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ABSTRACT. We consider the problem of the existence and unique-
ness of solutions for partial differential operator of the form Lu =
Dxu — B(xz,u) where X is a vector field. The solvability of L may
be of some interest since by the Nash-Moser inverse function theorem
the equivalence problem in differential geometry can be solved via Lie
derivative operator and the later is locally a particular case of L. An
application to the equivalence of dynamic systems is given.

1. INTRODUCTION.

Let C(n,s) denote the space of germs of C'°-maps from R"™ into
R’endowed with the weak topology. The weak topology is the topol-
ogy on uniform convergence of derivatives of each order on compact sets.
Consider a differential operator L : C(n,s) — C(n, s) defined by

Lu = Dxu— B(x,u),

where X € C*°(n,n) is a vector function, B is a C* function with values
in C*°(n, s) and Dxu stands for the directional derivative of u in direction
X. The operators of this type represent a local form (for specific B) of
a Lie derivative Lx or covariant derivative Vx which are widely used in
differential geometry on manifolds. In both these cases B(x,.) depends
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26 M. BENALILI

uniquely on a certain jet of X at the point x, and u stands usually for a
differentiable section of a fiber bundle over a manifold.

In this paper we are interested in local solvability of the operator L. In
other words we ask for the existence and the uniqueness of local solution
of the partial differential equation

Dxu— B(z,u) = f (1)

or in coordinates

n

Y X (@)D’ = Bi(z,u) = f'(x) (2)

J=1

where 1 =1,...,s.

2. FORMAL SOLUTION OF THE LINEARIZED EQUATION

We are going to present a dynamical method to give an integral formula
for a solution of the linearized equation of the equation (1), useful in
case where the method works. We shall assume in this section that
the coefficients in (2) are of class C* and the vector field X is a half
complete in the sense that the flow ¢(t,z) generated by X is defined in
a half-cylindrical neighborhood Cs C R™ x R,

lz] <6, t>0,

where |.| stands for a norm in R". The flow of X is the solution of the
initial value problem

¥=X(z) z(0)==z (3)
which means that

¢, = Xod, ¢o(z) =2 (4)

_d
where / = e

Lemma 1 ([1]). For all s,t, such that s > 0,t > 0 and s—t > 0 we have
651 = prog; .
Proof.Let f € C*(n,s), we use Newton method to solve
F(z,u) = Dxu — B(xz,u) — f(z) =0.
Let u, be an approximate solution, we try to give a better approximation,
Uy + Ny = Uy.
The Taylor formula with integral remainder writes

F(z,u) = F(x,u,) + (Dx — Bl (z,u))A, + o(A2)
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where

1
(A7) = /O (1= $)DiF (2,1, + 50,) < Ay, Ay > ds (5)

and B, (x,u) is the Jacobian matrix of B with respect to the variable w.
So if A, is solution of

(Dx — Bl (z,u,))A, = —F(x,u,) (6)

then
F(z,u) = O(Az).

Before starting iteration we study the linearized equation (6). Consider
an another auxiliary differential equation

= —B(¢; 1 (x), uo(d; (2))).u (7)

x plays here a role of parameter in respect which the right hand side is
C°. Thus there exists a normalized fundamental solution R,(¢,z) of (7)
satisfying

R(t,x) = =B, (¢ (), us(¢; ' (2))).Ro(t,x)  Ro(0,2) =id  (8)
We shall prove

Lemma 2. [1]If the integral of the right side hand of the formula

Alw) = — / " R(s, 6(2))G (61 (x))ds ()

s uniformly convergent in a neighborhood of the origin, then A is a local
solution of (6) where, for a fized function v € C(n,s), G(¢s(z)) =

F(s(x), v(¢s(x))).

