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Abstract

Alice and Bob are playing a very simple game. Each of them starts with a pile of
n chips, and they take turns to remove 1 or 2 chips from their own pile randomly and
independently with equal probability. The first player who removes all chips from their
pile is the winner. In this paper, we find the winning probability for Bob and analyze
a new integer sequence. We also show that this game is highly disadvantageous to the
second player, which is counter-intuitive. Furthermore, we study several variations of
this game and determine the winning probability for Bob in each case.

1 Introduction

Take-away games are mathematical games that involve two players, who take turns to remove
items from a pile or multiple piles of objects. The winner is the first player achieving a certain
predefined goal.

Here is a classical single-pile take-away game: Alice and Bob take turns to remove 1 or 2
chips from a pile of finitely many chips, with Alice going first. Whoever removes the last chip
is the winner. Such a game and many variations are well-studied, for example by Schwenk
[4].

Another similar take-away game is the game of Nim. It involves multiple piles, and each
player may remove one or more chips from one of the piles. Again, whoever removes the
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last chip is the winner. Berlekamp, Conway, and Guy [2] as well as Bouton [3] thoroughly
discussed the strategies of this game.

In recent years, mathematicians revisited many well-studied deterministic problems in a
probabilistic setting. In this paper, we begin with a basic version of a probabilistic take-away
game: Alice and Bob each have a pile of n chips, and they take turns to remove 1 or 2 chips
from their pile, with Alice going first. Whether to remove 1 or 2 chips is decided by flipping
a fair coin. In other words, every move is independent, and the probability of removing 1 or

1
2 chips is 5 each. If there is only 1 chip left in the pile, then it is removed with probability

1 in the next move. The first player who removes all chips from their pile is the winner.
Equivalently, the game can be played in the following manner: Alice and Bob start with no
chips, and they take turns to collect 1 or 2 chips randomly and independently with equal
probability. The first person who collects at least n chips is the winner. This model of the
game avoids the complication when there is only 1 chip left, thus it is preferred and will be
adopted in this paper.

Let p,, denote the probability that Bob wins by collecting at least n chips before Alice

does. At first glance, one may suggest that p, = 3 since the game seems to be fair to

1

both Alice and Bob. With more thought, one may realize that p, < 3 since Bob is in a
disadvantageous position by having one fewer move half the time. It is also reasonable to
predict that p,, converges to 5 a8 T goes to infinity. In this paper, we study precisely what
pn is for each n, and how this sequence behaves.

It is apparent that p; = 0, since Alice wins on the first move. When n = 2, Bob can only
win if Alice collects 1 chip in her first move and Bob collects 2 in his first move, implying

1

that p, = T To study p,, in general, we need some formal definitions.

Let X1, Xo, ..., X, Y1, Y5, ..., Y, beindependent identically distributed random variables

1

such that P(X; = 1) =P(X; =2)=PY,; =1) =P(Y; =2) = L where X; and Y; represent
the number of chips collected by Alice and Bob in the i-th move respectively.

Before we proceed to derive the formula, let us first study the initial terms of p,. As

1
mentioned, p; = 0 and py = 1 The following calculations find p, when n = 3,4,5,6, and 7.
When n = 3,

ps =P((X1, X5) = (1,1)) - P((Y1,Y2) = (1,2),(2,1), or (2,2))
13 3
11 16



When n =4,

ps=P((X1, X5) = (1,1),(1,2), or (2,1)) - P((Y1,Y2) = (2,2))
+P((X1, X2, X3) = (1,1,1))
P((V1,Ys,Y3) =(1,1,2),(1,2,1),(2,1,1),(1,2,2), or (2,1,2))
1 1 5 17
Z+

3 _ 7
: .

