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Abstract. The asymptotic behaviour of the solutions is studied for a real unstable two-
dimensional system z'(t) = A(t)x(t) + B(t)z(t — r) + h(t,z(t),z(t — r)), where 7 > 0 is a
constant delay. It is supposed that A, B and h are matrix functions and a vector function,
respectively. Our results complement those of Kalas [Nonlinear Anal. 62(2) (2005), 207-224],
where the conditions for the existence of bounded solutions or solutions tending to the origin
as t — oo are given. The method of investigation is based on the transformation of the real
system considered to one equation with complex-valued coeflicients. Asymptotic properties
of this equation are studied by means of a suitable Lyapunov-Krasovskii functional and by
virtue of the Wazewski topological principle. Stability and asymptotic behaviour of the
solutions for the stable case of the equation considered were studied in Kalas and Barakova
[J. Math. Anal. Appl. 269(1) (2002), 278-300].
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1. INTRODUCTION

Consider the real two-dimensional system
(0) 2 (t) = A()(t) + Bzt ) + h(t,2(t), o(t — 1)),

where A(t) = (a;x(t)), B(t) = (bjx(t)) (j,k = 1,2) are real square matrices and
h(t,z,y) = (hi(t,x,y), ha(t, z,y)) is a real vector function, x = (z1,z2), y = (y1, y2)-
It is supposed that the functions a,j are locally absolutely continuous on [tg, c0),
bjr are locally Lebesgue integrable on [tg,00) and the function h satisfies the
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Carathéodory conditions on [ty,00) x R*. Moreover, we suppose the uniqueness
property for solutions of (0). Stability and asymptotic properties of the solutions for
the stable case of (0) are investigated in [2]. The unstable case of (0) was studied
in [1]. In [2], it was shown that it is useful to investigate (0) also under different
conditions, namely the conditions, when the shortened equation z’'(t) = A(¢)x(t) is
closer to a “focus” than to a “node” at origin. In the present paper we examine (0)
under these assumptions.

The method of investigation is based on the transformation of (0) to an equa-
tion with complex conjugate coordinates and on the use of a convenient Lyapunov-
Krasovskii functional. This method allows to simplify some considerations and esti-
mations and, in the two-dimensional case, leads to new, effective and easily applica-
ble results. The key tool will be a Razumikhin-type version of Wazewski topological
method. Similarly to [1], we shall concentrate considerable attention to the prob-
lem of existence of bounded solutions or solutions tending to the origin as t — oo.
Related results for ordinary differential equations without delay can be found in [7]
and [3]. Notice that the Razumikhin-type version of Wazewski principle for retarded
functional differential equations was formulated by K. P. Rybakowski [8], [9]. Observe
that complex differential systems were used also by other authors for the solution
of different problems related to differential equations, let us mention here papers of
J.Mawhin [4] and of R. Manésevich, J. Mawhin, F. Zanolin [5], [6].

Introducing complex variables z = z; + ize, w = y; + iy2, we can rewrite the

system (0) into an equivalent equation with complex-valued coefficients
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a(t)z(t) + b(t)z(t) + A(t)z(t —r) + B(t)z(t —r) + g(t, 2(t), 2(t — 1)),

alt) = 5(an (1) + an(t) + glas (1) ~ ara(?)),
b(t) = 3 (ana(t) — axa() + b (azn (1) + ann(1),
A = S 0ur(0) + (1)) + 5 (baa (1) — bral),
B(t) = 3 (bunt) ~ boa(t) + 5 (b1 (6) + bun(1),
o(t,2,w) = i (1,54 2), (= 2), 5w+ ), - (w — )
+ih2(t,%(z+2), %(zfz), %(erw), %(w ).

Conversely, putting a11(t) = Rela(t) + b(t)] )
Im[a(t) + b(t)], az2(t) = Re[a(t) — b(¢)], b11(t) = Re[A() + B(t)], b12(t) = Im[B(t) —
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A(t)], ba1(t) = Im[A(t) + B(t)], baa(t) = Re[A(t) — B(t)], h1(t,z,y) = Reg(t,x1 +
iz, y1 +1y2), ho(t, z,y) = Img(t, z1 +ize, y1 +1iy2), A(t) = (ai;(¢)), B(t) = (bs;(t)),
the equation (1) can be written in the real form (0).
We shall use the following notation:
R set of all real numbers,
R+ set of all positive real numbers,
Ri set of all non-negative real numbers,
R_ set of all negative real numbers,
RO set of all non-positive real numbers,
C set of all complex numbers,
C class of all continuous functions [—r, 0] — C,
ACoc(I, M) class of all locally absolutely continuous functions I — M,
Lioe(I, M) class of all locally Lebesgue integrable functions I — M,
K(IxQ, M) class of all functions I x Q — M satisfying the Carathéodory conditions
on I x €,
Re z real part of z,
Im z imaginary part of z,

Z complex conjugate of z.

