) ≥ e^{−ξr}. The first major goal of this section is to establish the inequality c_1e^{−ξr} ≤ ϕ(r), ϕ̃(r), ϕ̄(r) ≤ c_2e^{−ξr}. (10) In order to prove (10), it suffices to show the following: ϕ̄(r) ≤ cϕ̃(r), (11) ϕ̃(r) ≤ cϕ(r), (12) and for all r, s, ϕ(r + s) ≥ c_1ϕ(r)ϕ(s). (13) To see this, note that the first two of these equations and the trivial inequality ϕ(r) ≤ ϕ̄(r) imply that ϕ̃(r) ≍ ϕ(r) ≍ ϕ̄(r), (14) where ≍ means that each side is bounded by a constant times the other side. Also, (13) implies that f(r) = log ϕ(r) + log c_1 is a superadditive function and hence −ξ = lim_{r→∞} f(r) r = sup_{r→∞} f(r) r , i.e., ϕ(r) ≤ c^{−1}_1 e^{−rξ}. If will follow from one of our first lemmas (see (23)) that ϕ(r + 1) ≥ cϕ(r), ϕ̃(r + 1) ≥ cϕ̃(r), ϕ̄(r + 1) ≥ cϕ̄(r) (15) We will assume these inequalities now and use them to derive (11) and (12). By the Harnack inequality applied to B, Z̄_r ≤ cY_r, where Y_r = P_1{B[T_1, T_r] ∩ Λ(1, r) = ∅}.

By applying the Harnack inequality to B^1, . . . , B^k, and using Brownian scaling, we can see that for any x ∈ S^k, E^x[Y^λ_r ] ≤ cϕ̃(r − 1).

This gives that ϕ̄(r) ≤ cϕ̃(r − 1), (16) and then (11) follows from (15). For (12), we first note that if λ ≥ 1 ∫ S Z^λ_{r,y} dσ(y) ≥ [ ∫ S Z_{r,y} dσ(y)]^λ, and hence ϕ(r) = ∫ S ( sup_{x∈Sk} E^x[Z^λ_{r,y}]) dσ(y) ≥ ∫ S ∫ S^k E^x[Z^λ_{r,y}] dσ^k(x) dσ(y) ≥ ϕ̃(r). Therefore, if suffices to prove (12) for λ < 1. For any δ > 0, let Z̄^{(1)}_r = Z̄^{(1)}_{r,δ} = sup{Z_{r,y} : y ∈ S, dist(y, Λ_r) ≤ δ}, Z̄^{(2)}_r = Z̄^{(2)}_{r,δ} = sup{Z_{r,y} : y ∈ S, dist(y, Λ_r) ≥ δ}.

Note that Z̄_r ≤ Z̄^{(1)}_r + Z̄^{(2)}_r , and since λ < 1, Z̄^λ_r ≤ (Z̄^{(1)}_r )^λ + (Z̄^{(2)}_r )^λ.

Below we will show that there exists a δ_0 such that for all x ∈ S^k, E^x[(Z̄^{(1)}_r )^λ] ≤ 1 2 ϕ̄(r). (17) This implies for some x, E^x[(Z̄^{(2)}_r )^λ] ≥ 1 2 ϕ̄(r). By Harnack, there exists a set of y ∈ S of surface measure at least c_1 such that Z_{r,y} ≥ 1 2 Z̄^{(2)}_r .

(This c_1 depends on δ_0, but we have fixed δ_0.) In particular, ∫ S Z^λ_{r,y} dσ(y) ≥ cZ̄^{(2)}_r , and hence ϕ(r) ≥ E^x[ ∫ S Z^λ_{r,y} dσ(y)] ≥ cϕ̄(r).

To derive (17), we first assume d = 2. Let Y_r = sup_{y∈S2} P^y{B[0, T_r] ∩ Λ(2, r) = ∅},

X_r = X_{r,δ} = sup P^z{B[0, T_1] ∩ Λ_r = ∅}, where the supremum is over all z ∈ S with dist(z, Λ_r) ≤ δ. Note that Z̄^{(1)}_r ≤ X_rY_r, and by the Beurling estimates (Lemma 3.2), X_r ≤ cδ^{1/2}. Hence E^x[(Z̄^{(1)}_r )^λ] ≤ cδ^{λ/2}E^x[Y^λ_r ] ≤ cδ^{λ/2}ϕ̄(r − 2) ≤ cδ^{λ/2}ϕ̄(r).

In particular for δ sufficiently small, E^x[(Z̄^{(1)}_r )^λ] ≤ 1 2 ϕ̄(r). For d = 3, let ρ^j = ρ^j(r) = inf{t : B^j_t ∈ S_2; B^j[t, T_r] ∩ B(0, 1) = ∅}, Λ̂_r = B^1[ρ^1, T^1_r ] ∪ · · · ∪ B^k[ρ^k, T^k_r ]. Let Y_r = sup_{y∈S2} P^y{B[0, T_r] ∩ Λ̂(2, r) = ∅}, X_r = X_{r,δ} = sup P^z{B[0, T_1] ∩ Λ_r = ∅}, where the supremum is over all z ∈ S with dist(z, Λ_r) ≤ δ. One can easily check that the distribution of Y_r given Λ_r ∩ B(0, e) = ∅, is bounded above and below by a constant times the unconditioned distribution. Note also that X_r, Y_r are independent and Z̄^{(1)}_r ≤ X_rY_r; hence E^x[(Z̄^{(1)}_r )^λ] ≤ cE^x[X^λ_r ]E^x[Y^λ_r ].

It is not difficult (using, say, Lemma 4.4 below as well as the transience of Brownian motion) to show E^x[X^λ_r ] ≤ ϵ(δ), for some ϵ(δ) → 0. Also, the transience of the Brownian motion implies that with positive probability (independent of r), Λ̂_r = Λ(2, r).

Hence, it is not difficult to see that E^x[Y^λ_r ] ≤ cϕ̄(r − 2) ≤ cϕ̄(r). This finishes (17) and hence we have derived (11) and (12).

The next lemmas are important technical lemmas that make precise the notion that Brownian motions conditioned not to intersect have a reasonable chance of being far apart. It will be convenient for us to set up some notation. Let γ̄ = (γ^1, . . . , γ^k) be a k-tuple of continuous functions

γ^j[0, b^j ] :→ R^d

with |γ^j(b^j)| = 1 and |γ^j(t)| < 1 for t < b^j (we allow trivial functions with b^j = 0). As before, we start independent Brownian motions B^1, . . . , B^k, at γ^1(b^1), . . . , γ^k(b^k), respectively, defined on the probability space (Ω, P), and let γ̄_r = γ̄ ∪ Λ_r.

We also have another Brownian motion B defined on the probability space (Ω_1, P_1). Depending on context, we will start B at: the origin; uniformly on S_r for some r ≤ 0; or at some |x| ≤ 1. We will write conditioning with respect to the event

B(0, T_0] ∩ γ̄_0 = ∅.

In the latter two cases, this conditioning will be on a set of positive probability. In the first case, we will mean by this conditioning that B, up through time T_0, is an h-process conditioned to not hit γ̄_0. In particular, we will assume that γ̄_0 is sufficiently nice so that this conditioning is well-defined. Below we will use the shorthand expression “γ̄_0 is an h-set”, to be mean that it is sufficiently nice. Note that for each r, γ̄_r, appropriately scaled, is an allowable k-tuple of functions, and we can talk of probabilities given B(0, T_r] ∩ γ̄_r = ∅. For r ≥ 0, we let

δ_r = e^{−r} min{dist(B(T_r), γ̄_r), dist(B^1(T^1_r ), B[0, T_r]), . . . , dist(B^k(T^k_r ), B[0, T_r])},

and let D_ϵ be the F_r-measurable random variable

D_ϵ = P_1{δ_r ≥ ϵ | B(0, T_r] ∩ γ̄_r = ∅}.

Let A = A_{1/10} as in (7) and −A = {x : −x ∈ A}. For s ≤ r, let U(s, r), Ũ (s, r) be the events U(s, r) = {B^j[T^j_s , T^j_r ] ⊂ −A, j = 1, . . . , k}, Ũ(s, r) = {B[T_s, T_r] ⊂ A}. By an initial configuration we will mean a random allowable k-tuple γ̄, defined on the probability space (Ω, P ), where the γ̄ is independent of the Brownian motions B^1, . . . , B^k (except for the fact that the Brownian motions are rotated so that they start at γ(b^1), . . . , γ(b^k), respectively). Given with the initial configuration will be a starting point for the process B_t (either B_0 = 0; or B_0 starts on S_s for some s ≤ 0.) If we assume B_0 = 0, then we will assume that the initial configuration gives probability one to h-sets. If the starting point is on S_s, then we will assume the initial configuration gives probability one to γ̄_0 satisfying

P_1{B[0, T_0] ∩ γ̄_0 = ∅} > 0.

When an initial configuration is given we will let F_r denote the σ-algebra generated by γ̄ and the Brownian motions B^1, . . . , B^k up through times T^1_r , . . . , T^k_r . Let

Z_r = P_1 { B(0, T_r] ∩ γ̄_r = ∅ | B(0, T_0] ∩ γ̄_0 = ∅ } , where the conditioning is in terms of h-processes if necessary. For s < r, let Z̃(s, r) = P_1 { B(0, T_r] ∩ γ̄_r = ∅; Ũ (s, r) | B(0, T_0] ∩ γ̄_0 = ∅ } . Lemma 4.1 There exist constants c_1, β such that if the initial configuration satisfies P{D_ϵ ≥ ϵ} = 1, then E[Z̃( 1 4 , 1)^λ; U( 1 4 , 1)] ≥ c_1ϵ^β.

Proof. Without loss of generality, we may assume that the initial configuration is a point mass at γ̄_0 satisfying D_ϵ ≥ ϵ. Cover the sphere of radius 1 by O(ϵ^{−(d−1)}) balls of radius ϵ/16 centered on the sphere. Then we can see that there must by an x such that P_1{δ_0 ≥ ϵ; B(T_0) ∈ B(x, ϵ/16) | B(0, T_0] ∩ γ̄_0 = ∅} ≥ cϵ^{d−1}ϵ.

Without loss of generality we may assume x = u. The lemma now boils down to an estimate on Brownian motions: see Lemmas 3.6 and 3.7. �

Lemma 4.2 There exists a constant c such that for any initial configuration E[Z̃( 1 2 , 1)^λ; U( 1 2 , 1)] ≥ cE[Z^λ_1 ].

Proof. Choose N sufficiently large so that ∞∑ n=N n^22^{−n} ≤ 1 8 . Let h_n = 1/4 for n ≤ N and for n > N, h_n = h_{n−1} + n^22^{−n}, so that h_n ≤ 3/8 for all n. Let D^n = D_2�n and

r(n) = inf

E[Z̃(h_n, 1)^λ; U(h_n, 1)] E[Z^λ_{hn} ] , where the infimum is over all initial configurations satisfying D^n ≥ 1 2 .

Note that the numerator in the infimum is increasing in h_n while the denominator is decreasing in h_n. Hence E[Z̃( 1 2 , 1)^λ; U( 1 2 , 1)] ≥ rE[Z^λ_1 ],

where r = inf_n r(n). By Lemma 4.1,

E[Z̃(h_n; 1)^λ; U(h_n, 1)] ≥ c_12^{−βn}, (18)

for any such configuration, and hence r(n) > 0 for each n. We will show that for n > N, r(n) ≥ (1 − c n^2

)r(n − 1), (19)

and hence r > 0. This will prove the lemma.

Assume n > N and we have an initial configuration with D^n ≥ 1 2 . Let D(j) = D(j, n) be the F_{j2}�n -measurable random variable

P_1{δ_{j2}�n ≥ 2^{−n−1} | B(0, T_{j2}�n ] ∩ γ̄_{j2}�n = ∅},

and let σ = σ_n be the smallest positive integer j with D(j) ≥ 1/2. Then if j < n^2, on the event {σ = j}, E [ Z̃(h_n, 1)^λ; U(h_n, 1) | F_{j2}�_n ] = Z^λ_{j2}�n E [ ( Z̃(h_n, 1) Z_{j2}�n )^λ; U(h_n, 1) | F_{j2}�n ] ,

E [ Z^λ_{hn} | F_{j2}�n ] = Z^λ_{j2}�n E [ ( Z_{hn} Z_{j2}�n )^λ | F_{j2}�n ] . The definition of r(n) and Brownian scaling can be used to see that on {σ = j}, E [ ( Z̃(h_n, 1) Z_{j2}�n )^λ; U(h_n, 1) | F_{j2}�n ] ≥ r(n − 1)E [ ( Z_{hn} Z_{j2}�n )^λ | F_{j2}�n ] , and hence E[Z̃(h_n, 1)^λ; U(h_n, 1); σ = j] ≥ r(n − 1)E[Z(h_n)^λ; σ = j].

Therefore, E[Z̃(h_n, 1)^λ; U(h_n, 1); σ < n^2] ≥ r(n − 1)E[Z(h_n)^λ; σ < n^2]. (20) However, it is not difficult to see that there is a positive c such that if D^{n−1} ≤ 1/2,

E[Z(2^{−n})^λ; D(1) < 1 2 ] ≤ 1 − c. By continuing we see that this implies

P{σ ≥ n^2} ≤ (1 − c)^{n2} , and hence E[Z(h_n)^λ; σ ≥ n^2] ≤ ce^{−β1n2} .

This and (18) imply that E[Z(h_n)^λ; σ < n^2] ≥ (1 − c n^2

)E[Z(h_n)^λ], which combined with (20) gives (19) and hence the lemma. �

We return to the random variable Z_{r,u} = P^u_1 {B[0, T_r] ∩ Λ_r = ∅}.

As above, let A = A_{1/10}, and Z^′_{r,u} = P^u_1 {B[0, T_r] ∩ Λ_r = ∅; B[T_{r−(1/2)}, T_r] ⊂ A}, Z_u(s, r) = Z_{r,u} Z_{s,u} , Z^′_u(s, r) = Z^′_{r,u} Z_{s,u} . By applying Lemma 4.2 to the configuration γ̄_{r−1}, we see that for r ≥ 2, x ∈ S^k E^x[Z^′_u(r − 1, r)^λ; U(r) | F_{r−1}] ≥ cE^x[Z_u(r − 1, r)^λ | F_{r−1}], (21) where U(r) = U(r −^1_2 , r) is as defined above. In particular, E^x[(Z^′_r)^λ; U(r)] ≥ cE^x[Z^λ_{r,u}]. (22) Let q be the infimum over all x ∈ S ∩ A of the probability that a Brownian motion starting at x reaches the sphere of radius e without hitting the sphere of radius e^{−1/2} or hitting the hyperplane {y = (y^1, · · ·) : y^1 = 0}. Then it is easy to see from the strong Markov property that E^x[Z^λ_{r+1,u}] ≥ q^kq^λE^x[(Z^′_{r,u})^λ; U(r)].

