Journal de Théorie des Nombres de Bordeaux 13 (2001), 483–527

On normal lattice configurations and simultaneously normal numbers

par Mordechay B. Levin

Dedicated to Professor Michel Mendès France in the occasion of his 65th birthday

Résumé. Soient q, q_1, . . . , q_s ≥ 2 des entiers et α_1, α_2, . . . des nombres réels. Dans cet article, on montre que la borne inférieure de la discrépance de la suite double ({α_mq^n}, . . . , {α_{m+s−1}q^n} )_{M N} m,n=1 coïncide (à un facteur logarithmique près) avec la borne inférieure de la discrépance des suites ordinaires (x_n)^{MN}_{n=1} dans un cube de dimension s (s,M,N = 1, 2, . . . ). Nous calculons aussi une borne inférieure de la discrépance (à un facteur logarithmique près) de la suite ( {α_1q^n_1 }, . . . , {α_sq^n_s } )_N n=1 (problème de Korobov).

Abstract. Let q, q_1, . . . , q_s ≥ 2 be integers, and let α_1, α_2, . . . be a sequence of real numbers. In this paper we prove that the lower bound of the discrepancy of the double sequence ({α_mq^n}, . . . , {α_{m+s−1}q^n} )_{M N} m,n=1 coincides (up to a logarithmic factor) with the lower bound of the discrepancy of ordinary sequences (x_n)^{MN}_{n=1} in s-dimensional unit cube (s,M,N = 1, 2, . . . ) . We also find a lower bound of the discrepancy (up to a logarithmic factor) of the sequence ( {α_1q^n_1 }, . . . , {α_sq^n_s } )_N n=1 (Korobov’s problem).

1. Introduction.

1.1. A number α ∈ (0, 1) is said to be normal to the base q, if in a q-ary expansion of α, α = d_1d_2 · · · (d_i ∈ {0, 1, · · · , q − 1}, i = 1, 2, · · · ), each fixed finite block of digits of length k appears with an asymptotic frequency of q^{−k} along the sequence (d_i)_{i≥1}. Normal numbers were introduced by

Manuscrit reçu le 2 mars 1999.

Work supported in part by Israel Science Foundation Grant No. 366-172.

Borel (1909). Champernowne (1935) gave an explicit construction of such a number, namely

θ = .1 2 3 4 5 6 7 8 9 10 11 12 . . . ,

obtained by successively concatenating all the natural numbers. 1.1.1. We denote by N the set of non-negative integers. Let d, q ≥ 2 be two integers, N^d = {(n_1, . . . , n_d) | n_i ∈ N, i = 1, . . . , d}, Δ = {0, 1, . . . , q − 1}, Ω = Δ^{Nd} .

We shall call ω ∈ Ω a configuration (lattice configuration ). A configuration is a function ω : N^d → Δ. Let h, N ∈ N^d , h = (h_1, . . . , h_d), N = (N_1, . . . , N_d). We denote a rectangular block by F_N = {(f_1, . . . , f_d) ∈ N^d | 0 ≤ f_i < N_i, i = 1, . . . , d}, G = G_h is a fixed block of digits G = {g_{i1,...,id} ∈ Δ | i_j ∈ [0, h_j ), j = 1, . . . , d}. 1.1.2. Definition. A lattice configuration, ω ∈ Ω, is said to be normal (rectangular normal) if for any h ∈ N^d with h_1 · · · h_d ≥ 1 and block of digits G_h,

(1) # { n ∈ F_N | ω(n + i) = g_{i1,...,id} ∀i ∈ F_h } − q^{−h1···hd} N_1 · · · N_d = o(N_1 · · · N_d),

where i = (i_1, . . . , i_d), and max(N_1, . . . , N_d) → ∞.

It is evident that almost every ω ∈ Ω is normal. The constructive proof of the existence of the normal lattice configuration is given in [LS1], [LS2].

Below, to simplify the calculations we consider only the case of d = 2. 1.1.3. Let (x_n) be an infinite sequence of points in an s−dimensional unit cube [0, 1)^s; v = [0, γ_1) × · · · × [0, γ_s) be a box in [0, 1)^s; and A_v(N) be a number of indexes n ∈ [1, N] such that x_n lies in v. The sequence (x_n) is said to be uniformly distributed in [0, 1)^s if for every box v, A_v(N)/N → γ_1 · · · γ_s. The quantity

D(N) = D((x_n)^N_{n=1}) = D^{(s)}((x_n)^N_{n=1}) = sup_{v∈(0,1]s} | | 1 N A_v(N) − γ_1 · · · γ_s | | (2) is called the discrepancy of (x_n)^N_{n=1}.

It is known (Roth, [Ro]) that for any sequence in [0, 1)^s, lim_{N→∞}ND(N)/ log^{s/2} N > 0, and according to the well-known conjecture (see for example [Ni, p. 32,33]), lim_{N→∞}ND(N)/ log^s N > 0. (3)

1.1.4. The double sequence (u_{n,m}) ∈ [0, 1)^s, (n, m = 1, 2, . . . ) is said to be uniformly distributed (Cigler, [Ci]) if

D^{(s)}({u_{n,m}}^{N M}_{n=1,m=1}) = o(1), with max(N, M) → ∞.

Kirschenhofer and Tichy [KiTi] investigated double sequences over finite sets (see also references in [DrTi, p.364], [KN, p. 18]).

1.2. It is known (Wall, 1949) that a number α is normal to the base q if and only if the sequence {αq^n}_{n≥1} is uniformly distributed in [0, 1) (see [KN, p. 70]). It is easy to prove similarly (see Appendix of this paper) the following statement:

Proposition 1. Let q ≥ 2 be integer, d_{m,n} ∈ {0, 1, . . . , q − 1}, m, n = 1, 2, . . . . The lattice configuration (d_{m,n})_{m,n≥1} is normal if and only if for all s ≥ 1 the double sequence ( {α_mq^n}, . . . , {α_{m+s−1}q^n} ) m,n≥1 (4) is uniformly distributed in [0, 1)^s, where

α_m = ∞∑ n=1 d_{m,n}/q^n . (5)

1.2.1. In [Le3] it was proved explicitly that there exists a normal number α with D ( {αq^n}^N_{n=1} ) = O(N^{−1} log^2 N), N → ∞ . (6) The estimate of discrepancy was previously known O(N^{−2/3} log^{4/3} N) (see [Ko2],[Le2]). According to (3), the estimate (6) cannot be improved essentially.

Our goal is to find a lower bound of discrepancy of the double sequence (4). The main idea of the paper is the using of small discrepancy sequences on the multidimensional unit cube to construct the sequence of reals (α_m)_{m≥1} (see (5) and (9)). Here we use a variant of Korobov’s s−dimensional sequences (s = 1, 2, . . . ) with optimal coefficients (see [Ko3]). We provide the following construction of a normal lattice configuration:

1.2.2 Construction. Let p_1, p_2 be distinct primes; (q, p_1p_2) = 1,

k_0 = 0, k_1 = [log_q(p_1p_2) + 1]p_1, k_i = k_1p^{[logp1 i]}_1 , i = 2, 3, . . . , (7) t_0 = 1, t_i = p^{[logp2 log2(i+1)]} 2 , i = 1, 2, . . . , r(j) = min j≤t_ip^i_1, i=1,2,... i, j = 1, 2, . . . , (8) α_j = ∞∑ i=r(j) p^i_1−1∑

n=δ^{(j)}_i p^{i−1}_1 k_{i−1}/k_i 1∑ ν=0 1 q^{ki(2n+ν)} {a^{(i)}_{j2,ν} (pi_2n + pi_1j_1)

p^i_1p^i_2 } k_i , (9)

where

δ^{(j)}_i = 1 if i > r(j); otherwise δ^{(j)}_i = 0, {x}_k = [q^k{x}]/q^k,

(10)

j_2 ∈ {0, 1, . . . , t_i − 1}, j_2 ≡ j mod t_i , j_1 = (j − j_2)/t_i, a^{(i)}_{j2,ν} ∈ {0, 1, . . . , p^i_1p^i_2 − 1}, ν = 0, 1, j = 1, 2, . . . . (11)

Theorem 1. There exist integers a^{(m)}_{r,ν} (m, r = 1, 2, . . . , ν = 0, 1) satisfying (11), such that for all s, N, M ≥ 1 we have

(12) D (( {α_mq^n}, . . . , {α_{m+s−1}q^n} ) 1≤n≤N,0≤m<M ) = O ( (MN)^{−1}(log MN)^{2s+4} log^2 log MN ) with max(M, N) → ∞, and the constant implied by O only depends on s.

We note that according to (3), the estimate (12) cannot be improved by more than the power of the logarithmic multiplier.

Corollary. Let s, q ≥ 2. There exist numbers α_1, . . . , α_s (simultaneously normal to the base q) such that D (( {α_1q^n}, . . . , {α_sq^n} )_N n=1 ) = O(N^{−1} log^{2s+4+ϵ} N) .

The discrepancy estimate was previously known as O(N^{−1/s}) [Ko1] and O(N^{−2/3} log^{s+2} N) [Le2].

1.3. Let s, q_1, . . . , q_s ≥ 2 be integers. Numbers α_1, . . . , α_s are said to be simultaneously normal to the base (q_1, . . . , q_s) [Ko1],[Ko3] if the sequence ( {α_1q^n_1 }, . . . , {α_sq^n_s } ) n≥1 (13)

is uniformly distributed in [0, 1)^s.

In [Ko1], Korobov obtained the first examples of simultaneously normal numbers using normal periodic systems, completely uniformly distributed sequences, and estimates of trigonometric sums with exponential functions (see also [Ko3]). In [Ko1], Korobov constructed simultaneously normal numbers with D ( ({α_1q^n_1 }, . . . , {α_sq^n_s })^N_{n=1} ) = O(N^{−1/s}) and posed the problem of finding simultaneously normal numbers with a maximum decay of the discrepancy of the sequence (13). In [Le1], simultaneously normal numbers with D_N = O(N^{−1/2} log^{s+3/2} N) were constructed. Here we find simultaneously normal numbers with the discrepancy estimate O(N^{−1} log^{2s+2} N). We note that according to (3), this estimate cannot be improved by more than the power of the logarithmic multiplier.

1.3.1 Construction. Let p be prime; (q_i, p) = 1, i = 1, . . . , s;

k_1 = p max_{1≤i≤s}[log_{qi} p + 1], k_m = k_1p^{[logp m]}, n_1 = 0, n_m = n_{m−1} + 2k_{m−1}p^{m−1}, m = 2, 3, . . . (14)

α_i = ∞∑ m=1 p^m−1∑

n=0 1∑ ν=0 1 q^{nm+km(2n+ν)} i {a^{(m)}_{i,ν} n p^m } k_m,i , (15) where {x}_{k,i} = [{x}q^k_i ]/q^k_i , i = 1, . . . , s, k = 1, 2, . . . . . Theorem 2. Let s ≥ 2. There exist integers a^{(m)}_{i,ν} ∈ {0, 1, . . . , p^m − 1} (i = 1, . . . , s; ν = 0, 1; m = 1, 2, . . . ) such that D ( ({α_1q^n_1 }, . . . , {α_sq^n_s })^N_{n=1} ) = O(N^{−1} log^{2s+2} N), N → ∞ .

We prove this theorem in Section 4. Theorem 1 is proved in Section 3. Section 2 contains auxiliary results.

2. Auxiliary results First, some further notation is necessary. For integers d ≥ 1 and l ≥ 2, let C_d(l) be the set of all nonzero lattice points (h_1, . . . , h_d) ∈ Z^d with −l/2 < h_j ≤ l/2 for 1 ≤ j ≤ d; C(l) = Z ∩ (−l/2, l/2]. Define r(h, l) = { l sin(π|h|/l) for h ∈ C_1(l), 1 for h = 0, and r(h, l) = d∏ j=1 r(h_j , l) (16)

for h = (h_1, . . . , h_d) ∈ C_d(l). For real t, the abbreviation e(t) = e^{2π√−1t} is used. Subsequently, four known results are stated, which follow from [Ko3, Lemma 2], [Ei, Lemma 3], [Ko3, p.13, Ni, p. 35] and [Ni, Theorem 3.10], respectively.

Lemma 1. Let p ≥ 2, a be integers,

δ_p(a) = { 1 if a ≡ 0 mod p, 0 otherwise.

Then

δ_p(a) = 1 p p−1∑ n=0 e(an/p). Lemma 2. Let q ≥ 2 be an integer. Then ∑ h∈C_d(q) h≡0(mod v) 1 r(h, q) < 1 v ( 2 π log q + 7 5 )_d

for any divisor v of q with 1 ≤ v < q.

Lemma 3. Let A, B, T be integers, 1 ≤ B ≤ T . Then | | ∑ n∈[A,A+B) e(t_n) | | ≤ ∑ h_0∈(−T /2,T /2] 1 r(h_0, T ) | |^{A+T −1} ∑ n=A e ( t_n + nh_0 T )| | . According to [Ni, p. 35] |1/T ∑ n∈[A,A+B) e(nh0/T )| ≤ 1/r(h0, T ). Now the proof of Lemma 3 repeats that of [Ko3, p.13]. Applying this lemma twice, we get Corollary 1. Let r ≥ 1, M, M_1, N, N_1 be integers, M ∈ [1, p^r_2], N ∈ [1, p^r_1]. Then | | | N_1+N−1 ∑ n=N_1

M_1+M−1 ∑ m=M_1 e(t_{nm}) | | | ≤ ∑ h_{−1}∈C(p^r_1) ∑ h_{−2}∈C(p^r_2) 1 r(h_{−1}, p^r_1)r(h_{−2}, p^r_2)

× | | N_1+p^r_1−1 ∑ n=N_1

M_1+p^r_2−1 ∑ m=M_1 e ( t_{nm} + nh_{−1} p^r_1 + mh_{−2} p^r_2 )| | . Lemma 4. Let N ≥ 1 and P ≥ 2 be integers. Let t_n = y_n/P ∈ [0, 1)^d with y_n ∈ {0, 1, . . . , P − 1}^d for 0 ≤ n < N. Then the discrepancy of the points t_0, t_1, . . . , t_{N−1} satisfies

D(t_0, t_1, . . . , t_{N−1}) ≤ d P + 1 N ∑ h∈C_d(P ) 1 r(h, P ) | |^{N−1}∑ n=0 e ( h · t_n )| | . Corollary 2. Let T ≥ N ≥ 1 and P ≥ 2 be integers, t_n = y_n/P ∈ [0, 1)^d with y_n ∈ {0, 1, . . . , P − 1}^d for 0 ≤ n < N. Then

D(t_0, t_1, . . . , t_{N−1}) ≤ d P + T N ~D_T ((t_n)_{n≥0}) , (17) where

~D_T ((t_n)_{n≥0}) = 1 T ∑ h∈C_d(P ) ∑ h_0∈(−T /2,T /2] 1 r(h, P )r(h_0, T ) | |^{T −1}∑ n=0 e(h·t_n+ nh_0 T ) | | .