8 8 64
When n =5,
ps =P((X1, Xo, X3) = (1,1,1),(1,1,2),(1,2,1), or (2,1,1))
P((V1,Ys,Y3) =(1,2,2),(2,1,2),(2,2,1), or (2,2,2))
+ P((X1, X2, X5, X4) = (1,1,1,1))
P((Y1,Ys, Y3, V) = (1,1,1,2),(1,1,2,1),(1,2,1,1),(2,1,1,1),(1,1,2,2), (1,2, 1,2),

or (2,1,1,2))
1 1+ 1 7 1
2 2 16 16 256
When n = 6,

pe = P((X1, Xa, X3) # (2,2,2)) - P((Y1,Y2,Y3) = (2,2,2))
+ P((X1, X2, X3, Xy) = (1,1,1,1),(1,1,1,2),(1,1,2,1),(1,2,1,1), or (2,1,1,1))
P((Y1,Ys, Y3, Ya) = (1,1,2,2),(1,2,1,2),(1,2,2,1),(2,1,1,2),(2,1,2,1),(2,2,1,1),
(1,2,2,2),(2,1,2,2) or (2,2,1,2))
+ P((X1, X2, X3, X4, X5) = (1,1,1,1,1))
P((Y1,Ys, Y3, Yy, Vs) = (1,1,1,1,2),(1,1,1,2,1),(1,1,2,1,1),(1,2,1,1,1),(2,1,1,1,1),
(1,1,1,2,2),(1,1,2,1,2),(1,2,1,1,2), or (2,1,1,1,2))
5 9 1 9 301

T16 16 32 32 1024

7 1
8 8



When n =7,

pr =P((X1, Xo, X5, X4) # (1,2,2,2),(2,1,2,2),(2,2,1,2),(2,2,2,1), and (2,2,2,2))
P((V1,Ys, Y5, Y1) = (1,2,2,2),(2,1,2,2),(2,2,1,2),(2,2,2,1), or (2,2,2,2))
+ P((X1, Xo, X3, X4, X5) = (1,1,1,1,1),(1,1,1,1,2),(1,1,1,2,1),(1,1,2,1,1),
(1,2,1,1,1), or (2,1,1,1,1))

(1,1,1,2,2),(1,1,2,1,2),(1,1,2,2,1),(1,2,1,1,2),

(1,2,1,2,1),(1,2,2,1,1),(2,1,1,1,2),(2,1,1,2,1),

(2,1,2,1,1),(2,2,1,1,1),(1,1,2,2,2),(1,2,1,2,2),

(1,2,2,1,2), ( ),(2,1,2,1,2), or (2,2,1,1,2))

+ P((X1, X2, X3, X4, X5, Xg) = (1,1,1,1,1, 1))

P((Y1,Y2,Y3,Ys, Y5, Y5) = (1,1,1,1,1,2),(1,1,1,1,2,1),(1,1,1,2,1,1),(1,1,2,1,1,1),
(1,2,1,1,1,1),(2,1,1,1,1,1),(1,1,1,1,2,2),(1,1,1,2,1,2),
(1,1,2,1,1,2),(1,2,1,1,1,2), or (2,1,1,1,1,2))

_L5 6 16 1 11 1275

16 16 32 32 64 64 4096

. ]P)((}/la YVQa }/})7 Y47 }/5)

2,1,1,2,2

Y b A

From these calculations, it seems that the denominator of p, is 4"~!. As for the nu-
merator, we observe that the sequence 3,17,71,301, 1275 satisfies the recurrence relation
Tpio = 42,1 + x,. However, when we use these two observations to project pigo, we get
P1oo ~ 64.4353, which is absurd since p, < 1. In other words, the pattern developed from
small cases is not helpful, so we need to generalize our calculations to obtain a formula
for p,. Nevertheless, the fact that these five terms satisfy an elegant recurrence relation is
interesting.

In Section 2, we present a complete solution for this basic probabilistic take-away game.
In Section 3, we discuss two integer sequences obtained from this result. In Section 4,
we extend our calculations to some general versions of this probabilistic take-away game.
Finally, in Section 5, we discuss some numerical computations and approximations of the
probabilities, as well as some open questions.