Proof.While this result is in [1], we include its proof. In order to show
that it satisfies (6) we compute first A(¢(x))

Aoua)) = = [ Rls,0ursa) G0l
- /too R(s —t, ()G (¢s(x))ds
4 A(64(a)) = ~Clon(a)) + / TR (s~ ,0,(0))G(6,(2))ds

—G(¢(x)) — Bl (oulx / R(5, dua(2))G(are(x))ds
—G(n(a)) — Bl(on(), 0(64(2))). A e(2)).
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Setting ¢t = 0 and knowing ¢o(z) = z, we get finally
(Dx — BL(x,0)).A = —F(z,0(x)).

3. SOLUTION OF THE NON LINEARIZED EQUATION

We make sufficient conditions to obtain solutions of the non linear
equationl

Assume that:

(Hy) the function f is infinitely flat at the origin 0.

(Hy) B(z,0) =0 for all z in a neighborhood of 0.

(Hs) the origin 0 is a contracting critical point of the vector field X:
that means there are positive constants a, ¢, § such that

|¢(7)| < a|z| e for x € Bs

where By denotes the ball {|z| < d}.
We recall some useful facts:
—Contracting critical points are necessary isolated critical points (cf. [3]).
—In [5]it was shown that if ¢, has an exponential bound of order e™%,

then so do all the derivative D*¢;, k > 1 that is
| DEgy(z)| < a.e™ (10)

where a is a constant depending on k and x € Bs.

Let a(t,z) and (B(t,z) denote respectively the least and the greatest
real parts of the eigenvalues occurring in the spectrum of the matrix
A(t,x) = =B (¢;1(x), uo(¢; ())) (with fixed ¢, z and function u). Let
R(t,x) be the normalized fundamental solution of the auxiliary equation
(7). The following estimates, in version without z are well known (cf. [4]):

¢ t
exp/ a(s,x)ds < |R(t,t,x)| < exp/ B(s,x)ds (11)
to to

for ¢ > 0 and z fixed.

Since we are investigating local solution we can assume without loss of
generality that X is of support included in Bg, hence its flow is defined for
all t € R, and the mapping F' is bounded in some neighborhood of (z, u),
namely since F' is continuous in the C'*°— topology there exist constants
0 > 0 and € > 0 such that for every positive integer k, ‘DkF(ZE, u)‘ < 00
provided that |z| < & and |ju||”® = sup, sup {|Du(x)|: € Bs} < e,
where a runs over all the derivatives D at most equal to the positive
integer n.
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We define inductively the sequence wuy:
Upp1 = U + Dy, u, =0
(Dx — Bl (z,ux)).Ap = —F (2, ug(x)) (12)

Theorem 3. Under the assumptions (Hy), (Hy) and (Hs), the function
w=>"7A; converges uniformly in a neighborhood of the origin 0.

Proof. Let K be a compact set K. For any x € K and any u € C(n, s)
sufficiently small (for the norm ||| ) there is a constant C' such that

|D2F(z,u(z))| < 2C

where D2F is the second derivative with respect to u. If uy is a solution
of the equation12, then by Taylor’s formula with integral remainder we
get. So we have the estimate

1
Fla, upss (z)) = / (1= ) D2F (2, g + tAR) < Ag, Ay > dt
0

SO

|F (2, up (2))] < C | Ag(2)] (13)
Provided that = € K and wgy; sufficiently small. Letting Ry (t,x) =
R(t,ug(x)) where R(t,z) denotes the fundamental normalized solution
of the equation7 and Gy(x) = —F(x, ug(x)). Putting u, = 0, we get

Go(du(2)) = F(¢u(x),0) = = f(¢u(x))-

Since f is infinitely flat at the origin 0, for every integer p there exist
constants § = d, > 0 and M, > 0 such that

[F(64(2)).0] < M2 o) for |a] <.

Taking into account that the vector field X is asymptotically stable, there
are constants a > 0 and ¢ > 0 such that

|fe(2)] < ae™
provided that x is small (we assume that x € Bs = {x : x| < §}). Then
|F(¢e(x),0)| < Mpobe ™ for |z <& (14)

where M, = a? M}, is a constant depending only on p.