2. RESULTS
Consider the equation
(1) 2Z'(t)=a)z(t) +b(t)z(t) + At)z(t —r) + Bt)z(t —r) + g(t, 2(¢), 2(t — 7)),

where r > 0 is a constant, a,b € ACoc(J,C), A, B € Lio(J,C), g € K(J x C?,C),
J = [to,0). Throughout the paper we shall suppose that (1) satisfies the uniqueness
property of solutions. The equation (1) can be written in the form

(1) 2 = F(t, z),
where F': J x C — C is defined by
F(t,9) = a(t)$(0) + b()$(0) + At)y(=r) + B(t)(—r) + g(t. ¥(0), (1))

and z; is an element of C defined by the relation z:(6) = z(t+6), 6 € [—r,0]. Instead
of the case litm inf(|a(t)] — |b(t)]) > O investigated in [1], we will consider a case

lim inf ([Tm a(t)| — [b(t)]) > 0.
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The last inequality is equivalent to the existence of T' > ¢ty + r and p > 0 such that
(2) Ima(t)| > |b(t)|+p fort =T —r.

Denote

(3) F(t) = Ima(t) + /(Ima(t))? — [b(t)[2 sgn(Im a(t)), é(t) = —ib(t).

As |3(t)| > |Ima(t)] and |é(t)| = |b(t)], the inequality

(4) @] > |e(t)] + p

holds for ¢t > T — r. It can be easily verified that 4, ¢ € AC)oc([T — r,00),C). Notice
that, instead of the function + from [1], the function 4 need not be positive. A simple
example ensuing Theorem 1 shows that, in some cases, our results can be applicable
more often than those given in [1].

The equation (1) will be studied subject to suitable subsets of the following as-
sumptions:

(i) The numbers T' > to + r and p > 0 are such that (2) holds.

(ii) There exist functions s, k, o: [T, 00) — R such that

F(@)g(t, 2, w) + &(t)g(t, 2, w)| < ()7 ()2 + &(1)Z]
+ K()F(t — r)w + &t — )| + o(t)

fort > T, z,w € C, where g is continuous on [T, c0).
(iin) There exist numbers R,, > 0 and functions s, k,: [T,00) — R such that

F(B)g(t, 2, w) + &()g(t, 2, w)| < 20 (O)|7(1)2 + E(E)Z] + £ (O[T = 7)w + &(t — )|

fort =7, 2T, |2| > Rn, lw| > R,.
(iii) B € AC)oc([T,0), RY) is a function satisfying

(5) B(t) < =A(t) a.e.on [T,00),

where ) is defined by




(ilin) Bn € ACoc([T, 0), RY) is a function satisfying
(7) ﬂn(t) g *)‘n(t) a.e.on [Tnvoo)v

where )\, is defined by

(®) An(t) = rn(t) + (JA()] + [B(H)]) 7

fort >T.

(iva) An: [T,00) — R is a locally Lebesgue integrable function satisfying the
inequalities 3], () = Ay, (£)Bn(t), On(t) = A, (t) for almost all ¢ € [1,,, 00), where O,
is defined by (9).

Obviously, if A, B, k are locally absolutely continuous on [T, 00) and A(t) > 0, the
choice B(t) = —\(t) is admissible in (iii). Similarly, if A, B, k,, are locally absolutely
continuous on [T, 00) and A, (t) > 0, the choice 8, (t) = —Ay(¢) is admissible in (iii,).

Throughout the paper we denote

) O(t) = Rea(t) + I(t) —
On(t) = Rea(t) + I(t) — 6, (t) + Bu(t).
The assumption (i) implies that

o [Re(33 = &) +13¢ = 7 _ (71+ DA +12)
i DR

therefore the function ¥ is locally Lebesgue integrable on [T, 00) under this assump-
tion. If relations £, € ACioc([T,00), R_), 56, € Lioe([T,00), R) and £, (t)/Bn(t) <
O, (t) for almost all t > 7, together with the conditions (i), (ii,) are satisfied, then
we can choose Ay () = O, (t) for t € [T,00) in (ivy).