2 Results for the basic version

Let S = Zle X;, and T), = Zle Y;. It is clear that

n

Pn = Z (P(Sp <n)-P(T), > nand Ty < n)). (1)
k=1
Let s = |[{i: X; = 2,1 <i <k}, and let t,, = [{i:Y; = 2,1 < i < k}|. Notice that



sk + k = Sk and t; + k = T),. Hence, equation (1) becomes

n

pn:Z(P(sk<n—k)~]P’(tk2n—kandtk,1<n—(k—1))).

k=1

—k—1

n—k—1 n
1 k hy,
Note that P(s), <n —k) = — 2 ( ) Let hy = ;:0 (z)’ soP(sp <n—k)= o

Then
Pty >n—kandty_ 1 <n—(k—1) =Pty >n—k)—Ptr_.1>n—(k—1))

2 () 2 ()

i=n—k i=n—(k—1)
_1 hy, ] he1\  2hg—1 — hy
ook 0 2kt ) T ok

“~ hi(2hy—1 — h
Hence, p, = Z at k4kl k) If we rearrange the terms, we have
k=1

2hihy <~ —4hZ_, +2hk_1hy B2 " 2hy_y (hy — 2hi_1)
R — =1ty T ,

pn = 4k 4’!1
k=2 k=2

since hyg = 1, hy = 2, and h,, = 0. By adding the two expressions for p, obtained in the last
two lines and dividing the sum by 2, we have

1 (2hiy — hp)? 1 (2h —h
=g =g gy e ®
k=2

Finally, we have the following lemma.

"Ik k k—1
Lemma 1. Let h;, = Z ; . Then 2h_1 — hy, = "k + N

i=0
Proof.
n—(k—l)—l n—k—1
k—1 k
2hi_1 — hy, =2 —
w2 ()= ()

c;)"g(gff)+(‘zi)><’é>



Remark 2. The above proof of Lemma 1 is purely algebraic. Here is an alternate proof that
is more combinatorial.

2h—1 — hy

o —kand tp_y <n—(k—1))

(tx
(Tk n and Tj_; < n)

(Tk—nor Ty 1—n—1anka—2))
(tk—n—kor(tk 1—n—k:anka—2))
() Gon) 1 (R + (o)

2k 2k=1 2 2k ’

which yields our desired result.

Applying Lemma 1 to equation (2), we obtain the following theorem.

Theorem 3. Alice and Bob take turns to collect 1 or 2 chips randomly and independently
with equal probability. The probability that Bob collects at least n chips before Alice is

=332 ()~ (D)

n
It is worth noting that the summation can start from k = {5-‘, since all the summands

are zero when k < 5 However, we decide to start the summation from k = 1 since it is

more elegant.

3 Observations on the sequences

c
Let p, = d_n’ where ¢, and d,, are nonnegative integers that are relatively prime. Notice that

g1 k kE—1\\

n—1 _ _ = n—k—1 . . .
4=ty = 5 2;4 ((n—k>+(n—k)> is an odd integer, since

1< k -1\’

- 477,7/671

2 (5= Gow)

1 n—1 n n—2 24_471 n n n—1\\

2 1 1 0 0

1

= 5(@n=3)"+1) = 20" —6n +5

is an odd integer, and all other summands are even. In other words, d, = 4!, and

1 . k k—1\\
=3 <4n _ ;4n—k ((n B k) + (n B k)) ) As mentioned in Section 1, we observed

6




that c3, ¢4, cs5, cg, and ¢y satisfy the recurrence relation ,, 1o = 4,11 +x,, but this recurrence
relation does not hold from cg onwards. The integer sequence ¢, is added to the On-Line
Encyclopedia of Integer Sequences (OEIS), listed as A265919. The integer sequence formed
by the numerators of the winning probabilities for Alice is listed as A265920.

Apart from the integer sequences that we discovered, we are also very interested in the
sequence of fractions p,. The disadvantage that Bob has due to Alice going first should be
less significant as n increases, so it is reasonable to believe that p, should increase with n.
This trend is mostly true: with the exception of n = 3, p,_1 < p, for all n up to 5000.