Corollary 3. Let p^r_1 ≥ N ≥ 1, p^r_2 ≥ M ≥ 1, and p_1, p_2 ≥ 2 be integers, t_{n,m} = y_{n,m}/p^r_1p^r_2 ∈[0, 1)^d, with y_{n,m} ∈ {0, 1, . . . , p^r_1p^r_2 − 1}^d for n, m = 0, 1, . . . . Then MND^{(d)}((t_{nm})_{M1≤m<M1+M, N1≤n<N1+N} ) ≤ dMN p^r_1p^r_2

+ D̂^{(d+2)}_r ( t_{nm} ) , (18)

where

D̂^{(d+2)} r (t_{nm}) = ∑ h∈C_d(p^r_1p^r_2) ∑ h_{−1}∈C(p^r_1) ∑ h_{−2}∈C(p^r_2) 1 r(h, p^r_1p^r_2)r(h_{−1}, p^r_1)r(h_{−2}, p^r_2)

× | |^p r 1−1∑ n=0 p^r_2−1∑

m=0 e ( h · t_{nm} + nh_{−1} p^r_1 + mh_{−2} p^r_2 )| | . Lemma 5. Let x_n ∈ [0, 1)^s, n = 1, 2, . . . , q_1, . . . , q_s ≥ 2 be integers, q = min(q_1, . . . , q_s), k^{(1)}, . . . , k^{(s)} ≥ 1 be integers, and put k = (k^{(1)}, . . . , k^{(s)}), k = min(k^{(1)}, . . . , k^{(s)}). Then D ( (x_n)^N_{n=1} ) ≤ D (( {x_n}_k )_N n=1 ) + s q^k , (19)

(20) D (( {x_n}_k )_N n=1 ) ≤ s q^k + max c_i∈[1,q^{k(i)}_i ],i=1,...,s | | 1 N # { 1 ≤ n ≤ N |

{x_n}_k ∈ s∏ i=1 [0, γ(c_i)) } − s∏ i=1 γ(c_i) | | ≤ s q^k + D ( (x_n)^N_{n=1} ) , where γ(c_i) = c_i/q^{k(i)}_i , {x_n}_k = ({x_{n,1}}_k(1)_{,1}, . . . , {x_{n,s}}_k(s)_{,s}), {y}_{m,i} = [q^m_i {y}]/q^m_i , m = 1, 2, . . . . Proof. Let v = [0, γ_1) × · · · × [0, γ_s); v^′ = ∏_s i=1[0, {γ_i}_k(i)_{,i}). It is easy to see that #{1 ≤ n ≤ N | {x_n}_k ∈ v^′} ≤ #{1 ≤ n ≤ N | {x_n} ∈ v} ≤ #{1 ≤ n ≤ N | {x_n}_k ∈ v} . Using (2), we obtain 1 N # { 1 ≤ n ≤ N | {x_n}_k ∈ v } ≤ γ_1 · · · γ_s + D ( ({x_n}_k)^N_{n=1} ) , and 1 N # { 1 ≤ n ≤ N | {x_n}_k ∈ v^′ } ≥ γ_1 · · · γ_s − D (( {x_n}_k )_N n=1 )

− | |^s∏ i=1 γ_i − s∏ i=1 {γ_i}_k(i)_{,i} | | . Hence D ( (x_n)^N_{n=1} ) ≤ D (( {x_n}_k )_N n=1 ) + sup γ_1,...,γ_s∈[0,1)^s | | s∏ i=1 γ_i − s∏ i=1 {γ_i}_k(i)_{,i} | | . Similarly to [Ni, Lemma 3.9], the second sum is not more than 1 − s∏ i=1 ( 1 − 1 q^{k(i)}_i ) ≤ 1 − s∏ i=1 ( 1 − 1 q^k ) ≤ s q^k , and we obtain the first part of the lemma.

Let v^{′′} = ∏_s i=1[0, {γ_i}_k(i)_{,i} + 1/q^{k(i)}_i ). It is easy to see that #{1 ≤ n ≤ N | {x_n} ∈ v^′} ≤ #{1 ≤ n ≤ N | {x_n}_k ∈ v} ≤ #{1 ≤ n ≤ N | {x_n} ∈ v^{′′}} and | | 1 N #{1 ≤ n ≤ N | {x_n} ∈ v^′} − mes v^′ | | − |mes v − mes v^′| ≤ | 1 N #{1 ≤ n ≤ N | {x_n}_k ∈ v} − mes v |

≤ | 1 N #{1 ≤ n ≤ N | {x_n} ∈ v^{′′}} − mes v^{′′} | + |mes v^{′′} − mes v|. Bearing in mind that max((mes v − mes v^′), (mes v^{′′} − mes v))

≤ max c_i∈[0,q^{k(i)}_i ),i=1,...,s s∏ i=1 c_i + 1 q^{k(i)}_i − s∏ i=1 c_i q^{k(i)}_i ≤ 1 − s∏ i=1 ( 1 − 1 q^{k(i)}_i ) ≤ s q^k , we find that | | 1 N # { 1 ≤ n ≤ N | {x_n}_k ∈ v }| | ≤ s q^k + max c_i∈[1,q^{k(i)}_i ],i=1,...,s | | 1 N # { 1 ≤ n ≤ N | {x_n}_k ∈ s∏ i=1 [0, c_i q^{k(i)}_i ) } − s∏ i=1 c_i q^{k(i)}_i | |. Now we obtain from (2) the second part of the lemma.

Lemma 6. Let q_1, . . . , q_s ≥ 2 be integers, q = min(q_1, . . . , q_s), k^{(1)}, . . . , k^{(s)} ≥ 1 be integers, ℓ^{(1)}, . . . , ℓ^{(s)}; put k = min(k^{(1)}, . . . , k^{(s)}), ℓ = min(ℓ^{(1)}, . . . , ℓ^{(s)}); x_n = (x_{n,1}, . . . , x_{n,s}), y_n = (y_{n,1}, . . . , y_{n,s}), z_n = (z_{n,1}, . . . , z_{n,s}), and y_{n,i} = {x_{n,i}}^{(i)}_{k,i} +^1_{qk(i)i} {z_{n,i}}^{(i)}_{ℓ,i} , i = 1, . . . , s, n = 1, 2, . . . . Then D^{(s)} ( (y_n)^N_{n=1} ) ≤ 2^sD^{(2s)} ( (x_n, z_n)^N_{n=1} ) + s q^{k+ℓ} . Proof. Let S = {1, 2, . . . , s}, I ⊂ S, γ_i = c_i/q^{k(i)+ℓ(i)}_i , c_i ∈ {1, . . . , q^{k(i)+ℓ(i)}_i }, γ^′_i = q^{k(i)}_i (γ_i − {γ_i}_k(i)_{,i}) = {γ^′_i}_ℓ(i)_{,i}, i = 1, . . . , s,

γ_I = ∏ i∈I {γ_i}_k(i)_{,i} ∏ i∈S\I q^{−k(i)}_i γ^′_i ,

B_I = { 1 ≤ n ≤ N | ( {x_{n,i}}_k(i)_{,i} ∈ [0, {γ_i}_k(i)_{,i}), ∀i ∈ I ) , and ( {x_{n,i}}_k(i)_{,i} = {γ_i}_k(i)_{,i}, and {z_{n,i}}_ℓ(i)_{,i} ∈ [0, γ^′_i) ∀i ∈ S\I )} , B = { 1 ≤ n ≤ N | {y_{n,i}} ∈ [0, γ_i), i = 1, . . . , s } . It is easy to see that ∏ i∈[1,s] γ_i = ∑ I⊂S γ_I , B = ⋃ I⊂S B_I , | | | 1 N #B − ∏ i∈[1,s] γ_i | | | ≤ ∑ I⊂S | | | 1 N #B_I − γ_I | | |, (21)

and {x_{n,i}}_k(i)_{,i} ∈ [0, {γ_i}_k(i)_{,i}) ⇐⇒ {x_{n,i}} ∈ [0, {γ_i}_k(i)_{,i}); {x_{n,i}}_k(i)_{,i} = {γ_i}_k(i)_{,i} ⇐⇒ {x_{n,i}} ∈ [{γ_i}_k(i)_{,i}, {γ_i}_k(i)_{,i} + 1/q^{k(i)}_i ); {z_{n,i}}_ℓ(i)_{,i} ∈ [0, γ^′_i) ⇐⇒ {z_{n,i}} ∈ [0, γ^′_i) (γ^′_i = {γ^′_i}_ℓ(i)_{,i}). Applying (2), we obtain: | |γI − 1 N #B_I | | ≤ | |γI − 1 N # { 1 ≤ n ≤ N | ( {x_{n,i}} ∈ [0, {γ_i}_k(i)_{,i}) ∀i ∈ I ) , and ( {x_{n,i}} ∈ [{γ_i}_k(i)_{,i}, {γ_i}_k(i)_{,i} + 1/q^{k(i)}_i ) and {z_{n,i}} ∈ [0, γ^′_i) ∀i ∈ S\I )}| | ≤ D^{(2s−#I)} (( ({x_{n,i}})^s_{i=1}, ({z_{n,i}})_{i∈S\I} )_N n=1 ) ≤ D^{(2s)} ( (x_n, z_n)^N_{n=1} ) .

From (20) and (21) we get : D (( {y_n} )_N n=1 ) ≤ s q^{k+ℓ} + max c_i∈[1,q^{k(i)+ℓ(i)} i ] i=1,...,s | | 1 N # { 1 ≤ n ≤ N | {y_n} ∈ s∏ i=1 [0, γ(c_i)) } − s∏ i=1 γ(c_i) | |

≤ s q^{k+ℓ} + max c_i∈[1,q^{k(i)+ℓ(i)} i ] i=1,...,s ∑ I⊂S | 1 N #B_I − γ_I | ≤ s q^{k+ℓ} + 2^sD^{(2s)} ( (x_n, z_n)^N_{n=1} ) ,

where γ(c_i) = c_i/q^{k(i)+ℓ(i)}_i , i = 1, . . . , s.

Let φ_0 = φ(p_1p_2)/p_1p_2, where φ(x) is a Euler function, Δ_m(b) = {0, 1, . . . , b^m − 1} , Δ^∗_m(b) = {n ∈ Δ_m(b) | (n, b) = 1} .

(22)

It is evident that

#Δ^∗_m(p_1p_2) = φ(p_1p_2)p^{m−1}_1 p^{m−1}_2 = φ_0p^m_1 p^m_2 , m = 1, 2, . . . .

(23) Now let

(24) A(i, m, s, c_0, . . . , c_{2s−1}) = p^m_1 p^m_2 × ∑ h_{−1}∈C(p^m_1 ) ∑ h_{−2}∈C(p^m_2 ) ∑ h∈C_{2s}(p^m_1 p^m_2 )

r^{−1}(h_{−1}, p^m_1 )r^{−1}(h_{−2}, p^m_2 )r^{−1}(h, p^m_1 p^m_2 )

× δ_pm_{1 p}m_2 ( h_{−1}M_2p^m_2 + h_{−2}M_1p^m_1 + s−1∑ j=0 (q^ih_j c_j + h_{j+s}c_{j+s}) ) , where M_1p^m_1 ≡ 1(mod p^m_2 ) and M_2p^m_2 ≡ 1(mod p^m_1 ). Lemma 7. Let i ≥ 0; m, s ≥ 1 be integers. Then

(25) 1 (φ_0p^m_1 p^m_2 )^{2s} ∑ (c_0,...,c_{2s−1})∈(Δ^∗_m(p_1p_2))^{2s} A(i, m, s, c_0, . . . , c_{2s−1}) ≤ K_1(s)m^{2s+2}, with K_1(s) = 12φ^{−2s}_0 (^2_π log p_1p_2 +^7_5 )^{2s+2}p^2_1p^2.

Proof. We follow [Ko3, p. 191]. We denote the left side of (25) by σ_1. Changing the order of the summation, from (24) we get

(26) σ_1 ≤ ∑ h_{−1}∈C(p^m_1 ) ∑ h_{−2}∈C(p^m_2 ) ∑ h∈C_{2s}(p^m_1 p^m_2 )

r^{−1}(h_{−1}, p^m_1 )

× r^{−1}(h_{−2}, p^m_2 )r^{−1}(h, p^m_1 p^m_2 )E(h_{−1}, h_{−2}, h), where (27) E(h_{−1}, h_{−2}, h) = 1 (φ_0p^m_1 p^m_2 )^{2s} ∑ (c_0,...,c_{2s−1})∈(Δ_m (p_1p_2))^{2s}

p^m_1 p^m_2

× δ_pm_{1 p}m_2 ( h_{−1}M_2p^m_2 + h_{−2}M_1p^m_1 + s−1∑ j=0 (q^ih_j c_j + h_{j+s}c_{j+s}) ) . Let (h_0, . . . , h_{2s−1}, p^m_1 p^m_2 ) = p^{α1}_1 p^{α2}_2 , and let (28) h_i = p^{α1+β1,i}_1 p^{α2+β2,i}_2 h^′_i, (h^′_i, p_1p_2) = 1, β_{1,i}, β_{2,i} ≥ 0, i = 0, . . . , 2s − 1. This yields that there exist μ, ν ∈ [0, 2s−1] such that β_{1,μ} = 0 and β_{2,ν} = 0. If μ = ν, then ∑ c_μ∈[0,p^m_1 p^m_2 )

δ_pm−α_{11 p}m−α_{22} (c_μh^′_μv_1 + v_3) = p^{α1}_1 p^{α2}_2 for (v_1, p_1p_2) = 1.

(29)

Now let μ ≠ ν.

We find for integers v_1, v_2 and v_3 (with (v_i, p_1p_2) = 1, i = 1, 2), that (30) ∑ c_μ,c_ν ∈[0,p^m_1 p^m_2 )

δ_pm−α_{11 p}m−α_{22} (c_μh^′_μp^{β2,μ}_2 v_1 + c_ν h^′_ν p^{β1,ν}_1 v_2 + v_3) = ∑ c_{μ,1},c_{ν,1}∈[0,p^m_1 ) ∑ c_{μ,2},c_{ν,2}∈[0,p^m_2 ) δ_pm−α_{11 p}m−α_{22} ( (c_{μ,1}M_2p^m_2 +c_{μ,2}M_1p^m_1 )h^′_μp^{β2,μ}_2 v_1

+ (c_{ν,1}M_2p^m_2 + c_{ν,2}M_1p^m_1 )h^′_ν p^{β1,ν}_1 v_2 + v_3 ) = σ^′ σ^{′′} , where σ^′ = ∑ c_{μ,1},c_{ν,1}∈[0,p^m_1 ) δ_pm−α_{11} (c_{μ,1}M_2p^m_2 h^′_μp^{β2,μ}_2 v_1 + c_{ν,1}M_2p^m_2 h^′_ν p^{β1,ν}_1 v_2 + v_3), and σ^{′′} = ∑ c_{μ,2},c_{ν,2}∈[0,p^m_2 ) δ_pm−α_{22} (c_{μ,2}M_1p^m_1 h^′_μp^{β2,μ}_2 v_1 + c_{ν,2}M_1p^m_1 h^′_ν p^{β1,ν}_1 v_2 + v_3) .

Observe that (M_2p^m_2 h^′_μp^{β2,μ}_2 v_1, p_1) = 1, (M_1p^m_1 h^′_ν p^{β1,ν}_1 v_2, p_2) = 1, ∑ c_{μ,1}∈[0,p^m_1 )

δ_pm−α_{11} (c_{μ,1}M_2p^m_2 h^′_μp^{β2,μ}_2 v_1 + v_4) = p^{α1}_1 ,

and ∑

c_{ν,2}∈[0,p^m_2 )

δ_pm−α_{22} (c_{ν,2}M_1p^m_1 h^′_ν p^{β1,ν}_1 v_2 + v_5) = p^{α2}_2 .

Hence σ^′ = p^{m+α1}_1 and σ^{′′} = p^{m+α2}_2 .

(31) If h_{−1} ≢ 0 (mod p^{α1}_1 ) or h_{−2} ≢ 0 (mod p^{α2}_2 ), then E(h_{−1}, h_{−2}, h) = 0. Now let h_{−1} = p^{α1}_1 h^′_{−1}, h_{−2} = p^{α2}_2 h^′_{−2}.

