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Abstract

Let (Gm)m>0 be an integer linear recurrence sequence (satisfying some weak tech-
nical conditions) and let z > 1 be an integer. In this paper, among other things, we are
interested in non-consecutive combinations xG,+, + G, that belong to the sequence
(Gm)m>o for infinitely many positive integers n. In this case, we make explicit an up-
per bound for z that depends only on a and the zeros of the characteristic polynomial
of this recurrence (this generalizes previous papers of Trojovsky). As an application,
we study the Fibonacci case.

1 Introduction

A sequence (G,)n>0 is a linear recurrence sequence with coefficients ¢, c1,...,cx—1, with

Co 7& O, if
Gtk = Cho1Gngi—1 + -+ c1Gpy1 + oG, (1)

for all positive integers n. A recurrence sequence is therefore completely determined by the
initial values Go, G1, ..., Gi_1, and by the coefficients cg, c1, ..., cx_1. The integer k is called
the order of the linear recurrence. The characteristic polynomial of the sequence (G,),>¢ is
given by

Y(x) =2 — ™t — =i — .
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It is well-known that for all n we have
Gn=gi(n)af + -+ g(n)ay, (2)

where «; is a zero of 1(x) and gj(x) is a polynomial over a certain number field, for
J =1,...,¢. In this paper, we consider only integer recurrence sequences, i.e., recurrence
sequences whose coefficients and initial values are integers. Hence, g;(n) is an algebraic
number, for all j =1,...,¢, and n € Z.

In this paper we explore a problem that is related to papers [1, 2, 4, 6, 7]. Possibly the
most famous recurrence sequence is the Fibonacci sequence (F,,),>o defined by the recurrence
F.i1 = F,+ F,_1 (n > 1) with initial values Fy = 0 and F; = 1. Its companion sequence
is the sequence of Lucas numbers (L, ),>o that are defined by the same recurrence but with
initial values Ly = 2 and L = 1.

The Fibonacci numbers are known for their amazing properties (see [3] for the history,
properties, and rich applications of the Fibonacci sequence and some of its variants). Among
several attractive algebraic identities involving these numbers, we point out the identities of
the form

2P0+ F, = Fopp.

For instance, when a = 1, Trojovsky [6] proved that z = 1 and = 2 are the only values
providing identities. A question arose: what happens if a > 17 Are there other identities?
The answer is Yes, as for example we have

11Fn+5 +F, = Fn+10-

Thus, the aim of this work is to combine some Diophantine tools (asymptotic estimates and
Galois theory) in order to study the possibilities of existence of such identities in the case
of a general linear recurrence. In particular, we show that it is possible to obtain an upper
bound for x in the case when zG,, + G, belongs to the sequence (G,,)m>o for infinitely
many integers m. This upper bound is effective and can be made explicit by means of a and
the recurrence sequence. More precisely, our main result is the following

Theorem 1. Let (Gy)n>0 be an integer linear recurrence (of order at least 2) such that its
characteristic polynomial 1(x) has a simple positive zero that is the only zero lying outside
the unit circle. If x > 1 is an integer such that G, o+ G, belongs to (Gu,)m>o for infinitely
many integers n, then

2
— 3
"< @
where Y(B) =0 and |f| == max |z].

P(2)=0,]2[<1

Let us give a brief overview of our strategy for proving Theorem 1. First, by supposing
that G, + Gn = Gyn), we prove that ¢(n) = n + b, for some integer b (this is done
by using asymptotic results for G,). Next, we use the asymptotic formula for G,.;/G,



(when ¢ € {a,b}) to obtain the equation xa® + 1 = a®, where « is the dominant root of the
sequence (Gp,)m>0. Since a > 1, the right-hand side of the previous identity can be very
large. However, by conjugating by some convenient automorphism of the Galois group of
the characteristic polynomial of the recurrence, we get |z4® + 1| = |3|> < 1 (since we are
supposing that the algebraic conjugates of « are inside the unit circle). In conclusion, we
obtain an upper bound for  depending on S and a.

As an application of our Theorem 1, we completely solve the case when (G,)n,>0 =
(Fy)n>0- More precisely, we prove that

Theorem 2. If

for infinitely many pairs (n,m) of positive integers, then there exists a nonnegative integer
k such that

a=2k+1, m=n+4k+2 and v = Logy;.
In particular, we have the identity
Logy1Fnyori1 + Fn = Foyarso,

for alln, k > 0.

