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Abstract

We obtain explicit formulas for the p-adic valuations of Fibonomial coefficients
which extend some results in the literature.

1 Introduction

The Fibonacci sequence (F,)n,>1 is given by the recurrence relation F,, = F,_; + F,_» for
n > 3 with the initial values I} = F5 = 1. For each m > 1 and 1 < k < m, the Fibonomial
coefficients (T,'j)  are defined by

(m) = M- Fy :Fm—k+1Fm—k+2"'Fm
k F (F1F2F3Fk)(F1F2F3Fm_k) F1F2F3...Fk ?

m

where F), is the nth Fibonacci number. If £ = 0, we define (k)F = 1 and if kK > m, we define

(T:) » = 0. It is well known that (7,?) 18 an integer for all positive integers m and k. So it
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is natural to consider the divisibility properties and the p-adic valuation of (’z) - As usual,
p always denotes a prime and the p-adic valuation (or p-adic order) of a positive integer n,
denoted by v,(n), is the exponent of p in the prime factorization of n. In addition, the order
(or the rank) of appearance of n in the Fibonacci sequence, denoted by z(n), is the smallest
positive integer k such that n | Fj. The Fibonacci sequence and the triangle of Fibonomial
coefficients are, respectively, A000045 and A010048 in OEIS [25]. Also see A055870 and
A003267 for signed Fibonomial triangle and central Fibonomial coefficients, respectively.

In 1989, Knuth and Wilf [8] gave a short description of the p-adic valuation of (’Z) o
where C' is a regularly divisible sequence. However, this does not give explicit formulas

for (T]Z) - Then recently, there has been some interest in explicitly evaluating the p-adic

valuation of Fibonomial coefficients of the form (;’Z)F For example, Marques and Trojovsky
[10, 11] and Marques, Sellers, and Trojovsky [12] deal with the case b = a + 1, a > 1.
Ballot [2, Theorem 4.2] extends the Kummer-like theorem of Knuth and Wilf [8, Theorem
2], which gives the p-adic valuation of Fibonomials, to all Lucasnomials, and, in particular,

uses it to determine explicitly the p-adic valuation of Lucasnomials of the form (gz)U, for all
nondegenerate fundamental Lucas sequences U and all integers b > a > 0, [2, Theorem 7.1].

Note that in the formula given by Marques and Trojovsky [11, Theorem 1| for U = F
and b = a + 1, only the case of a even is actually explicitly computed. It appears, using
the theorem of Ballot [1, Theorem 7.1], that their stated result for a odd is correct only for
primes p for which p? does not divide F,(,), where z(p) is the rank of appearance of p in the
Fibonacci sequence. Also see Examples 16 and 18 in this article.

Our purpose is to extend Ballot’s theorem, Theorem 7.1, in the case U = Frand b > a > 0
bp?
lop®

that ¢,p” > lyp®. This leads us to study the p-adic valuations of integers of the forms

VﬂJ; or {MJ ] (1)

m m

and obtain explicit formulas for ( )F, where ¢; and /5 are arbitrary positive integers such

where p = £+1 (mod m). For instance, we obtain in Example 17 the following result: for
positive integers a, b, ¢ with b > a, and a prime p distinct from 2 and 5, if p = +1 (mod 5),

then
l/ <(€pb) ) _ b+yp(Fz(p)) +Vp(€)7 if Z(p) | é;
"\\r* ) » 0, otherwise.

Furthermore, if p = 42 (mod 5), then

0, if £ =1—2¢ (mod z(p));
v ((gpb) ) _ o+ w(Fag) +1p(6), if £=0 (mod 2(p));
"\\rt /g 5 if £ £0,1—2¢ (mod z(p)) and a is even;
“7_1 + vp(Fap)), if £ #£0,1—2¢ (mod z(p)) and a is odd,
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where ¢ = 1 if a and b have different parity and ¢ = 0 otherwise. We also obtain the
corresponding results for p € {2,5} in Examples 15 and 19. These extend all the main
results in [10, 11, 12] and Ballot’s theorem, Theorem 7.1, in the case U = F.

Recall that for each x € R, |z] is the largest integer less than or equal to x, {z} is the
fractional part of x given by {z} = = — |z|, and [z] is the smallest integer larger than
or equal to . In addition, we write a mod m to denote the least nonnegative residue of a
modulo m. We also use the Iverson notation: if P is a mathematical statement, then

1, if P holds;
[P] = {

0, otherwise.

For example, [5 = —1 (mod 4)] =0 and [3 = —1 (mod 4)] = 1.

We organize this article as follows. In Section 2, we give some preliminaries and useful
results which are needed in the proof of the main theorems. In Section 3, we give exact
formulas for the p-adic valuations of integers (1). In Section 4, we apply the results obtained
in Section 3 to Fibonomial coefficients. Our most general theorem is Theorem 13. Finally, in
Section 5, we give the p-adic valuations of some specific sub-families of Fibonomial coefficients
of type (1), since generally, the more specific the family, the shortest the formula becomes.

For more information related to Fibonacci numbers, we invite the readers to visit the

second author’s Researchgate account [23] which contains some freely downloadable versions
of his publications [5, 6, 7, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22].

2 Preliminaries and lemmas

Recall that for each odd prime p and a € Z, the Legendre symbol (%) is defined by
0, if p | a;
(%) =<1, if a is a quadratic residue of p;

—1, if a is a quadratic nonresidue of p.

Then we have the following result.

Lemma 1. Let p # 5 be a prime and let m and n be positive integers. Then the following
statements hold.

(i) If p > 2, then pr(%) =0 (mod p).
(ii) n | Fy, if and only if z(n) | m.
(iii) z(p) | p+ 1 if and only if p=2 or — 2 (mod 5), and z(p) | p — 1 otherwise.

(iv) ged(2(p),p) = 1.



Proof. These are well known results. For example, (i) and (ii) can be found in [4, p. 410]
and [26], respectively. Then (iii) follows from (i) and (ii). By (iii), z(p) | p £ 1. Since
ged(p,p £ 1) = 1, we obtain ged(z(p), p) = 1. This proves (iv). ]

Lengyel’s result and Legendre’s formula given in the following lemmas are important
tools in evaluating the p-adic valuation of Fibonomial coefficients. We also refer the reader
to [10, 11, 12, 15] for other similar applications of Lengyel’s result.