From (27) we see, that

(32) E(p^{α1}_1 h^′_{−1}, p^{α2}_2 h^′_{−2}, p^{α1}_1 p^{α2}_2 h^′) = 1 (φ_0p^m_1 p^m_2 )^{2s} × ∑ (c_0,...,c_{2s−1})∈(Δ_r (p^m_1 p^m_2 ))^{2s}

p^m_1 p^m_2 × δ_pm−α_{11 p}m−α_{22} ( h^′_{−1}M_2p^{m−α2}_2

+ h^′_{−2}M_1p^{m−α1}_1 + s−1∑ j=0 (q^ih^′_j c_j p^{β1,j}_1 p^{β2,j}_2 + h^′_{j+s}c_{j+s}p^{β1,j+s}_1 p^{β2,j+s}_2 ) ) .

Now, applying (29) for the case of μ=ν and (30), (31) for the case of μ ≠ ν, we get E(p^{α1}_1 h^′_{−1}, p^{α2}_2 h^′_{−2}, p^{α1}_1 p^{α2}_2 h^′) = φ^{−2s}_0 p^{α1}_1 p^{α2}_2 .

We obtain from (26) that

σ_1 ≤ φ^{−2s}_0 ∑ 0≤α_1,α_2≤m ∑ h^′_{−1}∈C(p^{m−α1}_1 ) ∑ h^′_{−2}∈C(p^{m−α2}_2 ) ∑ h^′∈C_{2s}(p^{m−α1}_1 p^{m−α2}_2 )

p^{α1}_1 p^{α2}_2 ×

×r^{−1}(h^′_{−1}p^{α1}_1 , p^m_1 )r^{−1}(h^′_{−2}p^{α2}_2 , p^m_2 )r^{−1}(h^′p^{α1}_1 p^{α2}_2 , p^m_1 p^m_2 ).

(33) Applying Lemma 2, we get ∑ h^′∈C_{2s}(p^{m−α1}_1 p^{m−α2}_2 )

r^{−1}(p^{α1}_1 p^{α2}_2 h^′, p^m_1 p^m_2 ) ≤ p^{−α1}_1 p^{−α2}_2 (2m π log p_1p_2 + 7 5 )_{2s} ,

and ∑ h^′_{−1}∈C(p^{m−α1}_1 ) r^{−1}(p^{α1}_1 h_{−1}, p^m_1 ) ≤ 1 + p^{−α1}_1 ( 2m π log p_1 + 7 5 ) . (34)

Now, from (33) we obtain :

σ_1 ≤ φ^{−2s}_0 ∑ 0≤α_1,α_2≤m ( 2 π m log p_1p_2 + 7 5 )_{2s}( 1 + p^{−α1}_1 ( 2 π m log p_1 + 7 5 ))

× ( 1 + p^{−α2}_2 ( 2 π m log p_2 + 7 5 ))

≤ φ^{−2s}_0 ( 2 π m log p_1p_2 + 7 5 )_{2s}( (m + 1)^2 + (m + 1) ( 2 π m log p_1p_2 + 7 5 )

× ( p_1 p_1 − 1 + p_2 p_2 − 1 ) + ( 2 π m log p_1p_2 + 7 5 )_2 p_1

p_1 − 1 p_2 p_2 − 1 )

≤ K_1(s)m^{2s+2} .

Let b^{(m)} = (b^{(m)}_{0,0} , . . . , b^{(m)}_{tm−1,0}, b^{(m)}_{0,1} , . . . , b^{(m)}_{tm−1,1}), (35) B(ν, i, j, s, b^{(m)}) = A(i, m, s, b^{(m)}_{j,ν} , . . . , b^{(m)}_{j+s−1,ν} , b^{(m)}_{j,ν+1}, . . . , b^{(m)}_{j+s−1,ν+1}) , where b^{(m)}_{j+tm,ν+2} = b^{(m)}_{j,ν} , ν ∈ {0, 1}, j ∈ {0, 1, . . . , t_m − 1}, (36) Ω_m = { b^{(m)} ∈ ( Δ^∗_m(p_1p_2) )_{2tm} | ∑ s∈[1,t_m] ∑ j∈[0,t_m) × ∑ i∈[0,k_m−1] ∑ ν∈{0,1} B(ν, i, j, s, b^{(m)} )(24K_1(s)t^2_mk_mm^{2s+2})^{−1} > 1 } . Lemma 8. With the notation defined above we have:

#Ω_m ≤ 1 12 ( #Δ^∗_m(p_1p_2) )_{2tm} , m = 1, 2, . . . . Proof. It follows from Lemma 7 and (35) that 1 (#Δ^∗_m(p_1p_2))^{2tm} ∑ b^{(m)}∈(Δ^∗_m(p_1p_2))^{2tm} B(ν, i, j, s, b^{(m)}) = 1 (#Δ^∗_m(p_1p_2))^{2tm} × ∑ b^{(m)}∈(Δ^∗_m(p_1p_2))^{2tm} A(i, m, s, b^{(m)}_{j,ν} , . . . , b^{(m)}_{j+s−1,ν}, b^{(m)}_{j,ν+1}, . . . , b^{(m)}_{j+s−1,ν+1}) ≤ K_1(s)m^{2s+2}, where ν ∈ {0, 1}, j ∈ [0, t_m), and i ∈ [0, k_m − 1]. Hence ∑ j∈[0,t_m) ∑ i∈[0,k_m−1] ∑ ν∈{0,1} 1 (#Δ^∗_m(p_1p_2))^{2tm} ∑ b^{(m)}∈(Δ^∗_m(p_1p_2))^{2tm} B(ν, i, j, s, b^{(m)})

≤ 2K_1(s)t_mk_mm^{2s+2}, and ∑ s∈[1,t_m] ∑ j∈[0,t_m) ∑ i∈[0,k_m−1] ∑ ν∈{0,1} 1 (#Δ^∗_m(p_1p_2))^{2tm}

× ∑ b^{(m)}∈(Δ^∗_m(p_1p_2))^{2tm} B(ν, i, j, s, b^{(m)}) ( 2K_1(s)t^2_mk_mm^{2s+2} )_{−1} ≤ 1. Changing the order of the summation, we find that

(37) 1 (#Δ^∗_m(p_1p_2))^{2tm} ∑ b^{(m)}∈(Δ^∗_m(p_1p_2))^{2tm} ( ∑ s∈[1,t_m] ( 24K_1(s)t^2_mk_mm^{2s+2} )_{−1}

× ∑ j∈[0,t_m) ∑ i∈[0,k_m−1] ∑ ν∈{0,1} B(ν, i, j, s, b^{(m)}) ) ≤ 1/12 . Now, from (36), we obtain the assertion of the lemma. Put (38) A_1(α, i, m, s, c_0, . . . , c_{s−1}) = ∑ h_{−2}∈C(p^{m+1)}_2 ∑ h∈C2s(pm+12 ) (hs,...,h2s−1,pm+12 )=pα2 × r^{−1}(h_{−2}, p^{m+1}_2 )r^{−1}(h, p^{m+1}_2 )p^α_2 δ_pα_2 ( h_{−2} + q^ip_2 s−1∑ j=0 h_j c_j t_{m+1}/t_m ) , and for v ∈ [1, s − 1] (39) A_2(α, i, m, v, c_0, . . . , c_{2s−1}) = ∑ h_{−1}∈C(p^{m+1}_1 ) ∑ h∈C2s(pm+11 ) (hv ,...,hs−1,hv+s,...,h2s−1,pm+11 )=pα1 ×r^{−1}(h_{−1}, p^m_1 )r^{−1}(h, p^m_1 )p^α_1 δ_pα_1 ( h_{−1}+p_1k_{m+1}/k_m v−1∑ j=0 (q^ih_j c_j +h_{j+s}c_{j+s}) ) . Lemma 9. Let t_m ≥ s ≥ 1, α ∈ [0, m + 1], v ∈ [1, s − 1], i ∈ [0, k_{m−1}] be integers. Then

(40) 1 (#Δ^∗_m(p_2))^s ∑ (c_0,...,c_{s−1})∈(Δ^∗_m (p_2))^s A_1(α, i, m, s, c_0, . . . , c_{s−1}) ≤ K_1(s)p_2(m + 1)^{2s+1} and (41) 1 (#Δ^∗_m(p_1))^{2s} ∑ (c_0,...,c_{2s−1})∈(Δ^∗_m (p_1))^{2s} A_2(α, i, m, v, c_0 , . . . , c_{2s−1}) ≤ K_1(s)p_1(m + 1)^{2s+1}.

Proof. We will prove the statement (41). The proof of (40) repeats that of (41). We denote the left side of (41) by σ_1. Changing the order of the summation, from (39) we get (42) σ_1 = ∑ h_{−1}∈C(p^{m+1}_1 ) ∑ h∈C2s(pm+11 ) (hv ,...,hs−1,hv+s,...,h2s−1,pm+11 )=pα1 r^{−1}(h_{−1}, p^{m+1}_1 )

× r^{−1}(h, p^{m+1}_1 )E(h_{−1}, h), where

E(h_{−1}, h) = 1 (φ(p_1)p^{m−1}_1 )^{2s} ∑ (c_0,...,c_{2s−1})∈(Δ^∗_m(p_1))^{2s}

p^α_1

× δ_pα_1 ( h_{−1} + p_1k_{m+1}/k_m v−1∑ j=0 (q^ih_jc_j + h_{j+s}c_{j+s}) ) . Let (h_0, . . . , h_{v−1}, h_s, . . . , h_{v+s−1}, p^{m+1}_1 ) = p^{α1}_1 , and let h_{νs+i} = p^{α1}_1 h^′_{νs+i}, ν = 0, 1, i = 0, . . . , v − 1. Then there is (ν_0, i_0) ∈ {0, 1} × {0, . . . , v − 1} with (h^′_{ν0s+i0} , p_1) = 1. It is easy to see that E(h_{−1}, h) ≤ max

c∈(Δ^∗_m (p_1))^{2s}

σ(c, i_0, ν_0),

(43) where (44) σ(c, i_0, ν_0) = 1 φ(p_1)p^{m−1}_1 ∑ c_{ν0s+i0} ∈Δ^∗_{m+1}(p_1)

p^α_1

× δ_pα_1 ( h_{−1} + p^{α1+1}_1 k_{m+1}/k_m v−1∑ j=0 (q^ih^′_j c_j + h^′_{j+s}c_{j+s}) ) . We find that if h_{−1} ≢ 0 (mod p^{min(α,α1 )}_1 ), then E(h_{−1}, h) = 0. Now let h_{−1} ≡ 0 (mod p^{min(α,α1)}_1 ), and let h_{−1} = p^{min(α,α1)}_1 h^′_{−1}. From (44) we find that σ(c, i_0, ν_0) = p^α_1 for α_1 ≥ α ,

(45) and (46) σ(c, i_0, ν_0) ≤ 1 φ(p_1)p^{m−1}_1 ∑ c_{ν0s+i0} ∈[0,p^m_1 )

p^α_1

× δ_pα−α_{11} ( h^′_{−1} + p_1k_{m+1}/k_m v−1∑ j=0 (q^ih^′_j c_j + h^′_{j+s}c_{j+s}) )

< 1 φ_0p^m_1 ∑ c_{ν0s+i0} ∈[0,p^m_1 )

p^α_1 δ_pα−α_{11} ( f + p_1k_{m+1}/k_mq^{(1−ν0)i}h^′_{ν0s+j0} c_{ν0s+j0} )

for α_1 < α , where

f = h^′_{−1} + p_1k_{m+1}/k_m ∑ ν∈{0,1}, j∈[0,v] (ν,j)≠(ν0,j0) q^{(1−ν)i}h^′_{νs+j}c_{νs+j} .

It is easy to verify that log_{p1} (m + 1) − log_{p1} (m) ≤ 1, m = 1, 2, . . . , and [log_{p1} (m + 1)] − [log_{p1} (m)] ≤ 1, for m = 1, 2, . . . .

(47) According to (7), we have

k_{m+1}/k_m = p^{[logp1 (m+1)]−[logp1 (m)]}

1 ∈ {1, p_1} for m = 1, 2, . . . .

(48) Bearing in mind that (q^{(1−ν0)i}h^′_{ν0s+j0} , p_1) = 1, we obtain from (46) that σ(c, i_0, ν_0) ≤ φ^{−1}_0 p^{2+α1}_1 for α_1 < α .

Now, (45) and (43) imply that

E(h_{−1}, h) ≤ φ^{−1}_0 p^{2+min(α,α1 )}

1 δ_pmin(α,α_1) 1 (h_{−1}) for α_1 ∈ [0, m + 1] .

From (42) we obtain

σ_1 ≤ ∑ α_1∈[0,m+1] ∑ h−1∈C(pm+11 ) h−1≡0 (mod p min(α,α1) 1 )

∑ h∈C2s(pm+11 ) (hv ,...,hs−1,hv+s,...,h2s−1,pm+11 )=pα1 , (h0,...,hv−1,hs,...,hs+v−1,pm+11 )=p α1 1 × r^{−1}(h_{−1}, p^{m+1}_1 )r^{−1}(h, p^{m+1}_1 )φ^{−1}_0 p^{2+min(α,α1 )}_1 .

Applying Lemma 2, we get

σ_1 ≤ φ^{−1}_0 ∑ α_1∈[0,m+1]

p^{2+min(α,α1)} 1 ( 1 + p^{− min(α,α1)} 1 ( 2(m + 1) π log p_1 + 7 5 ) )

× (2(m + 1) π log p_1 + 7 5 )_{2s} p^{− min(α,α1)} 1 ≤ φ^{−1}_0 p^2_1

(2(m + 1) π log p_1 + 7 5 )_{2s}( m + 2 + 2(

2(m + 1) π log p_1 + 7 5 ) )

≤ φ^{−1}_0 p^2_1(m + 1)^{2s+1}( 2 π log p_1 + 7 5 )^{2s} (m + 2 m + 1

+ 2( 2 π log p_1 + 7 5 ) ) ≤ K_1(s)(m + 1)^{2s+1} .

Lemma 10. Let

(49) Ω_{m,1} = { b^{(m)} ∈ (Δ^∗_m(p_1p_2)^{2tm} | t_m∑

s=1 m+1∑ α=0 t_m −1∑

μ=0 k_m−1∑

i=0 × A_1(α, i, m, s, b^{(m)}_{μ,1} , . . . , b^{(m)}_{μ+s−1,1}) 12K_1(s)t^2_mk_m(m + 2)(m + 1)^{2s+1} > 1 } , and

(50) Ω_{m,2} = { b^{(m)} ∈ (Δ^∗_m(p_1p_2)^{2tm} | t_m∑

s=1 m+1∑ α=0 ∑ μ∈(t_m −s,t_m) k_m−1∑

i=0 1∑ ν=0 × A_2(α, i, m, t_m − μ, b^{(m)}_{μ,ν} , . . . , b^{(m)}_{μ+s−1,ν} , b^{(m)}_{μ,ν+1}, . . . , b^{(m)}_{μ+s−1,ν+1}) 24K_1(s)t^2_mk_m(m + 2)(m + 1)^{2s+1} > 1 } . Then #Ω_{m,ν} ≤ 1 12 ( #Δ^∗_m(p_1p_2) )_{2tm} , ν = 1, 2 . (51)

Proof. Let ν = 2. It follows from Lemma 9, and (39) that 1 (#Δ^∗_m(p_1p_2))^{2tm} ∑ b^{(m)}∈(Δ^∗_m(p_1p_2))^{2tm} A_2(α, i, m, t_m − μ, b^{(m)}_{μ,ν} , . . . , b^{(m)}_{μ+s−1,ν} , b^{(m)}_{μ,ν+1}, . . . , b^{(m)}_{μ+s−1,ν+1})

= 1 (#Δ^∗_m(p_1))^{2s} ∑ (b^{(m)}_{μ,ν} ,...,b^{(m)}_{μ+s−1,ν+1})∈(Δ^∗_m(p_1))^{2s} A_2(α, i, m, t_m − μ, b^{(m)}_{μ,ν} , . . . , b^{(m)}_{μ+s−1,ν} , b^{(m)}_{μ,ν+1}, . . . , b^{(m)}_{μ+s−1,ν+1}) ≤ K_1(s)p_1(m + 1)^{2s+1}, for s ∈ [1, t_m], α ∈ [0, m + 1], μ ∈ (t_m − s, t_m), i ∈ [0, k_m − 1], and ν ∈ {0, 1}. Hence t_m∑

s=1 m+1∑ α=0 ∑ μ∈(t_m −s,t_m) k_m−1∑

i=0 1∑ ν=0 1 (#Δ^∗_m(p_1p_2))^{2tm} ∑ b^{(m)}∈(Δ^∗_m(p_1p_2))^{2tm} × A_2(α, i, m, t_m − μ, b^{(m)}_{μ,ν} , . . . , b^{(m)}_{μ+s−1,ν} , b^{(m)}_{μ,ν+1}, . . . , b^{(m)}_{μ+s−1,ν+1}) 2K_1(s)p_1t^2_mk_m(m + 2)(m + 1)^{2s+1} ≤ 1. Changing the order of the summation we obtain that 1 (#Δ^∗_m(p_1p_2))^{2tm} ∑ b^{(m)}∈(Δ^∗_m(p_1p_2))^{2tm} t_m∑

s=1 m+1∑ α=0 ∑ μ∈(t_m −s,t_m) k_m−1∑

i=0 1∑ ν=0 × A_2(α, i, m, t_m − μ, b^{(m)}_{μ,ν} , . . . , b^{(m)}_{μ+s−1,ν} , b^{(m)}_{μ,ν+1}, . . . , b^{(m)}_{μ+s−1,ν+1}) 24K_1(s)p_1t^2_mk_m(m + 2)(m + 1)^{2s+1} ≤ 1 12 . Now, from (50) we obtain the desired result. Using (49), we similarly obtain (51) for the case of ν = 1.