In the proof of Theorem 1 below, we shall need

Lemma 1. Let a1, ag, by, ba € C, |az| > |ba|. Then

a1z + blz Re(aldg — blgg) - |a1b2 — a2b1|
asz + bz ~ |a2|2 - |b2|2

for z € C, z #0.

The proof is similar to that of Lemma in [7], p. 131.
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Theorem 1. Let the assumptions (i), (iig), (iilp), (ivo) be satisfied for some

7o = T. Suppose there exist t; > 79 and v € (—o0,00) such that

¢

(10) inf [ [ ) ds =m0+ )| > v
=l1 t1

If z(t) is any solution of (1) satisfying

(11) min |Z(S)| > Ry, A(tl) > Roeiy,
SG[tlf’r’,tl]

where A(t) = (|5(t)] — |e()])|z(8)] + Bo(t) mﬁtX]IZ(S)Ift1 (17()[ + |e(s)]) ds, then

sE[t—rt ti—r

A e ds
(12) 0> Eor e p[/hAO”d}

for all t > t; for which z(t) is defined.

Proof. Let z(t) be any solution of (1) satisfying (11). Consider the function

(13) V(t) =U(t) + Bo(t) /t_ 17(s)z(s) + ¢(s)2(s)| ds,
where
(14) U(t) = [7(t)z(t) + ct)z(@)]-

For brevity we shall denote w(t) = z(¢t — r) and write a function of the variable ¢
simply without indicating the variable, for example, 4 instead of 4(t).
In view of (13) we have

(15) V' =U"+p, /ti [7(s)2(s) +¢(s)2(s)| ds+Bol ¥z +¢2| = ol 7 (t —r)w+E(t —r)w|

for almost all ¢ > ¢; for which z(¢) is defined and U’(t) exists. Put K = {t >
t1: z(t) exists, |z(t)] > Ro}. Clearly U(t) # 0 for t € K. The derivative U’ (t) exists
for almost all ¢ € K. Hence we obtain

UU' = Re[(7z + é2) (V2 + 72 + ¢z + &%)
= Re{(7z + ¢2)[§ (az + bz + Aw + Bw + g)
+é&(az + bz + Aw+ Bw + g) + 7'z + &'z}
= Re{(7Z + &2)[(Fa + &b)z + (b + ¢a)z + Y(Aw + BT + g)
+ ¢(Aw + Bw +§) + 7'z + 'z}
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for almost all ¢t € K. As
(Fa + éb)é = (3b + éa)7,

we get
UU' = Re {(iz +¢2)(Fa + éb (z + —z)}
+ Re{(7z + ¢2)(7(Aw + B®w) + ¢(Aw + Bw))}
+ Re{(7z + ¢2)(3g + ¢g)} + Re{(72 + ¢2) (2 + &2) }.
Consequently,

Yz+ez

(16) UU' > U?Re (a+%B)—U|Aw+Bw|(W|+|5|) Ulg+ el + U Re L

for almost all ¢ € K. Since Lemma 1 ensures

o ~ =
Re 207 >
Yz + ¢z

)

hence using (8) with n = 0, the relation Re (a+ %5) = Rea and the assumption (iip),

we obtain
UU' > U*Rea+10 — ) — U(|A| + |B))|w|(|7] + |¢])
—Ukol¥(t — r)w + é(t — r)w|
> U?(Rea+0 — s0) — UNo|5(t — 7w + &t — r)am|.
Therefore
(17) U' > URea+9 — ) — Molj(t — r)w + &t — r)o|

for almost all ¢t € K. Combining relations (15) (17), we get

V' 2 URea+ 9 — 5+ fo) — [3(t = r)w + &t — r)w|(Ao + Bo)

t
8 [ () + als)2()] ds.
Using (7) and (9) for n = 0, we obtain

VIO > VOO + A1) [ ()20 + e9)2(s)| s
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Hence, in view of (ivp), we have

(18) V' (t) — Ag()V (t) =0

for almost all ¢ € K. Multiplying (18) by exp[— fttl Ao(s) ds] and integrating over
[t1,t], we get