Lemma 2. (Lengyel [9]) Forn > 1, we have
0, if n =1,2 (mod 3);
v(F,) =<1, if n =3 (mod 6);
ve(n) +2, ifn=0 (mod 6),
vs(F,) = vs(n), and if p is a prime distinct from 2 and 5, then

(F,) = {Vp(n) + Vp(Fup)), if n=0 (mod 2(p)) :
n 0, if n #£ 0 (mod z(p)),

Lemma 3. (Legendre’s formula) Let n be a positive integer and let p be a prime. Then

v, (nl) = i HCJ .

k=1 p

p

In the proof of the main results, we will deal with a lot of calculation involving the floor
function. So it is useful to recall the following results.

Lemma 4. Forn € Z and x € R, the following holds
(i) [n+x] =n+|x],
(i) {n+ 2z} ={z},

<m>uy+ka:{;L e

—{z}, ifz&Z;
<w>{x}—{ e

. J (o) + () < L
V) Le o) = { w+1 S o)+ (> 1,

(vi) {MJ |Z] forn > 1.



Proof. These are well-known results and can be proved easily. For more details, see in [,
Exercise 13, p. 72] or in [3, Chapter 3]. We also refer the reader to [14] for a nice application
of (v). O

The next lemma is used often in counting the number of positive integers n < x lying in
a residue class a mod ¢, see for instance in [24, Proof of Lemma 2.6].

Lemma 5. Forx € [1,00), a, ¢ € Z and q > 1, we have
T —a a
1= — 2
N R @

1<n<z
n=a (mod q)

Proof. Replacing a by a+ ¢ and applying Lemma 4, we see that the value on the right-hand
side of (2) is not changed. Obviously, the left-hand side is also invariant when we replace a
by a+ ¢. So it is enough to consider only the case 1 < a < ¢. Since n = a (mod ¢q), we write
n =a+ kq where k > 0 and a + kg < x. So k < %. Therefore

r—a Tr —a a
S il e R A
1<n< z-a {qJ
<n<z 0<k< z=a
n=a (mod q) a

]

It is convenient to use the Iverson notation and to denote the least nonnegative residue
of @ modulo m by a mod m. Therefore we will do so from this point on.

Lemma 6. Let n and k be integers, m a positive integer, r = n mod m, and s = k mod m.

Then V;kJ - |2]- {%J —r<s).

Proof. By Lemma 4(i) and the fact that 0 < < m, we obtain

n n—r r n-—r T n-—r
2= |25 2] -2 |2 -2
m m m m m m
k—s

Similarly, L%J = === Therefore L"T’kj is equal to

{n—r k—s r—sJ n—r k—s V—SJ {
m m m m m m




3 The p-adic valuation of integers in special forms

In this section, we calculate the p-adic valuation of L%J I'and other integers in similar forms.

Theorem 7. Let p be a prime and let a > 0, £ > 0, and m > 1 be integers. Assume that
p==+1 (mod m) and let 6 = [¢ £ 0 (mod m)]. Then

W oty e (L), fp=1(modm
v (L%J !) = fr(ﬁ;ji — 50+ ([%J') ) if p=—1 (mod m) and a is even;
ii’(’::g — %5 - {%} + v, (L%J') , ifp=—1 (mod m) and a is odd.

We remark that if m = 1 or 2, then the expressions in each case of this theorem are all
equal.

Proof. The result is easily verified when @ = 0 or £ = 0. So we assume throughout that
a>1and ¢ > 1. We also use Lemmas 4(i), 4(vi), and 5 repeatedly without reference. By
Legendre’s formula, we obtain

(5 -2 ] -2 15 ] 2 5 -2 5 ()

=1 j=1 j=a+1 =1
(3)

From (3), it is immediate that for m = 1, we obtain

1%

() = D,

So we assume throughout that m > 2.

Case 1. p=1 (mod m). Then, for every k > 0, p* =1 (mod m) and

][ - )

Therefore the sum Z?:l VP(HJ appearing in (3) is equal to

S ) () G- ) - ()

Case 2. p = —1 (mod m). Then for k& > 0, we have p* = 1 (mod m) if k is even, and
p* = —1 (mod m) if k is odd. Therefore

e ko ko
{@J:{M+£J:M+{£J if k> 0 and k is even,

m m m m m

k k k
ViJ _ LM_ﬁJ zwjﬁ—q if k>0 and k is odd.
m m m m m



Therefore the sum 2521 VpafjJ appearing in (3) is equal to

Z ((p*7 —1 14 Z ((p* +1 14
m m - m m
1<j<a 1<j<a
—j=0 (mod 2) a—j=1 (mod 2)
, 14 14 14 14
[ E a—j __ § | — E — R
1<j<a 1<j<a 1<j<a
j=a (mod 2) j=a—1 (mod 2)

SR

By Lemma 4(iii), we see that

{£J+{—%J:—M$0ﬁmdmﬂ:—d

m

Therefore if a is even, then (4) is equal to
BT
RO =

and if a is odd, then (4) is equal to
o (o [1]) 22 (5 )

e L
E- ()]

m(p —
This completes the proof. O

We can combine every case in Theorem 7 into a single form as given in the next corollary.

Corollary 8. Assume that p, a, £, m, and  satisfy the same assumptions as in Theorem 7.
Then the p-adic valuation of [%J! is

-1 H 5— {f}[ag (mod 2)]

m(p—1) 2 m

46 LgJ (1—2{%}) p=1 (mod m)] + v, Q%J !) . (5)



Proof. This is merely a combination of each case from Theorem 7. For example, when
p = —1 (mod m), the right-hand side of (5) reduces to

(zg - 1; HiE {%} @ =1 (mod 2)] + 1, Q%J !)

fr(L(; B 5+VP(L£J!), if a is even;
B i(jz; B (8o —{L+v,([£]Y), ifaisodd,

which is the same as Theorem 7. The other cases are similar. We leave the details to the
reader. ]

Next we deal with the p-adic valuation of an integer of the form W%J! where a, b,

(1, U5, and m are positive integers. It is natural to assume £,p® — fop® > 0. In addition, if

a = b, then the above expression is reduced to %J I, which can be evaluated by using

Theorem 7. We consider the case b > ¢ in Theorem 9 and the other case in Theorem 10.