Now, from Lemmas 8 and 10 we get: Corollary 4. Let Ω_{m,3} = Ω_m ∪ Ω_{m,1} ∪ Ω_{m,2}.

(52) Then

#Ω_{m,3} ≤ 1 4 ( #Δ^∗_m(p_1p_2) )_{2tm} , m = 1, 2, . . . . (53) Put (54) B_1(i, μ, s, b^{(m)}, c^{(m+1)}) = ∑ h_{−2}∈C(p^{m+1}_2 ) ∑ h∈C_{2s}(p^{m+1}_2 )

r^{−1}(h_{−2}, p^{m+1}_2 )

×r^{−1}(h, p^{m+1}_2 )p^{m+1}_2 δ_pm+1_2 ( h_{−2} + s−1∑ j=0 ( q^ih_j b^{(m)}_{μ+j,1}p_2 t_{m+1} t_m +h_{s+j}c^{(m+1)}_{μ+j,0} )) ,

where c^{(m+1)}_{j+tm+1,ν+2} = c^{(m+1)}_{j,ν} , ν ∈ {0, 1}, j ∈ {0, 1, . . . , t_{m+1} − 1}.

Lemma 11. With the notation defined above, we have:

(55) 1 (#Δ^∗_m(p_1p_2))^{2tm+1} ∑ c^{(m+1)}∈(Δ^∗_{m+1}(p_1p_2))^{2tm+1}

B_1(i, μ, s, b^{(m)}, c^{(m+1)})

≤ p_2 m+1∑ α=0 A_1(α, i, m, s, b^{(m)}_{μ,1} , . . . , b^{(m)}_{μ+s−1,1}) . Proof. Let (h_s, . . . , h_{2s−1}, p^{m+1}_2 ) = p^α_2 , h_i = h^′_ip^α_2 , for i = s, . . . , 2s − 1, and let (h^′_{s+i0} , p_2) = 1 for some i_0 ∈ [0, s − 1]. We denote the left side of (55) by σ. Changing the order of the summation we get from (54)

(56) σ = m+1∑ α=0 ∑ h_{−2}∈C(p^{m+1}_2 ) ∑ h∈C2s(pm+12 ) (hs,...,h2s−1,pm+12 )=pα2 r^{−1}(h_{−2}, p^{m+1}_2 )

× r^{−1}(h, p^{m+1}_2 )W (h_{−2}, h), where

W (h_{−2}, h) = 1 (#Δ^∗_{m+1}(p_1p_2))^{2tm+1} ∑ c^{(m+1)}∈(Δ^∗_{m+1}(p_1p_2))^{2tm+1}

p^{m+1}_2

× δ_pm+1_2 ( h_{−2} + s−1∑ j=0 ( q^ih_j b^{(m)}_{μ+j,1}p_2t_{m+1}/t_m + h_{s+j}c^{(m+1)}_{μ+j,0} )) . It is easy to see that

W (h_{−2}, h) = 1 (#Δ^∗_{m+1}(p_1p_2))^s ∑ (c_0,...,c_{s−1})∈(Δ^∗_{m+1}(p_1p_2))^s

p^{m+1}_2

× δ_pm+1_2 ( f + s−1∑ j=0 h_{s+j} c_j ) , where

f = h_{−2} + s−1∑ j=0 q^ih_j b^{(m)}_{μ+j,1}p_2t_{m+1}/t_m.

Hence

(57) W (h_{−2}, h) = 1 (#Δ^∗_{m+1}(p_2))^s ∑ (c_0,...,c_{s−1})∈(Δ^∗_{m+1} (p_2))^s

p^{m+1}_2

× δ_pm+1_2 ( f + s−1∑ j=0 p^α_2 h^′_{s+j} c_j ) .

It is evident that if f ≢ 0 (mod p^α_2 ), then W (h_{−2}, h) = 0. Let f ≡ 0 (mod p^α_2 ), f = f^′ p^α_2 . Bearing in mind that (h^′_{s+i0} , p_2) = 1, we obtain ∑ c_{i0} ∈[0,p^{m+1}_2 ) δ_pm+1−α 2 ( f^′ + ∑ i∈[0,s−1], i≠i_0 h^′_{s+i}c_i + h^′_{s+i0} c_{i0} ) = p^α_2 .

Equation (57) shows that

W (h_{−2}, h) ≤ max

c∈(Δ^∗_{m+1}(p_2))^s ∑ c_{i0} ∈[0,p^{m+1}_2 )

(p_2/φ(p_2))δ_pm+1−α_2 ( f^′ + s−1∑ j=0 h^′_{s+j}c_j )

≤ (p_2/φ(p_2))p^α_2 δ_pα_2 (f).

Then equation (56) implies that

σ ≤ m+1∑ α=0 ∑ h_{−2}∈C(p^{m+1}_2 ) ∑ h∈C2s(pm+12 ) (hs,...,h2s−1,pm+12 )=pα2 r^{−1}(h_{−2}, p^{m+1}_2 )r^{−1}(h, p^{m+1}_2 )

× p^{α+1}_2 δ_pα_2 (h_{−2} + s−1∑ j=0 q^ih_j b^{(m)}_{μ+j,1}p_2t_{m+1}/t_m) .

Now from (38) we obtain the assertion of the lemma.

Corollary 5. Let b^{(m)} ∈ (Δ^∗_m(p_1p_2) )_{2tm} , b^{(m)} ∉ Ω_{m,3},

(58) F_{m+1,1} = { b^{(m+1)} ∈ (Δ^∗_{m+1}(p_1p_2))^{2tm+1} | t_m∑

s=1 t_{m+1}−1 ∑ μ=0 k_m−1∑

i=0 × B_1(i, μ, s, b^{(m)}, b^{(m+1)}) 96K_1(s)p_2t^2_{m+1}k_m(m + 1)^{2s+2} > 1 } .

Then

#F_{m+1,1} ≤ 1 4 ( Δ^∗_{m+1}(p_1p_2) )_{2tm+1} . (59)

Proof. Changing the order of the summation, from Lemma 11 we have

(60) 1 (#Δ^∗_m(p_1p_2))^{2tm+1} ∑ c^{(m+1)}∈(Δ^∗_{m+1}(p_1p_2))^{2tm+1} t_m∑

s=1 ∑ μ∈[0,t_{m+1} ) ∑ i∈[0,k_m−1] × B_1(i, μ, s, b^{(m)}, c^{(m+1)}) 96K_1(s)p_2t^2_{m+1}k_m(m + 1)^{2s+2} ≤ t_m∑

s=1 p_2 ∑ α∈[0,m+1] ∑ μ∈[0,t_{m+1} ) ∑ i∈[0,k_m−1] A_1(α, i, m, s, b^{(m)}_{μ,1} , . . . , b^{(m)}_{μ+s−1,1}) 96K_1(s)p_2t^2_{m+1}k_m(m + 1)^{2s+2} .

We denote the right side of (60) by σ. Bearing in mind (8) and that b^{(m)}_{μ+tm ,1} = b^{(m)}_{μ,1} , μ = 0, 1, . . . , we find that

σ ≤ m + 2 8(m + 1) t_m∑

s=1 ∑ α∈[0,m+1] ∑ μ∈[0,t_m) ∑ i∈[0,k_m−1] × A_1(α, i, m, s, b^{(m)}_{μ,1} , . . . , b^{(m)}_{μ+s−1,1}) 12K_1(s)p_2t^2_mk_m(m + 2)(m + 1)^{2s+1} .

Taking into account (49), (52), and that b^{(m)} ∉ Ω_{m,3}, we deduce that σ ≤ (m + 2)/8(m + 1) ≤ 1/4.

Now, from (58) and (60), we obtain the desired result.

Let x_2, x_3, x_5, x_6, y_2, y_4 be integers, y_2 ∈ (t_m − s, t_m),

(61) B_2(x_2, x_3, x_5, x_6, y_2, y_4, s, b^{(m)}, c^{(m+1)}) = ∑ h_{−1}∈C(p^{m+1}_1 ) ∑ h∈C_{2s}(p^{m+1}_1 )

× r^{−1}(h_{−1}, p^{m+1}_1 )r^{−1}(h, p^{m+1}_1 )p^{m+1}_1

× δ_pm+1_1 ( h_{−1} + p_1k_{m+1}/k_m ∑ 0≤j<t_m−y_2 (q^{x3} h_j b^{(m)}_{y2+j,x2} + h_{s+j}b^{(m)}_{y2+j,x2+1}) + ∑ t_m−y_2≤j<s (q^{x6} h_j c^{(m+1)}_{y4+j,x5} + h_{s+j} c^{(m+1)}_{y4+j,x5+1}) ) .

Lemma 12. Let s ≤ t_m, y_2 ∈ (t_m − s, t_m), b^{(m)} ∉ Ω_{m,3}. Then

(62) 1 (Δ^∗_{m+1}(p_1p_2))^{2tm+1} ∑ c^{(m+1)}∈(Δ^∗_{m+1}(p_1p_2))^{2tm+1}

B_2(x_2, x_3, x_5, x_6, y_2, y_4, s, b^{(m)}, c^{(m+1)}) ≤ p_1 m+1∑ α=0 A_2 ( α, x_3, m, t_m − y_2, b^{(m)}_{y2,x2} , . . . , b^{(m)}_{y2+s−1,x2} , b^{(m)}_{y2,x2+1}, . . . , b^{(m)}_{y2+s−1,x2+1} ) . Proof. Let (h_{tm −y2} , . . . , h_{s−1}, h_{tm −y2+s}, . . . , h_{2s−1}, p^{m+1}_1 ) = p^α_1 , and let h_i = h^′_ip^α_1 , i ∈ [t_m − y_2, s) ∪ [t_m − y_2 + s, 2s).

Then (h_{j0} , p_1) = 1 for some j_0 = j_1 + sj_2, with j_1 ∈ [t_m − y_2, s), and j_2 ∈ {0, 1}.

We denote the left side of (62) by σ. Changing the order of the summation, we obtain from (61) that

(63) σ = m+1∑ α=0 ∑ h_{−1}∈C(p^{m+1}_1 ) ∑ h∈C2s(pm+11 ), (htm−y 2 ,...,hs−1,htm−y 2+s ,...,h2s−1,pm+11 )=pα1 × r^{−1}(h_{−1}, p^{m+1}_1 )r^{−1}(h, p^{m+1}_1 )W (h_{−1}, h), where

W (h_{−1}, h) = 1 (#Δ^∗_{m+1}(p_1p_2))^{2tm+1} ∑ c^{(m+1)}∈(Δ^∗_{m+1}(p_1p_2))^{2tm+1}

p^{m+1}_1

× δ_pm+1_1 ( h_{−1} + p_1k_{m+1}/k_m ∑ 0≤j<t_m−y_2 (q^{x3} h_j b^{(m)}_{y2+j,x2} + h_{s+j}b^{(m)}_{y2+j,x2+1}) + ∑ t_m−y_2≤j<s (q^{x6} h_j c^{(m+1)}_{y4+j,x5} + h_{s+j} c^{(m+1)}_{y4+j,x5+1}) ) . We now obtain

W (h_{−1}, h) ≤ max

c^{(m+1)}∈(Δ^∗_{m+1}(p_1p_2))^{2tm+1} 1 #Δ^∗_{m+1}(p_1) ∑ c_{y4+j1,x5+j2} ∈Δ^∗_{m+1}(p_1)

× p^{m+1}_1 δ_pm+1_1 ( f + p^α_1 ∑ t_m−y_2≤j<s (q^{x6} h^′_j c_{y4+j,x5} + h^′_{s+j}c_{y4+j,x5+1}) ) , where

f = h_{−1} + p_1k_{m+1}/k_m ∑ 0≤j<t_m−y_2 (q^{x3} h_j b^{(m)}_{y2+j,x2} + h_{s+j} b^{(m)}_{y2+j,x2+1}) .

It is easy to see that if f ≢ 0 mod (p^α_1 ), then W (h_{−1}, h) = 0. Let f ≡ 0 mod (p^α_1 ), f = f^′ p^α_1 . Bearing in mind that (q^{x6(1−j2)}h^′_{j2s+j1} , p_1) = 1, we have ∑ c_{y4+j1,x5+j2} ∈[0,p^{m+1}_1 ) δ_pm+1−α 1 ( f^′ + q^{x6(1−j2)}h^′_{j2s+j1} c_{y4+j1,x5+j2}

+ ∑ (ν,j)∈{0,1}×[tm−y2,s) (ν,j)≠(j2,j1) q^{x6(1−ν)}h^′_{νs+j} c_{y4+j,x5+ν} ) = p^α_1 .

Hence W (h_{−1}, h) ≤ (p_1/φ(p_1))p^α_1 δ_pα_1 (f)

≤ p^{α+1}_1 δ_pα_1 ( h_{−1} + p_1k_{m+1}/k_m ∑ 0≤j<t_m−y_2 (q^{x3} h_jb^{(m)}_{y2+j,x2} + h_{s+j} b^{(m)}_{y2+j,x2+1}) ) . Now, from (63) and (39), we obtain the assertion of the lemma.

Corollary 6. Let b^{(m)} ∈ (Δ^∗_m(p_1p_2))^{2tm} , b^{(m)} ∉ Ω_{m,3}, x_2 = 2{([x_6/k_m] + x_5k_{m+1}/k_m)/2}, x_3 = k_m{x_6/k_m}, y_4 = t_{m+1}{(t_m(p^m_1 − 1) + y_2)/t_{m+1}}, m = 1, 2, . . . , (64) F_{m+1,2} = { b^{(m+1)} ∈ ( Δ^∗_{m+1}(p_1p_2) )_{2tm+1} | | t_m∑

s=1 1∑ x_5=0 k_{m+1}−1 ∑ x_6=0 × ∑ y_2∈(t_m −s,t_m) B_2(x_2, x_3, x_5, x_6, y_2, y_4, s, b^{(m)}, b^{(m+1)}) 192K_1(s)p_1t^2_mk_{m+1}(m + 1)^{2s+2} > 1 } . Then

#F_{m+1,2} ≤ 1 4 ( #Δ^∗_{m+1}(p_1p_2) )_{2tm+1} . (65)

Proof. Changing the order of the summation, from Lemma 12 we have

(66) 1 (Δ^∗_{m+1}(p_1p_2))^{2tm+1} ∑ c^{(m+1)}∈(Δ^∗_{m+1}(p_1p_2))^{2tm+1} 1∑ x_5=0 k_{m+1}−1 ∑ x_6=0 × ∑ y_2∈(t_m−s,t_m) B_2(x_2, x_3, x_5, x_6, y_2, y_4, s, b^{(m)}, c^{(m+1)})

≤ p_1 m+1∑ α=0 1∑ x_5=0 k_{m+1}−1 ∑ x_6=0 ∑ y_2∈(t_m−s,t_m) × A_2(α, x_3, m, t_m − y_2, b^{(m)}_{y2,x2} , . . . , b^{(m)}_{y2+s−1,x2} , b^{(m)}_{y2,x2+1}, . . . , b^{(m)}_{y2+s−1,x2+1}) . According to (7), k_{m+1}/k_m = p^{[logp1 (m+1)]−[logp1 m]} 1 .