V(t) exp {— /tt To(s) ds} V() >0

on any interval [t;,w) where the solution z(t) exists and satisfies the inequality
|z(t)| > Ro. Now, with respect to (13), (14) and 8y < 0, we have

(50)] + EOD 0] > V(E) > V(nr) exp [ / Tols) ds] > A(ty) exp [ / /To(s)ds}

If (11) is fulfilled, there is an R > Ry such that A(t;) > Re™". By virtue of (10) and
(11) we can easily see that

) > —20) Utl()d]>ReveV R
2(t)| > —————exp o(s)ds| > =
7]+ [e(t)] t
for all ¢ > ¢; for which z(t) is defined. O

In the next example we give an equation of the form (1) to which Theorem 2 of
[1] is not applicable, nonetheless Theorem 1 of the present paper can be applied.

Example 1. Consider the equation (1) where a(t) = 8 + 6i, b(t) =5, A(t) =

B(t ) =0,r> O, g(t z,w) = 62+ 2etw. Suppose tg =1 and T' > 1+r. Then v(t) =
la(t)| — B2 = 10 + 5v/3, c(t) = a(t)b(t)/|a(t)| = 4 — 3i, 7 = 6 + V11,
ét)y = - Further

6]y (t)z + c(t)z] + 2e "y (t — r)w + c(t — )|,
67(t)z + &(t)Z] + 2e HF(t — r)w + &(t — 7)@).

Following Theorem 2 of [1] we obtain s(t) = 6, x(t) = 2e~%, 9(t) = 0, a(t) = 1/2,
Ao(t) < Op(t) = =24 Fo(t) < —2 < 0 and we see that Theorem 2 of [1] is not
applicable, because the relation (10) in [1] cannot be fulfilled. On the other hand,
taking s (t) = 6, ko(t) = 27, 70 = T, Ry = 0, 9(t) = 0, \o(t) = 2e7%, Bo(t) =
—2e~t, Ag(t) = Op(t) = 2 — 2¢™" (> 0) in Theorem 1 of the present paper, we have
Bo(t) < =Xo(t), Bh(t) = By (t)Bo(t) for t € [T, 00) and Theorem 1 is applicable to the
equation considered.
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Corollary 1. Let the assumptions of Theorem 1 be fulfilled with Ry > 0. If

(19) lim inf [/ Ao(s)ds —In(|5(8)] + [e@))| =< > v,

t—o0 t
then for any €, 0 < € < Rge*™", there is a t, > t1 such that
(20) |z(t)] > e

for all t > to for which z(t) is defined.

Proof. Without loss of generality we can assume ¢ > Ry. Choose x, 0 < xy < 1
such that Ry < & < xyRpeS™”. In view of (19) there is a to > t; such that

/ Fo(s)ds — (5] + Z0)]) > s +Inx

t1

for t > t5. Hence

/ Ao(s) ds ~ (5O +]EO)) > v +1n —
t1 0

for t > to. The estimate (12) together with (11) now yields

2(t)] > Roe*”e”RiO =

for all ¢ > to for which z(¢) is defined. O

Corollary 2. Let the assumptions of Theorem 1 be fulfilled with Ry > 0. If

/ Ao(s) ds — n(|5(8)] + [e(t)])| = oo,

lim
t—o0 t
1

then for any € > 0 there exists a t2 > t1 such that (20) holds for all t > to for which
z(t) is defined.

In the proof of the next theorem we shall use results of K.P. Rybakowski [9] on
a Wazewski topological principle for retarded functional differential equations of
Carathéodory type.
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Theorem 2. Let the conditions (i), (ii), (iii) be fulfilled and let A be a continuous
function satisfying the inequality A(t) < O(t) a.e.on [T,00), where © is defined
by (9). If ¢: [T —r,00) — R is a continuous function such that

£(s) ds] —€(t) > o(H)C exp < - /T e(s) ds>

for t € [T, 00] and some constant C' > 0, then there exists a to > T and a solution

(21)  A(t) + B(t) exp [

z0(t) of (1) satisfying

C t
(22) 00| € e e [ [ & ds]

fort > to

Proof. Cousider the equation (1) written in the form (1'). Let 7 > T. Put

U(t,z, %) = [7(t)z + &(t)2] — o(1),

o=con| [ 0]

2° ={(t,2) € (r,00) x C: U(t,z,z) <0},
25 ={(t,2) € (1,00) x C: U(,z,z):o}.