Theorem 9. Let p be a prime, let a be a nonnegative integer, and let b, m, {1, ly be positive

integers satisfying b > a and l1p® — lop® > 0. Assume that p = &1 (mod m). Then the
following statements hold.

(i) If p=1 (mod m), then

v, (leb;ﬂJ !) _ (51191)_;&%)(11;“ -1) u {él n_f?} +u, (leb_ij !) .
(i) Ifp=—1 (mod m) and a = b (mod 2), then
(5 - (5 e
- EJ [0 2 €5 (mod m)] + v, QWT_EQJ !) .
(iii) Ifp=—1 (mod m) and a % b (mod 2), then
(5])- (e

- SJ [0y # —Ll3 (mod m)] + v, ({W#J !) :

We remark that if m = 1, the expressions in each case of this theorem are equal.




Proof. The result is easily checked when a = 0, and as discussed above, if b = a, then the
result can be verified using Theorem 7. So we assume throughout that ¢ > 1 and b > a.
Similar to the proof of Theorem 7, we use Lemmas 4(i), 4(vi), and 5 repeatedly without
reference. Then, as for (3), we obtain

(1p® — Laop® | 4y pbT — lypr | GpbI — lypI
(=) - P

j=1 j=a+1
a / b—j / a—j Y b—a __ /
:lep 2P J_i_yp({lp QJ!)' (6)
et m m

We see that when m = 1, (6) becomes

(Lp"* = b)(p* — 1)
p—1

So assume throughout that m > 2. We begin with the proof of (i). Suppose that p =

1 (mod m). For each 1 < j < a, we have

le"‘j — Ezp“‘jJ _ leb‘j — 0y Lp¥T =1y Lh- ézJ

v ((Gp° — Cp™)!) = + v, ((Lip"* = b))

m m m m
Uy — lyp b0 n by — by
n m m m '
Then the sum Z?:1 {%J appearing in (6) is equal to
b oy b oy (L= [L—0
m Z b m b ¢ m m

1<j<a 1<j<a

_L (P =D\ b (pt=1)  fh—b
m p—1 m\p—1 m

" —6)p" -1 {M} '

m(p—1) m
This proves (i). So from this point on, we assume that p = —1 (mod m). Foreach 1 < j < a,
we have
OpP 7 —bop™ || ap" T = ()" lyp™ T — (1)l n (=1)"774, — (=1)* Ly
m N m m m

m m m

L = lgp™ B (=170 — (=1)*770y + {(_wal - (_1)‘1][2J

LpbTI—topi=I (1) (0 —5) + {(*Ub_j(flffz)J if a = b (mod 2):

m m m

m m m

OpPI—lop®I (=1 (G+L2) + {(*Ub_j(fﬂr@z)J ifa#b (IIlOd 2)'



Case 1. a = b (mod 2). Then the sum 7, LMJ appearing in (6) is equal to

2 by b - (61 - @) 1y L fl —0y) J
— p == P - +
m m 5. m Z Z

1<j<a 1<j<a 1<j<a
b—a __ a_ 1 _ _
_ (4p bL)(p*—1) (51 52) S 30 L fl fz)J' (7)
m(p - 1) m 1<j<a 1<j<a

Observe that
Z (—1)P = 0, if a is even;
=, 11, ifaisodd.

So we have oy oy

( 17; 2) > (-1 = ( 17; 2> [a=1 (mod 2)].

1<j<a

It remains to calculate the last term in (7). If ¢; = {5 (mod m), then we obtain by Lemma

4(iii) that
if a is even;
el 42 , if a is odd;

Vl — {9

ZV 1) 51—52

1<j<a

J a =1 (mod 2)].

Similarly, if ¢; # ¢ (mod m), then we obtain by Lemma 4(iii) that

(=129 () — 0y) -3, if a is even;
Z \‘ m J B 1P a—1 : :

‘
1<j<a [ e J — %=, if ais odd;

- Vl _&J [a=1 (mod 2)] - L%J .

In any case,

1<j<a L s _62)J N Vl _EQJ [a=1 (mod 2)] - SJ [0, # 0y (mod m)].

m

Therefore (7) is equal to

(6"~ — L) (p* — 1) (51 _62) [a=1 (mod 2)] + Vl _£2J [a =1 (mod 2)]

m(p—1) m m
- {gJ [0, 2 £ (mod m)]

_ ("=l 1) {51 — b
m(p—1) m

} la =1 (mod 2)] — EJ [0, 2 £, (mod m))].

10



This proves (ii). Next we prove (iii).

Case 2. a # b (mod 2). Similar to Case 1, the sum 2?21 {MJ appearing in (6) is

equal to
(Lp" = L) (p* — 1) (51 + €2> b—j (=1l + L)
m(p - 1) m 1825(1 1§]Z§a m
OipP= —4y)(p* — 1 O+ ¢ —1)9(0, + ¢
:(1p 2)(p )—I— e [aEl(mon)]+Z ()76 +6) . (8)
m(p —1) m , m
1<j<a
If ¢, = —¢5 (mod m), then we obtain by Lemma 4(iii) that
Z {(—1)b_j(€1 + KQ)J 0, if a is even;
5. m N |—8EL] 1 if g is odd;
O+ 0
= |- =1 2)|.
{ - J la (mod 2)]
Similarly, if ¢; # —¢5 (mod m), then we obtain by Lemma 4(iii) that
Z L(—l)b—j(fl + 62)J T if a is even;
. m N -8t ] — el if g is odd;
. fl + 62 o a
- {— - J[a:l(mod2)]— bJ

In any case, >, {MJ = [-2t2|[a =1 (mod 2)] — | %] [¢4 £ —{> (mod m)].

m m

Therefore (8) is equal to
(Elpb_“ — £2>(pa — 1) (gl + 62
+
m(p—1) m
a
. bJ [0, % —f5 (mod m)]

_ (flpb—;?pﬁi)(f;a -1 {_glmi} [a=1 (mod 2)] — LgJ (01 £ —{5 (mod m)].