Let p_1 = 2 and k_{m+1}/k_m > 1. Then x_2 = 2{[x_6/k_m]/2}, x_3 = k_m{x_6/k_m}. If x_6 passes the set {0, 1, . . . , k_{m+1} − 1}, then (x_2, x_3) passes k_{m+1}/(2k_m) times the set {0, 1} × {0, 1, . . . , k_m − 1}.

Now let p_1 ≥ 3 or p_1 = 2 and k_{m+1}/k_m = 1. We find that x_2 = 2{([x_6/k_m]+ x_5)/2}, x_3 = k_m{x_6/k_m}. If (x_5, x_6) passes the set {0, 1}×{0, 1, . . . , k_{m+1} − 1}, then (x_2, x_3) passes k_{m+1}/k_m times the set {0, 1} × {0, 1, . . . , k_m − 1}. Therefore, for both of the cases, if (x_5, x_6) passes the set {0, 1} × {0, 1, . . . , k_{m+1}−1}, then (x_2, x_3) passes k_{m+1}/k_m times the set {0, 1}×{0, 1, . . . , k_m− 1}. Hence

(67) 1 (Δ^∗_{m+1}(p_1p_2))^{2tm+1} ∑ c^{(m+1)}∈(Δ^∗_{m+1}(p_1p_2))^{2tm+1} t_m∑

s=1 1∑ x_5=0 k_{m+1}−1 ∑ x_6=0 × ∑ y_2∈(t_m−s,t_m) B_2(x_2, x_3, x_5, x_6, y_2, y_4, s, b^{(m)}, c^{(m+1)}) 192K_1(s)p_1t^2_mk_{m+1}(m + 1)^{2s+2} ≤ (m + 2) 8(m + 1) t_m∑

s=1 m+1∑ α=0 1∑ x_2=0 k_m−1∑

x_3=0 ∑ y_2∈(t_m −s,t_m) × p_1A_2(α, x_3, m, t_m − y_2, b^{(m)}_{y2,x2} , . . . , b^{(m)}_{y2+s−1,x2} , b^{(m)}_{y2,x2+1}, . . . , b^{(m)}_{y2+s−1,x2+1}) 24K_1(s)p_1t^2_mk_m(m + 2)(m + 1)^{2s+1} . Bearing in mind (50), (52), and that b^{(m)} ∉ Ω_{m,3}, we deduce that the left side of (67) is less than (m + 2)/(8(m + 1)) ≤ 1/4. Then from (64) we obtain the desired result.

Now we choose vectors a^{(m)} (m = 1, 2, . . . ) for the construction in (9) in the following way: According to (53), # (( Δ^∗_m(p_1p_2) )_{2tm} \Ω_{m,3} ) > 0 . We take a^{(1)} arbitrarily from the set ( Δ^∗_1(p_1p_2) )_{2t1} \Ω_{1,3}.

Taking into account (53),(59), and (65), we obtain that the set

F_{m+1,3} = ( Δ^∗_{m+1}(p_1p_2) )_{2tm+1} \ ( Ω_{m+1,3} ∪ F_{m+1,1} ∪ F_{m+1,2} ) . (68)

is not empty. Let a^{(1)}, . . . , a^{(m)} be chosen. Then we choose a^{(m+1)} arbitrarily so that

a^{(m+1)} ∈ F_{m+1,3} .

(69)

The sequence of vectors a^{(m)} (m = 1, 2, . . . ) is constructed inductively.

Next we fix s ≥ 1, and we consider integers m such that t_m ≥ s.

Main Lemma. With the notation defined above, we have: ∑ 0≤x_2≤1 ∑ 0≤x_3<k_m ∑ 0≤y_2<t_m B(x_2, x_3, y_2, s, a^{(m)}) = O(m^{2s+3} log^2 m) ,

(70) ∑ 0≤x_3<k_m ∑ 0≤y_4<t_{m+1} B_1(x_3, y_4, s, a^{(m)}, a^{(m+1)}) = O(m^{2s+3} log^2 m) ,

(71)

(72) ∑ 0≤x_5≤1 ∑ 0≤x_6<k_{m+1} ∑ y_2∈(t_m −s,t_m) B_2(x_2, x_3, x_5, x_6, y_2, y_4, s, a^{(m)}, a^{(m+1)})

= O(m^{2s+3} log^2 m) , where m = 1, 2, . . . , x_2 = 2{([x_6/k_m] + x_5k_{m+1}/k_m)/2}, x_3 = k_m{x_6/k_m}, y_4 = t_{m+1}{(t_m(p^m_1 − 1) + y_2)/t_{m+1}}, and s ≤ t_m.

Proof. The proof follows from (7), (8), (36), (52), (58), (64), (68) and (69).

3. Proof of Theorem 1.

In this section, the integer s is fixed. For m = 1, 2, . . . , let V_{m,1} = [0, 2k_mp^m_1 ) × [t_{m−1}p^{m−1}_2 , t_mp^m_2 ), V_{m,2} = [2k_{m−1}p^{m−1}_1 , 2k_mp^m_1 ) × [1, t_mp^m_2 ), V_m = V_{m,1} ∪ V_{m,2}, G_{M,N} = [0, M) × [1, N], (73)

G^{(m)}_1 = G_{M,N} ∩ V_{m,1}, G^{(m)}_2 = G_{M,N} ∩ (V_{m,2} \ V_{m,1}),

(74) and let D_E = #ED^{(s)} (( {α_yq^x}, . . . , {α_{y+s−1}q^x} ) (x,y)∈E ) . (75)

It is easy to see that G^{(m)}_i is rectangular domain (i = 1, 2) and D_{GM,N} ≤ ∑ m≥1 ∑ i=1,2 D_G(m)_i .

Thus, to compute D_{GM,N} , it is sufficient to find the estimate of D_F , where F is an arbitrary rectangular domain in V_m, m = 1, 2, . . . . According to (9), the analytic expression of {α_yq^x} depends on the position of (x, y) in V_m. We will consider three possibilities for the position of F in V_m: the middle, the right bourne and the upper bourne. Next we will consider sub-domains F_{i,j} = {(x, y) ∈ F | x ≡ i mod (2k_m), y ≡ j mod (t_m)} of rectangular domain F , and we will compute the discrepancy on the sub-domain F_{i,j} for all (i, j) ∈ [0, 2k_m) × [0, t_m), with m = 1, 2, . . . .

First we obtain a simple expression for {α_yq^x}, where (x, y) belongs to a middle domain of V_m:

Lemma 13. Let (x, y) ∈ V_m; x = 2k_mx_1 + k_mx_2 + x_3, y = t_my_1 + y_2, with x_2 ∈ {0, 1}, x_3 ∈ {0, . . . , k_m −1}, y_1 ∈ {0, . . . , p^m_2 −1}, y_2 ∈ {0, . . . , t_m −1}, x_1 + x_2 ≤ p^m_1 − 1, and t_m > s. Then

(76) {α_yq^x}_{2km−x3} =

{qx_3 a(m)_{y2,x2} (x_1pm_2 + y_1pm_1 ) p^m_1 p^m_2 } k_m−x_3 + 1 q^{km−x3} {a^{(m)}_{y2,x2+1}((x_1 + x_2)pm_2 + y_1pm_1 ) p^m_1 p^m_2 } k_m . Proof. From (8) we obtain j ∈ [t_{r(j)−1}p^{r(j)−1}_1 , t_{r(j)}p^{r(j)}_1 ), j = 1, 2, . . . . (77) Let (x, y) ∈ [0, 2k_mp^m_1 ) × [t_{m−1}p^{m−1}_2 , t_mp^m_2 ) = V_{m,1}. Then equation (8) implies that r(y) = m. According to (9), we find that

(78) α_yq^x = q^x

p^m_1 −1∑

n=0 1∑ ν=0 1 q^{km(2n+ν)} {a(m)_{y2,ν}(pm_2 n + pm_1 y_1) p^m_1 p^m_2 } k_m + q^x ∞∑ i=m+1 p^i_1−1∑

n=p^{i−1}_1 k_{i−1}/k_i 1∑ ν=0 1 q^{ki(2n+ν)} {a^{(i)}_{y2(i),ν} (p^i_2n + p^i_1y_1(i)) p^i_1p^i_2 } k_i , where y = t_my_1 + y_2; y_2(i) ∈ {0, 1, . . . , t_i − 1}, y_2(i) ≡ y(mod t_i), and y_1(i) = (y − y_2(i))/t_i, i = m + 1, . . . .

Bearing in mind that k_i(2n+ν)−x ≥ 2k_{i−1}p^i_1 −x ≥ 2k_mp^m_1 −x for i ≥ m+1 and n ≥ p^{i−1}_1 k_{i−1}/k_i, we obtain that {α_yq^x}_{2km−x3} = { q^{2kmx1+kmx2+x3} p^m_1 −1∑

n=0 1∑ ν=0 1 q^{km(2n+ν)} {a(m)_{y2,ν} (pm_2 n + pm_1 y_1) p^m_1 p^m_2 } k_m } 2k_m−x_3 . Hence

(79) {α_yq^x}_{2km−x3} = { q^{x3} {a(m)_{y2,x2} (pm_2 x_1 + pm_1 y_1) p^m_1 p^m_2 } k_m + q^{x3} ∑ n=x1 for x2=0 n=x1+1 for x2=1 × ∑ ν=1, for x2=0 ν=0, for x2=1 1 q^{km(2n+ν−2x1−x2)} {a(m)_{y2,ν}(pm_2 n + pm_1 y_1) p^m_1 p^m_2 } k_m } 2k_m−x_3

= {{qx_3 a(m)_{y2,x2} (x_1pm_2 + y_1pm_1 ) p^m_1 p^m_2 } k_m−x_3 + 1 q^{km−x3} {a^{(m)}_{y2,x2+1}((x_1 + x_2)pm_2 + y_1pm_1 ) p^m_1 p^m_2 } k_m } 2k_m−x_3

= {qx_3 a(m)_{y2,x2} (x_1pm_2 + y_1pm_1 ) p^m_1 p^m_2 } k_m−x_3 + 1 q^{km−x3} {a^{(m)}_{y2,x2+1}((x_1 + x_2)pm_2 + y_1pm_1 ) p^m_1 p^m_2 } k_m . Now let (x, y) ∈ [2k_{m−1}p^{m−1}_1 , 2k_mp^m_1 ) × [1, t_{m−1}p^{m−1}_2 ) = V_{m,2} \ V_{m,1}. Then equation (77) and the conditions of the lemma show that r(y) < m. From (9) we get (80) α_yq^x = f_{x,y} + q^x p^m_1 −1∑

n=p^{m−1}_1 k_{m−1}/k_m 1∑ ν=0 1 q^{km(2n+ν)} {a(m)_{y2,ν} (pm_2 n + pm_1 y_1) p^m_1 p^m_2 } k_m

+ q^x ∞∑ i=m+1 p^i_1−1∑

n=p^{i−1}_1 k_{i−1}/k_i 1∑ ν=0 1 q^{ki(2n+ν)} {a^{(i)}_{y2(i),ν} (p^i_2n + p^i_1y_1(i)) p^i_1p^i_2 } k_i , where f_{x,y} ≥ 0 is an integer. It is easy to see that, here,

x ≥ 2k_{m−1}p^{m−1}_1 = min n≥p^{m−1}_1 k_{m−1}/k_m, ν=0,1 (k_m(2n + ν)).

Hence we can repeat the calculations (77) - (79). Thus we obtain the desired result.

Define G_1 = (81) G_1(m, x_2, x_3, y_2, K_1, K, L_1, L) = { (x, y) | x = 2k_mx_1 + k_mx_2 + x_3, y = t_my_1 + y_2, x_1 ∈ [K_1, K_1 + K), y_1 ∈ [L_1, L_1 + L] } , with x_2 ∈ {0, 1}, x_3 ∈ {0, . . . , k_m − 1} and y_2 ∈ {0, . . . , t_m − 1} . Lemma 14. Let G_1 ⊂ V_m; K, K_1, L, L_1 ≥ 0 be integers; K_1 +K+x_2 ≤ p^m_1 ; t_m(L_1 + L) + y_2 ≤ t_mp^m_2 − s; t_m > s. Then (82) #G_1D^{(s)} (( {α_yq^x}, . . . , {α_{y+s−1}q^x} ) (x,y)∈G_1 ) ≤ 2^sB(x_2, x_3, y_2, s, a^{(m)}) + s2^{s+2}.

Proof. Let (x, y) ∈ G_1 ,

θ_m(y_2, i) = { 1 if y_2 + i ≥ t_m 0 otherwise,

(83)

and let a^{(m)}_{i+tm,v+2} = a^{(m)}_{i,v} , i, v = 0, 1, 2, . . . . (We continue periodically the coordinates of vector a^{(m)}.) From Lemma 13 we have that (84) {α_{y+i}q^x}_{2km−x3} = {qx3 a^{(m)}_{y2+i,x2} (x_1pm_2 + (y_1 + θ_m(y_2, i))pm_1 ) p^m_1 p^m_2 } k_m−x_3 + 1 q^{km−x3} {a^{(m)}_{y2+i,x2+1}((x_1 + x_2)pm_2 + (y_1 + θ_m(y_2, i))pm_1 ) p^m_1 p^m_2 } k_m , i = 0, 1, . . . , s − 1. We denote the left side of (82) by σ. Applying Lemma 5 with k = k^{(i)} = 2k_m − x_3 and q_i = q (i = 1, . . . , s), we get σ ≤ #G_1 ( s q^{2km−x3} + D^{(s)} (( {α_yq^x}_{2km−x3} , . . . , {α_{y+s−1}q^x}_{2km−x3} ) (x,y)∈G_1 )) . Using Lemma 6 with k = k^{(i)} = k_m − x_3, ℓ = ℓ^{(i)} = k_m and q = q_i (i = 1, . . . , s), we obtain from (84)

(85) σ ≤ #G_1 ( 2s q^{2km−x3} + 2^sD^{(2s)}

((({qx3 a^{(m)}_{y2+i,x2} (x_1pm_2 + (y_1 + θ_m(y_2, i))pm_1 ) p^m_1 p^m_2 } , {a^{(m)}_{y2+i,x2+1}((x_1 + x_2)pm_2 + (y_1 + θ_m(y_2, i))pm_1 ) p^m_1 p^m_2 }) 0≤i≤s−1 ) (x,y)∈G_1 )) . Then Corollary 3 (with M = K, M_1 = K_1, N = L + 1, N_1 = L_1, d = 2s, and r = m) implies that

(86) σ ≤ #G_1 ( 2s q^{2km−x3} + 2s2^s p^m_1 p^m_2 ) + 2^s ∑ h_{−1}∈C(p^m_1 ) ∑ h_{−2}∈C(p^m_2 ) × ∑ h∈C_{2s}(p^m_1 p^m_2 )

r^{−1}(h_{−1}, p^m_1 )r^{−1}(h_{−2}, p^m_2 )r^{−1}(h, p^m_1 p^m_2 )|σ_1(h)|, where #G_1 = K(L + 1) ≤ p^m_1 p^m_2 and

σ_1(h) =

p^m_1 −1∑

x_1=0 p^m_2 −1∑

y_1=0 e (h_{−1}x_1 p^m_1 + h_{−2}y_1 p^m_2 + s−1∑ i=0 ( q^{x3} h_ia^{(m)}_{y2+i,x2} ( x_1p^m_2 + ( y_1 + θ_m(y_2, i) ) p^m_1 )

+ h_{s+i}a^{(m)}_{y2+i,x2+1} ( (x_1 + x_2)p^m_2 + ( y_1 + θ_m(y_2, i) ) p^m_1 )) /p^m_1 p^m_2 ) . It is easy to see that

h_{−1}x_1p^m_2 + h_{−2}y_1p^m_1 ≡ (x_1p^m_2 + y_1p^m_1 )(h_{−1}p^m_2 M_2 + h_{−2}p^m_1 M_1)(modp^m_1 p^m_2 ) ,

where M_1p^m_1 ≡ 1(modp^m_2 ) and M_2p^m_2 ≡ 1(modp^m_1 ). Taking into account that x_1p^m_2 +y_1p^m_1 passes the complete residue system (modp^m_1 p^m_2 ) and using Lemma 1, we have that

|σ_1(h)| = p^m_1 p^m_2 δ_pm_{1 p}m_2 ( h_{−1}p^m_2 M_2 + h_{−2}p^m_1 M_1 + s−1∑ i=0 (q^{x3} h_ia^{(m)}_{y2+i,x2} + h_{s+i}a^{(m)}_{y2+i,x2+1}) ) . Now from (24),(35) and (86) we find that σ ≤ ( 2sq^{x3−2km} + s2^{s+1}p^{−m}_1 p^{−m}_2 ) #G_1 + 2^sB(x_2, x_3, y_2, s, a^{(m)}) .