2 General recurrence sequences

2.1 Auxiliary facts

In this section, we recall some results that will be very useful for the proof of the above
theorems. Let ¢(x) be the characteristic polynomial of a linear recurrence (G, ),>0. One
can factor ¢(x) over the set of complex numbers as

(x) = (= o)™ (z — )™ - (x —ag)™, (5)
where a, ..., a; are distinct non-zero complex numbers (called the roots of the recurrence)
and my,...,m; are positive integers. The fundamental result in the theory of recurrence
sequences asserts that there exist uniquely determined non-zero polynomials ¢;,...,g9, €

Q({ay}ioy)[x], with degg; <mj; — 1, for j =1,...,¢, such that
Gn=gi(n)af + - + gi(n)ay, for all n. (6)
For more details, see [5, Theorem C.1]. A root a; of the recurrence is called the dominant

root if |a;| > |y, for all j # i € {1,...,t}. The corresponding polynomial g;(n) is called
the dominant polynomial of the recurrence.



In the case of the Fibonacci and Lucas sequences, the above formula is known as Binet’s
formula:
a — Bn

a—p
where a = (14++/5)/2 (the golden number) and 8 = (1—+/5)/2 = —1/a. Now we prove some

lemmas that are essential ingredients in what follows. Throughout the paper, o denotes the
dominant root of (G},)n>o0-

F, = and L, = a" + 8", (7)

Lemma 3. Let { be any integer and let (G,,)n>0 be any linear integer sequence satisfying the
hypotheses of the Theorem 1. Then

lim St = of 8)

.
n—oo G, 1

Proof. The proof can be found in [6, Lemma 1].
Now we are ready to deal with the proofs of our results.

2.2 The proof of Theorem 1

Suppose that £G4 + Gn = Gy for infinitely many n (say, n € S), where t(n) € Z, for all
n. By dividing the relation :L‘Gn+a + Gy, = Gyn) by G, we obtain xG”+a +1= t(") Now,
by letting n — oo (n € S) in the previous relatlon by using Lemma 3 and the fact that the
algebraic conjugates of a; lie on the unit circle, we get zaf +1 = lim,,_,o0 nes 041( n)-n Then,
since |ay| > 1, the limit lim, oo nes (£(n) —n) exists and is finite. However, t(n) —n is a
sequence of integers, and so it must be constant for all sufficiently large n (in S). We let b
denote that constant. Therefore, we can rewrite this identity as

ol +1=al. (9)

Set K=Q{a}_,). If 8 € {ag,...,a} and | 8| = max{|as|, ..., ||}, then consider the
automorphism ¢ in Gal(K/Q) given by «y — . By applying o in the equality in (9), we
obtain

x4+ 1=p". (10)

Now taking absolute values, together with the reverse triangular inequality and by using
the fact that |3] < 1, we arrive at

Bl'w =1 < |8+ 1] = 8P < 1.

This implies that x < 2/|5]%, which completes our proof.



3 The Fibonacci case

In the case of Fibonacci numbers, we use the previous theorem to obtain that if
an+a + Fn

is a Fibonacci number for infinitely many integers n, then = < 2/|8|* = 2a“, since af = —1.
Now we can use the same machinery of the previous section to arrive at the Diophantine

equation
ra® +1=a’ (11)

Clearly, this implies that a < b (since z > 1). Also, by using that x < 2a%, we get

o’ =za®+1< 2% +1 < 302 < a?'3,

where we used the fact that a® > 3. Thus, b < 2a + 3. The case a = 1 was already treated
in [6, Theorem 2]. If a = 2, then we have that 1 < z < 2a? < 6 and 2 < b < 7. By using a
simple Mathematica routine, we obtain that there is no solution to

ol +1=a

in the range 1 <z <5 and 3 < b < 6. Thus, we may suppose that a > 2.
Now let us conjugate the relation in (11) by the Galois automorphism « — 3. Hence, we
have

B +1=p" (12)
By subtracting (11) and (12), we obtain

.I'(Cka o ﬁa) — Oéb - ﬁb,

which yields F, = Fy, by Binet’s formula. This implies that F, | F}, and so a | b. However,
a < b < 2a+ 3 < 3a (this last inequality holds because a > 3) and therefore b = 2a. Thus,
x = F,/JF, = F5,/F, = L,. Now it remains to prove that a is an odd number. In fact, by
(11), we have

Lea® +1=a*

and by Binet’s formula
a® = Lya* +1=(a"+ %" +1=a* + (af)* + 1.

Thus,
0= (af)*+1=(-1)"+1

implying that a is odd. The result is proved.



4 Conclusion

In this paper, we proved that if we have a linear recurrence sequence (Gy,),>o satisfying
some weak technical conditions (related to its roots) and if we have an identity of the form
2Gpia+ Gy = Gy, valid for infinitely many integers pairs (n, m), then the value of x must be
bounded by 2/|5|%, where g is the second largest root (in absolute value) of the recurrence.
This result provides a very efficient way of finding possible identities, since this “second
largest root” can be bounded (or even found) in an effective way. As an application, we
worked on the case of Fibonacci numbers and we determined all identities in this case. In
particular, we proved that x is a Lucas number with odd index.
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