Clearly 2° is a polyfacial set generated by functions U t) =7—t, U (t,2,%) (see
Rybakowski [9, p.134]) and £2; C 092°. Since (|5(¢)| + |(t)]) ( = 7(t)z + é(t)z],
we have @
p(t C
|z| = —= —— = exp[/§ ds}>0
A+ e @]+ et

for (t,2) € 2. Further,

DYU(t) = gt(fft) -1<0.

Let (t*,¢) € £2; and let ¢ € C be such that ¢(0) = ¢ and (t* + 6, ¢(9)) € 2° for all
0 € [-r,0). If (t,¢) € (1,00) x C, then

DYU(t,%(0),%(0)) := limsup(1/R)[U(t + h, 1(0)

h—0+
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DD 6, 0(0),50) = F(10(0) + () 70) e ZHURECOLE) — o
+HA(000) + €O x Re{ BOGOTO) +EH¥(0))
FEOEORO) + OTO)FGY)
FEDGEF0) + EH000)) + 7O GOR0)
+EOTONIF( )

provided the derivatives 4'(t), & (t) exist and ¢(0) # 0.
Similarly to the proof of Theorem 5 of [1] we obtain

DTU(t,4(0),%(0) > (Rea(t) + 9(t) — =(t))|[7 (1)1 (0) + &)1 (0)]

= ABIF(E = r)p(=r) + &t = r)i(=r)] — ot) — ¢'(t)
> O(1)[F(1)$(0) + EAB)F(O)] + Bt = r)wo(=r) + et — )i (=r)| = o(t) — &' (1)
> AB)F)(0) + EOFO)] + BO)A(E = r)v(=r) + &t = r)id(=r)| = o(t) — #'(¢)

for almost all ¢ € (7,00) and for ¢ € C sufficiently close to ¢. Replacing ¢ and ¢ in
the last expression by t* and ¢, respectively, we get

AE)F(E)G(0) + () B(0)] + BE)F(E" = r)g(—r)

e - r)e(=r)| = o(t") — (")

> A F(E)C + )+ BE )™ — 1) — o(t”) — ¢'(t7)
> A(t)p(t) + Bt )p(t" —r) — olt™) — ¢/ (")

- dices | [ " ew) as| +ste)ce | [ e s
- o) - oo | [ ") as]
= {w) + sy | - [ :as) as| -ty feenn | [ ") as| - ot >0

where the last inequality follows from (21). Therefore, in view of the continuity,
D+U(t, 1(0),1(0)) > 0 holds for v sufficiently close to ¢ and almost all ¢ sufficiently
close to t*. Hence §2° is a regular polyfacial set with respect to (1’).

Choose Z = {(tg, z) € 20y Qﬁ}, where to > 747 is fixed. It can be easily verified
that Z N (25 is a retract of 2, but Z N {25 is not a retract of Z. Let n € C be such
that 7(0) = 1 and 0 < n(d) < 1 for § € [—r,0). Define a mapping p: Z — C for
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(t2,2) € Z by the relation

p(t2 +0)n(0)
(72 (t2 + 0) — |&(t2 + 0)[*)(t2)
+ (Y(t2 + 0)é(ta) — A(t2)e(t2 + 0))z].

p(ta, 2)(0) = [(F(t2)7(t2 + 0) — E(t2)é(t2 + 0))=

The mapping p is continuous and
p(te,2)(0) = z for (ta,2) € Z, p(t2,0)(0) =0 for 6 € [—r,0].

Since

_ p(ta 4+ 0)n(0)

Y(t2 + 0)p(tz, 2)(0) + (ta + O)p(ta, 2)(0) = (Y(t2)z + &(t2)Z),

p(t2)
we have
[7(t2)z + E(t2)2] < p(t2)
and
(23) |9t + 0)p(ta, 2)(0) + &(ta + 0)p(t2, 2)(0)] < @(t2 +0)

for (t2,2) € ZN 2° and @ € [-r,0]. Clearly, the inequality (23) holds also for
(t2,2) € ZN N2 and 0 € [-1,0).

Using the topological principle for retarded functional differential equations (see
Rybakowski [9, Theorem 2.1]), we infer that there is a solution zo(¢) of (1) such that
(t, z0(t)) € 020 for all t > t, for which the solution zo(t) exists. Obviously zo(t) exists
for all ¢ > ¢t5 and

(@I = le@Dlzo@)] < 7 (#)20(t) + () 20(t)] < @(t)  for ¢ > to.