Therefore, E^x[Z^λ_{r+1,u}] ≥ cE^x[Z^λ_{r,u}], and hence ϕ(r + 1) ≥ cϕ(r). (23) The same argument holds with different initial configurations so we can conclude ϕ̃(r + 1) ≥ cϕ̃(r). Also, using (16), ϕ̄(r + 1) ≥ ϕ̃(r + 1) ≥ cϕ̃(r − 1) ≥ cϕ̄(r), which gives us (15).

One of the keys to proving (10) is (22). The other is the following lemma.

Lemma 4.3 Let A = A_{1/5} as in (7); let

Z̃_{r,u} = P^u_1 { B[0, T_r] ∩ Λ_r = ∅; B[0, T_r] ∩ B(0, 2) ⊂ A \ B(0, 4 5 ) } . and let J_r the event

J_r = { B^j[0, T^j_r ] ∩ B(0, 2) ⊂ −A \ B(0, 4 5 ), j = 1, . . . , k } . There exists a c such that if x = (x_1, . . . , x_k) ∈ S^k with |x_j + u| ≤ 1/10, j = 1, . . . , k, r ≥ 2

E^x[Z̃^λ_{r,u}; J_r] ≥ cE^x[Z^λ_{r,u}].

Before proving this lemma, let us derive a simple consequence. Let

Ẑ_r = inf P^y_1 { B[0, T_r] ∩ Λ_r = ∅; B[0, T_r] ∩ B(0, 2) ⊂ A \ B(0, 4 5 ) } , where the infimum is over all y ∈ S_0 with |y − u| ≤ 1/10. By the Harnack inequality, on the event J_r, Ẑ_r ≥ cZ̃_r. We can therefore replace the conclusion in Lemma 4.3 with

E^x[Ẑ^λ_r ; J_r] ≥ cE^x[Z^λ_{r,u}].

It is then an easy application of the strong Markov property to see that (22) and Lemma 4.3 imply (13) and hence Theorem 2.1. Therefore we need only prove Lemma 4.3 to finish the proof of Theorem 2.1. We will use a series of lemmas to prove this lemma. The proof of the next lemma can be found in [16, Lemma 3.4]. We state two versions of the result, but they can easily be seen to be equivalent by Brownian scaling. We note that for d = 2 the lemma is immediate from the Beurling estimates; however, for d = 3 some work is needed.

Lemma 4.4 Let Y_ϵ, Y^∗_r be the random variables on (Ω, P):

Y_ϵ = sup |B1(0)−y|≤ϵ P^y_1{B[0, T_1] ∩ B^1[0, T^1_1 ] = ∅},

Y^∗_r = sup_{y∈S0} P^y_1{B[0, T_r] ∩ B^1[0, T^1_r ] = ∅},

For every M < ∞ there exist b > 0 and C < ∞ such that for all ϵ > 0, r > 1, P{Y_ϵ ≥ ϵ^b} ≤ Cϵ^M , P{Y^∗_r ≥ e^{−rb}} ≤ Ce^{−rM} . Lemma 4.5 There exists a β such that if |x − u| ≤ ϵ/2, P^{u,x} { B^1[0, T^1_1 ] ∩ B^2[0, T^2_1 ] = ∅ | B^1[0, T^1_1 ] ∩ B(0, 1 − ϵ) = ∅ } ≤ ϵ^β,

P^{u,x} { B^1[0, T^1_1 ] ∩ B^2[0, T^2_1 ] = ∅ | (B^1[0, T^1_1 ] ∪ B^2[0, T^2_1 ]) ∩ B(0, 1 − ϵ) = ∅, } ≤ ϵ^β.

Proof. (sketch) We will sketch the idea in the second inequality; the first is similar. Fix ϵ and assume that B^1, B^2 are h-processes conditioned so that B^i[0, T^i_i ] ∩ B(0, 1 − ϵ) = ∅. Let τ^i_r = inf{t : |B^i_t − u| = r}. Then if ϵ < δ < 1/4, routine estimates for this h-process can be used to show that P^{u,x}{B^1[0, τ^1_{2δ}] ∩ B^2[0, τ^2_{2δ}] ≠ ∅ | B^1[0, τ^1_δ ] ∩ B^2[0, τ^2_δ ] = ∅} ≥ c.

The lemma is obtained by iterating this estimate. �

Lemma 4.6 For any ϵ > 0, let J_ϵ be the event J_ϵ = {B^1[0, T^1_1 ] ∩ B(0, 1 − ϵ) = ∅}, and let X, X_ϵ be the random variables on (Ω, P), X = P^u_1 {B[0, T_1] ∩ B^1[0, T^1_1 ] = ∅}, X_ϵ = P^u_1 {B[0, T_1] ∩ B^1[0, T^1_1 ] = ∅; B[0, T_1] ∩ B(0, 1 − ϵ) = ∅}.

Then there exist constants c_1, β such that for all |x − u| ≤ ϵ/2, E^x(X^λ) ≤ c_1ϵ^β, E^x(X^λ_ϵ ) ≤ c_1ϵ^{λ+β}, E^x(X^λ; J_ϵ) ≤ c_1ϵ^{1+β}, E^x(X^λ_ϵ ; J_ϵ) ≤ c_1ϵ^{1+λ+β}.

Proof. Let Y_ϵ be as in Lemmas 4.4, and let M = max{3λ_2, 2}. Choose b, C so that P^x{Y_ϵ ≥ ϵ^b} ≤ Cϵ^M . Then E^x(X^λ) ≤ E^x(Y^λ_ϵ ) ≤ ϵ^{bλ} + Cϵ^M .

This gives the first inequality. For the third inequality note that the gambler’s ruin estimate (Lemma 3.1) gives P^x(J_ϵ) ≍ ϵ. Hence, E^x(X^λ; J_ϵ) ≤ E^x(Y^λ_ϵ ; J_ϵ) ≤ ϵ^{bλ+1} + Cϵ^M .

For the second inequality , write X_ϵ = P^u_1 {B[0, T_1] ∩ B(0, 1 − ϵ) = ∅}Ỹ_ϵ, where Y_ϵ = P^u_1 {B[0, T_1] ∩ B^1[0, T^1_1 ] = ∅ | B[0, T_1] ∩ B(0, 1 − ϵ) = ∅}.

Then the gambler’s ruin estimate gives E^x(X^λ_ϵ ) ≤ cϵ^λE^x(Ỹ^λ_ϵ ), E^x[X^λ_ϵ ; J_ϵ] ≤ cϵ^λE^x[Ỹ^λ_ϵ ; J_ϵ].

We then must prove E^x(Ỹ^λ_ϵ ) ≤ cϵ^β, E^x[Ỹ^λ_ϵ | J_ϵ] ≤ cϵ^β.

But this follows from Lemma 4.5 and the fact that if 0 ≤ Y ≤ 1, then E[Y^λ] ≤ E[Y ]^{1∧λ}. �

Lemma 4.7 There exist c, β such that for all x = (x_1, . . . , x_k) ∈ S^k, E^x(Z^λ_{r,u}) ≤ cϕ(r)|x_1 − u|^β. Proof. Note that Z_{r,u} ≤ XY_r where X = P^u_1 {B[0, T_1] ∩ B^1[0, T^1_1 ] = ∅}, Y_r = Y_{r,u} = P^u_1 { B[T_1, T_r] ∩ (B^1[T^1_1 , T^1_r ] ∪ · · · ∪ B^k[T^k_1 , T^k_r ]) = ∅ | B[0, T_1] ∩ Λ_1 = ∅ } . By Brownian scaling, (14), and (23), E^x(Y^λ_r | F_1) ≤ ϕ̄(r − 1) ≤ cϕ(r).

By Lemma 4.6, E^x(X^λ) ≤ c|x_1 − u|^β.

Hence E^x(Z^λ_{r,u}) ≤ E^x(X^λY^λ_r ) = E^x[X^λE(Y^λ_r | F_1)] ≤ c|x_1 − u|^βϕ(r). �

Lemma 4.8 For any ϵ > 0, let V^j_r = V^j_r (ϵ) be the event V^j_r = {B^j[0, T^j_r ] ∩ B(0, 1) ⊂ B(B^j(0), ϵ)}.

There exists a constant c such that for all ϵ > 0, and j = 1, . . . , k, sup_{x∈Sk} E^x[Z^λ_{r,u}; V^1_r ∩ · · · ∩ V^j_r ] ≥ cϵ^jϕ(r).

Proof. Note that the gambler’s ruin estimate can be used to conclude that P^x(V^1_1 ∩ · · · ∩ V^j_1 ) ≍ ϵ^j.

By an argument similar to those in Lemmas 4.6 and 4.7, we can see that if x = (x_1, . . . , x_k) ∈ S^k, E^x[Z^λ_{r,u}; V^1_r ∩ · · · ∩ V^j_r ] ≤ c_1|x_1 − u|^βϕ(r)ϵ^j. (24) Without loss of generality we may assume r > 1, ϵ < 1/2. We will write Z for Z_{r,u}. For any j, let ρ^j = ρ^j_ϵ = inf{t : B^j_t ∈ B(0, 1) \ B(B^j(0), ϵ)},

σ^j = σ^j_ϵ = inf{t : |B^j_t | = 1 − ϵ}, τ^j = τ^j_ϵ = inf{t ≥ ρ^j : |B^j_t | = 1}.

It is not difficult to show that P^x{ρ^j ≤ σ^j ≤ τ^j ≤ T^j_r } ≥ c, (25) where we emphasize that c does not depend on r or ϵ. Choose x = (x_1, . . . , x_k) ∈ S^k, which may depend on r, such that E^x[Z^λ] = ϕ(r).

By Lemma 4.7, there is a δ_1 such that if |y_1 − u| ≤ δ_1, E^{y1,x2,...,xk} [Z^λ] ≤ 1 2 ϕ(r). Fix such a δ_1. Using (25), we claim that there exists a c (which may depend on δ_1, but we have fixed δ_1) such that P^{x1} {|B^1(τ^1) − u| ≤ δ_1 | ρ^1 ≤ σ^1 ≤ τ^1 ≤ T^1_r } ≥ cϵ.

(The argument to establish the claim goes approximately as follows: with probability at least c we have σ^1 < τ^1 < T^1_r ; given σ^1 < T^1_r , gambler’s ruin implies that with probability at least cϵ, T^1_{−1} < T^1_r ; and given T^1_{−1} < T^1_r , there is at least a cδ^{d−1}_1 probability that |B^1(τ^1) − u| ≤ δ_1.) Hence, using the strong Markov property on B^1, E^x[Z^λ; ρ^j ≤ T^j_r ] ≤ (1 − cϵ)ϕ(r), and hence E^x[Z^λ; V^1_r ] = E^x[Z^λ; ρ^1 > T^j_r ] ≥ cϵϕ(r).

This proves the lemma for j = 1.

To prove the result for general j, let ϕ_j(r) = ϕ_{j,ϵ}(r) = sup_{x∈Sk} E^x[Z^λ; V^1_r ∩ · · · ∩ V^j_r ].

Suppose we have shown that ϕ_{j−1}(r) ≥ cϵ^{j−1}ϕ(r). Choose x = (x_1, . . . , x_k) ∈ S^k, which may depend on r, such that ϕ_{j−1}(r) = E^x[Z^λ; V^1_r ∩ · · · ∩ V^{j−1}_r ].

By (24), there exists a δ_j such that for |y − u| ≤ δ_j, E^{y1,x2,...,xk} [Z^λ; V^1_r ∩ · · · ∩ V^{j−1}_r ] ≤ 1 2 ϕ_{j−1}(r). We now define times ρ^j, σ^j, τ^j and proceed in the same way as the j = 1 case. �

We note that from (24) we can conclude that, for all ϵ small, the x = (x_1, . . . , x_k) ∈ S^k for which the supremum in the conclusion of Lemma 4.8 is attained satisfies |x_j − u| ≥ 20ϵ. (26) Likewise (for small ϵ), if x = (x_1, . . . , x_k) ∈ S^k with |x_j − u| < 5ϵ for some j,

E^x[Z^λ_{r,u}; V^1_r ∩ · · · ∩ V^k_r ] ≤ ( 1 10 ) sup_{y∈Sk} E^y[Z^λ_{r,u}; V^1_r ∩ · · · ∩ V^k_r ]. (27)

We now fix an ϵ_0 > 0 sufficiently small such that (26) and (27) hold, and such that for each x = (x_1, . . . , x_k) ∈ S^k, S ⊄ B(x^1, 30ϵ_0) ∪ · · · ∪ B(x^k, 30ϵ_0). (28) Since we have fixed ϵ_0, constants c, c_1, c_2, . . . may now depend on ϵ_0. Lemma 4.9 Let V^j_r = V^j_r (ϵ_0) as in Lemma 4.8. Let

Z̃_r = Z̃_{r,u} = P^u_1 { B[0, T_r] ∩ Λ_r = ∅; B[0, T_r] ∩ B(0, 1) ⊂ B(u, 1 − ϵ_0) } . There exists a c > 0 such that for all r, sup E^x[Z̃^λ_r ; V^1_r ∩ · · · ∩ V^k_r ] ≥ cϕ(r), where the supremum is over all x = (x_1, . . . , x_k) ∈ S^k with |x_j − u| ≥ 20ϵ_0.

Proof. We will write Z_r for Z_{r,u}. Choose x = (x_1, . . . , x_k) ∈ S^k, which may depend on r, such that E^x[Z_r; V^1_r ∩ · · · ∩ V^k_r ] = q(r), where q(r) is the supremum in the conclusion of Lemma 4.8 with j = k and ϵ = ϵ_0. By (26), |x_j − u| ≥ 20ϵ_0. Let ρ = inf{t : B(t) ∈ B(0, 1) \ B(u, 1 − ϵ_0)}, τ = inf{t > ρ : |B(t)| = 1}, T̃_r = inf{t > τ : B(t) ∈ S_r}. Let X_r = P^u_1 {τ < T_r; B[τ, T̃_r] ∩ Λ_r = ∅}.

Note that Z_r − Z̃_r ≤ X_r.

But an argument as in Lemma 4.8 can be used to show that E^x[X^λ_r ; V^1_r ∩ · · · ∩ V^k_r ] ≤ (1 − c)q(r).

Hence E^x[Z^λ_r − (Z_r − Z̃_r)^λ; V^1_r ∩ · · · ∩ V^k_r ] ≥ (1 − c)q(r).