Applying (7), (81) and the condition of the lemma, we obtain the desired result.

We can now use Lemma 14 to compute the discrepancy of the considered double sequence in the rectangular domain E ⊂ V_m.

Lemma 15. Let K_1, K_6, L_1, L_6 ≥ 0 be integers, E = [2k_mK_1, K_6) ×[t_mL_1, L_6] ⊂ V_m, 2k_mK_1 < K_6 ≤ k_m(2p^m_1 − 1), t_mL_1 ≤ L_6 ≤ t_mp^m_2 − s; t_m > s. Then

D_E = O(m^{2s+3} log^2 m) ,

(87)

where the constant implied by O only depends on s.

Proof. We consider following rectangular domains:

E_1 = [2k_mK_1, K_5) × [t_mL_1, L_5), E_2 = [2k_mK_1, K_5) × [L_5, L_6], E_3 = [K_5, K_6) × [L_5, L_6], E_4 = [K_5, K_6) × [t_mL_1, L_5) ,

(88) where K, K_2, K_3, K_5, L, L_2, L_5 ≥ 0 are integers, and

K_2 ∈ {0, 1}, K_3 ∈ [0, k_m); K_1, K, L, L_1 ≥ 0, L_2 ∈ [0, t_m), K = [K_6/2k_m] − K_1, K_5 = 2k_m(K_1 + K), K_6 = K_5 + k_mK_2 + K_3 , L = [L_6/t_m] − L_1, L_5 = t_mL_1 + t_mL, L_6 = L_5 + L_2.

(89)

It is evident that

E = E_1 ∪ E_2 ∪ E_3 ∪ E_4, and E_i ∩ E_j = ∅ for i ≠ j . Using (2) and (75), we obtain D_E ≤ ∑ 1≤i≤4 D_{Ei} . (90)

From (81) we obtain : E_1 = ⋃ 0≤x_2≤1 0≤x_3<k_m 0≤y_2<t_m G_1(m, x_2, x_3, y_2, K_1, K, L_1, L) ,

E_2 = ⋃ 0≤x_2≤1 0≤x_3<k_m 0≤y_2<L_2

G_1(m, x_2, x_3, y_2, K_1, K, L_1 + L, 0),

E_4 = ⋃ 0≤x_2k_m+x_3<K_2k_m+K_3 0≤y_2<t_m G_1(m, x_2, x_3, y_2, K_1 + K, 1, L_1, L).

(91)

We obtain from (89),(88),(7), and (8) that #E_3 ≤ 2k_mt_m = O(m log m) .

Applying (75), (70), and Lemma 14, we get from (7) and (91) that D_{E1} ≤ ∑ 0≤x_2≤1 ∑ 0≤x_3<k_m ∑ 0≤y_2<t_m #G_1(m, x_2, x_3, y_2, K_1, K, L_1, L) × D^{(s)} (( {α_yq^x}, . . . , {α_{y+s−1}q^x} ) (x,y)∈G_1(m,x_2,x_3,y_2,K_1,K,L_1,L) )

≤ 2^s ∑ 0≤x_2≤1 ∑ 0≤x_3<k_m ∑ 0≤y_2<t_m ( B(x_2, x_3, y_2, s, a^{(m)}) + 4s )

= O(m^{2s+3} log^2 m) .

Similarly, estimates are valid for the cases of sets E_2 and E_4. Thus max 1≤i≤4 D_{Ei} = O(m^{2s+3} log^2 m) .

Now from (90) we obtain the assertion of the lemma.

Consider the right bourne of V_m. Define

(92) G_2 = G_2(m, x_3, y_4, L_2, L_3) = { (x, y) | x = k_m(2p^m_1 − 1) + x_3, y = t_{m+1}y_3 + y_4, y_3 ∈ [L_2, L_2 + L_3] ⊂ [0, p^m_2 ) } . Lemma 16. Let G_2 ⊂ V_m; L_2, L_3 ≥ 0 be integers; t_{m+1}(L_2 + L_3) + y_4 ≤ t_mp^m_2 − s; y_4 ∈ [0, t_{m+1}), x_3 ∈ [0, k_m), t_m > s. Then

(93) #G_2D^{(s)} (( {α_yq^x}, . . . , {α_{y+s−1}q^x} ) (x,y)∈G_2 ) ≤ 2^sB_1(x_3, y_4, s, a^{(m)}, a^{(m+1)}) + s2^{s+3}.

Proof. Let (x, y) ∈ G_2. Thus y < t_mp^m_2 , and from (77) we find that r(y) ≤ m. Similarly to (78) and (80) we have that

{α_yq^x} = { q^x p^m_1 −1∑

n=δ^{(y)}_m p^{m−1}_1 k_{m−1}/k_m 1∑ ν=0 1 q^{km(2n+ν)} {a(m)_{y2,ν} (pm_2 n + pm_1 y_1) p^m_1 p^m_2 } k_m

+ q^x ∞∑ i=m+1 p^i_1−1∑

n=p^{i−1}_1 k_{i−1}/k_i 1∑ ν=0 1 q^{ki(2n+ν)} {a^{(i)}_{y2(i),ν} (p^i_2n + p^i_1y_1(i)) p^i_1p^i_2 } k_i } .

Hence

{α_yq^{2km(pm1 −1)+km+x3} } = { q^{x3} {a^{(m)}_{y2,1}((pm_1 − 1)pm_2 + y_1pm_1 ) p^m_1 p^m_2 } k_m + 1 q^{km−x3} {a^{(m+1)} y_4,0 (nmp m+1 2 + y_3p^{m+1}_1 ) p^{m+1}_1 p^{m+1}_2 } k_{m+1} + ε_{x,y} q^{km+1+km−x3} } , with y_2 = t_m{y_4/t_m}, y_1 = y_3t_{m+1}/t_m + [y_4/t_m], n_m = p^m_1 k_m/k_{m+1}, and ε_{x,y} ∈ [0, 1). Therefore

(94) {α_yq^x}_{km+1+km−x3} = {qx3 a^{(m)}_{y2,1}(x_0 + y_1pm_1 ) p^m_1 p^m_2 } k_m−x_3 + 1 q^{km−x3} {a^{(m+1)} y_4,0 (nmp m+1 2 + y_3p^{m+1}_1 ) p^{m+1}_1 p^{m+1}_2 } k_{m+1} , where x = 2k_m(p^m_1 − 1) + k_m + x_3, and x_0 = (p^m_1 − 1)p^m_2 . We have for i ∈ [0, s − 1] that (x, y + i) ∈ V_m, and that r(y + i) ≤ m . Thus we can apply (94) for the pair (x, y + i). Bearing in mind (83), we obtain (95) {α_{y+i}q^x}_{km+1+km−x3} = {qx3 a^{(m)}_{y4+i,1}(x_0 + (y_1 + θ_m(y_2, i))pm_1 ) p^m_1 p^m_2 } k_m−x_3 + 1 q^{km−x3} {a^{(m+1)} y_4+i,0 (nmp m+1 2 + (y_3 + θ_{m+1}(y_4, i))p^{m+1}_1 ) p^{m+1}_1 p^{m+1}_2 } k_{m+1} , with y_2 = t_m{y_4/t_m}, y_1 = y_3t_{m+1}/t_m +[y_4/t_m], x = 2k_m(p^m_1 −1)+k_m +x_3, and x_0 = (p^m_1 − 1)p^m_2 . We denote the left side of (93) by σ. Applying Lemma 5 with k = k^{(i)} = k_{m+1} + k_m − x_3 and q_i = q (i = 1, . . . , s), we obtain from (19) σ ≤ #G_2 ( s q^{km+1+km−x3} + D^{(s)} (( {α_yq^x}_{km+1+km−x3} , . . . , {α_{y+s−1}q^x}_{km+1+km−x3} ) (x,y)∈G_2 )) . Using Lemma 6 with k = k^{(i)} = k_m −x_3, ℓ^{(i)} = k_m and q_i = q (i = 1, . . . , s), we obtain from (95) σ ≤ #G_2 ( 2s q^{km+1+km−x3} + 2^sD^{(2s)}

((({qx3 a^{(m)}_{y4+i,1}(x_0 + (y_3t_{m+1}/t_m + [y_4/t_m] p^m_1 p^m_2

+θ_m(y_2, i))p^m_1 ) p^m_1 p^m_2 } , {a^{(m+1)} y_4+i,0 (nmp m+1 2 + (y_3 + θ_{m+1}(y_4, i))p^{m+1}_1 )

p^{m+1}_1 p^{m+1}_2 }) 0≤i≤s−1 ) L_2≤y_3≤L_2+L_3 )) . Here we now replace fractions with denominators p^m_1 p^m_2 and p^{m+1}_1 p^{m+1}_2 with fractions with denominator p^{m+1}_2 , and we again apply Lemma 5 with the parameters 2s instead of s, p_2 instead of q_i, and m + 1 instead of k^{(i)} (i = 1, . . . , 2s) : (96) σ ≤ #G_2 ( 2s q^{km+1+km−x3} + 2s · 2^s p^{m+1}_2

+ 2^sD^{(2s)} ((({p_2t_{m+1}/t_my_3qx3 a^{(m)}_{y4+i,1} + d_i p^{m+1}_2 } , {y_3a^{(m+1)}_{y4+i,0} + f_i

p^{m+1}_2 }) 0≤i<s ) L_2≤y_3≤L_2+L_3 )) , where d_i = [p^{m+1}_2 {q^{x3} a^{(m)}_{y4+i,1}(−p^{−m}_1 + ([y_4/t_m]}] + θ_m(y_2, i))p_2, and f_i = [p^{m+1}_2 {a^{(m+1)}_{y4+i,0} n_mp^{−m−1}_1 }] + θ_{m+1}(y_4, i), i = 0, . . . , s − 1.

Then Corollary 2 (with d = 2s, T = P = p^{m+1}_2 , N = #G_2 = L_3 + 1) implies that σ ≤ #G_2 ( 2s q^{km+1+km−x3} + 4s2^s p^{m+1}_2 )

+ 2^s ∑ h_{−2}∈C(p^{m+1}_2 ) ∑ h∈C_{2s}(p^{m+1}_2 )

r^{−1}(h_{−2}, p^{m+1}_2 )r^{−1}(h, p^{m+1}_2 ) | | p^{m+1}_2 −1 ∑ y_3=0 e ( 1 p^{m+1}_2 × ( h_{−2}y_3 + s−1∑ i=0 (h_i(p_2t_{m+1}/t_my_3q^{x3} a^{(m)}_{y4+i,1} +d_i)+h_{s+i}(y_3a^{(m+1)}_{y4+i,0} +f_i)) ))| | . Taking into account (7), (54), (92), Lemma 1, and the conditions of the lemma we obtain :

σ ≤ s2^{s+3} + 2^s ∑ h_{−2}∈C(p^{m+1}_2 ) ∑ h∈C_{2s}(p^{m+1}_2 )

r^{−1}(h_{−2}, p^{m+1}_2 )r^{−1}(h, p^{m+1}_2 )

× p^{m+1}_2 δ_pm+1_2 ( h_{−2} + s−1∑ i=0 (p_2t_{m+1}/t_mq^{x3} h_ia^{(m)}_{y4+i,1} + h_{s+i}a^{(m+1)}_{y4+i,0} ) )

≤ s2^{s+3} + 2^sB_1(x_3, y_4, s, a^{(m)}, a^{(m+1)}) . Thus we obtain the assertion of the lemma.

Corollary 7. Let E = [k_m(2p^m_1 − 1), K_6) × [t_mL_1, L_6] ⊂ V_m; 0 ≤ t_mL_1 ≤ L_6 ≤ t_mp^m_2 − s, k_m(2p^m_1 − 1) < K_6 ≤ 2k_mp^m_1 , t_m ≥ s. Then D_E = O(m^{2s+3} log^2 m) .

(97) Proof. Let K_4 = k_m(2p^m_1 − 1), L_2 = [t_mL_1/t_{m+1}] + 1, L_3 = [L_6/t_{m+1}] − L_2 − 1. It is easy to see that t_{m+1}(L_2 + L_3) + 1 < L_6 ≤ t_mp^m_2 − s.

(98) If L_3 ≤ 0, then D_E ≤ 4k_mt_{m+1} = O(m log m). Let L_3 > 0, and let E_1 = [K_4, K_6)×[t_mL_1, t_{m+1}L_2), E_2 = [K_4, K_6)×[t_{m+1}L_2, t_{m+1}(L_2 +L_3)], E_3 = [K_4, K_6) × (t_{m+1}(L_2 + L_3), L_6]. It is evident that

E = E_1 ∪ E_2 ∪ E_3, and E_i ∩ E_j = ∅ for i ≠ j . Using (2) and (75), we find that D_E ≤ D_{E1} + D_{E2} + D_{E3} .

(99) From (7) and (8) we obtain :

D_{Ei} ≤ #E_i ≤ 2k_mt_{m+1} = O(m^2), i = 1, 3 .

(100)

It follows from (75) that D_{E2} ≤ ∑ 0≤x_3<z ∑ 0≤y_4<t_{m+1} #G_2D^{(s)} (( {α_yq^x}, . . . , {α_{y+s−1}q^x} ) (x,y)∈G_2 ) , where G_2 = G_2(m, x_3, y_4, L_2, L_3), and z = K_6 − K_4 ≤ k_m . Bearing in mind that (98) is true, we can apply Lemma 16: D_{E2} ≤ ∑ 0≤x_3<k_m ∑ 0≤y_4<t_{m+1} (2^sB_1(x_3, y_4, s, a^{(m)}, a^{(m+1)}) + s2^{s+3})

Now from (71), (99), and (100) we obtain the assertion of the corollary.

