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ABSTRACT. We consider the Navier-Stokes equation in 3-D torus in
the stationary setup and prove that any weak solution of this problem is
actually smooth provided the stationary external force is also smooth.

1. INTRODUCTION

Time independent regimes of a flow to the Navier-Stokes equation are
important because of ergodicity and of their relations with the long time
behavior of solutions. The first existence and uniqueness theorems for
(time dependent) weak solutions were proven by Leray [2] and by Hopf
[1]. Regularity of time dependent solutions in 3-dimensional setup is still
open problem.

We consider the Navier-Stokes equation in 3-D torus in the stationary
setup and prove that any weak solution of this problem is actually smooth
provided the stationary external force is also smooth.

A proof of this assertion is short and obtained as a combination of
quite standard facts. Nevertheless, we regard as useful to publish this
note, since first, we do not know publications contained this assertion,
and secondly, it does not follow from general theory of nonlinear elliptic
equations [4].

2000 Mathematical Subject Classification. 35Q30.
Key words and phrases. Navier-Stokes equation, Nonlinear elliptic equa-
tions.

257



258 O.ZUBELEVICH

2. MAIN THEOREM

Consider 3-dimensional torus T = R3/(27Z)? with coordinates z =
(21,22, 23). We use a notation

9; = a%j’ j=1,23.
In all the formulas we follow the Einstein summation convention for re-
peated subscripts. For example for a vector field v(z) = (v!,v? v3)(2)
we write divo = 9;07.

Application of any scalar operator to a vector-function implies that
this operator is applied to each component of the vector-function.

Let H*P(T3), 1<p, s> 0 be the Sobolev spaces over LP(T?). In
the sequel we drop the arguments of these notations and simply write
H*P [P,

Consider the Navier-Stokes equation in the stationary setup:

0;(vIvF) = —Opp + vAVF + fF Kk =1,2,3, (2.1)
divo =0, (2.2)
where v is a positive constant.

The external force f(z) = (f1, f2, f3)(z) € C™ is assumed to be di-
vergence free and of zero mean value:

divf =0, f(z)dz =0.
’]I‘S

Note that substitution p — p + ¢ (c is an arbitrary constant) in (2.1)
does not change the equation. So we will find the function p just up to
an additional constant.

Problem (2.1), (2.2) has a weak solution v € H! [3].

Theorem 1. Any weak solution v to problem (2.1), (2.2) is actually
smooth: v € C*.

3. PROOF
Let k,z € R3, introduce some notations:
(k,x) = kyxy + ... + ks, \93|2 = |5171\2 + ...+ \:)33\2, i? = —1.

In the case of torus our knowledge about generalized functions is clearly
simplified. Any function v € LP, p > 2 belongs also to L? and thus
can be expanded to the Fourier series: u(z) =3,z u;e'®). This series
converges in L?.
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The set of generalized functions consists of the formal Fourier series
h(x) = Y iczs hie'9™) with polynomially growing coefficients: |hy| <
clk]7. It follows for example from the L. Schwartz theorem [5]. A gener-
alized function h takes its value of a test function

= Y ) € o
JEZ3
by the rule:
(h> 90) = Z hj(p—j‘
JEZ3
(Only real-valued functions are considered.)

According to this viewpoint a generalized derivative of a function from

L? is expressed as a Fourier series:

Omh(x) =1 ijhjei(j’x), m=1,2,3.
jezs
It is convenient to understand all the further arguments in this light.
Define the following operators:

Ay = — Z ujlj e,

j€Z3
A_lu = — Z u_‘gez(jvx‘)’
jemgoy !

Afu = (A‘lﬁkﬁl — 5kl)u,
Pu =u — uy.

where d;; = 1 for k = [ and 0 otherwise.

Such a form of the inverse Laplace operator A~! needs a comment.
Actually the Laplace operator has the inverse only on the space of func-
tions with zero mean value. Nevertheless all the formulas appear in our
text include derivative operators standing before the operator A~! and
misunderstanding does not appear.

Since 9; = 9;P = Pd; we can rewrite the operator A} in the form:

Afu = OO, A" Pu — 6u.
Take the operator div from the right- and the left-hand sides of equa-
tion (2.1). Using equation (2.2) we get 9;0;(v'v?) = —Ap. Thus
p=—A"19;0;(v"v7).
Substituting this formula to equation (2.1) we obtain the following prob-

lem:

0 = AF9;(viol) + vAvF + fF. (3.1)
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Taking the operator A~! from the both sides of equation (3.1) we have
—vP = AFATLO;(viv!) + AT R (3.2)

or equivalently:
—vh = AFO;ATP(viv!) + AT R (3.3)

Our plan of the Proof is as follows. We will show by induction on k
that the weak solution

ve)H"™, keN (3.4)
p=2
By Sobolev’s embedding theorem this proves Theorem 1.
Recall some facts from the Sobolev theory [4]. For p > 1 and &k > 0
we have

HRP c L3P/C=R) oy < 3, (3.5)
0y« HFYWP — [hp, (3.6)
ATIP . qHRP s R (3.7)

Particularly, the operators AF, P maps H*? to itself.

Since the weak solution v belongs to H! = H'? it belongs to L® by in-
clusion (3.5). Thus the expression v/v! belongs to L? and due to formulas
(3.6), (3.7) and by force of equation (3.3) we have v € H'3.

Diminishing & > 0 in the formula H'? c H3~¢ C L33-9)/¢ we obtain
that v € (5, LP. Thus the expression v/v! also belongs to =2 LP- By
equation (3.3) it follows that inclusion (3.4) holds with & = 1.

Assume that inclusion (3.4) holds with &£ > 1 and check it with k£ + 1.
By the chain rule and (2.2) we have

9; (vt = v 9t € ﬂ HF1P,
p=2
By means of equation (3.2) this inclusion implies that v € () 5, H**'?.
The Theorem is proved.

REFERENCES

[1] E. Hopf Uber die Anfangswertaufgabe fiir die hydrodynamischen Grundgleichun-
gen. Math. Nachr. 4: 213-231, 1951.

[2] J. Leray Essai sur le mouvement d’un liquide visqueux emplissant ’espace, Acta
Math. 63 (1934), 193-248

[3] J. L. Lions Quelques méthodes de résolution des problémes aux limites non
linéaires. Dunod Gauthier-Villars Paris, 1969.

[4] M. E. Taylor Partial Differential Equations. vol. 3 Springer, New York, 1996.



REGULARITY OF STATIONARY SOLUTIONS 261

[5] K. Yosida Functional analysis. Springer-Verlag, Berlin, 1965.

DEPARTMENT OF DIFFERENTIAL EQUATIONS, MOSCOW STATE AVIATION
INSTITUTE, VOLOKOLAMSKOE SHOSSE 4, 125993, Moscow, Russia

E-mail address: ozubel@yandex.ru

Received November 11, 2004