The lemma now follows, using Lemma 3.10. �

For any a > 0, let

V̂^j_r = V̂^j_r (ϵ_0, a) = {B^j[0, T^j_r ] ∩ B(0, 1) ⊂ B(B^j(0), ϵ_0); B^j[0, T^j_r ] ∩ B(u, a) = ∅}, Ẑ_r = Ẑ_r(a) = P^u_1 {B[0, T_r] ∩ Λ_r = ∅; B[0, T_r] ∩ B(0, 1) ⊂ B(u, ϵ_0); B[0, T_r] ∩ B(B^j(0), a) = ∅, j = 1, . . . , k}. By using Lemma 4.6, we can see that by choosing a = a_0 sufficiently small we have sup E^x[Ẑ^λ_r ; V̂^1_r ∩ · · · ∩ V̂^k_r ] ≥ cϕ(r), where the supremum is over all x = (x_1, . . . , x_k) ∈ S^k with |x_j − u| ≥ 20ϵ_0. With this fixed a_0 > 0, we can then use the Harnack inequality to conclude the following. Corollary 4.10 Let V̂^j_r = V̂^j_r (ϵ_0, a_0) be as above and for z ∈ S_0, let

Ẑ_{r,z} = Ẑ_{r,z}(a_0) = P^z_1 { B[0, T_r] ∩ Λ_r = ∅; B[0, T_r] ∩ B(0, 1) ⊂ B(u, ϵ_0);

B[0, T_r] ∩ B(B^j(0), a_0) = ∅, j = 1, . . . , k } . Then sup_x inf_y inf_z E^y[Ẑ^λ_{r,z}; V̂^1_r ∩ · · · ∩ V̂^k_r ] ≥ cϕ(r), where the supremum is over all x = (x_1, . . . , x_k) ∈ S^k with |x_j − u| ≥ 20ϵ_0; the first infimum is over all y ∈ S^k with |y − x| ≤ a_0/2; and the second infimum is over all z ∈ S_0 with |z − u| ≤ a_0/2.

Let A = A_{1/10} as before, and let W = W (x_1, . . . , x_k, ϵ_0, a_0) be the event: (i) B[0, T_1] ∩ Λ_1 = ∅; (ii) |e^{−1}B^j(T^j_1 ) − x_j| ≤ a_0/2, j = 1, . . . , k; (iii) |e^{−1}B(T_1) − u| ≤ a_0/2; (iv) B^j[0, T^j_1 ] ∩ {|z| ≥ e(1 − ϵ_0)} ⊂ B(ex_j, 3eϵ_0), j = 1, . . . , k; and (v) B[0, T_1] ∩ {|z| ≥ e(1 − ϵ_0)} ⊂ B(eu, 3eϵ_0).

Let y = (y_1, . . . , y_k) ∈ S and let B^1, . . . , B^k, B start at y_1, . . . , y_k, u respectively. Then it is straightforward to show that there is a c > 0 such that for all |x^j − u| ≥ 20ϵ_0, P̄[W ] ≥ c. It is then not difficult to use this estimate with Corollary 4.10, to conclude Lemma 4.3 and hence we have (13). In particular, we may replace ϕ(r) with ce^{−ξr} in all the results above.

We now summarize some of the main results of this section in a way that we will use them. Assume we have a random initial configuration γ̄_0 and assume we have a Brownian motion B starting at the origin. We assume that γ̄_0 is an h-set with probability one so that conditioning given B(0, T_0] ∩ γ̄_0 = ∅, makes sense. Let Z_r = P_1 { B(0, T_r] ∩ (γ̄_0 ∪ Λ_r) = ∅ | B(0, T_0] ∩ γ̄_0 = ∅ } , and for s < r,

Z(s, r) = P_1 { B(0, T_r] ∩ (γ̄_0 ∪ Λ_r) = ∅ | B(0, T_s] ∩ (γ̄_0 ∪ Λ_s) = ∅ } . Note that Z_r = Z_sZ(s, r) and Z(s, r) ≤ Z̄(s, r) where Z̄(s, r) = sup y∈Ss P^y{B[0, T_r] ∩ Λ(s, r) = ∅}. Let c_4 be a constant such that ϕ̄(r) ≤ c_4e^{−ξr}. Then for all s < r, E[Z(s, r)^λ | F_s] ≤ E[Z̄(s, r)^λ | F_s] ≤ c_4e^{−ξr}. Let A = A_{1/10} as before. Let U_r = {Λ(r − 1 2 , r) ⊂ −A}, Z̃(r − 1, r) = P_1 { B(0, T_r] ∩ (γ̄_0 ∪ Λ_r) = ∅; B[T_{r−(1/2)}, r] ⊂ A | B(0, T_{r−1}] ∩ (γ̄_0 ∪ Λ_{r−1}) = ∅ } . Then we have proved the following.

Corollary 4.11 There exists a constant c_3 such that for any initial configuration and every r ≥ 1, E[Z̃(r − 1, r)^λ; U_r | F_{r−1}] ≥ c_3E[Z(r − 1, r)^λ | F_{r−1}].

Moreover for all s > r, E[Z̃(r − 1, s)^λ | F_{r−1}] ≥ c_3e^{−ξ(s−r)}E[Z̃(r − 1, r)^λ | F_{r−1}].

We note that E[Z̃(r − 1, s)^λ | F_{r−1}] ≤ E[Z̃(r − 1, r)^λZ̄(r, s)^λ | F_{r−1}] = E[E[Z̃(r − 1, r)^λZ̄(r, s)^λ | F_r] | F_{r−1}] ≤ c_4e^{−ξ(s−r)}E[Z̃(r − 1, r)^λ | F_{r−1}], so the inequality goes in both directions. We will often restrict ourselves to initial configurations such that c_3e^{−ξr} ≤ E[Z^λ_r ] ≤ c_4e^{−ξr}. (29) This will not be a big restriction. If a given configuration γ̄_0 does not satisfy the lower bound (all configurations satisfy the upper bound), we consider the configuration generated by γ̄_0 ∪ Λ_1.

Assume that our initial configuration satisfies (29). Assume 1 ≤ s ≤ 8, 0 ≤ m ≤ n − s, and consider the measure Q_n on Ω whose density is E[Z^λ_n ]^{−1}Z^λ_n .

Note that Q_n depends on λ and the initial configuration. By (29) we know that E[Z^λ_n ]^{−1}Z^λ_n ≍ e^{nξ}Z^λ_n .

Assume V is an event that is measurable with respect to Λ(m, m + s) and let p̃(V ) = sup P(V | F_m).

Then we have shown that E[Z^λ_n ; V | F_m] ≤ cZ^λ_mp̃(V )e^{−ξ(n−m)}. In particular, Q_n[V | F_m] ≤ cp̃(V ). (30) Conversely, suppose that the event V is measurable with respect to Λ(m + 1, m + s). Suppose also that every Λ(m + 1, m + s) in V satisfies Λ(m + 1, m + s) ⊂ −A_{1/10}. Let p̂(V ) = inf P(V | F_m).

Then by Corollary 4.11 we can see that E[Z^λ_n ; V | F_m] ≥ cE[Z^λ_{m+1} | F_m]p̂(V )e^{−(n−m)ξ} . In particular, Q_n[V | F_m] ≥ cp̂(V ). (31) We finish this section with some estimates that will be needed in future sections. It is well known and easy to verify that there is a β such that for a > 0, m > 0, P[T^j_{m+1} − T^j_m ≥ ae^{2m}} ≤ e^{−aβ}.

Hence, if 0 ≤ m ≤ n − 1, a > 0, E [ Z^λ_n ; T^j_{m+1} − T^j_m ≥ ae^{2m} | F_m ] ≤ E [ Z^λ_m; Z̄(m + 1, n)^λ; T^j_{m+1} − T^j_m ≥ ae^{2m} | F_m ]

≤ ce^{−ξ(n−m)}e^{−aβ}Z^λ_m. (32) Similarly, if we let

Z^∗_n = Z^∗_n(m, a) = P^1{B(0, T_n] ∩ (γ̄_0 ∪ Λ) = ∅; T_{m+1} − T_m ≥ ae^{2m} | B(0, T_0] ∩ γ̄_0 = ∅}, then E[(Z^∗_n)^λ | F_m] ≤ ce^{−ξ(n−m)}e^{−aβ}Z^λ_m. (33) The next lemma quantifies the idea that Brownian motions conditioned to not intersect are transient. Lemma 4.12 There exist c_1, β such that the following holds. Assume s < m ≤ r, and let J^j = J^j(s, m, r) be the event J^j = {B^j[T^j_m, T^k_r ] ∩ B(0, e^s) ≠ ∅}.

Then if x ∈ S^k E^x[Z̄(m, r)^λ; J^1 ∪ · · · ∪ J^k | F_m] ≤ c_1e^{−(m−s)β}e^{−(r−m)ξ}. Proof. It suffices to show that E^x[Z̄(m, r)^λ; J^1 | F_m] ≤ ce^{−(m−s)β} e^{−(r−m)ξ}. Let ρ = ρ(m, s) = inf{t ≥ T^1_m : B^1(t) ∈ S_s}, τ = τ(m, s) = inf{t ≥ ρ : B^1(t) ∈ S_m}, Λ^′ = Λ^′(m, s, r) = B^1[τ, T^1_r ] ∪ B^2[T^2_m, T^2_r ] ∪ · · · ∪ B^k[T^k_m, T^k_r ], Z^′ = Z^′(m, s, r) = sup_{x∈Sm} P^x_1 {B[0, T_r] ∩ Λ^′ = ∅}.

Assume d = 3 and write J = J^1 for both the event and the indicator function of the event. Then Z̄(m, r)^λJ ≤ Z^′J. By transience of three dimensional Brownian motion (see Lemma 3.3), P^x(J | F_m) ≤ e^{−(m−s)}. Hence, by the strong Markov property E^x[J(Z^′)^λ | F_m] ≤ ce^{−(m−s)}e^{−ξ(r−m)}. Now assume d = 2. Let Y = Y (s, m) = P^u_1 {B[0, T_m] ∩ B[T^1_m, ρ] = ∅ | B[0, T_m] ∩ Λ_m = ∅}.

By using the Beurling projection estimate, Lemma 3.2 (using B[0, T_m] as the fixed curve and B^1[T^1_m, ρ] as the Brownian motion), we can see that E[Y^λ | F_m] ≤ ce^{−β(m−s)}. But, Z̄(m, r)^λJ ≤ Y Z^′, so again we get the lemma. �

Lemma 4.12 concerns the transience of B^1, . . . , B^k. The transience of B can be proved similarly (proof omitted):

Lemma 4.13 There exist c_1, β such that the following holds. Let s ≤ m ≤ r and Z^{′′} = Z^{′′}(s, m, r) = P_1 { B(0, T_r]∩(γ̄_0 ∪Λ_r) = ∅; B[T_m, T_n]∩B(0, e^s) ≠ ∅ | B(0, T_m]∩(γ̄_0 ∪Λ_m) = ∅ } . Then for all x ∈ S^k, E^x[(Z − Z^{′′})^λ | F_m] ≤ c_1e^{−β(m−s)}e^{−ξ(r−m)}. The following is an easy corollary.

Corollary 4.14 There exist c_1, β such that the following holds. Let s ≤ r and Z^′ = Z^′(s, r) = P_1 { B(0, T_r] ∩ (γ̄_0 ∪ Λ_r) = ∅; B[T_m, T_r] ∩ B(0, e^{m−s}) = ∅, s ≤ m ≤ n} | B(0, T_0] ∩ γ̄_0 = ∅ } . Let K = K_s be the event K = {Λ(m, r) ∩ B(0, e^{m−s}) = ∅, s ≤ m ≤ r}. Then for r ≤ s^5, E[Z^λ] − E[(Z^′)^λ; K] ≤ c_1e^{−βs}e^{−ξr}.

The following lemma will be needed in Section 6.

Lemma 4.15 For every ϵ > 0, there exist s and a such that the following is true. For j = 1, . . . , k, let J_m = J_{m,n,s,j} = {B^j[T^j_{ms}, T^j_{ns}] ∩ B(0, e^{(m−1)s}) ≠ ∅}, and let X = X_{s,n,j} = n∑ m=1 J_m, where we let J_m denote either the event or its indicator function. Then for every x ∈ S^k, E^x[Z^λ_{sn}; X ≥ ϵn] ≤ e^{−an}e^{−ξsn}.

Proof. Without loss of generality we will assume j = 1. Suppose B^1[T^1_{ms}, T^1_{ns}] ∩ B(0, e^{(m−1)s}) ≠ ∅.

Then there exists a smallest integer i ≥ 0 such that B^1[T^1_{ms}, T^1_{(m+i+1)s}] ∩ B(0, e^{(m−1)s}) ≠ ∅, i.e., B^1[T^1_{(m+i)s}, T^1_{(m+i+1)s}] ∩ B(0, e^{(m−1)s}) ≠ ∅.

Let ρ_m = ρ_{m,s} be the largest integer i ≥ 0 such that B^1[T^1_{sm}, T^1_{s(m+1)}] ∩ B(0, e^{(m−i)s}) ≠ ∅.

Then we can see that X ≤ n−1∑ m=0 ρ_m. and that ρ_m is F_{s(m+1)}-measurable. Let Q = Q_{sn} denote the probability given by (E[Z_{sn}])^{−1}Z_{sn}, Then by (30), we see that there exist c, β such that Q[ρ_{m+1} ≥ i | F_{sm}] ≤ ce^{−βsi}. The result can then be obtained by large deviation estimates for geometric random variables (see Lemma 3.8(b) ), handling separately ∑ m even ρ_m, and ∑ m odd ρ_m. � 5 Convergence to Stationarity

In this section we will describe the results on convergence to a stationary measure. We start by setting up some notation. For r < s, let G_{r,s} be the set of continuous functions γ : [0, b] → R^d , with γ(0) ∈ S_r, γ(b) ∈ S_s, and |γ(t)| < e^s, t < b. The number b can be any number, and given a particular γ ∈ G_{r,s} we write b(γ) or b_γ for the number b such that the domain of γ is [0, b]. This is a metric space under the metric ρ in which ρ(γ, γ̃) < ϵ if there exists a continuous bijective time change h : [0, b(γ)] → [0, b(γ̃)] with |t − h(t)| < ϵ and |γ(t) − γ̃(h(t))| < ϵ for all t ∈ [0, b(γ)]. There is a natural one-to-one correspondence between G_{r,s} and G_{0,s−r} given by Brownian scaling. Specifically, if γ ∈ G_{r,s} we associate γ̃ ∈ G_{0,s−r} by b(γ̃) = e^{−2r}b(γ), γ̃(t) = e^{−r}γ(e^{2r}t).