We now consider the upper bourne of V_m:

Lemma 17. Let K_2, K_3 ≥ 0, K_2 + K_3 ≤ p^{m−1}_1 − 2, x_5 ∈ {0, 1}, x_6 ∈ {0, 1, . . . , k_{m+1} − 1}, y_2 ∈ (t_m − s, t_m), t_m > s, (101) G_3 = G_3(m, x_5, x_6, y_2, K_2, K_3) = { (x, y) | x = 2k_{m+1}x_4 + + k_{m+1}x_5 + x_6, y = t_m(p^m_2 − 1) + y_2, K_2 ≤ x_4 < K_2 + K_3 } ⊂ V_m, for m = 1, 2, . . . . Then

(102) #G_3D^{(s)} (( {α_yq^x}, . . . , {α_{y+s−1}q^x} ) (x,y)∈G_3 ) ≤ s2^{s+3} + 2^sB_2(x_2, x_3, x_5, x_6, y_2, y_4, s, a^{(m)}, a^{(m+1)}), where x_2 = 2{([x_6/k_m] + x_5k_{m+1}/k_m)/2}, x_3 = k_m{x_6/k_m}, and y_4 = t_{m+1}{(t_m(p^m_2 − 1) + y_2)/t_{m+1}}.

Proof. Let (x, y) ∈ G_3 and let i ∈ [0, t_m − y_2). The equality (83) and the conditions of the lemma show, that θ_m(y_2, i) = 0 . The pair (x, y + i) satisfies the conditions of Lemma 13. The equation (84) implies that

(103) {α_{y+i}q^x}_{2km−x3} =

{qx3 a^{(m)}_{y2+i,x2} (x_1pm_2 + (pm_2 − 1)pm_1 ) p^m_1 p^m_2 } k_m−x_3 + 1 q^{km−x3} {a^{(m)}_{y2+i,x2+1}((x_1 + x_2)pm_2 + (pm_2 − 1)pm_1 p^m_1 p^m_2 } k_m , where x = 2k_{m+1}x_4 + k_{m+1}x_5 + x_6 = 2k_mx_1 + k_mx_2 + x_3, x_3 = k_m{x_6/k_m} ∈ {0, 1, . . . , k_m − 1}, x_1 = x_4k_{m+1}/k_m + [(k_{m+1}x_5 + x_6)/k_m], x_2 ∈ {0, 1}, x_2 ≡ [x_6/k_m] + x_5k_{m+1}/k_m (mod 2).

(104)

Now let i ∈ [t_m − y_2, s − 1]. Then y + i > t_mp^m_2 , and r(y + i) = m + 1 (see (8) and (77) ). The pair (x, y + i) satisfies the conditions of Lemma 13 (with m + 1 instead of m). Hence, we have from (84) and (104) that (105) {α_{y+i}q^x}_{2km+1−x6} = {qx6 a^{(m+1)}_{y4+i,x5} (x_4p^{m+1}_2 + (y_3 + θ_{m+1}(y_4, i))p^{m+1}_1 ) p^{m+1}_1 p^{m+1}_2 } k_{m+1}−x_6 + 1 q^{km+1−x6} {a^{(m+1)} y_4+i,x_5+1((x4 + x5)p m+1 2 + (y_3 + θ_{m+1}(y_4, i))p^{m+1}_1 ) p^{m+1}_1 p^{m+1}_2 } k_{m+1} , where

y = t_m(p^m_1 − 1) + y_2 = t_{m+1}y_3 + y_4, y_4 ∈ {0, 1, . . . , t_{m+1} − 1}, y_4 ≡ t_m(p^m_1 − 1) + y_2(mod t_{m+1}), y_3 = (t_m(p^m_1 − 1) + y_2 − y_4)/t_{m+1} .

It is easy to see that if k_{m+1} = k_m, then x_3 = x_6. Otherwise k_{m+1} ≥ p_1k_m ≥ 2k_m, and 2k_{m+1} − x_6 ≥ k_{m+1} ≥ 2k_m ≥ 2k_m − x_3.

We denote the left side of (102) by σ. Applying Lemma 5 with k = 2k_m − x_3, k^{(i)} = 2k_m − x_3 for i ∈ [0, t_m − y_2); k^{(i)} = 2k_{m+1} − x_6 for i ∈ [t_m − y_2, s − 1]), and q_i = q, for i = 1, . . . , s, we get σ ≤ #G_3 ( s q^{2km−x3} + D^{(s)} (( ({α_{y+i}q^x}_k(i) )_{i∈[0,s−1]} ) (x,y)∈G_3 )) . Using Lemma 6 with k = 2k_m − x_3, k^{(i)} = 2k_m − x_3, ℓ^{(i)} = k_m for i ∈ [0, t_m − y_2), and k^{(i)} = 2k_{m+1} − x_6, ℓ^{(i)} = k_{m+1} for i ∈ [t_m − y_2, s − 1], we obtain from (103), and (105) σ ≤ #G_3 ( 2s q^{2km−x3} + 2^sD^{(2s)}

((({qx3 a^{(m)}_{y2+i,x2} (x_1pm_2 + (pm_2 − 1)pm_1 ) p^m_1 p^m_2 } , {a^{(m)}_{y2+i,x2+1}((x_1 + x_2)pm_2 + (pm_2 − 1)pm_1 p^m_1 p^m_2 }) i∈[0,t_m−y_2) , ({qx6 a^{(m+1)}_{y4+i,x5} (x_4p^{m+1}_2 + (y_3 + θ_{m+1}(y_4, i))p^{m+1}_1 ) p^{m+1}_1 p^{m+1}_2 } , {a^{(m+1)} y_4+i,x_5+1((x4 + x5)p m+1 2 + (y_3 + θ_{m+1}(y_4, i))p^{m+1}_1 ) p^{m+1}_1 p^{m+1}_2 }) i∈[t_m−y_2,s−1] ) K_2≤x_4<K_2+K_3 )) , where x_1 = x_4k_{m+1}/k_m + [(k_{m+1}x_5 + x_6)/k_m].

Here we now replace fractions with denominators p^m_1 p^m_2 and p^{m+1}_1 p^{m+1}_2 with fractions with denominator p^{m+1}_1 , and we again apply Lemma 5 with the parameters 2s instead of s, p_1 instead of q_i, and m + 1 instead of k^{(i)} (i = 1, . . . , 2s): σ ≤ #G_3 ( 2s q^{2km−x3} + 2s2^s p^{m+1}_1

+ 2^sD^{(2s)} ((({p_1qx3 a^{(m)}_{y2+i,x2} x_4k_{m+1}/k_m + d_i p^{m+1}_1 } , {p_1a^{(m)}_{y2+i,x2+1}x_4k_{m+1}/k_m + d^′_i p^{m+1}_1 }) i∈[0,t_m−y_2) , ({qx6 a^{(m+1)}_{y4+i,x5} x_4 + f_i p^{m+1}_1 } , {a^{(m+1)} y_4+i,x_5+1x4 + f ′ i p^{m+1}_1 }) i∈[t_m−y_2,s−1] ) K_2≤x_4<K_2+K_3 )) , where for i = 0, . . . , t − y_2 − 1

d_i = [q^{x3} a^{(m)}_{y2+i,x2} (p_1[(k_{m+1}x_5 + x_6)/k_m] − p^{m+1}_1 p^{−m}_2 )], d^′_i = [a^{(m)}_{y2+i,x2+1}(p_1(x_2 + [(k_{m+1}x_5 + x_6)/k_m]) − p^{m+1}_1 p^{−m}_2 )], and for i = t − y_2, . . . , s − 1

f_i = [(p_1/p_2)^{m+1}q^{x6} a^{(m+1)}_{y4+i,x5} (y_3 + θ_{m+1}(y_4, i))], f^′_i = [a^{(m+1)}_{y4+i,x5+1}((p_1/p_2)^{m+1}(y_3 + θ_{m+1}(y_4, i)) + x_5)].

Then Corollary 2 (with N = #G_3 = K_3, T = P = p^{m+1}_1 , and d = 2s) implies that σ ≤ #G_3 ( 2s q^{km} + 4s2^s p^{m+1}_1 ) + 2^s ∑ h_{−1}∈C(p^{m+1}_1 ) ∑ h∈C_{2s} (p^{m+1}_1 )

r^{−1}(h_{−1}, p^{m+1}_1 )r^{−1}(h, p^{m+1}_1 )

× | |^p m+1 1 −1 ∑ x_4=0 e (( h_{−1}x_4 + ∑ 0≤i<t_m−y_2 (x_4p_1k_{m+1}/k_mq^{x3} a^{(m)}_{y2+i,x2} + d_i)h_i + ∑ 0≤i<t_m −y_2 (x_4p_1k_{m+1}/k_ma^{(m)}_{y2+i,x2+1} + d^′_i)h_{s+i} + ∑ t_m −y_2≤i<s (q^{x6} a^{(m+1)}_{y4+i,x5} + f_i)h_i + ∑ t_m −y_2≤i<s (x_4a^{(m+1)}

y_4+i,x_5+1 + f ′ i )h_{s+i} ) /p^{m+1}_1 )| |. Using Lemma 1, (7), (101), and the conditions of the lemma, we find that σ ≤ 8s2^s + 2^s ∑ h_{−1}∈C(p^{m+1}_1 ) ∑ h∈C_{2s}(p^{m+1}_1 )

r^{−1}(h_{−1}, p^{m+1}_1 )r^{−1}(h, p^{m+1}_1 )p^{m+1}_1

× δ_pm+1_1 ( h_{−1} + ∑ 0≤i<t_m−y_2 (q^{x3} h_ia^{(m)}_{y2+i,x2} + h_{s+i}a^{(m)}_{y2+i,x2+1})p_1k_{m+1}/k_m + ∑ t_m−y_2≤i<s (q^{x6} h_ia^{(m+1)}_{y4+i,x5} + h_{s+i}a^{(m+1)}_{y4+i,x5+1}) ) .

We obtain from (61) that

σ ≤ s2^{s+3} + 2^sB_2(x_2, x_3, x_5, x_6, y_2, y_4, s, a^{(m)}, a^{(m+1)}) . Thus we derive the desired result.

Corollary 8. Let E = [2k_mK_1, K_6) × [t_mp^m_2 − s + 1, L_6) ⊂ V_m; 2k_mK_1 < K_6 ≤ k_m(2p^m_1 − 1), t_mp^m_2 − s + 1 < L_6 ≤ t_mp^m_2 , t_m > s. Then D_E = O(m^{2s+3} log^2 m) .

(106) Proof. Let L_4 = t_mp^m_2 − s + 1, K_2 = [k_mK_1/k_{m+1}] + 1, K_3 = [K_6/k_{m+1}] − K_2 − 1. It is easy to see that k_{m+1}(K_2 + K_3 + 1) − 1 < K_6 ≤ k_m(2p^m_1 − 1).

(107) If K_3 ≤ 0, then D_E ≤ 2sk_{m+1} = O(m). Now let K_3 > 0. Put E_1 = [2k_mK_1, 2k_{m+1}K_2) × [L_4, L_6), E_2 = [2k_{m+1}K_2, 2k_{m+1}(K_2 + K_3)) × [L_4, L_6), E_3 = [2k_{m+1}(K_2 + K_3), K_6) × [L_4, L_6).

It is evident that

E = E_1 ∪ E_2 ∪ E_3, and E_i ∩ E_j = ∅ for i ≠ j . Using (2) and (75), we find that D_E ≤ D_{E1} + D_{E2} + D_{E3} .

(108) From (7) and (8) we obtain :

D_{Ei} ≤ #E_i ≤ 4sk_{m+1} = O(m), i = 1, 3 .

(109) It follows from (75) and (101), that D_{E2} ≤ ∑ 0≤x_5≤1 ∑ 0≤x_6<k_{m+1} ∑ y_2∈(t_m−s,t_m) #G_3 × D^{(s)} (( {α_yq^x}, . . . , {α_{y+s−1}q^x} ) (x,y)∈G_3 ) , where G_3 = G_3(m, x_5, x_6, y_2, K_2, K_3) .

Because (107), we can apply Lemma 17. Thus from (72), (108), and (109), we obtain (106).

Now, combining (87),(97), and (106) we obtain :

Lemma 18. Let K_1, K_6, L_1, L_6 ≥ 0 be integers and E = [2k_mK_1, K_6) × [t_mL_1, L_6) ⊂ V_m. Then D_E = O(m^{2s+3} log^2 m), where the constant implied by O only depends on s.

Proof. Let

E_1 = [2k_mK_1, k_m(2p^m_1 − 1)) × [t_mL_1, t_mp^m_2 − s], E_2 = [k_m(2p^m_1 − 1), 2k_mp^m_1 ) × [t_mL_1, t_mp^m_2 − s], E_3 = [2k_mK_1, k_m(2p^m_1 − 1)) × [t_mp^m_2 − s + 1, t_mp^m_2 ), E_4 = [k_m(2p^m_1 − 1), 2k_mp^m_1 ) × [t_mp^m_2 − s + 1, t_mp^m_2 ), and let E^′_i = E ∩ E_i, i = 1, . . . , 4. It is easy to see that E = ∪^4_{i=1}E^′_i , and E^′_i ∩ E^′_j = ∅ for i ≠ j.

(110) Now equations (7) and (75) imply that D_E′_4 ≤ sk_m = O(m). From Lemma 15, Corollary 7, and Corollary 8, we get D_E′_i = O(m^{2s+3} log^2 m), i = 1, 2, 3.

From (110), we obtain the assertion of the lemma.

End of the proof of Theorem 1. We use notations (73), (74), and (75). Let G^{(m)} = G_{M,N} ∩ V_m ≠ ∅ for m = 1, . . . , r and G^{(r+1)} = ∅ .

(111) It is evident that

G^{(m)} = G^{(m)}_1 ∪ G^{(m)}_2 , m = 1, 2, . . . G^{(m)} ∩ G^{(n)} = ∅ for m ≠ n, and G^{(m)}_i is the rectangular domain (i = 1, 2). Let (K^{(m,i)}_ν , L^{(m,i)}_μ )_{ν,μ=1,2} be coordinates of the vertex of G^{(m)}_i :

G^{(m)}_i = [K^{(m,i)}_1 , K^{(m,i)}_2 ) × [L^{(m,i)}_1 , L^{(m,i)}_2 ) i = 1, 2, m = 1, 2, . . . . From (7), (8), and (48), we see that

k_{m−1}p^{m−1}_1 ≡ 0 mod k_m and t_{m−1}p^{m−1}_2 ≡ 0 mod t_m m = 2, 3, . . . . Hence

K^{(m,i)}_1 ≡ 0 mod 2k_m and L^{(m,i)}_1 ≡ 0 mod t_m, m = 2, 3, . . . . Applying Lemma 18, we obtain

D_G(m)_i = O(m^{2s+3} log^2 m), i = 1, 2, m = 2, 3, . . . .

Using (2), (75), and (111), we find that MND (( {α_mq^n}, . . . , {α_{m+s−1}q^n} ) 1≤n≤N,0≤m<M ) = D_{GM,N} ≤ r∑ m=1 2∑ i=1 D_G(m)_i = O (^r∑ m=1 m^{2s+3} log^2 m ) = O(r^{2s+4} log^2 r) = O ( (log MN)^{2s+4} log^2 log MN ) . Thus we obtain the assertion of Theorem 1.

Remark. Using (76), (95), and (103) we can find specifically digits d_{i,j} (i, j = 1, 2, . . . ) of a normal lattice configuration (see (5)). With the notations defined above, if (x, y) = (2k_mx_1 + k_mx_2 + x_3, t_my_1 + y_2) ∈ V_m, then d_{x,y} = [ q {qx_3 a(m)_{y2,x2} (x_1pm_2 + y_1pm_1 ) p^m_1 p^m_2 }] .