=1 (mod 2)]

) =1 (mod 2)] + {—gl HQJ la

m

This completes the proof. O

Next we replace the assumption b > a in Theorem 9 by b < a. The calculation follows
from the same idea so we skip the details of the proof. Although we do not use it in this
article, it may be useful for future reference. So we record it in the next theorem.

Theorem 10. Let p be a prime, let b be a nonnegative integer, and let a, m, {1, {5 be positive
integers satisfying b < a and {1p® — lop® > 0. Assume that p = 41 (mod m). Then the
following statements hold.

11



(i) If p=1 (mod m), then

([ ) - e e ()

(i) Ifp=—1 (mod m) and a=b (mod 2), then
” QMJ !) _ G =) {61 - 62} b=1 (mod 2)]

m m(p—1) m

- EJ 101 # £ (mod m)] + v, QMJ !) |

m

(iii) Ifp=—1 (mod m) and a # b (mod 2), then
" QMJ !) (= bp P —1) {61 + ez} b=1 (mod 2)

m m(p—1) m
b 0 — €2pafb
Proof. We begin by writing v, QW%J !) as
b ; ; o0 ; ;
(pP T — Lop* lp* T — Lop®
Z { m " Z m '
Jj=1 j=b+1

01 —Lopa~?
m

The second sum above is v, (L J !). The first sum can be evaluated in the same way

as in Theorem 9. We leave the details to the reader. ]

When we put more restrictions on the range of ¢; and /5, the expression v, ({W#J !>

appearing in Theorems 9 and 10 can be evaluated further. Nevertheless, since we do not
need it in our application, we do not give them here. In the future, we plan to put it in the
second author’s Researchgate account. So the interested reader can find it there.

4 The p-adic valuations of Fibonomial coefficients

Recall that the binomial coefficients (Z‘) is defined by

(m): k,(%k),, if 0 <k <m;
k 0, if k<0ork>m.

12



k)) is equal to the number of
carries when we add k& and m — k in base p. From this, it is not difficult to show that for all
primes p and positive integers k, b, a with b > a, we have

b a
Vp <(p )) =b—a, or more generally, v, ((i)) =a—v,(k).
pa

Knuth and Wilf [8] also obtain the result analogous to that of Kummer for a C-nomial

coefficient. However, our purpose is to obtain v, ((7]?) F) is an explicit form. So we first

A classical result of Kummer states that for 0 < k <m, v, ((m

express v, ((’;‘) F) in terms of the p-adic valuation of some binomial coefficients in Theorem

11. Then we write it in a form which is easy to use in Corollary 12. Then we apply it to

obtain the p-adic valuation of Fibonomial coefficients of the form (ZIIZZ)F

Theorem 11. Let 0 < k < m be integers. Then the following statements hold.

(i) Letm/ = || Kk = |£]|, and let r = m mod 6 and s = k mod 6 be the least nonnegative

residues of m and k modulo 6, respectively. Then
, m _, m’ N r+3| |r—s+3| |s+3 _g|r=s
“\\&/),.) P\ 6 6 6 6
m—k-+6
+ [r < s — )

(if) w5 ((¥) ) = s ((¥))-

(i) Suppose that p is a prime, p # 2, and p # 5. Let m' = L%J, kK = {%J, and let
r = mmod z(p), and s = k mod z(p) be the least nonnegative residues of m and k
modulo z(p), respectively. Then

w (1) )= () <o (w ("= ) +wtrn)

Proof. We will use Lemmas 4(i) and 5 repeatedly without reference. In addition, it is useful
to recall that for every a,b € N, v,(ab) = v,(a)+1,(b) and if b | a, then v,($) = v,(a) —v,(b).
Since the formulas to prove clearly hold when £ = 0 or m, we assume m > 2 and 1 < k < m.

13



By Lemma 2, we obtain, for every ¢ > 1,

Vz(F1F2F3"'F£) = Z

6

_|_

l
3=
6

+3|=

Then we obtain from the definition of (), and from (9) that

v ((m) F) — (P Py Fp) — va(F1Fy - Foyy) — va(F1Fy - )

k

(2

(GO

L5
- ()

e

The expression in the first parenthesis in (10) is equal to

r—s+3

Lm—r 7“+3J - {(m—r)—(k—s)+

6+6 6

r—s+3

(- 1= 15)

- k—s+
6 6
— 5

s+ 3
6

6 6 6

[

Similarly, the expression in the second parenthesis is

s(la)- 5

Therefore (10) becomes

(1)) 15[

m—r+v+3J_(m—r)—(k—s)

|

_{6

J_G_

(10)

s



where z = mT_k and y = %. By Lemma 4(v), we see that

oty (LﬁZfJ% if {o} + {y} < 1
LRI () () + 1), i e} + {y) > 1
. if {} + {y} < 1
e () it ey 2

By Lemma 4(ii), we obtain

{x}z{(m_”g(k_s)ﬂgs}:{Tgs} and{y}:{kgs—f—%}:g.

Ifr > s, then {z} +{y} = {52} + & =52+ £ = < 1. If r < s, then we obtain by Lemma
4(iv) that {z} + {y} = {5~ }+%:1 55+ & =14 § > 1. Therefore

=]

, if r>s;

PRI N

)
Ll | ) (|metts )y it < s, .
(i

Substituting (12) in (11), we obtain part (i) of this theorem. The calculation in parts (ii)
and (iii) are similar, so we give fewer details than given in part (i). By Lemma 2, for every
¢ > 1, we have

vs(FiFy - Fy) = > ws(Fy) = Y vs(n) = ws(l),

1<n<e 1<n<e

which implies

vy <(7IZ> F) = vs(m!) — (k) — vs((m — k)!) = vs ((’IZ)) .