We will write G_s for G_{0,s}, and elements of G_{r,s} will be considered equally well as elements of G_{s−r}. We let C_s = G_{−∞,s} be the set of functions γ : [0, b] → R^d with γ(0) = 0; γ(b) ∈ S_s and |γ(t)| < e^s, t < b. There is a natural one-to-one correspondence between C_s and C_0 given by Brownian scaling. We let G̃_{r,s} be the set of excursions from S_r to S_s, i.e., the set of γ ∈ G_{r,s} with |γ(t)| > er, t > 0. Again we set G̃_s = G̃_{0,s} and note that there is a natural one-to-one correspondence between G̃_{r,s} and G̃_{s−r}.

If 0 < r < s < n, we define Φ_s : G_{r,n} → G_{s,n}, Φ̃_s : G_{r,n} → G̃_{s,n}, as follows. Let γ ∈ G_{r,n} and let b = b(γ). Let τ = τ_s = inf{t : γ(t) ∈ S_s}, σ = σ_s = sup{t ≤ b : γ(t) ∈ S_s}. Then set b(Φ_sγ) = b − τ, b(Φ̃_sγ) = b − σ, (Φ_sγ)(t) = γ(t + τ), 0 ≤ t ≤ b − τ, (Φ̃_sγ)(t) = γ(t + σ), 0 ≤ t ≤ b − σ. Alternatively, by abuse of notation, we will write Φ_sγ = γ[τ, b], Φ̃_sγ = γ[σ, b]. (It will be convenient for us to use this notation below; it should not present any confusion.) In a similar fashion we can define Φ_s : C_n → G_{s,n}, Φ̃_s : C_n → G̃_{s,n}.

Let {O_x; x ∈ S} be a fixed collection of rotations with O_xu = x. (For d = 2 there is an obvious choice; for d = 3 we will make the following arbitrary choice. We let O_u be the identity and let O_{−u} be a rotation by π along the great circle parallel to the xy-plane. For other x, we let O_x be the rotation along the great circle containing u and x.) If γ_1 ∈ G_r, γ_2 ∈ G_s, we define γ_1 ⊕ γ_2 to be the element of G_{r+s} obtained by attaching γ_2 to the end of γ_1. More specifically, let γ^′_2 ∈ G_{r,r+s} be obtained by scaling γ_2 and let γ̃_2 = Oγ^′_2 where the rotation O is chosen so that γ_1(b(γ_1)) = γ̃_2(0). Then b(γ_1 ⊕ γ_2) = b(γ_1) + b(γ^′_2),

(γ_1 ⊕ γ_2)(t) = { γ_1(t), 0 ≤ t ≤ b(γ_1), γ̃_2(t − b(γ_1)), b(γ_1) ≤ t ≤ b(γ_1) + b(γ^′_2).

Similarly, if γ_1 ∈ C_0, γ_2 ∈ G_r we define γ_1 ⊕ γ_2 ∈ C_r; we can, of course, consider γ_1 ⊕ γ_2 as an element of C_0. We will write n-fold “additions” with the understanding that γ_1 ⊕ · · · ⊕ γ_n = (γ_1 ⊕ · · · ⊕ γ_{n−1}) ⊕ γ_n.

Let H be the set of γ ∈ G_1 with γ(0) = u, and let Y = C^k_0 × H^k × H^k × · · · . We write elements of Y as (γ̄_0, η̄_1, η̄_2, . . .),

where γ̄_0 = (γ^1_0 , . . . , γ^k_0 ), γ^k_0 ∈ C^k_0 , η̄_n = (η^1_n, . . . , η^k_n), η^j_n ∈ H. We define the shift (γ̄_0, η̄_1, η̄_2, . . .) −→ (γ̄_1, η̄_2, η̄_3, . . .),

where γ̄_1 = γ̄_0 ⊕ η_1

(the operation ⊕ is done separately on each of the k components). It is easy to see that this transformation is invertible, and the inverse operation can be described easily (we omit it). We let

γ̄_n = γ̄_0 ⊕ η̄_1 ⊕ · · · ⊕ η̄_n,

which we will consider either as an element of C^k_0 or C^k_n. Assume that we have a probability measure ν on C^k_0 . We will assume that ν is an h-measure. By this we mean that ν is supported on curves γ̄_0 that are h-sets as described in Section 4 (Here and below we will write γ̄_0 as shorthand for the set

γ^1_0 [0, b(γ^1_0 )] ∪ · · · ∪ γ^k_0 [0, b(γ^k_0 )]. )

To say that γ̄_0 is an h-set is to say that there is a well-defined measure on C_0 that corresponds to a Brownian motion B starting at the origin conditioned so that B(0, T_0] ∩ γ̄_0 = ∅. We extend ν to be a measure on Y by specifying that η̄_1, η̄_2, . . . are independent, identically distributed random variables, independent of γ̄_0, each having the Wiener distribution on H^k. The Wiener distribution on H^k is the measure obtained by starting independent Brownian motions B^1, . . . , B^k at u and considering (B^1[0, T^1_1 ], . . . , B^k[0, T^k_1 ]).

Let μ_0 = ν. Let F_n denote the σ-algebra generated by γ̄_n, and let Z_n be the F_n-measurable random variable Z_n = P_1{B(0, T_n] ∩ γ̄_n = ∅ | B(0, T_0] ∩ γ̄_0 = ∅}

(here we are considering γ̄_n as an element of C^k_n). Let

Y_n = − log(Z_n/Z_{n−1}) = − log P_1{B(0, T_n] ∩ γ̄_n = ∅ | B(0, T_{n−1}] ∩ γ̄_{n−1} = ∅}.

Let μ_n = μ_n(λ, ν) be the measure on C^k_n given by γ̄_n with the measure whose density with respect to ν is Z^λ_n E_ν[Z^λ_n ] exp(−λ ∑_n j=1 Y_j) E_ν[exp(−λ ∑_n j=1 Y_j)] .

We can consider μ_n as a measure on C^k_0 (an h-measure, in fact) and hence we can also consider it as a measure on Y. Our goal is to find an invariant measure μ = μ(λ) such that μ_n(λ, μ) = μ. (34) Of course, it suffices to show this for n = 1.

If m < n and ν is any measure on C^k_0 or G^k_{−n,0}, we write Π_mν for the measure on G^k_m induced by the projection Φ_{−m,0}. The projections are done separately on each component. In Section 7, we will show that for every m, there exists a measure μ^{(m)} = μ^{(m)}(λ) on G^k_{−m,0} and positive constants c, β such that for any initial h-measure ν and all n ≥ m^2, ‖Π_mμ_n − μ^{(m)}‖ ≤ ce^{−βm}. (35) Here ‖ · ‖ denotes variation distance, and we emphasize that the constants c, β can be chosen uniformly for λ ∈ [λ_1, λ_2] (and may change from line to line). This implies for all s < m, ‖Π_sμ_n − Π_sμ^{(m)}‖ ≤ ce^{−βm}, n ≥ m^2. If we fix s and take s < m < r, we can see (by considering Π_sμ_n for large n), ‖Π_sμ^{(m)} − Π_sμ^{(r)}‖ ≤ ce^{−βm}. We therefore have a Cauchy sequence and hence can find a limit measure μ̃^s such that ‖Π_sμ_n − μ̃^s‖ ≤ ce^{−β√n}, s^2 ≤ n. We emphasize that this bound is independent of the initial distribution ν. It is not difficult to see that {μ̃^s} give a consistent family of measures. It is not difficult, using (32), to see that there is a constant c such that the expected value of b(γ^j) under μ^s is less than c. Hence, this will be true in the limit, and hence we get a measure μ on C^k_0 such that E_μ[b(γ^j )] ≤ c, j = 1, . . . , k. With this and the technical lemma of the next section, one can show that μ is an h-measure. Given this, it is clear that it satisfies (34).

The exponent ξ = ξ(λ) satisfies E_μ(e^{−λY1} ) = e^{−ξ}.

Since μ is invariant, E_μ[exp(−λ n∑ j=1 Y_j)] = e^{−nξ}. Suppose μ̃ is another measure on C^k_0 such that ‖Π^√_nμ − Π^√_nμ̃‖ ≤ ce^{−β√n}. Then it is not difficult, using the ideas in Lemma 4.12 and 4.13 to see that |E_μ[e^{−λY1} ] − E_{μ̃}[e^{−λY1} ]| ≤ ce^{−β√n}. (36)

Let R_{0,n} = e^{nξ}E[exp(−λ n∑ j=1 Y_j) | F_0].

Note that R_{0,n+1} = R_{0,n} E[e^ξe^{−λYn+1} exp(−λ ∑_n j=1 Y_j) | F_0] E[exp(−λ ∑_n j=1 Y_j) | F_0] . Since the convergence rate to μ is independent of the initial distribution, we get by (36) R_{0,n+1} = R_{0,n}[1 + O(e^{−β√n})].

and hence the limit R_0 = lim_{n→∞} R_{0,n} exists and R_0 = R_{0,n}[1 + O(e^{−β√n})]. (37) Note also that E_μ[R_0] = 1. Similarly, we define R_{n,m} = e^{mξ}E[exp(−λ n+m∑ j=n+1 Y_j) | F_n],

R_n = lim_{m→∞} R_{n,m}. We now define another measure μ̄. Let the invariant measure μ be the initial distribution and extend μ to Y as above. Define μ̄ by saying that on F_n the density of μ̄ with respect to μ is e^{nξ} exp(−λ n∑ j=1 Y_j)R_n.

We will need a slight generalization of (36) in Section 8. Suppose 0 ≤ a_1, a_2, a_3 ≤ 3 are integers and 1 ≤ m_1 < m_2 < m_3 ≤ m. Suppose again that μ̃ is a measure on C^k_0 such that ‖Π^√_nμ − Π^√_nμ̃‖ ≤ ce^{−β√n}. Then,

|E_μ[Y^{a1}_{m1} Y^{a2}_{m2} Y^{a3}_{m3} e^{−λ(Y1+···+Ym)}] − E_{μ̃}[Y^{a1}_{m1} Y^{a2}_{m2} Y^{a3}_{m3} e^{−λ(Y1+···+Ym)}]| ≤ ce^{−ξm}e^{−β√n}. (38) This can be done in a straightforward manner. The only reason we restrict ourselves to third moments is that all that we will need and we want the constant c to be uniform. Higher moments could be bounded similar, but the constant would depend on the particular moment.

6 A Harnack Type Inequality

Let 0 < m ≤ n/2 < s/2 < ∞, and assume we have an initial configuration γ̄_0 satisfying E[Z^λ_n ] ≥ c_3e^{−ξn}.

(By Corollary 4.11, this is not a very restrictive assumption on γ̄_0.) Consider the random variable Z(n, s) = P_1 { B(0, T_s] ∩ (γ̄_0 ∪ Λ_s) = ∅ | B(0, T_n] ∩ (γ̄_0 ∪ Λ_n) = ∅ } . The value of this random variable depends on the entire path γ̄_0 ∪ Λ_s.

The purpose of this section is to approximate Z(n, s) by a random variable Z^{∗∗}(n, s) that depends only on Λ̃(n − 2m, n) ∪ Λ(n, s). We start by defining

Z^∗(n, s) = Z^∗(n, s; m) = P_1 { B(0, T_s] ∩ (γ̄_0 ∪ Λ_s) = ∅;

B[T_n, T_s] ∩ B(0, e^{n−m}) = ∅ | B(0, T_n] ∩ (γ̄_0 ∪ Λ_n) = ∅ } . It is not difficult to use Lemma 4.13 to show that E[|Z^∗(n, s) − Z(n, s)|^λ] ≤ ce^{−βm}e^{−ξ(s−n)}. Note that we can also write Z^∗(n, s) = P_1 { B[T_{n−m}, T_s] ∩ Λ(n − m, s) = ∅;

B[T_n, T_s] ∩ B(0, e^{n−m}) = ∅ | B(0, T_n] ∩ (γ̄_0 ∪ Λ_n) = ∅ } . Also if W = W (n, m) is the event W = { [Λ(0, n) ∩ {z : |z| ≥ e^{n−m}}] = [Λ̃(n − 2m, n) ∩ {z : |z| ≥ e^{n−m}}] }, then Lemma 4.12 can be used to show that E[Z^λ_n ; W^c] ≤ ce^{−βm}e^{−ξ(s−n)}. On the event W ,

Z^∗(n, s) = P_1 { B[T_{n−m}, T_s] ∩ [Λ̃(n − 2m, s) ∪ Λ(n, s)] = ∅;

B[T_n, T_s] ∩ B(0, e^{n−m}) = ∅ | B(0, T_n] ∩ (γ̄_0 ∪ Λ_n) = ∅ } .

However, even on the event W , Z^∗(n, s) still depends on more than just Λ̃(n − 2m, n) ∪ Λ(n, s) since the conditioning includes γ̄_0 ∪ Λ_n. We will replace Z^∗(n, s) with

Z^{∗∗}(n, s) = P_1 { B[T_{n−m}, T_s] ∩ [Λ̃(n − 2m, s) ∪ Λ(n, s)] = ∅;

B[T_n, T_s] ∩ B(0, e^{n−m}) = ∅ | B(0, T_n] ∩ Λ̃(n − 2m, n) = ∅ } . We need to have a similar estimate for, Z^{∗∗}(n, s), E[|Z^{∗∗}(n, s) − Z(n, s)|^λ] ≤ ce^{−βm}e^{−ξ(s−n)}. (39) The purpose of this section is to prove a lemma that will establish (39).

Let Q_1 = Q_1(m, n) be the (random) measure on G_{n−m,n} obtained by considering Φ_{n−m,n}B(0, T_n] = B[T_{n−m}, T_m], where B_t is an h-process starting at the origin conditioned so that B(0, T_n] ∩ (γ̄_0 ∪ Λ_n) = ∅.

This is a random measure in the sense that the measure Q_1 depends on γ̄_0 ∪ Λ_n. Let Q_2 = Q_2(m, n) be the measure on G_{n−m,n} obtained by considering Φ_{n−m,n}B̃(0, T_n], where B̃_t is an h-process starting at the origin conditioned so that B̃(0, T_n] ∩ Λ̃(n − 2m, n) = ∅. We will prove the following lemma. The inequality (39) is an immediate corollary. Lemma 6.1 There exist c, β such that for all m ≤ n/2 and all initial configurations with E[Z^λ_n ] ≥ c_3e^{−ξn}, E[Z̄^λ_n ; ‖Q_1 − Q_2‖ ≥ ce^{−βm}] ≤ ce^{−βm}e^{−nξ}, where ‖ · ‖ denotes variation distance.