Another interesting observation about p, is that its convergence rate towards 3 is slow.

For example, pigo ~ 44.83%, which is very surprising since most people would believe that
the disadvantage of Bob is insignificant by the time n reaches 100. In fact, pigoo ~ 48.36%,
P1oooo =~ 49.48%, and progooo ~ 49.84%. In other words, the fact that Bob starts second puts
him in a significantly disadvantageous position, which is counter-intuitive.

Theorem 3 solves this basic probabilistic take-away game, but there are several variations
of the game that one can study. For instance, what is the winning probability for Bob in
the following scenarios?

1. Alice and Bob take turns to collect a or b chips randomly and independently with equal
probability, where a < b are positive integers.

2. Alice and Bob take turns to collect a or b chips randomly and independently with
probabilities p and 1 — p respectively, where a < b are positive integers and p € [0, 1].

3. Alice and Bob take turns to collect aq, as, ..., or a,, chips randomly and independently
with probabilities pi, po, ..., p, respectively, where a1 < ay < --- < a,, are positive
integers, D1,P2;- -y Pm € [07 1]7 and p1+p2+ -+ P = 1.

4 Results for general cases

Before we proceed, let us introduce a different proof of Theorem 3. This proof is due to
Taoye Zhang (personal communication, October 2015). Let Xy, Xo,..., X, Y}, Ys,...,Y,
be independent identically distributed integer-valued random variables, where X; and Y;
represent the number of chips collected by Alice and Bob in the i-th move respectively. Let
Si = Zle X;, and T}, = ZleYi. Let rp, = P(Skx > nand Sy_; < n), and let a be the
minimum positive integer such that P(X; = a) > 0.

11 1 )

Lemma 4. The probability that Bob wins the game is 3 3 T
k=1
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Proof. Since {S, > n and Sy < n}lgkg[n] are mutually exclusive events and their union
covers the entire sample space, we have

Z Tkzl.

1<k<[2]

Hence, the probability that Bob wins the game is

k=1 i=1 k=1 i=k+1
1 =\ 2 Tz
= Y rme=c (Do | Do
1<k<i<[2] k=1 k=1
L1 8 2
=3 2"k
k=1

]

Second Proof of Theorem 3. Since Alice and Bob collect 1 or 2 chips randomly and indepen-
dently with equal probability, P(X; = 1) =P(X; =2)=PY;, =1) =PY; =2) = % Let
sp=1{i: X;=2,1<i<k},and let t;, =|{i:Y; =2,1<i <k} Notice that s, +k = Sy
and t, + k = T}. Hence,
e, =P(Sk =n) +P(Sx-1 =n—1 and X, = 2)
=P(sp =n—k)+P(sg-1 =n—k and X}, = 2)

S R
5 (1) (o))

Substituting this into the winning probability for Bob in Lemma 4 with a = 1 yields the

desired result. O]
x x
Next, we consider the three scenarios listed in Section 3. Let < ) = ( ) if yisa
Y int Y
x
nonnegative integer, and ( ) = 0 otherwise.
int



Theorem 5. Alice and Bob take turns to collect a or b chips randomly and independently
with probabilities p and g = 1 —p respectively, where a < b are positive integers and p € [0, 1].
Then the probability that Bob collects at least n chips before Alice is

]

k n b(k—1)—nti n—a(k—1)—i
. n—ak p b a q b—a + n—a(k—1)—i CL i p b—a q b—a
k=1 b—a / int =1 i

wnt

2
b(k—1)—n+i n4b—ak—i
+ § n— ak 1) i p b q bte
i

int

1 1
2 2

Proof. In this case, P(X; = a) =P(Y; =a) =pand P(X; =0) =P, =0) =1—p =¢q.
Let s, = [{i : X; = b1 < i < k}|, and let ¢, = [{i : V; = b,1 < i < k}|. Notice that
sk(b—a)+ ka =Sy and t(b — a) + ka = Ty. Hence,

a—1 b—1
r, =P(Sy =n) + ZP(Sk,l =n—i)+ ZIP’(Sk,l =n—iand X; =)
i=1 i=a

a—1 .
n — ak n—alk—1)—1
IP(Sk: b—a,)+ ]P)(Sklz é_a) )