For (iii), we apply Lemmas 2 and 1(iv) to obtain

w(BF-F)= ) pE)= Y (m0) Fu(Fp)

1<n</ 1<n<t
n=0 (mod z(p)) n=0 (mod z(p))
= Z vp(kz(p)) + J (Fep))
1<k< Z(p

**()

=r( | )) + ) o

As in part (i), the above implies that

(1)) = (L) = et v = Lal = L) (13

15



m

where z = Z—;k and y = - In addition, if 7 > s, then {z} + {y} < 1 and if r < s, then

z(p)
{z} + {y} > 1. Therefore (13) can be simplified to the desired result. This completes the

proof. O

By Theorem 11(ii), we see that the 5-adic valuations of Fibonomial and binomial coeffi-
cients are the same. So we focus our investigation only on the p-adic valuations of Fibonomial
coefficients when p # 5. Calculating r and s in Theorem 11(i) in every case and writing
Theorem 11(iii) in another form, we obtain the following corollary.

Corollary 12. Let m, k, r, and s be as in Theorem 11. Let

e ) () (=5

and for each prime p # 2,5, let A, = v, Q;(Z)J !) -V (L%J !) —y, ({mka !)_ Then the
following statements hold.

(A, if r > s and (r,s) # (3,1),(3,2), (4,2),
Ay +1, if (r,8) = (3,1),(3,2), (4,2);

3 m Ay +3, ifr <sand (r,s) #(0,3),(1,3),(2,3),
o ((7),) (1,4), (2,4), (2,5)

A2+27 Zf(?"S) ( )(
{ (2,5).

(ii) For p # 2,5, we have

m Ap; Zf?” 2 S;
P\ \ K A, + 0 (F ‘
F p+ Vp( Z(p))7 if r<s.

Proof. For (i), we have 0 <7 < 5 and 0 < s <5, so we can directly consider every case and
reduce Theorem 11(i) to the result in this corollary. In addition, (ii) follows directly from
(13). O

:3),(2,3), (1,4),(2,4),

In a series of papers (see [11] and references therein), Marques and Trojovsky obtain a

formula for v, <(£Z)F> only when b = a + 1. Then Ballot [2] extends it to any case b > a.

Corollary 12 enables us to compute v, ((ﬁ;ﬁZ)F> We illustrate this in the next theorem.

Theorem 13. Let a, b, {1, and {5 be positive integers and b > a. Let p # 5 be a prime. As-
sume that {1p° > lop® and let m, = Vlzp(;aJ and k, = L (;)J . Then the following statements
hold.

16



(i) If a =b (mod 2), then vy ((Z;Z) F> is equal to

(V2 ((7,:22)) ) if {1 = {5 (mod 3) or ¢y =0 (mod 3);

a+2+ vy (mg — ko) + 1 ((7@‘;)) : if 4 =0 (mod 3) and ¢5 # 0 (mod 3);
(%w + 14+ vy (me — ko) + 15 ((Zf)) . if 01 =1 (mod 3) and ¢ =2 (mod 3);

28]+ (). if 6, =2 (mod 3) and €, =1 (mod 3),
and if a Z b (mod 2), then vy <(2§Z)F> is equal to
(VQ ((2‘;)) : if {4 = —{5 (mod 3) or f5 =0 (mod 3);
a+ 2+ vy (me — ky) + s <(TZ;)> , if (7, =0 (mod 3) and 5 Z 0 (mod 3);
1 1252 + v, (). if =1 (mod 3) and €, =1 (mod 3);
\ (4] 4+ 1+ s (my — ka) + 10 <(’]?22)> , if 64 =2 (mod 3) and ¢, = 2 (mod 3).

p # 5 be an odd prime and let v = £1p° mod z(p) and s = lyp® mod z(p). If
+1 (mod 5), then

w((35) ) =< sl @totm =)+ ntmo) +o, (1)),

and if p = £2 (mod 5), then v, <(2§2)F> is equal to

) Lot

'yp <(7:§)> ; if r =15 orly =0 (mod z(p));
a+vp(Fapy) + v (my — k) + 1 ((kp)> , if 1 =0 (mod z(p)) and
ly # 0 (mod z(p));
5+ ((ZZ:)) , if r > s, £1,0o Z 0 (mod z(p)),
and a is even;
S+ up(Fap)) + v (my — ky) + 1 ((kp)) . afr <s, {1, Z0 (mod z(p)),

and a is even;

a—;rl + v, (my, —ky) + 1, ((C?:)) , if r > s, l1,0o Z 0 (mod z(p)),
and a is odd;
a_;l + vp(Fop) + vp ((T;?;’)) ; ifr <s, {1, 0 (mod z(p)),

\ and a s odd.

17



Remark 14. In the proof of this theorem, we also show that the condition » = s in Theorem
13(ii) is equivalent to {1 = 5 — 20s[a # b (mod 2)| (mod z(p)). It seems more natural to
write 7 = s in the statement of the theorem, but it is more convenient in the proof to use
the condition ¢ = 5 — 205[a #Z b (mod 2)] (mod z(p)).

Proof of Theorem 13. We apply Corollary 12 to calculate 14 <(2;Z)F> with m = £,2°, k =

052%, v = £12° mod 6, and s = £,2* mod 6. For convenience, we also let ' = ¢; mod 3,
and s’ = 5 mod 3. Therefore Ay given in Corollary 12 is

() () ()

By Corollary 8, the first term on the right-hand side of (14) is equal to

gl(zb; -0 V’; 1J (6, # 0 (mod 3)] — {%} [b=0 (mod 2)] + v, Q%J !)

_ f1(2b31 - V); 1J £ 0] — g[b = 0 (mod 2)] + v Q%J 1) . (15)

Similarly, the second term is

S/

3

b —1) {a —1

. 120

14
l[a =0 (mod 2)] + 1 ({éJ !) : (16)
To evaluate the third term on the right-hand side of (14), we divide the proof into two cases
according to the parity of a and b.

Case 1. a = b (mod 2). Observe that ¢; = 5 (mod 3) if and only if ' = §'. In addition,
{83} = {’"lgsl} and V;S/J = —[r" < §|. Then by Theorem 9, the third term on the
right-hand side of (14) is equal to

(6,20 — eg)(zal -1) {r’ g s'} [a=0 (mod 2)] — V ; 1J [ # s+ 1 QL?)_&J !>

(6,20 — é;)(za‘l -1 (7"’ —s i < S,]) [a=0 (mod 2)] — { J [ # 5]

‘o Q“T—KJ !) | (an)

Recall that mqy = {%J and ko = L%J Since b — a is even, 27 =1 (mod 3) and we

obtain by Lemma 6 that

a—1

\\512ba —

3 J—m2—k2—[r'<s/].

18



Therefore v, QW%J !) is equal to

va(ma!) — [! < '|va(ms — ks) — 13 ((m2m——2'kz)'> .