Hence
e(t)
()| = [e@)]

|z0(t)| < for t > to.

(I
Remark 1. If 0 (t)A(t) > |B(t)] + C1o(t) > 0, where 0 < 7;(t) < 1, the

functions 7, A are continuous on [T, 00) and A(t) < O(t) a.e.on [T, 00), then the
choice £(t) = 1 (£)A(t) + B(t) — C~Lp(t) is possible in (21). Moreover, the condition
|B(t)| + C71o(t) > 0 can be omitted if Theorem 2 is used. Indeed, the identity
|B(t)| + C~to(t) = 0 implies B(t) = 0, o(t) = 0 and consequently, in view of (5),
(6), (i), we have A(t) = 0, x(t) = 0, A(t) =0, B(t) =0, g(¢,0,0) = 0. Thus the

equation (1) has the trivial solution z(¢) = 0 in this case.
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Corollary 3. Let the assumptions of Theorem 2 be satisfied. If

“?ii‘iphwn GXP(/5 )}

then there is a bounded solution zo(t) of (1). I

i [ eXp(/f )] =

then there is a solution zy(t) of (1) such that

lim zo(t) = 0.

t—o0o

Theorem 3. Suppose that the hypotheses (i), (ii), (iin), (iii), (iiin), (iva) are
fulfilled for 1,, > T and n € N, where R,, > 0, iné R, = 0. Let A be a continuous
ne

function satisfying the inequality A(t) < O(t) a.e.on [T,00), where © is defined
by (9). Assume that : [T —r,00) — R is a continuous function such that

@) A0+ swen| - [ eoas] -0 > et (- [ ewas)

for t € [T, 00) and some constant C' > 0. Suppose

. b~ M 00
(25) lim sup [/ (An(s) —&(s))ds +1n 15(t)] + |¢ ] ’

t—o0o T t (t)‘
im max eXpUTs—écw] v(s c(s s| =
o) Jim (5,0 max SESEEDSE [ G] 4 e as| o

(27) inf [ / Aalo)do — (0] + |e<t>|>} >v

T LSKE<00

for n € N, where v € (—00,00). Then there exists a solution zo(t) of (1) such that
(28) lim min |z(s)] =0.

t—00 set—r,t]

Proof. Using Theorem 2 we observe that there is a t > T and a solution zo(t)

RO [/Ttw dS]

of (1) with the property

(29) [20(t)] <
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for t > to. Suppose that (28) is not satisfied. Then there is €9 > 0 such that

limsup min |zo(s)| > o.
t—oo SE[t—r,t]

Choose N € N such that
2 —v
maX{RN,—RNe } < €.
7
Then

. 2 v
(30) min | |z0(s)| > maX{RN, ;RNe }

s€lT—r,T

for some 7 > max{T, 7xn,t2}. In view of (26) we can suppose that

exp [[;&(0)do

(31) I8N (T)|C max ] /T_ (J7(s)] + 1é(s)]) ds < %RNe_”.

selr—rrl [7(s)| = |e(s)|

Hence, taking into account (4), (29), (30), (31) and the nonpositiveness of Gy, we
have

X 10l :T(Iﬁ(s)l + |é(s)]) ds

Y(T)| — [e(T)])]z0(T T max &P [Jp S19)Co] [f;g(o)da]
> (30 = D o(r)| + An(r)C | e TP

(WO = [e(mDlzo(T)] + An(r) max  |z0(s)

| 1+ ehas

2 1
>pu—Rye ™ — =Rye ¥ > Rye™".
o 2

Moreover, (27) implies

inf Ut Tn(s)ds — In(|5(1)] + 5(t)|)] > > .

TLE< 00

By Theorem 1 we obtain the estimate

o) > o | [ At

for all ¢ > 7, ¥ being defined by

7(r) = (R0 = ler)lo(r)| + 6w(r)_mmax (sl [ () + ) s



(29) together with (32) yield

i.e.

T T [J{tQLV(S)dS} T [}[ €]

< / An(s)ds — In[C™ 1w (7))

‘o 5
[ 1) — (s as +m L

T

0] -
|

e(®)]
O] + e

@)

for t > 7. However, the last inequality contradicts (25) and Theorem 3 is proved. O
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