4. Proof of Theorem 2 Let (112) A_3(j, m, ν, c_{1,0}, . . . , c_{s,0}, c_{1,1}, . . . , c_{s,1}) = p^m ∑ h_0∈C(p^m) ∑ h∈C_{2s}(p^m)

× r^{−1}(h_0, p^m)r^{−1}(h, p^m)δ_{pm} ( h_0 + s∑ i=1 (q^j_i h_ic_{i,ν} + h_{i+s}c_{i,ν+1} ) ,

(113) A_4(j, m, ν, c_{1,0}, . . . , c_{s,0}, c_{1,1}, . . . , c_{s,1}) = p^m ∑ h∈C_{2s}(p^m) r^{−1}(h, p^m)δ_{pm} (^s∑ i=1 (q^j_i h_ic_{i,ν} + h_{i+s}c_{i,ν+1} ) , with c_{i,ν+2} = c_{i,ν} , ν = 0, 1, i = 1, . . . , s.

Lemma 19. Let ν ∈ {0, 1}, j ∈ [0, k_m), φ_0 = φ(p)/p, and K(s) = 4p/φ(p) ( 2 π log p + 7 5 )_{2s+1} . Then 1 φ^{2s}_0 p^{2ms} ∑ (c_{1,0},...,c_{s,1})∈(Δ^∗_m(p))^{2s} A_3(j, m, ν, c_{1,0}, . . . , c_{s,1}) < K(s)m^{2s+1}, (114) and 1 φ^{2s}_0 p^{2ms} ∑ (c_{1,0},...,c_{s,1})∈(Δ^∗_m(p))^{2s} A_4(j, m, ν, c_{1,0}, . . . , c_{s,1}) < K(s)m^{2s} . (115)

Proof. We will prove the inequality (114). The proof of (115) repeats that of (114). We denote the left side of (114) by σ. Changing the order of the summation, from (112) we obtain σ ≤ ∑ h_0∈C(p^m) ∑ h∈C_{2s} (p^m)

r^{−1}(h_0, p^m)(h, p^m)E(h_0, h),

where

E(h_0, h) = 1 φ^{2s}_0 p^{2ms} ∑ (c_1,...,c_{2s})∈(Δ_m(p))^{2s} × p^mδ_pm ( h_0 + s∑ j=1 (q^j_i h_j c_j + h_{j+s}c_{j+s}) ) . Let (h_1, . . . , h_{2s}, p^m) = p^α, let h_i = p^αh^′_i, i = 1, . . . , 2s, and (h^′_{ν0s+i0} , p) = 1, ν_0 = 0, 1, i_0 = 1, . . . , s. If h_0 ≢ 0 (mod p^α), then E(h_0, h) = 0. Now let h_0 = p^αh^′_0. Hence

E(h_0, h) ≤ max

(c_1,...,c_{2s})∈(Δ_m(p^m))^{2s} p^m p φ(p) p^m−1∑

c_{sν0+i0} =0 × δ_pm−α ( h^′_0 + s∑ i=1 (q^j_i h^′_ic_i + h^′_{i+s}c_{i+s}) ) . Bearing in mind that (q^j_{i0} h^′_{sν0+i0} , p) = 1, and p^m−1∑

c_{sν0+i0} =0 δ_pm−α ( f + q^j_{i0} h^′_{sν0+i0} c_{sν0+i0} ) = p^α ,

we find that E(h_0, h) ≤ p^{α+1}/φ(p). Applying Lemma 2, we obtain σ ≤ m∑ α=0 ∑ h0∈C(pm) (h0,pm)=pα ∑ h∈C2s(pm) (h1,...,h2s,pm)=pα r^{−1}(h_0, p^m)(h, p^m)p^{α+1}/φ(p)

≤ p/φ(p) m∑ α=0 ( 2 π m log p + 7 5 )_{2s}( 1 + p^{−α} ( 2 π m log p + 7 5 ))

< m^{2s+1}p/φ(p) ( 2 π log p + 7 5 )_{2s}(m + 1 m + p p − 1 ( 2 π log p + 7 5 )) ≤ K(s)m^{2s+1}.

Corollary 9. There exist integers a^{(m)}_{1,0} , . . . , a^{(m)}_{s,0} , a^{(m)}_{1,1} , . . . , a^{(m)}_{s,1} such that

(116) k_m−1∑

j=0 1∑ ν=0 A_3(j, m, ν, a^{(m)}_{1,0} , . . . , a^{(m)}_{s,0} , a^{(m)}_{1,1} , . . . , a^{(m)}_{s,1} ) ≤ 4k_mK(s)m^{2s+1} , and (117) k_m−1∑

j=0 1∑ ν=0 A_4(j, m, ν, a^{(m)}_{1,0} , . . . , a^{(m)}_{s,0} , a^{(m)}_{1,1} , . . . , a^{(m)}_{s,1} ) ≤ 4k_mK(s)m^{2s}, m = 1, 2, . . . . We use such integers a^{(m)}_{1,0} , . . . , a^{(m)}_{s,1} (m = 1, 2, . . . ) to construct the real numbers α_1, . . . , α_s (15).

Lemma 20. Let 1 ≤ M ≤ p^m. Then for m = 1, 2, . . . 2k_mMD (( {α_1q^x_1 }, . . . , {α_sq^x_s } ) x∈[n_m,n_m+2k_mM) ) = O(m^{2s+2}),

(118) 2k_mp^mD (( {α_1q^x_1 }, . . . , {α_sq^x_s } ) x∈[n_m,n_{m+1}) ) = O(m^{2s+1}).

(119) Proof. We denote the left side of (118) by σ. Equation (2) implies that σ ≤ k_m−1∑

x_3=0 1∑ x_2=0

σ(x_2, x_3),

(120)

with

σ(x_2, x_3) = MD^{(s)} (( {α_1q^{nm+2kmx1+kmx2+x3} 1 }, . . . , {α_sq^{nm+2kmx1+kmx2+x3} s } ) x_1∈[0,M) ) . We apply k^{(i)} = 2k_m − x_3, i = 1, . . . , s to Lemma 5:

σ(x_2, x_3) ≤ sM q^{2km−x3} + MD^{(s)} ((( {α_iq^{nm+2kmx1+kmx2+x3} i }_{2km −x3} ) i=1,...,s ) x_1∈[0,M) ) , where q = min(q_1, . . . , q_s). Using (15), we obtain, similarly to (79), that {α_iq^{nm+2kmx1+kmx2+x3} i }_{2km−x3} = {q^x3_i a^{(m)}_{i,x2} x_1 p^m } k_m−x_{3,i} + 1 q^{km−x3} i {a^{(m)}_{i,x2+1}(x_1 + x_2) p^m } k_{m,i} .

Then Lemma 6 (with k_i = k_m − x_3 and l_i = k_m, i = 1, . . . , s) shows that

σ(x_2, x_3) ≤ 2sM q^{2km−x3} + 2^sMD^{(2s)} ((({q^x3_i a^{(m)}_{i,x2} x_1 p^m }) i=1,...,s, ({a^{(m)}_{i,x2+1}(x_1 + x_2) p^m }) i=1,...,s ) x_1∈[0,M) ) . Now Corollary 2 (with T = P = p^m) implies that

σ(x_2, x_3) ≤ 2sM q^{km} + 2s2^sM p^m + 2^s ∑ h_0∈C(p^m) ∑ h∈C_{2s} (p^m)

r^{−1}(h_0, p^m)r^{−1}(h, p^m)

× | |^p m−1∑ x_1=0 e (( h_0x_1 + s∑ i=1 ( q^{x3}_i h_ia^{(m)}_{i,x2} x_1 + h_{s+i}a^{(m)}_{i,x2+1}(x_1 + x_2) )) /p^m )| | . Applying Lemma 1, (14), and (112), we obtain

σ(x_2, x_3) ≤ 4s2^{2s} + 2^sA_3(x_3, m, x_2, a^{(m)}_{1,0} , . . . , a^{(m)}_{s,1} ).

From (14), (116), (120), and Corollary 9, we get (118). Using (117), we similarly obtain (119).

End of the proof of Theorem 2. Let N be in [n_r, n_{r+1}). Define D(N_1, N_2) = 0 for N_2 ≤ 0, and

(121) D(N_1, N_2) = N_2D (( {α_1q^x_1 }, . . . , {α_sq^x_s } ) x∈[N_1,N_1+N_2) ) for N_2 > 0 .

Using (2), (14), and Lemma 20 we have for M ∈ [1, 2k_mp^m] that D(n_m, M) ≤ D ( n_m, 2k_m[M/2k_m] ) + 2k_m = O(m^{2s+2}) .

(122)

Applying (2),(14), (118), (119), (121), and (122), we get the assertion of Theorem 2:

D(1, N) ≤ D(1, 2k_1p) + r∑ m=2 D(n_m, 2k_mp^m) + D(n_r, N + 1 − n_r)

= O (^r∑ m=1 m^{2s+1} + r^{2s+2} ) = O(r^{2s+2}) = O(log^{2s+2} N) .

5. Appendix The proof of Proposition 1. We follow [KN p.70]. Let s_1, s_2 ≥ 1 be integers. Consider a box v ⊂ [0, 1)^s, a block of digits G_{s1,s2} = {g_{i,j} ∈

{0, . . . , q − 1} | i = 0, . . . , s_1 − 1, j = 1, . . . , s_2}, a configuration ω = (d_{i,j} )_{i,j≥1} with d_{i,j} ∈ {0, . . . , q − 1} and real numbers

α_m = ∞∑ n=1 d_{m,n}/q^n . Now let A_v(M, N) = # { (m, n) ∈ [1, M] × [1, N] | ({α_mq^n}, . . . , {α_{m+s−1}q^n}) ∈ v } , S(M, N, G_{s1 ,s2} ) = # { (m, n) ∈ [1, M] × [1, N] | d_{m+i,n+j} = g_{i,j} , i ∈ [0, s_1), j ∈ [1, s_2] } . The block (d_{m+i,n+j} )^{s1−1 s2}_{i=0, j=1} is identical with G_{s1,s2} if and only if

α_{m+i} = [α_{m+i}] + n∑ k=1 d_{m+i,k} q^k + g_{i,1} q^{n+1} + · · · + g_{i,s2} q^{n+s2} + ∞∑ k=n+s_2+1 d_{m+i,k} q^k , or {α_{m+i}q^n} = g_{i,1} q + · · · + g_{i,s2} q^{s2} + ∞∑ k=s_2+1 d_{m+i,k} q^k , or {α_{m+i}q^n} ∈ [g_{i,1}qs_2−1 + · · · + g_{i,s2} q^{s2} , g_{i,1}q^{s2−1} + · · · + g_{i,s2} + 1 q^{s2} ) = Δ_i(G_{s1,s2} ), i ∈ [0, s_1).

It follows that S(M, N, G_{s1 ,s2} ) = A_v(M, N), with v = s_1−1∏

i=0 Δ_i(G_{s1,s2} ).

Now suppose that the double sequence ({α_mq^n}, . . . , {α_{m+s1−1}q^n} ) m,n≥1 is uniformly distributed in [0, 1)^{s1} . Then A_v(M, N) = q^{−s1s2} MN + o(MN), with max(M, N) → ∞, and so ω is a normal lattice configuration.

Conversely, if ω is a normal configuration, then A_v(M, N) = S(M, N, G_{s1 ,s2} ) = MNmes v + o(MN), where v = ∏_{s1−1} i=0 Δ_i(G_{s1,s2} ), mes v = q^{−s1s2} and max(M, N) → ∞ . This holds for all G_{s1,s2} . Therefore A_v(M, N) = MNmes v + o(MN), (123) for all boxes v = ∏_{s1} i=1[0, γ_i) with γ_i = h_i/q^{s2} , h_i ∈ {0, . . . , q^{s2} − 1}, s_2 ≥ 1, i = 1, . . . , s_1, and max(M, N) → ∞ .

526 Mordechay B. Levin

Now let v be a box with arbitrary γ_i ∈ (0, 1] (i = 1, . . . , s_1), and let ϵ ∈ (0, 1) be given. Put s_2 = 1+[− log_q ϵ] and put h_i = [γ_iq^{s2} ], i = 1, . . . , s_1. Then A_{v1} (M, N) ≤ A_v (M, N) ≤ A_{v2} (M, N), (124)

where v_1 = ∏_{s1} i=1[0, h_i/q^{s2} ) and v_2 = ∏_{s1} i=1[0, (h_i + 1)/q^{s2} ).

It is easy to see that γ_i ∈ [h_i/q^{s2} , (h_i +1)/q^{s2} ), with i = 1, . . . , s_1, 1/q^{s2} < ϵ. According to [Ni, Lemma 3.9 ] max(|mes v_1 −mes v|, |mes v_2 −mes v|) ≤ 1−(1−1/q^{s2} )^{s1} ≤ s_1q^{−s2} ≤ s_1ϵ . From (123) and (124) we deduce that A_v(M, N) = MN(mes v + ϵ_1) + o(MN), where |ϵ_1| ≤ s_1ϵ, and max(M, N) → ∞ . Hence for all s_1 ≥ 1 and all boxes v ⊂ [0, 1)^{s1} , A_v(M, N) = MNmes v + o(MN), with max(M, N) → ∞, and so ({α_mq^n}, . . . , {α_{m+s1 −1}q^n} ) m,n≥1 is a uniformly distributed double

sequence in [0, 1)^{s1} .

Acknowledgment. I am very grateful to the referee for many corrections and suggestions which improved this paper.

References

[C] D. J. Champernowne, The construction of decimal normal in the scale ten. J. London Math. Soc. 8 (1935), 254–260.

[Ci] J. Cigler, Asymptotische Verteilung reeller Zahlen mod 1. Monatsh. Math. 64 (1960), 201–225.

[DrTi] M. Drmota, R. F. Tichy, Sequences, Discrepancies and Applications. Lecture Notes in Mathematics 1651, Springer-Verlag, Berlin, 1997.

[Ei] J. Eichenauer-Herrmann, A unified approach to the analysis of compound pseudorandom numbers. Finite Fields Appl. 1 (1995), 102–114.

[KT] P. Kirschenhofer, R. F. Tichy, On uniform distribution of double sequences, Manuscripta Math. 35 (1981), 195–207.

[Ko1] N. M. Korobov, Numbers with bounded quotient and their applications to questions of Diophantine approximation. Izv. Akad. Nauk SSSR Ser. Mat. 19 (1955), 361–380.

[Ko2] N. M. Korobov, Distribution of fractional parts of exponential function. Vestnic Moskov.

Univ. Ser. 1 Mat. Meh. 21 (1966), no. 4, 42–46.

[Ko3] N. M. Korobov, Exponential sums and their applications, Kluwer Academic Publishers, Dordrecht, 1992.

[KN] L. Kuipers, H. Niedrreiter, Uniform distribution of sequences. John Wiley, New York, 1974.

[Le1] M. B. Levin, On the uniform distribution of the sequence {αλ^x}. Math. USSR Sbornik 27 (1975), 183–197.

[Le2] M. B. Levin, The distribution of fractional parts of the exponential function. Soviet.

Math. (Iz. Vuz.) 21 (1977), no. 11, 41–47.

[Le3] M. B. Levin, On the discrepancy estimate of normal numbers. Acta Arith. 88 (1999), 99–111.

[LS1] M. B. Levin, M. Smorodinsky, Explicit construction of normal lattice configuration, preprint.

[LS2] M. B. Levin, M. Smorodinsky, A Z^d generalization of Davenport and Erdös theorem on normal numbers. Colloq. Math. 84/85 (2000), 431–441.

On normal lattice configurations 527

[Ni] H. Niederreiter, Random Number Generation and Quasi-Monte Carlo Methods. SIAM, Philadelphia, 1992.

[Ro] K. Roth, On irregularities of distributions. Mathematika 1 (1954), 73–79.

Mordechay B. Levin Department of Mathematics and Computer Science Bar-Ilan University Ramat-Gan, 52900 Israel E-mail : mlevin@macs.biu.ac.il