The proof of the lemma is somewhat complicated so we will start by making some reductions. Without loss of generality, we will assume m = n/2, for otherwise we could let the Brownian motions run until they reach S_{n−2m} and consider that as the initial configuration. We will also write 8n and 4n for n and n/2; this will only affect the constants c, β. Hence we will show E[Z̄^λ_{8n}; ‖Q_1 − Q_2‖ ≥ ce^{−βn}] ≤ ce^{−βn}e^{−8ξn}, (40) where Q_i = Q_i(4n, 8n). In this change of variables, Q_i has become the measure on G_{4n,8n} obtained by considering Φ_{4n,8n}B(0, T_n] under the conditionings B(0, T_{8n}] ∩ (γ̄_0 ∪ Λ_{8n}) = ∅, if i = 1;

B(0, T_{8n}] ∩ Λ̃(0, 8n) = ∅, if i = 2. Let V_1 = V_1(n) be the F_{8n}-measurable event V_1 = {(Λ_{8n} ∩ {|x| ≥ e^{jn}}) = (Λ̃[(j − 1)n, 8n] ∩ {|x| ≥ e^{jn}}), j = 1, . . . , 7}. In order for the event (V_1)^c to occur, one of the Brownian motions B^1, . . . , B^k must hit S_{(j−1)n} at some time after hitting S_{jn} but before reaching S_{8n} for the first time. By Lemma 4.12, E[Z̄^λ_{8n}; (V_1)^c] ≤ ce^{−βn}e^{−8ξn}.

Hence to prove (40) it suffices to prove that E[Z̄^λ_{8n}; ‖Q_1 − Q_2‖ ≥ ce^{−βn}; V_1] ≤ ce^{−βn}e^{−8ξn}. Note that on the event V_1, Λ̃(0, 8n) ∩ {z : |z| ≥ e^n} = (γ̄_0 ∪ Λ_{8n}) ∩ {z : |z| ≥ e^n}. Let Z^′ = Z^′_{8n} = P_1{B(0, T_{8n}] ∩ (γ̄_0 ∪ Λ_n) ≠ ∅; B[T_{2n}, T_{8n}] ∩ B(0, e^n) = ∅ | B(0, T_0] ∩ γ̄_0 = ∅}.

By Lemma 4.13, E[(Z_{8n} − Z^′)^λ] ≤ e^{−βn}e^{−8ξn}. Hence, if we let Q^′_1 = Q^′_1(4n, 8n) be the measure on G_{4n,8n} obtained by considering Φ_{4n,8n}B(0, T_{8n}], where B(0, T_{8n}] is conditioned so that B(0, T_{8n}] ∩ (γ̄_0 ∪ Λ_n) = ∅ and B[T_{2n}, T_{8n}] ∩ B(0, e^n) = ∅, then E[Z^λ_{8n}; ‖Q_1 − Q^′_1‖ ≥ ce^{−βn}] ≤ ce^{−βn}e^{−8ξn}, for appropriately chosen c, β. Similarly, if we let Q^′_2 = Q^′_2(4n, 8n) be the measure on G_{4n,8n} obtained by considering Φ_{4n,8n}B(0, T_{8n}], where B(0, T_{8n}] is conditioned so that B(0, T_{8n}] ∩ Λ̃(0, 8n) = ∅ and B[T_{2n}, T_{8n}] ∩ B(0, e^n) = ∅, then E[Z^λ_{8n}; ‖Q_2 − Q^′_2‖ ≥ ce^{−βn}] ≤ ce^{−βn}e^{−8ξn}. Hence to prove (40), it suffices to prove that E[Z^λ_{8n}; ‖Q^′_1 − Q^′_2‖ ≥ ce^{−βn}; V_1] ≤ ce^{−βn}e^{−8ξn}.

We will assume we are on the event V_1. We now let B_t be an h-process conditioned to hit S_{8n} before hitting Λ(0, 8n) ∪ B(0, e^n) = Λ̃(0, 8n) ∪ B(0, e^n).

Under the conditionings used to derive the measures Q^′_1, Q^′_2, the process B_t, T_{2n} ≤ t ≤ T_{8n}, has the distribution of such an h-process. The only possible difference between Q^′_1 and Q^′_2 comes in the “initial” distribution of B(T_{2n}). For i = 1, 2, 2n ≤ r ≤ 8n, let h_i(x, r) = h_i(x, r; Λ(0, 8n) ∪ B(0, e^n)), be the density with respect to normalized surface measure on S_r of the distribution of B(T_r) given these two possible conditionings. For 2n ≤ |y| ≤ r, let g(y, x, r) = g(y, x, r; Λ(0, 8n) ∪ B(0, e^n)), be the density (in x) with respect to normalized surface measure on S_r of the first hitting time of an h-process as described above, starting at y. Then for 2n ≤ s ≤ r ≤ 8n, h_i(x, r) = ∫ Ss h_i(y, s)g_r(y, x, r) dσ_s(y), where, as before, σ_s denotes normalized surface measure on S_s. Let Y = Y_{4n} be the F_{8n}-measurable random variable Y = ∫ S4_n |h_1(x, 4n) − h_2(x, 4n)| dσ_{4n}(x). Note that on the event V_1, ‖Q^′_1 − Q^′_2‖ = Y.

Hence it suffices to prove that E[Z^λ_{8n}; Y ≥ ce^{−βn}; V_1] ≤ ce^{−βn}. (41) The technique to show that Y is small is coupling. In Section 3, we discussed coupling of hprocesses. The basic idea of the proof of (41) is simple. We give exponential estimates to show that the number of times m between 2n and 4n that Λ_{8n} ∩ {e^{m−1} ≤ |z| ≤ e^{m+3}} is “thin” is at least some small constant times n, except for a set of exponentially small probability. Then given that there are of order n such thin spots, two h-processes in the complement of Λ_{8n} starting at different points on S_{2n} will have order n chances to couple (using an appropriate coupling) and hence the probability of no coupling is exponentially small in n. The rest of this section is devoted to making this idea precise. Readers who are willing to accept that this idea can be made precise are invited to skip to the next section!

Recall the definition of R_ϵ from Section 3 and let R_ϵ(m) = R_em_ϵ be a scaling of R_ϵ. Suppose there exist ϵ, δ, c, β such that the following holds, except for an F_{8n}-measurable set of probability at most ce^{−βn}. There exists a set K = K(Λ_{8n}) = {l_1, . . . , l_r}, r = [3δn], of integers between 2n and 4n with l_i ≤ l_{i+1} − 5 satisfying the following. First, for all l ∈ K, Λ_{8n} ∩ {z; e^{l−1} ≤ |z| ≤ e^{l+2}} ⊂ R_ϵ(l). Moreover, let B_t, B̃_t denote two h-process conditioned to reach S_{8n} before hitting Λ_{8n} ∪ S_n, starting on S_{2n} with initial distributions given by h_1(x, 2n) and h_2(x, 2n) respectively, defined on the probability space (Ω_1, P_1), with hitting times T_r, T̃_r, respectively. Let X = X_n = #{l ∈ K : B[T_{l−1}, T_{l+2}] ∩ R_ϵ(l) ∩ {e^{l−1} ≤ |z| ≤ e^{l+1}} ≠ ∅}, X̃ = X̃_n = #{l ∈ K : B̃[T̃_{l−1}, T̃_{l+2}] ∩ R_ϵ(l) ∩ {e^{l−1} ≤ |z| ≤ e^{l+1}} ≠ ∅}. Then P_1{X ≥ δn} + P_1{X̃ ≥ δn} ≤ ce^{−βn}. By the coupling argument for h-processes in Section 3 (see Lemma 3.15), we can see that this will imply that Y ≤ ce^{−βn} for any Λ_{8n} not in the exceptional set. This will give the lemma.

Let ϵ, δ be numbers to be determined later, and also let m ≥ 6 be a positive integer to be determined later. Let U^j = U^j(ϵ) be the event, (i) |B^j(T_0) − u| ≤ ϵ/2; (ii) B^j[T^j_0 , T^j_5 ] ⊂ R_ϵ ∩ {z : |z| ≥ e^{−ϵ}}; (iii) For every x ∈ R_ϵ ∩ {e ≤ |z| ≤ e^3}, P^x_1 {B[0, η] ∩ B^j[T^j_0 , T^j_5 ] ≠ ∅} ≥ 1 50 , where η = η_ϵ = inf{t : |B_t − B_0| = ϵ}; (iv) |e^{−5}B^j(T^j_5 ) − u| ≤ ϵ/2. Let U = U_ϵ = U^1(ϵ) ∩ · · · ∩ U^k(ϵ) and p(ϵ) = ϵ^{k(d−1)}P^u[U(ϵ)].

At least for ϵ sufficiently small, p(ϵ) > 0 and p(ϵ) → 0 as ϵ → 0. If x ∈ S^k, x = (x^1, . . . , x^k), |x^j − u| ≤ ϵ/2, j = 1, . . . , k, then by the Harnack inequality (for ϵ small), c_1p(ϵ) ≤ P^x[U(ϵ)] ≤ c_2p(ϵ).

We now let U_i = U_i(ϵ, m) be the event that the Brownian motions B^1[T^1_{im+1}, T^1_{im+6}], . . . , B^k[T^k_{im+1}, T^k_{im+6}], appropriately scaled, satisfy U. Note that P[U_i(ϵ, m) | F_{im}] ≍ p(ϵ) (the factor ϵ^{k(d−1)} gives, up to a constant multiple, the probability that each of the k Brownian motions is within distance ϵ/2 of u at time T^j_{im+1}).

For n_1 < n_2 < n_3, let W (n_1, n_2, n_3) be the event Λ(n_2, n_3) ∩ {|z| ≤ e^{n1} } = ∅, and let Ũ_i = Ũ_i(ϵ, m) = U_i ∩ W (im + 4, im + 5, (i + 1)m).

It follows from the work in Section 4, that for any N ≥ (i + 1)m, E[Z^λ_N ; Ũ_i | F_{im}] ≥ ce^{−ξ(N−im)}E[Z^λ_{im+1} | F_{im}]p(ϵ). If we let Q = Q_N denote the measure on Ω with density E[Z^λ_N ]^{−1}Z^λ_N , Q_{8n}[Ũ_i | F_{im}] ≥ cp(ϵ) (see (31)). Let S = S(m, n) be the collection of integers i such that 2n ≤ im ≤ 3n. Let r be the cardinality of S and note that r = (n/m) + O(1). Let G = G(ϵ, n, m) = ∑ i∈S I(Ũ_i). By standard large deviation estimates for binomial random variables (see Lemma 3.8(a)), we can find a c_5 (independent of ϵ, m), and positive constant α = α(ϵ) such that Q_{8n}[G ≤ c_5p(ϵ)r] ≤ e^{−αr}. (42) We emphasize that c_5 holds for all ϵ sufficiently small and all m sufficiently large.

Let c_6 = c_5/8 and let V = V(ϵ, n, m) be the collection of all subsets Ŝ of S of cardinality [c_6p(ϵ)r]. Note that by Lemma 3.9, the cardinality of V is ( r [c_6p(ϵ)r] ) ≤ c[c_6p(ϵ)]^{−c6p(ϵ)r}e^{2c6p(ϵ)r}. (43) Consider a particular Ŝ ∈ V and let J_i = J_i(ϵ, m) be the event (in Ω̄ = Ω × Ω_1), J_i = {B[T_{im−1}, T_{im+2}] ∩ R_ϵ(im) ≠ ∅}. We can estimate Ē[Z^λ_{8n}; ∩_{i∈Ŝ}(J_i ∩ Ũ_i)] from above as follows. Let F̄_s be the σ-algebra generated by γ_0, Λ_s, and {B_t : 0 ≤ t ≤ T_s}. Note that if s_1 < s_2, Ē[Z^λ_{s2} | F̄_{s1} ] ≤ cϕ̄(s_2 − s_1)Z^λ_{s1} ≤ ce^{−ξ(s}2^{−s}1^)Z^λ_{s1} .

Also if we let v(ϵ) = P^u_1 {B[0, T_6] ∩ R_ϵ ≠ ∅}, then v(ϵ) → 0. If i ∈ Ŝ, we can see that E[Z̄^λ_{im+6}; J_i ∩ Ũ_i | F̄_{im}] ≤ cp(ϵ)v(ϵ). By combining these estimates (doing each one essentially [c_6p(ϵ)r] times), we can see that there is a c_7 such that Ē[Z^λ_{8n}; ∩_{i∈Ŝ}(J_i ∩ Ũ_i)] ≤ c^{c6p(ϵ)r}_7 e^{−ξ(8n−6c}6^{p(ϵ)r)}[p(ϵ)v(ϵ)]^c6^{p(ϵ)r}.

This implies that Q_{8n}[∩_{i∈Ŝ}(J_i ∩ Ũ_i)] ≤ c[c_7e^{6ξ}p(ϵ)v(ϵ)]^{c6p(ϵ)r}.

(Here we have extended Q_{8n} naturally to a measure on Ω̄.)

For each Ŝ ∈ V, let J(Ŝ) = J(Ŝ, ϵ, m) = ∩_i(J_i ∩ Ũ_i). Then by combining the last estimate with (43), we see that there is a c_8 such that Q_{8n}[∩_{Ŝ∈V} (J_i ∩ Ũ_i)] ≤ c[c_8v(ϵ)]^{c6p(ϵ)r}.

We now fix an ϵ sufficiently small so that c_8v(ϵ) < 1/2; since we have fixed the ϵ, constants may now depend on ϵ. We can therefore write the last inequality Q_{8n}[∩_{Ŝ∈V} (J_i ∩ Ũ_i)] ≤ ce^{−βr}. We emphasize that this holds for all m (sufficiently large). We will now choose m. Let F = F_{n,m} = n−1∑ i=0 I([W (im, (i + 1)m, 8n)]^c). By Lemma 4.15, we can find m sufficiently large so that

Q_{8n}[F ≥ 1 2 c_5p(ϵ)r] ≤ ce^{−βr}. We now fix such an m. Hence, if we let G̃ = ∑ i∈S I(U_i ∩ W (im + 4, im + 5, 8n), we have Q_{8n}[G̃ ≤ 1 2 c_5p(ϵ)] ≤ ce^{−βr}. Note that since we have fixed m, we can write this as

Q_{8n}[G̃ ≤ 1 2 c_5p(ϵ)] ≤ ce^{−βn}. This will allow us to finish the lemma, choosing the δ as mentioned above to be c_6p(ϵ)m^{−1}.

7 Convergence Continued

In this section we continue the discussion started in Section 5 of the convergence to an equilibrium distribution. As was discussed in that section, the derivation consists broadly of two parts: approximating the distribution generated by Z^λ_n by the distribution of a Markov chain (more precisely, a subMarkov chain) and determining the rate of convergence to equilibrium of that Markov chain. We have already done most of the work necessary for the approximation. Here we will summarize those results in a convenient way and then discuss the rate of convergence of the Markov chain.