Now since the matrix function B, (x, u) is continuous in the C*-topology
with respect to the adjoint variable, it follows that B, (x,u) is bounded
for |z| < ¢ and u bounded in the space C'(n, s) and so do its eigenvalues.
By the estimations of the eigenvalues given in 11 we deduce

[Ro(t, $4(2))] - |Go(¢4(2))] < MyoPel PO (15)
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where 3 denotes the upper bound of the eigenvalues. We choose p large
enough so that

pc—(F=w>1.

By the formula (9), we get that

“+oo
Ao ()] < /O | Ro(t, d4(2))] - [Golr(x))| di
and by the estimation (15), we obtain for any |z| <
|Ap(2)] < M,o*.
Fix 0 < € < & and choose ¢ such that M,6” < &, then for any |z| < 0
€
A, —.
Aufa)] < &

Suppose that for any fixed integer £k > 1 and 1 < j <k

€

8,0)] < 57

then

jun(2)] =

so for any |z| < d, we get, by the inequality (14) that

A (2)] = / T Ri(0: 60, (2)). Gl () dso

<c / T Ru50r d ()] - | ()] ds,
< (@ ) () / " R0, 60, (2))] -

[/0+Oo [ Rip—1(51, @spt1 (7))] - -

+o0o
(/0 | Ro(SottSky Pty (T))] IGo(¢so+...+sk($))d8kl)
2
...dsl] ds,. (16)

Taking into account of (11) and (15) we obtain
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[ Ro(Sotnt Sy Psortntesy ()] - [ Go @t oty ()]

Sot+si
<MGep [ (Bt b @) — peld
0

S0t tsi,
< M,6? exp/ (B — pc)dt
0
< MoPe@lsotts1) - (15)

where as it is defined above w = pc — § > 1.
Finally we have

[Ben(a)] < OB < 55 with Ja] <0
Since Ce < 1, we get

€ .
|Aps1(x)] < S with |z] <.
SO
lup1(z)| < e with |z <.
The series u(x) = Y .-, u;(x) converges informally, on the ball |z| <4,
and hence it is the solution of the equation F(z,u) = 0.
U

Remark 1. By the same way we have proved that the solution of the
linearized equation given by Lemma?2 is uniformly convergent in a neigh-
borhood of the origin 0.

3.1. Smoothness of solutions. Now state the following

Theorem 4. Under the assumptions (Hy), (Hy) and (Hs), the function
w = Y2, A; converges in the C*°—topology in a neighborhood of the
origin 0.

We establish some estimates from which the proof of Theorem4 follows.
3.1.1. Estimation of DXF(¢4(x), um(ds(x))).

Lemma 5. For any integers k,m > 1, there exist constants K and A
depending on k and 6 > 0 such that

| DL (6s(@), (s (2)))| < Kemeo2? g2 A" (Z \D;’Am_l(cbs(x))})

i=0

for all s >0, |x| <9 and y = ¢4(z).
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Proof.Since for any m > 1, 4, = Up_1 + A1, where A, 1 is as-
sumed to be a solution of the linear equation Dx — B! (x,u)A,,_1 =
—F(x,Up_1), then F(z,u,(x)) is the integral remainder that is to say

F(z, um(z))
1
_ / (1= ) D2F (2, 1 (%) + tAm1(2)) < A1 (), A s () > dt
0
so we have by taking derivative with respect to x that

Dy F (@, um(2))

_ / (1= )Y CpDL (DAF (2, s () + tA 1 (2)))

0 r=0

DM (A1 (2), A1 (x))dt. (16)
Setting vy—1(2,t) = Upm—1(z) + tA,—1(x), we get

N
Dy (DiF(x, vm(2,t)) = Y Y DEDITF(x,v,(x,t))
L+N=r Q=1

> Cnesg D) vma (2, t). DI vy (2, 1), (17)

Jittiq=N

Now interchanging = by y = ¢4(x), and differentiating with respect to
x we obtain

Dy, (DyF(¢s(x), vm-1(0s(2),1)))
= Y > DyDITE(¢y(x), vm-1(d4(2), 1))