By Corollary 8, v5(msy!) is equal to

3 2

We substitute the value of v, <LW%J !) in (17) and then substitute (15), (16), and (17)

in (14) to obtain Ay. We see that there are some cancellations. For instance,

/

%([a =0 (mod 2)] — [0 =0 (mod 2)]) =0,

()~ ([5)) = ()
Then we obtain

Ay = — V_TIJ [ 0] + V;J [ # 0] + [ < &'][a =0 (mod 2)]

+V§1J £ ]

and

[ 0] + [ < s'|va(mma — ko) + v ((%)) . (8)

2 ko

Next we divide the calculation of A, into 4 cases:

e Case 1.1. ¢, = {5 (mod 3) or ¢, =0 (mod 3),
e Case 1.2. {; =0 (mod 3) and ¢, #Z 0 (mod 3),
e Case 1.3. {; =1 (mod 3) and ¢y = 2 (mod 3),
e Case 1.4. ¢/, =2 (mod 3) and ¢, =1 (mod 3).

Since the calculation in each case is similar, we only show the details in Case 1.1 and Case
1.2. So assume that ¢; = ¢y (mod 3). Then 7’ = s" and (18) becomes

e e ()

Since — V’_le + [“T_lj + b_T“ =0, we see that As = 1 ((Zf)) Next if ¢5 = 0 (mod 3), then

ko

and ¢5 #Z 0 (mod 3). Then 7 =0, s # 0, and (18) becomes

Ay — V;J +a=0 (mod 2)] + L%J va(ma — ko) + v ((TZ;)) |

19

s’ = 0 and the same calculation leads to Ay = vy ((m2)> Next assume that ¢; = 0 (mod 3)




Observing that the sum of the first three terms above is equal to a — 1, we obtain A, =
a—1+ve(my — ko) + 19 ((Z‘;)) The other cases are similar. Therefore A, is

'VQ ((’Zj)) , if £, = {5 (mod 3) or ¢, =0 (mod 3);
a— 14wy (mg — ko) + 112 ((’Z;)) , if ;1 =0 (mod 3) and ¢y # 0 (mod 3);
L%J + vy (Mg — ko) + 1 ((’;;2)) , if 1 =1 (mod 3) and ¢, = 2 (mod 3);

)

=5t 4 (7). if ¢, = 2 (mod 3) and £ = 1 (mod 3).

ko

\

Recall that » = £12° mod 6 and s = ¢5,2* mod 6. Therefore

(0, if ¢, =0 (mod 3);
r=42, ifbiseven and ¢; =2 (mod 3) or if b is odd and ¢; = 1 (mod 3);
if b is even and ¢; =1 (mod 3) or if b is odd and ¢; = 2 (mod 3),

and

(0, if ¢, =0 (mod 3);
s =42, ifaiseven and ¢, =2 (mod 3) or if a is odd and ¢, =1 (mod 3);
if a is even and {5 = 1 (mod 3) or if a is odd and /5 = 2 (mod 3).

To obtain the formula for s ((ﬁ;gi

Case 1.4 as before. Then we consider the values of r and s in each case, and substitute A, in
Corollary 12. This leads to the desired result. Since the calculation in each case is similar,

we only give the details in Case 1.3. In this case, Ay = \_%J + vo(mae — ko) + 1o ((Zf)),
(r,s) =(2,4) if a and b are odd, and (r,s) = (4,2) if @ and b are even. By Corollary 12, we

obtain
<(€12b> ) Ay +2, if a and b are odd;
LV et
2\ 420 P Ay +1, if a and b are even,
= "g"‘ + 14+ I/Q(mg — ]{32) —+ 9 <(m2)> s
2 .

as required. The other cases are similar.

)F>, we divide the calculation into 4 cases: Case 1.1 to

Case 2. a # b (mod 2). The calculation in this case is similar to Case 1, so we omit some
details. By Theorem 9, the third term on the right-hand side of (14) is equal to

(4,20 — f;)(?“l - {_ % } [a=0 (mod 2)] — V; 1J (61 # 05 (mod 3)]

o (| 222 (19
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Since b — a is odd, £,;2°7% = —’ (mod 3) and we obtain by Lemma 6 that

VlQb_“ — Uy

3 J:mg—k’g—B

where B = [(",s') € {(0,1), (0,2), (2,2)}]. Similar to Case 1, s Q%J 1) is

Vo (M) — Bus (ma — ks) — v ((mzm—j'kz)'> .

Then we evaluate v5(my!) by Corollary 8, and substitute all of these in (14) to obtain that
Ay is equal to

(5= |55 )20 Sh=0 ez« |52 |19 20
(E T N =0 (mod 2] + | =2 | 6y # —6 (mod 3] +
3 3 2 3

+ Buy (my — ks) + 1 ((7;22)) .

Then we divide the calculation into 4 cases and obtain that A, is

(1/2 ((Z‘;)) , if ¢, = —{5 (mod 3) or ¢, =0 (mod 3);
a—1+4+wvy(mg — ko) + s ((ng)) , if ¢4 =0 (mod 3) and f5 # 0 (mod 3);
|| + 1o <(7:22)) ; if /; =1 (mod 3) and ¢, =1 (mod 3);

\ || + 1o (Mo — ka) + 15 ((fj)) , if ;1 =2 (mod 3) and ¢, = 2 (mod 3).

We illustrate the calculation of Ay above only for the case 5 = 0 (mod 3) since the other
cases are similar. So suppose ¢, =0 (mod 3). So s’ = 0. If 7/ = 0, then it is easy to see that

Ay is equal to vy ((’Z‘;)) So assume that " # 0. Then A, is equal to x + y + 1 ((Z‘;)),

b—a—1 b—1 N a—1 0, if a is odd;
xr = —_ =
2 2 2 —1, if a is even,

y:—r [b=0 (mod 2>]+{_g}[a50(mod 2)]+7‘_/:{0, if a is odd;

3 1, if a is even.

where

ko 0529
into 4 cases according to the value of Ay, which leads to the desired result. This proves (i).