Assume that an initial configuration γ̄_0 = (γ̄^1_0 , . . . , γ̄^k_0 ) ∈ C^k_0 is given. We assume that (with probability one) γ̄_0 is an h-set so that there is a well-defined process B defined on (Ω_1, P_1) that corresponds to Brownian motion starting at the origin conditioned so that

B(0, T_0] ∩ γ̄_0 = ∅.

The conditioning on B goes only through time T_0; however, we assume that B is defined for all t ∈ [0, ∞). As before, we have independent Brownian motions B^1, . . . , B^k starting at the endpoints of γ̄_0, defined on the probability space (Ω, P). For convenience, we will assume we have another Brownian motion B̃ starting at the origin, defined on the probability space (Ω_2, P_2), with stopping times T̃_r. We let (Ω̄, P̄) = (Ω × Ω_1 × Ω_2, P × P_1 × P_2), so that all the Brownian motions on Ω̄ are independent.

As before set Λ_n = B^1[0, T^1_n ] ∪ · · · ∪ B^k[0, T^k_n ],

γ̄_n = γ̄_0 ∪ Λ_n,

and for m < n, Λ(m, n) = B^1[T^1_m, T^1_n ] ∪ · · · ∪ B^k[T^k_m, T^k_n ], Λ̃(m, n) = B^1[σ^1, T^1_n ] ∪ · · · ∪ B^k[σ^k, T^k_n ],

where σ^j = σ^j(m, n) = sup{t ≤ T^j_n : B^j_t ∈ S_m}.

For 0 ≤ r < m < n, define the random variables

Z_n = P_1 { B(0, T_n] ∩ γ̄_n = ∅ | B[0, T_0] ∩ γ̄_0 = ∅ } ,

Z(m, n) = P_1 { B(0, T_n] ∩ γ̄_n = ∅ | B[0, T_m] ∩ γ̄_m = ∅ } , Z(r, m, n) = P_1 { B(0, T_n] ∩ [Λ̃(r, m) ∪ Λ(m, n)] = ∅ | B(0, T_m] ∩ γ̄_m = ∅ } , Z̃(r, m, n) = P_2 { B̃(0, T_n] ∩ [Λ̃(r, m) ∪ Λ(m, n)] = ∅ | B̃(0, T_m] ∩ Λ̃(r, m) = ∅ } . Note that Z_n = Z(0, n) and Z(r, n) = Z(r, m)Z(m, n). By Corollary 4.11, there exist constants c_3, c_4 such that for all n > 1,

c_3e^{−(n−1)ξ}Z^λ_1 ≤ E[Z^λ_n | F_1] ≤ c_4e^{−(n−1)ξ}Z^λ_1 .

In particular, if we let the initial distribution on C^k_0 be given by γ̄_1 (rather than γ̄_0) we would have c_3e^{−nξ} ≤ E[Z^λ_n ] ≤ c_4e^{−nξ}. (44) Without loss of generality, we will assume that our initial distribution on γ̄_0 satisfies (44), realizing that if it does not satisfy it we can consider γ̄_1 instead.

Fix an integer m > 6, and consider Z_{2mn} for integers m. We know that Z_{2mn} = Z(0, 2m)Z(2m, 4m) · · · Z(2(n − 1)m, 2nm). Let Z^{(n)}_{2mn} = Z(0, 2m)Z(2m, 4m) · · · Z(2(n − 2)m, 2(n − 1)m)Z((2n − 3)m, 2(n − 1)m, 2nm). It follows from Lemmas 4.12 and 4.13 that E[|Z_{2mn} − Z^{(n)}_{2mn}|^λ] ≤ ce^{−βm}e^{−2mnξ}. Similarly, if for i = 2, . . . , n − 1, we set Z^{(i)}_{2mn} = Z(0, 2m)Z(2m, 4m) · · · Z(2(i − 2)m, 2(i − 1)m)Z((2i − 3)m, 2(i − 1)m, 2im) Z((2i − 1)m, 2im, 2(i + 1)m) · · · Z((2n − 3)m, 2(n − 1)m, 2nm), we can show for each i, E[|Z^{(i)}_{2mn} − Z^{(i+1)}_{2mn} |^λ] ≤ ce^{−βn}e^{−2mnξ}. Hence we can see by repeated application of Lemma 3.10, that for n ≤ m^5, E[|Z_{2mn} − Z^{(2)}_{2mn}|^λ] ≤ ce^{−βn}e^{−2mnξ}. We note that we have changed the values of both c and β in this last step. If we define Z̃^{(i)}_{2mn} in the same way as Z^{(i)}_{2mn} except that every Z((2j − 3)m, 2(j − 1)m, 2jm)) is replaced with Z̃((2j − 3)m, 2(j − 1)m, 2jm)), then using Lemma 6.1 we can show that E[|Z_{2mn} − Z̃^{(2)}_{2mn}|^λ] ≤ ce^{−βm}e^{−2mnξ}, n ≤ m^5. Let μ(m, n) be the measure induced on C^k_{2nm} by the weighting [E(Z^λ_{2mn})]^{−1}Z_{2mn}, and let μ̃(m, n) be the measure induced by the weighting (E[(Z̃^{(1)}_{2mn})^λ)])^{−1}(Z̃^{(1)}_{2mn})^λ. Then, using (44), we see that for n ≤ m^4, ‖μ(m, n) − μ̃(m, n)‖ ≤ ce^{−βm}. This also will be true if we project these measures by Φ̃_{(n−2)m,nm} or Φ̃_{(n−1)m,nm}. The advantage of the measure μ̃(m, n) is that it is produced by a Markov chain on G̃^k_{0,m}. To be specific, let ν be any measure on G̃^k_{0,m} which we consider as a measure on G̃^k_{−m,0}. Let Ẑ = Ẑ_m = P_2{B̃[0, T_m] ∩ γ̄_m = ∅ | B̃[0, T_0] ∩ γ̄_0 = ∅}.

Then we let ν_1 be the measure induced by projecting the measure (E[Ẑ^λ])^{−1}Ẑ^λ by Φ̃_{m,2m}. To obtain ν_2 we consider ν_1 as a measure on G̃^k_{0,m} and do the same procedure. This defines the Markov chain. Now suppose we start with any initial configuration γ_0 (which need not be in G̃^k_{0,m}). Let ν_i, i = 0, . . . , n − 2 be the measure obtained by projecting the measure μ̃(m, i + 2) by Φ̃_{m(i+1),m(i+2)}. Then it is easy to check that ν_i is obtained from ν_{i−1} by the Markov chain just described (in particular, the distribution ν_i depends only on ν_{i−1}).

It is for this Markov chain that we will show that there is an invariant measure ν^{(m)} on G̃^k_m such that for any initial distribution ν_0 on G̃^k_m, ‖ν_n − ν^{(m)}‖ ≤ ce^{−βn}. (45) We emphasize that β, c are independent of m. In particular, if μ(m, n) is defined as in the previous paragraph, then for any initial distribution γ̄_0, ‖ν^{(m)} − Φ̃_{(2n−1)m,2nm}μ(m, n)‖ ≤ ce^{−βm}, m/2 ≤ n ≤ m^4. Another application of Lemmas 4.12 and 4.13 shows that ‖Φ_{(2n−(1/2))m,2nm}μ(m, n) − Φ_{(2n−(1/2))m,2nm}Φ̃_{(2n−1)m,2nm}μ(m, n)‖ ≤ ce^{−βm}. Hence ‖Φ_{m/2,m}ν^{(m)} − Φ_{(2n−(1/2))m,2nm}‖ ≤ ce^{−βm}, m/2 ≤ n ≤ m^4. This establishes (35). It remains to derive (45).

For the remainder of this section we will investigate the Markov chain on G̃^k_m. Let W = W_m denote Wiener measure on G̃^k_m, i.e., the measure induced by

(Φ̃_{0,m}B^1[0, T^1_m], . . . Φ̃_{0,m}B^k[0, T^k_m]),

where B^1, . . . , B^k start at the origin (and have no other conditioning). We let Y_0, Y_1, . . . denote the values of the chain (so that Y_i ∈ G̃^k_m). As before, if γ̄_0 ∈ G̃^k_{−m,0}, let

Z_{2m} = Z_{2m}(γ̄_0) = P^1 { B[0, T_{2m}] ∩ (γ̄_0 ∪ Λ(0, 2m)) = ∅ | B[0, T_0] ∩ γ̄_0 = ∅ } . We will assume that the conditioning is on an event of positive probability, i.e., that

P_1{B[0, T_0] ∩ γ̄_0 = ∅} > 0. (46)

For the remainder of this section we will write just G̃ for the set of γ̄_0 ∈ G̃^k_m that satisfy (46). It is easy to check that the Markov chain on γ̄_0 ∈ G̃^k_m is actually a Markov chain on G̃ (assuming that Y_0 ∈ G̃). Let K(γ̄_0, γ̄_1) = K_m(γ̄_0, γ̄_1) be the kernel of the chain with respect to Wiener measure, i.e., if Y_0 = γ̄_0, E[Z^λ_{2m}; Y_1 ∈ V ] = ∫ V K(γ̄_0, γ̄_1) dW(γ̄_1).

We will show that there exist constants c_1, c_2 (independent of m) and bounded functions f_1, f_2 (depending on m) such that for all γ̄_0, γ̄_1 ∈ G̃,

c_1f_1(γ̄_0)f_2(γ̄_1) ≤ K(γ̄_0, γ̄_1) ≤ c_2f_1(γ̄_0)f_2(γ̄_1).

Let ν_n = ν_{n,m} denote the distribution of Y_n, normalized so that μ_n is a probability measure. Then it follows [15, Lemma 4.4] that there exists a limiting measure ν^{(m)} and c, β (depending only on c_1, c_2 and hence independent of m) such that for any initial distribution on Y_0, ‖ν_m − ν^{(m)}‖ ≤ ce^{−βn}. In particular, for n ≥ m/2, ‖ν_m − ν^{(m)}‖ ≤ ce^{−βm}. Hence to derive (45) it suffices to prove (46). Let f_1(γ̄_0) = E[Z^λ_m] = E[Z_m(γ̄_0)^λ].

By the work in Section 4 (see Corollary 4.11), we know that

f_1(γ̄_0) ≍ E[Z^λ_{m−2}] ≍ e^{−ξm}E[Z^λ_1 ].

In fact, if we let A = A_{1/10} as in Corollary 4.11 and let U_m = {Λ(m − 1 2 , m) ⊂ −A}, and Ẑ_m = P_1 { B[0, T_m] ∩ (γ̄_0 ∪ Λ(0, m)) = ∅; B[T_{m−(1/2)}, T_0] ⊂ A;

| B[0, T_0] ∩ γ̄_0 = ∅ } , then the corollary states that f_1(γ̄_0) ≍ E[Ẑ_{m−2}; U_{m−2}].

Note that f_1 measures how easily the configuration γ̄_0 can be extended to configurations that have a reasonable chance of being avoided. In this case the “end” of the configuration is more important than the “beginning”. The function f_2 will be similar except that it will emphasize how easy it is for γ̄_1 to appear at the end of the configuration and hence will focus more on the beginning of γ̄_1. Let Z^′_{m−1,2m} = P_1{B[σ(m − 1, 2m), T_{2m}] ∩ Λ̃(m − 1, 2m) = ∅}, where, as before, σ(m − 1, 2m) = sup{t ≤ T_{2m} : B_t ∈ S_{m−1}}. We define f_2 by f_2(γ̄_1) = E[(Z^′_{m−1,2m})^λ] | Λ̃(m, 2m) = γ̄_1].

This definition is a little imprecise. By Λ̃(m, 2m) we mean

(Φ̃_{m,2m}B^1[T^1_m, T^1_{2m}], . . . , Φ̃_{m,2m}B^k[T^k_m, T^k_{2m}]),

and we have to make precise the conditioning, which as written is conditioning on an event of probability zero. Making sense of this conditioning is not difficult. In fact, we can describe how to get the distribution of Λ̃(m − 1, 2m) given Λ̃(m, 2m) = γ̄_1 = (γ^1 , . . . , γ^k_1 ). We will give the description now, leaving the verification to the reader. Start independent Brownian motions B^1, . . . , B^k at γ^1 (0), . . . , γ^k_1 (0) ∈ S_m, i.e., at the beginning points of γ̄_1. Let V = V_m be the event V = {T^j_{m−1} < T^j_{2m}, j = 1, . . . , k}. Note that P(V ) > c, where c is independent of m (recalling that we have chosen m ≥ 6). Choose B^1, . . . , B^k conditioned on the event V . Then the set Λ̃(m − 1, 2m) is the set γ̄_1 ∪ B^1[0, T^1_{m−1}] ∪ · · · ∪ B^k[0, T^k_{m−1}].

We will need the analogue of Lemma 4.2. The proof is essentially the same, so we will only state the result. Let A = A_{1/10} as above and let

Ẑ^′_{m−1,2m} = P_1 { B[σ(m − 1, 2m), T_{2m}] ∩ Λ̃(m − 1, 2m) = ∅;

B[σ(m − 1, 2m), T_{2m} ∩ {|z| ≤ e^{m−(1/2)}} ⊂ A } , U^′_m = { Λ̃(m − 1, 2m) ∩ {|z| ≤ e^{m−(1/2)} } ⊂ −A}. Then there exists a constant c such that for every γ̄_1 ∈ G̃, E[(Ẑ^′_{m−1,2m})^λ; U^′_m | Λ̃(m, 2m) = γ̄_1] ≥ ≥ cE[(Z^′_{m−1,2m})^λ] | Λ̃(m, 2m) = γ̄_1].

Once we have the result, it is not hard to obtain (35). Basically we tie the ends of good extensions of γ̄_0 to the good extensions of γ̄_1. We omit the details.

8 Moment Calculations

In this section we do the moment calculations necessary to compute the derivatives of the intersection exponent as a function of λ. There is nothing deep about these calculations. Suppose we had a stationary sequence of mean zero random variables . . . , Y_{−1}, Y_0, Y_1, . . . , with G_\ = σ{Y_m : m ≤ n}, such that for n > 0, E(Y_n | G_0) = E(Y_n)[1 + O(ϵ_n)], E(Y^2_n | G_0) = E(Y^2_n )[1 + O(ϵ_n)], E(Y^3_n | G_0) = E(Y^3_n )[1 + O(ϵ_n)], where ϵ → 0 sufficiently quickly. Then straightforward estimates given E(Y_1 + . . . + Y_n | G_0) = O(1),

Var(Y_1 + . . . + Y_n | G_0) = σ^2n + O(1),

E[(Y_1 + · · · + Y_n)^3 | G_0] = O(n).