1
b—1 .
_ 1) —
+3 P <sk_1 _n-alk—D-i g X, = b)

-1
k bk—m n—ak < k — 1 b(k—1)—n+i n—a(k—1)—1
~ \ n—ak pbteqte + § n—a(k—1)—1i p b-e q b=a
b—a mnt i=1 b—a int
b—1
k—l b(k—1)—n+i n—a(k—1)—1:
+ E n—a(k—1)—i p b q bma g
1=a b—a int
—1
bhn noak < kE—1 b(k—1)—n+i n—a(k—1)—i
=\ n—ak prreqbte + E n—a(k—1)—1i p b q b=a
b—a 7 int i=1 b—a int
b—1
kE—1 b(k=1)—n+i nitb—ak—i
+ § n—a(k—1)—1i p tb-e q b
i=a b—a int

Substituting this into the winning probability for Bob in Lemma 4 yields the desired
result. O

1
In particular, if p = 3 then we have the following corollary.

Corollary 6. If Alice and Bob take turns to collect a or b chips randomly and independently
with equal probability, where a < b are positive integers, then the probability that Bob collects



at least n chips before Alice is

Lo ey i A A ’
5 - 5 ’ 4_k n—ak +2- Z n— a(k 1 + Z n—a(k—1)—i
k=1 b—a / int int  i=a b—a int

1
Proof. Substituting p =q = 3 into the probability found in Theorem 5, we have

(%—‘ k a—1 k—1 b—1 k 2
1 1 k 1 k—1 1 k—1 1
2 (), () - () () - (e 0)
=1 b—a / int i=1 b—a int j= b—a int

This yields our desired result. O]
Theorem 7. Alice and Bob take turns to collect ay, as, ..., or a, chips randomly and
independently with probabilities pi,ps, ..., pm respectively, where ay < ay < --- < a,, are

positive integers, pi,pa, - -, Pm € [0,1], and p1 +pa + -+ pn, = 1. The probability that Bob
collects at least n chips before Alice is

—
2
_

N | —
N |

m
k Skt
2. (S s ) 117
k=1 (skl,skg,...,skm)eZ;’“‘U: kLy Ok2y -« -y okm /=1

221:1 Skgg=n
Z;nzl Skg:k

a;j—1

595 SHNED SN (RPN 11 (1 p oty

J=li=a;_1 (sg1,5K2;Skm ) ELL:
m =
2 ge Skgag=n—i
m
Zg:l Skg:kfl

Proof. In this case, P(X; = a;) = P(Y; = a;) = p, for all j = 1,2,...,m. Let s;; = |{i :
Xi=a;,1 <i<k},andlet ty; = [{i:Y; =a;,1 <i <k}, Wherej—l 2,...,m. Define

10



ap = 1. Notice that Z;n:l sgja; = Sy and Z;n:l tr;a; = T). Hence,

a;—1

P(Sk =n) +Z Z P(Sk—1 =n—1and Xy = a;,aj41,..., O )

j=1i=a;_1

m
)i
- l
S S ..., S
(Sk155K25++58km ) EL T W ok okm/

m —
29:1 Skgdg=n

Zm Spg=k

a;—1

Sy (B e (Se).

J=Lli=aj-1 (sg1,8k2;0-,5km ) €LY
m :
29:1 Skglg=n—1
m
2 g1 Skg=k—1

Substituting this into the winning probability for Bob in Lemma 4 with a = a; yields
the desired result. O

5 Further observations and open questions

The numerical results given by the formulae in Theorems 3, 5, and 7 can also be computed
by using recursive formulae and dynamic programming. This is particularly useful for the
case in Theorem 7, since it significantly reduces the computational complexity.