L+N=r P=1Q=1

x> Cry., DMéu(x).. D (x)

i14-tip=L

X z : Cijl---jQ

j1+"'+jQ:N

x| D Dytopa(ds(@),t) D Chups, Du(x) ... D ()

ri=1 it A+l =n

JjQ
XS Do (@u@), ) Y Cigui,, DM6u() ... D gy(x)

rp=1 lit-+lrg=jg
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where

L
il jol

CLi =
L,]l...JQ

Since ¢; has an exponential bound of order e~ then, by ([5]), so do all
its derivatives D¢y, k > 1, that is

| DLy ()| < n(i).e (18)

where 7(7) is a constant depending on ¢ and x small enough.
For any integer k > 1, let A =sup{1,n(i):i=1,...,k} and

C= sup{}Dfof”F(x,v(x,T))‘ P+Q =k, Hv||f§ < p,
j:O71727"' , T € B5T€ [071]}

where Bjs is the closed ball of center 0 and radius ¢.
By (18) we get

| DY(D2F (64(x), Vi1 (65(x), 7))
< Y DYDY DEE(G, (), v (94(w), 7))

L+N=r P=1Q=1
Z OL,il---iPn(il) - 'n(ip)e_Pcs Z ON,jl...jQ
i1+-+ip=L ji++ig=N
J1 '
Z ‘D;lvm_l(qﬁs(x), 7')‘ Z levll'“lrl n(ly)...n(l;,)e ...

ri=1 bt -+l =01

Z }D;va—l((ﬁs(l’), 7')‘ Z CjQ,h...lQn(ll) .. .77(le)€_ch8' (19)

ro=1 hit+lrg=jQ

Using

Y COnpyy =@V

itetiq=N
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we obtain

|D; (DLF(65(x), v (4() )\ <
Ce Z Z Z AP pL
L+N=r P=1Q=1

£Q Z CN’jlij Adrttiq (j1)J1+1 o (jQ)JQ"rl
Jit+iQ=N

< PCATe . (20)

where p' = sup(1, p).
By the chain rule we get

Di{An-1(y), An—1(y)) = Z CHDyAm—1(y), Dy~ A1 (y)),

setting y = ¢s(z), the above equality writes

Dy (A1 (¢s(2)), Am_1(¢>s<w))>
=2 < Api(s(2 ZDZ me1(0s(2)) Y Cuiyoiy Dita() -+ Dii() >

iyt =l
-1
+) Cf <ZD;Am_1(¢S(as)) Z Cy Y Dil¢y(x)- - Diigy(x),
q=1 i=1 14+ = i1

l—q
Z DéAm_l(@(l“))- Z Cl—gsji...4; Di1¢5(x) . D$J¢5(a?)>

j=1 Jittij=l—q
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So, by (18), we get
| Dy (Am1(5(2)), Ao (05(2)))| < 2[An-1(ds(2))].

l
Z ‘D;Am—l(¢s($))‘ Z Cl T 7'1 ( )e—ics+

11+t =
-1 q ' '
ST DAL (@) YD Cogign() - n(G)e
q=1 J=1 Jit+ii=q
l—q
1DPAL 1 (6s(@)] Y. Ciogprm(p1) - n(pp)e ™™
p=l1 p1+-+pp=l—q

< 241 | A1 (42 |Z\DZ m-1(¢s(2))| +
-1
Ale—csZCZQqq l qZ‘DﬂAm 1(ds(x }Z}DpAm 1(¢s( ))‘
qg=1

< e (214) (Z\Dmm (65l >>}) - 1)

7=0

Now combining the inequalities (20) and (21), we get easily that
| Dy F(¢s(2), wm(os(2))))|

< Clees% Ak Ak <Z\D§Am_l(¢s(x))}> . (22)

J=0

U
3.1.2. Estimation of DR, (t, ).