This is the idea behind the calculations of this section.

We will let μ_0 be the probability measure on C^k_0 which gives probability one to γ̄_0 = (γ̄, . . . , γ̄) where γ(t) = tu, 0 ≤ t ≤ 1. This is an arbitrary choice, but we want some initial distribution that does not depend on λ. This is a nice h-set, so it makes sense to speak of Brownian motions starting at the origin conditioned to avoid γ̄_0. We let B^1, . . . , B^k be independent Brownian motions starting at u and define Λ_n as before. As before, we define

Z_n = P_1{B(0, T_n] ∩ (Λ_n ∪ γ̄_0) = ∅ | B(0, T_0] ∩ γ̄_0 = ∅},

Z(m, n) = P_1{B(0, T_n] ∩ (Λ_n ∪ γ̄_0) = ∅ | B(0, T_m] ∩ (Λ_m ∪ γ̄_0) = ∅},

Ψ_n = − log Z_n, Ψ(m, n) = − log Z(m, n). As in Section 5, let Y_n = Ψ(n − 1, n), so that Ψ_n = Y_1 + · · · + Y_n. We define μ_n (which does depend on λ) as the probability measure on C^k_n induced by (γ ⊕ B^1[0, T^1_n ], · · · , γ ⊕ B^k[0, T^k_n ]),

with density [E(Z^λ_n )]^{−1}Z^λ_n .

We will actually think of μ_n as a measure on C^k_0 . We will write E_n for expectations with respect to μ_n. We emphasize that for n = 0 this measure does not depend on λ, but for n > 0 it does. We have seen that the measures μ_n converge to a measure μ = μ(λ). We will write E_μ for expectations with respect to μ. Let ϕ_n(λ) = E_0[Z^λ_n ] = E_0[e^{−λΨn} ]. Let κ_n = κ_n(λ) = e^{nξ}ϕ_n(λ), and κ = κ(λ) = lim_{n→∞} κ_n.

From (37) we know that κ_n = κ[1 + O(e^{−β√n})]. We also set as before, R_{m,n} = e^{(n−m)ξ} E[e^{−λΨ(m,n)} | F_m], R_m = lim_{n→∞} R_{m,n}.

Note that R_m = R_{m,n}[1 + O(e^{−β√n−m})]. Let f_n(λ) = − 1 n log ϕ_n(λ).

Then from the results of Section 4,

f_n(λ) = ξ(λ) + O( 1 n ). By differentiating we can see that f^′_n(λ) = 1 n Q_n[Ψ_n], f^{′′}_n(λ) = − 1 n [ Q_n[Ψ^2_n] − (Q_n[Ψ_n])^2 ] , f^{′′′}_n (λ) = 1 n [ Q_n[Ψ^3_n] − 3(Q_n[Ψ^2_n])(Q_n[Ψ_n]) + 2(Q_n[Ψ_n])^3 ] . Here Q_n = Q_{n,λ} represents expectations

Q_n[X] =

E_0[Xe^{−λΨn} ] E_0[e^{−λΨn} ]

= κ^{−1}_n e^{nξ}E_0[Xe^{−λΨn} ].

We start with the first moment. Note that

Q_n[Ψ_n] = n∑ i=1 Q_n[Y_i] = κ^{−1}_n e^{nξ} n∑ i=1 E_0[Y_ie^{−λ(Y1+···+Yn)}], and E_0[Y_ie^{−λ(Y1+···+Yn)}] = κ_{i−1}e^{−(i−1)ξ}E_{i−1}[Y_1e^{−λ(Y1+···+Yn}�^{i+1)}]. Also, note that E_{i−1}[Y_1e^{−λ(Y1+···+Yn}�^{i+1)} | F_1] = Y_1e^{−λY1} e^{−ξ(n−i)}R_{1,n−i}, and hence E_{i−1}[Y_1e^{−λ(Y1+···+Yn}�^{i+1)}] = E_{i−1}[Y_1e^{−λY1} e^{−ξ(n−i)}R_{1,n−i}]. Hence, Q_n[Y_i] = κ_{i−1} κ_n E_{i−1}[Ψ_1e^{ξ−λΨ1} R_{1,n−i+1}]. (47)

By the convergence results, we know that

κ_{i−1} = κ_n[1 + O(e^{−β} √ i)], E_{i−1}[Ψ_1e^{ξ−λΨ1} R_{1,n−i+1}] = E_μ[Ψ_1e^{ξ−λΨ1} R_{1,n−i+1}][1 + O(e^{−β} √ i)], R_{1,n−i+1} = R_1[1 + O(e^{−β√n−i})]. Hence, Q_n[Y_i] = E_μ[Ψ_1e^{ξ−λΨ1} R_1][1 + O(e^{−β} √ i)][1 + O(e^{−β√n−i})].

In particular we see that Q_n[Ψ_n] = an + O(1), where a = a(λ) = E_μ[Ψ_1e^{ξ−λΨ1} R_1].

We can also write a = E_{μ̄}[Ψ_1], where μ̄ is as defined in Section 5.

Before tackling the higher moments, it will be useful to set up some notation. Assume 1 ≤ i ≤ j ≤ n. Define the following (which depend on λ): a(n) = E_μ[Y_1e^{ξ−λY1} R_{1,n−1}], a(n; i) = E_μ[Y_1Y_ie^{iξ−λ(Y1+···+Yi)}R_{i,n−i}], a(n; i, j) = E_μ[Y_1Y_iY_je^{jξ−λ(Y1+···+Yj )}R_{j,n−j}]. We define a(∞), a(∞; i), a(∞; i, j) to the be corresponding quantities where R_{1,n−1}, R_{i,n−i}, R_{j,n−j} is replaced by R_1, R_i, R_j, respectively. We also define a_l(n), a_l(n; i), a_l(n; i, j), a_l(∞), a_l(∞; i), a_l(∞; i, j) similarly by replacing μ with μ_l. Note that a = a(∞) and a(∞) = E_{μ̄}[Y_1e^{ξ−λY1} ], a(∞; i) = E_{μ̄}[Y_1Y_ie^{iξ−λ(Y1+···+Yi)}], a(∞; i, j) = E_{μ̄}[Y_1Y_iY_je^{jξ−λ(Y1+···+Yj )}]. Suppose 1 ≤ i ≤ j ≤ m ≤ n. Then by an argument similar to that used to derive (47), Q_n[Y_iY_j] = κ_{i−1} κ_n a_{i−1}(n − j + 1; j − i + 1),

Q_n[Y_iY_jY_m] = κ_{i−1} κ_n a_{i−1}(n − m + 1; j − i + 1, m − i + 1). Assume i > 1 and consider a_l(n; i) = E_l[Y_1Y_ie^{iξ−λ(Y1+···+Yi)}R_{i,n−i}]. By first conditioning with respect to F_{i−1} we can see that a_l(n; i) = E_l[Y_1e^{(i−1)ξ−λ(Y1+···+Yi}�^{1)}]Ẽ_l[Y_ie^{ξ−λYi} R_{i,n−i}], where Ẽ_l represents the measure whose density with respect to E_l is Y_1e^{(i−1)ξ−λ(Y1+···+Yi}�^{1)} E_l[Y_1e^{(i−1)ξ−λ(Y1+···+Yi}�^{1)}] . By the convergence result, we can see that Ẽ_l[Y_ie^{ξ−λY}i R_{i,n−i}] = E_μ[Y_1e^{ξ−λY}1 R_{1,n−i}][1 + O(e^{−β√i})], hence a_l(n; i) = a_l(i − 1)a(n − i + 1)[1 + O(e^{−β} √ i)]. Similarly we can show a_l(n; i, j) = a_l(i − 1)a(n − i + 1; j − i + 1)[1 + O(e^β √ i)], a_l(n; i, j) = a_l(j − 1; i)a(n − j + 1)[1 + O(e^{β√j−1})]. Also, a_l(n; i) = a_l(∞; i)[1 + O(e^{−β√n−i})], a_l(n; i, j) = a_l(∞; i, j)[1 + O(e^{−β√n−j})]. These results also hold if a_l is replaced with a.

We now tackle the second moment,

Q_n[Ψ^2_n] − (Q_n[Ψ_n])^2 = n∑ i=1 n∑ j=1 Q_n[Y_iY_j] − Q_n(Y_i)Q_n(Y_j)

= n∑ i=1 [Q_n[Y^2_i ] − (Q_n[Y_i])^2] + 2 n−1∑ i=1 n∑ j=i+1 [Q_n[Y_iY_j] − Q_n(Y_i)Q_n(Y_j)].

The convergence results tell us that Q_n[Y^2_i ] = E_μ[Ψ^2_1e^{ξ−λΨ1} R_1] + O(e^{−β} √ i) + O(e^{−β√n−i}), and hence_n ∑ i=1 Q_n[Y^2_i ] = nE_μ[Ψ^2_1e^{ξ−λΨ1} R_1] + O(1),

and_n ∑ i=1 (Q_n[Y^2_i ] − Q_n[Y_i]^2) = n[a(∞; 1) − a(∞)^2] + O(1). Let r_{i,n} = n∑ j=i+1 (Q_n[Y_iY_j] − Q_n[Y_i]Q_n[Y_j]), and r = ∞∑ j=2 [a(∞; j) − a(∞)^2].

The convergence results can be used to show that r_{i,n} ≤ c, (48) and r_{i,n} = r + O(e^{−β} √ i) + O(e^{−β√n−i}). (49)

This then implies Q_n[Ψ^2_n] − (Q_n[Ψ_n])^2 = nσ^2 + O(1), where σ^2 = a(∞; 1) − a(∞)^2 + 2r.

For the third moment, we have, nf 000 (λ) = ∑ 1≤i,j,k≤m Δ(i, j, m)

where

Δ(i, j, m) = Q_n(Y_iY_jY_m) − Q_n(Y_i)Q_n(Y_jY_m) − Q_n(Y_j)Q_n(Y_iY_m) − Q_n(Y_m)Q_n(Y_iY_j) +2Q_n(Y_i)Q_n(Y_j)Q_n(Y_m).

Assume that i ≤ j ≤ m. If m − j ≥ δ, then the convergence results tell us that Q_n(Y_iY_jY_m) = Q_n(Y_iY_j)Q_n(Y_m) + O(e^{−β} √ δ), Q_n(Y_iY_m) = Q_n(Y_i)Q_n(Y_m) + O(e^{−β} √ δ), Q_n(Y_jY_m) = Q_n(Y_j)Q_n(Y_m) + O(e^{−β} √ δ). Hence, Δ(i, j, m) ≤ ce^{−β√m−j}. Similarly, Δ(i, j, m) ≤ ce^{−β√j−i}, and hence Δ(i, j, m) ≤ e^{−β} √_{max(m−j,j−i)} , from which it follows by a straightforward estimate that n∑ i=1 n∑ j=1 n∑ m=1 Δ(i, j, m) ≤ cn.

We finish this section by sketching the argument to show that σ^2 = σ^2(λ) > 0 for every λ > 0. Let g_n(λ) = − log ϕ_n(λ), where ϕ_n = E[Z^λ_n ].

We assume the same initial condition as the previous section. Note that g_n = nf_n where f_n is as defined in the previous section, and let σ^2_n = σ^2_n(λ) = g^{′′}_n(λ).

In the previous section we showed that σ^2_n = σ^2n + O(1).

Hence in order to prove that σ^2 > 0, it suffices to show that lim_{n→∞} σ^2_n = ∞. (50) Define as in Section 7, Z̃(r, m, n) = P_1 { B[0, T_n] ∩ [Λ̃(r, m) ∪ Λ(m, n)] = ∅ | B[0, T_m] ∩ Λ̃(r, m) = ∅ } . For a given m > 8, let Z̃_{2nm,m} = Z̃(−m, 0, 2m)Z̃(m, 2m, 4m)Z̃(3m, 4m, 6m) · · · Z̃((2n − 3)m, (2n − 2)m, 2nm). It follows from the work in that section and previous sections that for n ≤ m^2, E[Z^λ_{nm}; |Z_{2nm} − Z̃_{2nm,m}| ≥ e^{−βm}Z_{2nm}] ≤ ce^{−βm}e^{−2mnξ}. In particular, if we let σ̃^2_{n,m} be the variance of − log Z̃_{2n}2 with respect to the probability measure Z̃_{2nm,m}[E[Z̃_{2nm,m}]]^{−1}, then as n → ∞, σ^2_n2 ∼ σ̃^2_{nn,n}. Hence to prove (50), it suffices to show that σ̃^2_n2_{,n} → ∞.

We will, in fact, show that there is a constant c > 0 such that for all m > 4, σ̃^2_{nm,m} ≥ cn. Fix m > 4 and let Y_n = Y_{n,m} = − log Z̃((2n − 3)m, (2n − 2)m, 2nm). Let H = H_m be the σ-algebra generated by sets Λ̃((2n − 1)m, 2nm), n = 0, 1, 2, . . . . Note that Y_1, Y_2, . . . are conditionally independent, given H. Now if X_1, . . . , X_n are independent nonnegative random variables, then it is easy to check that they are also independent with respect to the probability measure e^{−λ(X1+···+Xn)} E[e^{−λ(X1+···+Xn)}] , λ > 0.

Hence Var[Y_1 + · · · + Y_n | H] = Var[Y_1 | H] + · · · + Var[Y_n | H], where the variance is with respect to the probability measure Z̃λ_{2mn,m} E[Z̃^λ_{2mn,m}] . If we can show that there is a c > 0 such that Var[Y_i | H] ≥ c, then we will have Var[Y_1 + · · · + Y_n | H] ≥ cn.

Since conditioning can only reduce the variance, this implies Var[Y_1 + · · · + Y_n] ≥ cn, which gives us the result.

To prove that Var[Y_i | H| ≥ c, is actually quite easy and we omit the proof. The basic idea is to note that Var[Y_i | H] = Var[Y_i | Λ̃((2i − 3)m, (2i − 2)m), Λ̃((2i − 1)m, 2im)], and to show directly using ideas similar to those in Section 4 to show that there is some positive variance.

9 Continuity at ˘ = 0

In this section we show that the intersection exponent ξ(λ) is continuous at 0. More precisely we show that lim_{λ→0} ξ(λ) = 0, d = 3, (51) lim_{λ→0} ξ(λ) = α, d = 2, (52) where α = α_k is the k disconnection exponent defined by P{Z_n > 0} ≍ e^{−nα}. We will also prove that for d = 2 a_0 < ∞, (53) where a_0 is as in Section 2.