Let position (i,j) denote the instance when Alice and Bob have already collected n — i
and n — j chips respectively. In other words, Alice and Bob need to collect ¢ and j chips
respectively to win the game. Let

P, ; = P(Bob wins from position (7, j) | Alice starts).
Then
P(Alice wins from position (i, j) | Alice starts) =1 — P, ;,
P(Alice wins from position (4, j) | Bob starts) = P,

and
P(Bob wins from position (4, j) | Bob starts) = 1 — P;;.

In each case, the winning probability for Bob is given by P, ,,.
Under the conditions given in Theorem 3, F; ; satisfies the recurrence relation

1 1 1
Pij =51 = Pjim) + 5(1 = Piiz) =1 = o(Pji1 + Piia).

Under the conditions given in Theorem 5, P, ; satisfies the recurrence relation

P i=pl—Pia)+ql—Pip)=1—(pPji—a+qPLjis).

11



Finally, under the conditions given in Theorem 7, F; ; satisfies the recurrence relation

Py = Zpg(l — Pjia,) =1— Zpgpj,ifag-
9=1 g=1

In all three cases, the initial conditions for P ; are
1. P;; =0 for all 4,j € Z such that i < a and j > 1;
2. Pj=1foralli,je€ Zsuchthat ¢ > 1 and j <0,

where a is the least number of chips that Alice or Bob can collect in one move. Note that
we do not need to specify P ; if ¢,7 <0.

Another observation is related to the numerical approximation of p, in the basic proba-
bilistic take-away game. Recall from Theorem 3 that

1 1< 1 k E—1\\>
pn—§—§;@(<n_k)+(n_k>) ~

The following nonrigorous arguments suggest that

1 27

DPn~ 7 —

2 32mn’

First,

2w (5 (00) 3% # (i (7))

(5]

By Stirling’s approximation, when n is large, this is approximately

ok (5)* (3kn>>

1 «— 1
I

vt ( 2m(n — k) (2=£)""" \2x(2k — n) (%)

which can be simplified to

k

1 < k22 1 (3k —n)?
p 92k+2 k(n — k)20v=R)+1(2 — p)2Ck=n)+1 ' k2 g

k=31

and can be transformed into

1
s



We are going to approximate the last sum by turning it into an integral, with the discrete
variable k replaced by a continuous variable u. The integral is

L (3-3)°
%/,; u (2_n . 2)2(n—u)+1 (4 B Q_n)2(2u—n)+1 u
2 U

u

2n
We can perform a substitution x = —, which yields
U

l/2 (3_3)2 <_2_n> dzx.
TJa 2 (g 9)2n=F)r1(g 228\ 2

This integral simplifies to

I (6 —x)?
A Jy p(x — 2)F @ DHL(4 — ) ¥ (E-a)HL

Y

and we further transform it into

i 4 (6 - SL‘)2 =2 In((@—2)" 2 (4—z)t-7
471'/2 x(z —2)(4 —x) € i )d‘r‘ (4)
Let \
I(n) = /2 F(2)e @ d
where f(z) = x(x(—6 2_)EE4)Q— ) and ¢(r) = _?2 In((z —2)*2(4 — x)*~*). This is a Laplace

2
integral. Note that ¢/(z) = — In((z —2)7*(4 — 2)*), whose only zero on the interval (2,4)
x

4
is x = 3. Note also that f(3) =3 # 0 and ¢"(3) = —3 < 0. Although I(n) is an improper

In4
integral, since hI% ¢(x) = —In4 and lirr}l o(x) = —HT, the techniques on a Laplace integral
T— T

[1, pp. 261-267] still apply. Hence, we have

T e (3) T3 s
]<n)N\/2_f(3)¢ :\/2_31): /%' (5)

vV —ng"(c) \/—n- (—

Substituting (5) into (4) yields (3).
Finally, after studying various scenarios in Section 4, there are still some related open
questions. One such question is the following.

Ol

Question 8. Find the winning probability for Bob if Alice and Bob take turns to lose 1 chip
(i.e., collect —1 chip) or collect 2 chips randomly and independently with equal probability.

13
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