Lemma 6. With the same notations as in Lemma 5, we have

| Dy Rin(t, 6u(2))|
k L S t
< CF (24)4! H ;342 Z 0,1_1% exp/0 B (T, ¢e(x))dT
i=1 =0

Proof.From the equation (8) we obtain by derivation

DIR (t,x)

k
= Ap(t,2).DiRpn(t.2) + Y CrDL Ay (t,2) Dy Ry, ), (23)

=1
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where
Ap(t,x) = =Dy B(¢; ' (x), um (67 (2)))-

So D*R,,(t,z) appears as the solution of a non homogeneous matrix
linear equation with initial value D*R,,(0,2) =0 and, as a particular
solution, is given by

DFR,.(t,x) = / tstcle m(s,2))DF R, (5, x)ds,

where S(t,s,z) stands for the normalized fundamental solution of the
differential equation (23).

Following the same calculations as above and taking into account of
(11), we get

| DERu(t, ¢u(x))]
< K (24)F k2 / et ( / B ¢t(x))d7)

0
k
Z }Dk "Ryn(s, ¢u())] ds.
And by induction we obtain

| DER(t, ¢1())]
k k—1 ' 1 t
< () A [[# Y Gy e /0 (7, du(2))dr. (24)
i=1 §=0

U
3.1.3. Estimate of DFA,,(z).

Lemma 7. For any integers k,m > 1, and large positive integer p, there
ezist positive constants M = My, ,, § = 6y, (depending on p and k), W
depending on k such that

L\ 2" m
| DEAW(@)] < (2P MOPW ) (25K MW )
Proof.Let 0 < e < 0. For m = 0, we have

Go(du()) = =B(du(),0) + f(du(2)) = f(or())

SO

| D5Go(¢y(x Z}D’focbt( W D ChjgimGomgoe™ (25)

jitetii=h
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k
< AMERY T D' fogy ()] e,
1=1

Since f is infinitely flat at origin 0, for any positive integer p there exist
constants M;, > 0 and 0, > 0 (depending on ¢ and p) such that

| D fodu(x)| < M;p0F e
provided that |z| < §;,.
Now (25) becomes

|DEG,(04())] < AFKF M 08 e PH D (26)

with |z| < 0y, For simplicity, we put 6 = 4y, and M = AFEM1M, . we

have
“+o0 s
DA (z)| < MéP X — S(00(2),0))d
D*A(x)] < / ep/o(pc+ﬁ(¢(x) ))dt

and we choose p large enough so that

pc— B, =w > 1.
where 3, = sup {|B,(¢:(x),0)| : |z| <, t > 0}. Hence
DMA ()] < M&?

with |z| <. Taking ¢ such that Mé? < £, we obtain

}DkAO(x)} <

N ™
~—~
[\
\]
S~—

Provided that |z| <.
Suppose that for any integer m > 1,

DA, 1 (2)] < —

om
for |z| <.
Denote by
Ulk, A, C) = 2213 AR O
and

k k—1
. . 1
W(k,A,c,C)=C* 24" T :c,g_lﬁ.

i=1 j=0



38 M. BENALILI

From (23) and (25) we obtain

‘DiAm(m)‘
< /OOO Y CLULK AUk -1,K, A) (Z | DIA -1 (¢4(x)) \)

o | B, ()

and by induction, we get
[ DEA(x)] < 27" DD ()
< (25w MoP)*

with W’ = max(1, W).
We choose ¢ small enough so that

LW MSP < %

then
| DEA(z)] < —
and o
Z ‘DﬁAm(x)} <e
m=0
O

4. UNIQUENESS THEOREMS

First, we give a uniqueness theorem for the linearized equation 6.
Let A(z,u) = D,B(z,u) the solutions of the equation (6) are unique
if the equation
(Dx — A(z,u))A =0,A(0) =0 (28)

has only trivial solution A(x) = 0 in neighborhood of the origin. Let
S(t,x) be the normalized fundamental matrix of the auxiliary equation

A" = A(¢i(x), u(¢e(x)))A (29)
Setting ¢:(z) as argument, (29) yields to
(A(¢e(2)))" = A(¢r(x), u(¢r(2))) Ale()) (30)