The proof of (51) is straightforward. Suppose d = 3. Let δ > 0 and let A_δ be as in Section 3. It is not difficult (see Lemma 3.5) to show that there exist r = r(δ), C_1 = C_1(δ) with r → 0 as δ → 0 such that P^{−u}{Λ_n ∩ A_δ = ∅} ≥ C_1e^{−rn}.

However (see Lemma 3.4) there exists an s = s(δ), C_2 = C_2(δ) such that P^u_1 {B[0, T_n] ⊂ A_δ} ≥ C_2e^{−sn}.

In other words, with probability at least C_1e^{−rn}, Z_n ≥ C_2e^{−sn}. Hence, E^{−u}[Z^λ_n ] ≥ C_1C^λ_2 e^{−n(r+λs)}, and ξ(λ) ≤ r + λs, lim_{λ→0} ξ(λ) ≤ r. By letting r → 0, we obtain the result.

Now let d = 2. Since E[Z^λ_n ] ≤ P{Z_n > 0} we immediately see that lim_{λ→0} ξ(λ) ≥ α. If we try to adapt the d = 3 argument for d = 2, we will only be able to prove that lim_{λ→0} ξ(λ) ≤ k/2, but it is known [24, 25] that α < k/2.

For ease we will use the same initial configuration as in Section 8, i.e., we start with γ̄_0 = (γ, . . . , γ), with γ(t) = tu, 0 ≤ t ≤ 1. In this section, we will let Q_n denote the conditional measure on Ω given no disconnection, Q_n(V ) = P{V ; Z_n > 0} P{Z_n > 0} . We will assume n ≥ 8, and let X_n = Z̄(4, n − 4) = sup_{x∈S4} P^x_1 {B[0, T_{n−4}] ∩ [γ̄_0 ∪ Λ_{n−4}] = ∅}.

We have seen, see (11), (12), (15), that E[X^λ_n ] ≍ e^{−nξ}, where the multiplicative constants may depend on λ (and, in particular, have not been shown to be uniform for all λ ≥ 0). We will show that Q_n[− log X_n] ≤ cn, (54) where we use Q_n[Y ] to denote the expectation of Y with respect to Q_n. It follows immediately that there exists a β_1 such that P{X_n ≥ e^{−nβ1} } ≥ 1 2 P{Z_n > 0} ≥ ce^{−nα}. (55)

Hence for any λ > 0, E[X^λ_n ] ≥ E[X^λ_n ; X_n ≥ e^{−nβ1} ] ≥ ce^{−nβ1λ}e^{−nα}. Therefore, ξ(λ) ≤ α + β_1λ, and letting λ go to zero we get (52). If b(a) is defined as in Section 2, then (55) can be rephrased as b(a) = α, a ≥ β_1. It also follows from (55) that for every λ > 0 and every ϵ > 0, lim_{n→∞} E[X^λ_n ; X_n ≤ e^{−n(β1+ϵ)}] E[X^λ_n ]

= 0.

From this we get that a(λ) ≤ β_1, and hence we get (53). So we need only prove (54).

It will be convenient to use the complex map z → log z to convert this problem to a slightly different problem. We denote the real and imaginary parts of a complex number by ℜ(z) and ℑ(z), respectively. The logarithm takes the complex plane to an infinite cylinder, which can be thought of as the complex plane with two points identified if their difference is an integer multiple of 2πi. Brownian motion is invariant (up to a random time change that will not be relevant) under this transformation (see, e.g., [3, Theorem V.1.1]). The initial configuration now is the negative real axis, combined with all translates of this axis by integer multiples of 2πi. Brownian motions B^1, . . . , B^k are started at the origin and run until T^j_n, the first time B^j hits {ℜ(z) = n}. The paths of the Brownian motions are augmented by the 2jπi translates of the paths (j integer), and we write Λ_n for the path along with all its translates. The random variables Z_n, X_n, and the measure Q_n are transformed in a natural way. Given the paths B^1, ..., B^k, if Z_n > 0, there is a unique open domain D bounded by {ℜ(z) = 0}, {ℜ(z) = n} and Λ_n such that ∂D ∩ {ℜ(z) = 0, ℑ(z) ∈ (0, 2π)} ≠ ∅. Take this domain D (but not its translates) and let η : [0, 1] → C denote a continuous function with η(0, 1) ⊂ D; ℜ(η(1)) = n; ℜ(η(0)) = 0; ℑ(η(0)) ∈ (0, 2π). Since Z_n > 0, such an η must exist. Note that η(0, 1) splits {0 < ℜ(z) < n} into two pieces. Let ∂D_1, ∂D_2 be the intersection of ∂D ∩ { 1 2 ≤ ℜ(z) ≤ n − 1 2 } with the “upper” and “lower” pieces, respectively. Note that ∂D_1, ∂D_2 are independent of the η chosen.

For any z ∈ D, let d_1(z) = dist(z, ∂D_1), d_2(z) = dist(z, ∂D_2). Let A = A_n = {z ∈ D : 4 ≤ ℜ(z) ≤ n − 4; d_1(z) = d_2(z)}.

Note that d_1(z) ≤ π if z ∈ A, and hence dist(z, ∂D) = d_1(z). For z ∈ A, let r(z) = d_1(z)/8 = d_2(z)/8. The open balls of radius r(z), { B^o(z, r(z)), z ∈ A } form an open cover of A; hence we can find a finite set z_1, . . . , z_K ∈ A such that A ⊂ K⋃ j=1 B^o(z_j, r(z_j)).

From this finite set we can find a sequence, which we also denote by z_1, . . . , z_K , such that B^o(z_1, r(z_1)) ∩ {ℜ(z) = 4} ≠ ∅, B^o(z_K , r(z_K )) ∩ {ℜ(z) = n − 4} ≠ ∅, z_j ∈ B^o(z_{j−1}, r(z_{j−1})), j = 1, . . . , K. (To find this sequence we use the fact that the set of points equidistant from two disjoint compact sets is connected.) By “erasing loops” if necessary, we can find a subsequence of this sequence, which we still denote as z_1, . . . , z_K , such that the above three conditions hold as well as z_j ∉ B^o(z_m, r(z_m)), j ≥ m + 2. (56) Take y ∈ {ℜ(z) = 4} ∩ B^o(z_1, r(z_1)) and start a Brownian motion B at y. Let τ = inf{t : B_t ∈ B^o(z_2, r(z_2)) ∪ [B^o(z_1, 4r(z_1))]^c}.

It is easy to check that there is a ρ > 0 such that P^y_1{B(τ) ∈ B^o(z_2, r(z_2))} ≥ ρ.

By repeating this estimate, we see that P^y_1{B[0, T_{n−4}] ⊂ ∪^K_{j=1}B^o(z_j, 4r(z_j ))} ≥ ρ^K, and hence − log X_n ≤ cK. For integer m, we say that (x, y) is a 2^{−m}-approach if x ∈ ∂D_1, y ∈ ∂D_2, |x − y| = 2^{−m}. Let B_{x,y} denote the closed disk with diameter the line segment connecting x and y. Let U_m = U^{(n)}_m be the maximal number N of 2^{−m} approaches, (x_1, y_1), . . . (x_N , y_N ) that can be chosen with 3 ≤ ℜ(x_j), ℜ(y_j) ≤ n − 3 and B_{xl,yl} ∩ B_{xj ,yj} = ∅, l ≠ j. Let U = U^{(n)} = ∞∑ m=1 U_m. By using (56) it is easy to show that K ≤ cU, where K is the K of the last line of the last paragraph. We will show that there exists a constant c such that Q_n(U) ≤ cn, (57) which will imply (54).

If l is an integer, we say that a 2^{−m} approach (x, y) is an (l, 2^{−m})-approach if x, y ∈ Λ_l but at least one of x, y is not in Λ_{l−1}. Let U_m(l) denote the maximal number of (l, 2^{−m})-approaches (x, y) that can be chosen so that the disks B_{x,y} are disjoint. Let U(l) = ∞∑ m=1 U_m(l). Note that U^{(n)} ≤ n∑ l=1 U(l). We will show that there exists a constant c such that Q_n(U(l)) ≤ c. To do this, it suffices to show that there exist c, β such that for each m, Q_n(U_m(l)) ≤ ce^{−βm}. Fix m, l and write V for U_m(l). Let τ^1_1 be the smallest t ≥ T^1_{l−1} such that there exists a y ∈ Λ_{l−1} ∪ B^1[T^1_{l−1}, t] such that |B^1_t − y| = 2^{−m} and

Λ_{l−1} ∪ B^1[T^1_{l−1}, t] ∪ L(B^1_t , y)

disconnects. Here L(x, y) denotes the line segment with endpoints x, y, and we say that Γ disconnects if there does not exists a continuous curve γ : [0, 1] → C with γ(0) ∈ {ℜ(z) = 0, ℑ(z) ∈ (0, 2π)}, ℜ(γ(1)) = n, γ(0, 1) ∈ {0 < ℜ(z) < n}, such that γ(0, 1) ∩ Γ = ∅. Let ρ^1 be the smallest t greater than τ^1_1 such that |B^1_t − B^1(τ^1_1 )| = 2^{−m+1}. For integer r > 1, let τ^1_r be the smallest t ≥ ρ^1_{j−1} such that there exists a y ∈ Λ_{l−1} ∪ B^1[T^1_{l−1}, t] such that |B^1_t − y| = 2^{−m+1} and

Λ_{l−1} ∪ B^1[T^1_{l−1}, t] ∪ L(B^1_t , y)

disconnects; and let ρ^1_r be the smallest t > τ^1_r with |B^1_t − B^1(τ^1_r )| . Let J = J^1 be the largest r such that τ^1_J ≤ T^1_l , and consider the event {J ≥ r}. In order for this event to occur it is necessary (although not sufficient) that: Λ_{l−1} does not disconnect; For each s ≤ r, no disconnection occurs between τ^s_1 and ρ^s_1; no disconnection occurs between ρ^r_1 and T^1_{l+1}; and finally Λ(l + 1, n) does not disconnect. The first probability is bounded by ce^{−α(l−1)}; the last probability by ce^{−α(n−l)} (here we are really talking conditional probabilities). The Beurling estimates say that the second probability is bounded by e^{−βr}, and the third probability by e^{−βm}. Hence Q_n[J^1] ≤ ce^{−βm}.

Similarly, we let τ^2_1 be the smallest t > T^2_{l−1} such that there exists a y in

Λ_{l−1} ∪ B^1[T^1_{l−1}, T^1_l ] ∪ B^2[T^2_{l−1}, t], such that |B^2_t − y| = 2^{−m} and Λ_{l−1} ∪ B^1[0, T^1_l ] ∪ B^2[T^2_{l−1}, t] ∪ L(B^2_t , y) disconnects, and similarly as above. The only difference is that we have included B^1[T^1_{l−1}, T^1_l ]. The random times ρ^2_r, τ^2_r as well as J^2 and we show as above Q_n[J^2] ≤ ce^{−βm}.

We define J^3, . . . , J^k similarly, and hence we get Q_n[J^1 + · · · + J^k] ≤ ce^{−βm}.

But it is not difficult to check that U_m(l) ≤ c[J^1 + · · · + J^k], so we have proved (57).

References

[1] Aizenman, M. (1985). The intersection of Brownian paths as a case study of a renormalization method for quantum field theory. Commun. Math. Phys. 97 111-124.

[2] Albeverio, S. and Zhou, X. (1996). Intersections of random walks and Wiener sausages in four dimensions. Acta. Appl. Math. 45, 195-237.

[3] Bass, R. (1995). Probabilistic Techniques in Analysis, Springer-Verlag. [4] Burdzy, K. and Lawler, G. (1990). Non-intersection exponents for random walk and Brownian motion. Part II; Estimates and applications to a random fractal. Ann Prob 18 981-1009.

[5] Burdzy, K., Lawler, G. and Polaski, T. (1989). On the critical exponent for random walk intersections. J. Stat. Phys. 56 1-12.

[6] Doob, J. L. (1984). Classical Potential Theory and its Probabilistic Counterparts, Springer- Verlag.

[7] Duplantier, B. (1987). Intersections of random walks: a direct renormalization approach. Commun. Math. Phys. 117 279-330.

[8] Duplantier, B. and Kwon, K.-H. (1988). Conformal invariance and intersections of random walks. Phys. Rev. Lett. 61 2514-2517.

[9] Duplantier, B., Lawler, G., Le Gall, J.-F., and Lyons, T. (1993). The geometry of the Brownian curve. Bull. Sci. math. 2e série, 117, 91-106.

[10] Dvoretsky, A., Erdős, P. and Kakutani, S. (1950). Double points of paths of Brownian motions in n-space. Acta. Sci. Math. Szeged 12 75-81.

[11] Felder, G. and Fröhlich, J. (1985). Intersection properties of simple random walks: a renormalization group approach. Commun. math. Phys. 97 111-124.

[12] Lawler, G. (1991). Intersections of Random Walks. Birkhäuser-Boston. [13] Lawler, G. (1992). Escape probabilities for slowly recurrent sets. Probab. Th. and Rel. Fields 94, 91-117.

[14] Lawler, G. (1993). A discrete analogue of a theorem of Makarov. Combinatorics, Probability, and Computing, 2 181-199.

[15] Lawler, G. (1995). Nonintersecting planar Brownian motions. Mathematical Physics Electronic Journal 1, paper no. 4.

[16] Lawler, G. (1996). Hausdorff dimension of cut points for Brownian motion. Electronic Journal of Probability 1, paper no. 2 .

[17] Lawler, G. (1996). The dimension of the frontier of planar Brownian motion. Electronic Communications in Probability 1, paper no. 5, 29-47.

[18] Lawler, G. (1997). The frontier of a Brownian path is multifractal, preprint. [19] Lawler, G. and Coyle, L. (1997). Topics in contemporary probability, preprint. [20] Li, B. and Sokal, A. (1990). High-precision Monte Carlo test of the conformal-invariance predictions for two-dimensional mutually avoiding walks. J. Stat. Phys. 61 723-748.

[21] Makarov, N. G. (1985). Distortion of boundary sets under conformal mappings. Proc. London Math. Soc. (3) 51 369-384 [22] Mandelbrot, B. (1983). The Fractal Geometry of Nature. W. H. Freeman. [23] Puckette, E. and Werner, W. (1996). Simulations and conjectures for disconnection exponents.

Electronic Communications in Probability 1, paper no. 6, 49-64.

[24] Werner, W. (1995). An upper bound to the disconnection exponent for two-dimensional Brownian motion. Bernoulli 1, 371-380.

[25] Werner, W. (1996). Bounds for disconnection exponents. Electronic Communications in Probability 1, paper no. 4, 19-28.