Therefore Ay = vy <(m2)) , asrequired. Asin Case 1, we divide the calculation of 14 ((6125) F)
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For (ii), we apply Corollary 12 with m = £;p® and k = f,p®. For convenience, we let
" =/¢; mod z(p) and s’ = ¢35 mod z(p). The calculation of this part is similar to that of
part (i), so we omit some details. We have

v (B () ()

Case 1. p = £1 (mod 5). Then by Lemma 1(iii), p = 1 (mod z(p)). By Corollary 8, the
first term on the right-hand side of (20) is equal to

N T
b_ - )
-1 )
and similarly, the second term is
e R (Eril]
By Theorem 9, the third term is

mﬁa—@@tﬂxw(ﬂ—d+w<ﬂ)+%<Vﬁi;éy>

z(p)(p—1) z(p) z(p)
Since p = 1 (mod z(p)), we obtain by Lemma 6 that
Elpb_a - é?J / /
—= 1 =m, —k,— [ <]
{ 2(p) i |
Therefore v, <lei;;)_£2J !) is equal to
my!
vp (my!) — [ < sy, (my — k) — 1 (W) :
p — Kp):

As usual, the first term above can be evaluated by Corollary 8 and is equal to

0 0 ()
———(b—a)—+1, | |—|!] .
w0 5 e

We substitute all of these in (20) to obtain

Ay =1 < SNt vty = )+, ().

P
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Since p = 1 (mod z(p)), r = r’ and s = s’. Substituting A, and applying Corollary 12, we
obtain the desired result.

Case 2. p = +2 (mod 5). Then by Lemma 1(iii), p = —1 (mod z(p)). By Corollary 8, the
first term on the right-hand side of (20) is equal to

et LR (o))
—— — || [ #£0] - b=1 (mod 2)] + v —!).
EpIrEayi F1 R e Rt RS A\
Similarly, the second term is
lo(p* — 1) al ., s ({ ly J >
——— — | =|[s #0] - a=1(mod 2)]+ v —1!).
G L3/ A0 e =1 tmod 204 (|
For the third term, we divide the proof into two cases according to the parity of a and b.
Case 2.1. a = b (mod 2). Then by Theorem 9, the third term on the right-hand side of
(20) is equal to
(01p°=% — £) (p* — 1) B (r’ -5
z(p)(p—1) z(p)

()

As in Case 1, we apply Lemma 6 to write

leba — 4y
z(p)

+[r' < 3’]) [a =1 (mod 2)] — LSJ [’ # 5]

J:mp—k;p—[r’<s’],

and then use Corollary 8 to show that v, (LMZ—;)*&J !) is equal to

ey o[ ) Ak ()

Substituting all of these in (20), we see that A, is equal to

b—a

_ EJ [ 0] + EJ [s" £ 0]+ [r' < §'][b=1 (mod 2)] + EJ " #£ '+ 5 [r" # 0]

+ [ < S (my — k) + 1 ((Z:))

r,/p ((’g;)) 7 if ¢4 = {5 (mod z(p)) or 5 =0 (mod z(p));
Jatw (my, — k) + 1, <(7§:)> , if /4 =0 (mod z(p)) and ¢, # 0 (mod z(p));
= EIERZ ((T]Z:) , if 41,05 # 0 (mod z(p)) and " > &';

\ (2] + v (my — k) + 1 ((’Z:)) , if 41,05 #Z 0 (mod z(p)) and 7’ < ¢'.
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Recall that r = ¢;p” mod z(p) and s = lyp® mod z(p). If a and b are even, then p® =

£1pP
Lap®

Corollary 12. Suppose a and b are odd. Then r = —r/ (mod z(p)) and s = —s' (mod z(p))
and thus when r and s are both nonzero or are both zero, we have

p* =1 (mod z(p)), r =1/, and s = &', and we can obtain v, (( )F> by substituting A, in

r>s ifand only if o' <.

Similar to the above, we can obtain v, ((Z;’Z)F> by the substitution of A, in Corollary 12.
We see that v, ((leb)> is equal to

Lop®

(Vp ((7;;’)) ; if {1 = {5 (mod z(p)) or 5 =0 (mod z(p));

a+vp(F.gpy) + vy (my — kp) + 1 <(’;§:)) , if 4 =0 (mod z(p)) and ¢, Z 0 (mod z(p));
5+ ((?:)) , if r>s, 01,0, %0 (mod z(p)), and a is even;
2L v (my — k) + 1 (1)) ifr >, 0,0, £ 0

(
S+ vp(Fop) + v (my — k) + 1 <(TZ§)> , ifr <s, 01,0, # 0 (mod z(p)), and a is even;
(
Ly (Fop) + 1 ((7,?:)) , if r <s, 01,0, %0 (mod z(p)), and a is odd.

(p))
mod z(p)), and a is odd,;
()

\

Since a = b (mod 2), we see that p® = p® (mod z(p)) and therefore
ly =10y (mod z(p)) & r=s (21)

So the condition ¢; = {5 (mod z(p)) can be replaced by r = s.

Case 2.2. a # b (mod 2). The calculation in this case is similar to that given before. So we
skip some details. By Theorem 9, the third term on the right-hand side of (20) is equal to

b _ 0)(p0 — a ' =l
(bip Z(p)(i )_(];) 1) “[a =1 (mod 2)] B, — {éJ [0, £ —l5 (mod z(p)) ]+, (szTgJ !) ;

where B; = {—TUFS/} = 7 L 8 > 0]+ [+ 8 > z(p)]. Since p= —1 (mod z(p)),

z(p) z(p)
we obtain by Lemma 6 and a straightforward verification that
L' — 1l b e
e — = M., — J—
2(p) vor

where ¢ = [—r' mod z(p) < §'| =[r' =0and ' # 0] + [’ + s > z(p)]. Then by Corollary 8,
p QKIPZ—;)_EQJ !) is equal to

-l ool -ne ()
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where By = v, (
552+ 1) - 13

equal to

Qb;aJ - EJ) [ # 0] + L J ([ # 0]+ [t # —{5 (mod z(p))])

(P8 >0 [+ > 2(p)]) [a=1 (mod 2)] +BQ+VP(< >)
))

m, — ky). Since a b (mod 2), b =1 (mod 2)] =1 —[a =1 (mod 2)] and
| +Ja =1 (mod 2)]. We substitute all of these in (20) to obtain that A, is

fyp ((Zﬁ’)) if {; = —{5 (mod z(p)) or ¢, =0 (mod z(p));
B a+vp(mp ky) + v (( p)), if /; =0 (mod z(p)) and ¢, # 0 (mod z(p));
- |+ < )) if 41,05 #Z0 (mod z(p)) and ' + s’ < z(p);

\ (2] + v, (my, — k) + 1, ((kp)> , if 01,05 #£ 0 (mod z(p)) and ' + s > z(p).