So if a solution A(x) satisfies 29 then A(¢;(z)) satisfies 13 and we get
A(gy(z)) = S(t,x)A(z), t>0
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Theorem 8. Suppose that the flow ¢i(x) generated by X is quasi-asymptotically
stable and either integral
/ a(s,x)ds
0

intg” [A(on(x), ul(dn(x)))] dt

converges for x from a neighborhood of the origin and fized function wu.
Then every solution of (13) is locally trivial.

or

Proof.There exists n > 0 such that if |z| < n then u(¢:(x)) — 0 as
t — oo. From (11) we have

u(6e(x))] > Ju(z)] exp / a(s, z)ds

Letting t — 0o we get u(x) = 0 for sufficiently small x.[]

Theorem 9. Suppose that ¢.(z) is bounded ast — oo and x is small. If
for such x

t
sup/ a(s,x)ds = +00
t>0 Jo

then A(z) =0 for every solution of 183.

Now we are in position to establish a uniqueness theorem for the orig-
inal equation, let , for any subset compact subset K C R", ||||f stand
for the semi-norm on the space C'(n, s), the space of germs of C'*°-maps
from R" into R?, given by |Jul|X = supy |u(z)|.

Lemma 10. Let uy,us € C(n,s); there ezist constant § > 0 and C > 0
such that if |ua||” < 6 and ||Juy||? <6, then

[uz — wi |7 < C|F (1) — F(u2)||?

where F(.,u)(x) = F(x,u(x)) and B is a small closed ball centered at the
origin 0 € R™.

Proof. We use Taylor’s formula with integral remainder
F(z,up) = F(x,u1) + Dy F(x,uq)(us — uq)

+/O (1 — 8)D2F(uy + s(ug — up)) (ug — uy)?ds
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By the Theorems 8 and 9, D,F(z,u1) = Dx — A(z,uy) is invertible
on a sufficiently small ball neighborhood of the origin 0 in C(n, s); let
V F(x,u1) be its inverse. So

U — UL =
1
VF(z,u) {F(x, ug) — F(x,u1) — / (1 —8)D2F (uy + s(uy — ul))2ds}
0
and
[luz — U1||f
< WV E ()5 {I1FCug) = F(ouw)| +
sup || D2F(ur + s(uz = un)[|7 (Iluz = w122}
s€[0,1]
On the other hand, V F(x, u;) is bounded on a sufficiently small neigh-

borhood W of the origin (0,0) in R"™ x C(n,s); consequently, if the di-
ameter of W is less than 4, there exists a constant C’ such that

luz — wi|] (1 —20C") < C"|F (., up) — F(.,ua)|)

provided that (x,uy), (x,us) € W.
We choose § < 2}3, and take the constant C' = %{;C,.D
As a consequence of Lemmal0, we have the following uniqueness the-

orem

Theorem 11. Under the assumptions (Hy), (H2) and (Hs) the nonlinear
differential equation Dxu — B(x,u) = [ has a unique local solution.

5. APPLICATION TO DYNAMIC

Theorem 12. Let X = Y"1 (AN + fi(z)52>) be a vector field where the
functions f; are infinitely flat at the origin 0 and \; < 0. Then there
exists a local diffeomorphism tangential to the identity x; = y; + vi(y)

which transforms X in its linear part Y. | \y;.

Proof. This result is not new, it is a special case of the Sternberg lin-
earization. If ¢(y) =y + ¢(y), ¢ satisfy

X = ¢*X07

where

6. Xo = DpoX, 00"
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which writes in coordinates

Z(Az’yig—gj—%%(y))ij(yﬂ@(y))? j=Ln (13)

i=1
Putting

Bi(y,0) = Niwi(y) + fily+o(y) — fi(y)  j=1,---,n
we get from (32) that

7

or in a short form

= 0
> )\iyia—;j ~ B(y,») = f(y)
i=1 ¢

where B(y, @) = (Bi(y,¢), -+, Ba(y,©)) [ (y) = (1), -, fu(y)). The
above equation fulfils manifestly the assumption of Theorem4 and we

obtain Theorem 12. I
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