Recall that 7 = ¢;p® mod z(p) and s = £,p® mod z(p). Suppose that a is odd and b is even.
Then r =" and s = —s' (mod z(p)). Moreover, if s’ # 0, then s = z(p) — ' and thus

r<ser+s <z(p) and r>ser'+5 > z(p).

Similarly, if a is even and b is odd, then r = —r’ (mod z(p)) and s = &', and for " # 0, we
have
r<s&r+s>zp) and r>ser+5 < z2(p).

From the above observation and the substitution of A, in Corollary 12, we see that v, ((elp Z) F)

Lap
is equal to

(1, (1)) if £, = —€; (mod =(p)) or fo = 0 (mod 2(p));
a+vp(Frp) + vp (mp — kp) + 1 ((73;’)) , if £4 =0 (mod z(p)) and £» # 0 (mod z(p));
4, (my — k) + 1 ((?}f)) : if r>s, 01,0, #0 (mod z(p)), and a is odd;
“—;1 +1(Fap) + 1 ((ZZ’)) , if r <s, 01,0, Z0 (mod z(p)), and a is odd;
5+ ((’;Z:) , if r > s, 01,0, #£0 (mod z(p)), and a is even;

\% + 1 (Fop)) +vp (myp — kp) + 1 ((?:)) , ifr<s, 1,0y Z0 (mod z(p)), and a is even.

Since a # b (mod 2), we see that p = —p® (mod z(p)) and therefore
l; = —ly (mod z(p)) & r = s.
Combining this with (21), we conclude that
ly = Uy — 203]a # b (mod 2)] (mod z(p)) < r =s.

This completes the proof. O

25



5 Examples

In this last section, we give several examples to show applications of our main results. We
also recall from Remark 14 that the condition r» = s in Theorem 13(ii) can be replaced by
Uy = Uy — 203]a #£ b (mod 2)] (mod z(p)). In the calculation given in this section, we will use
this observation without further reference.

Example 15. Let a, b, and ¢ be positive integers and b > a. We assert that for £ # 0 (mod 3),

we have /. ob
-2 1
12 (( 9a ) ) = ’VCL; —‘ (6182+€/15/2), (22)
F

where 1 = [¢ = 2 (mod 3)], &2 = [a = b (mod 2)], &} = [ = 1 (mod 3)], and &, = [a #
b (mod 2)]. In addition, if £ =0 (mod 3), then

Vs (<£22b) F) =b+2+1(l). (23)

Proof. We apply Theorem 13 to verify our assertion. Here my = V'Z %J and ky = L

So we immediately obtain the following: if a = b (mod 2), then

6,21) Oa if =1 (mod 3),
VZ(( 9a >F> = a+2+wa(ma), %fEEO(mod 3);
BB if £ =2 (mod 3),
and if @ #Z b (mod 2), then
0. b 0, if /=1 (mod 3);
V2(( 9a > > =< a+2+1(mg), if (=0 (mod 3);
r (a—;ﬂ , if /=1 (mod 3).

This proves (22). If £ = 0 (mod 3), then my = £ - 2°=% and 15(m») is equal to

1/2(m2) = V9 (6) + V2(2bia) — 2(3) =b—a + 19 (6) s
which implies (23). O
Example 16. Substituting ¢ = 1 in Example 15, we see that

o((2))- 5] osimn

)0, if a =b (mod 2);
B (], ifa#b (mod 2).

(24)

Our example also implies that (24) still holds for the 2-adic valuations of (2b+20) = (7'2b) i

2a 2a
% e (57 o ete
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Example 17. Let a, b, and ¢ be positive integers, b > a, and p a prime distinct from 2 and
5. If p = +1 (mod 5), then

i ((15) ) = 045 +1,(0) £ =0 mod 20

p(l
and if p = +2 (mod 5), then

0, if £ =1—2¢ (mod z(p));
, ((ﬁpb) ) _Jbt Vp(Fopy) + vp(€), if £ =0 (mod z(p));
PA\p /) - 5 if £#£ 0,1 — 2¢ (mod z(p)) and a is even;
L+ v, (Fapy), if £ #0,1 —2¢ (mod z(p)) and a is odd,

where € = [a # b (mod 2)].

z(p) |’

Proof. Similar to Example 15, we verify this by applying Theorem 13. Here m, = Vp IHZJ
k, = LﬁJ = 0, r = lp® mod z(p), and s = p® mod z(p). We first assume that p =
+1 (mod 5). Then by Lemma 1, we have p = 1 (mod z(p)). Therefore s = 1, r =

¢ (mod z(p)), and
i ((15) ) = (e wplm) 4 1P = 0 oa o)

Similarly, if p = £2 (mod 5) and a = b (mod 2), then we obtain by Lemma 1 and Theorem
13 that

0, if =1 (mod z(p));

" ((ﬁpb> > _Ja+ Vp(my) + vp(Flpy), if £ =0 (mod z(p));
P* ) 5 T if ¢# mod 0,1z(p) and a is even;
L+ v, (Fap)), if ¢ #£0,1 (mod z(p)) and a is odd.

In addition, if p = £2 (mod 5) and a # b (mod 2), then

0, if {=—1 (mod z(p));
" ((6]9”) ) _ Jatwp(my) +v(Fa), if € =0 (mod 2(p));
P ) 5 o1 if £#£0,—1 (mod z(p)) and a is even;
Lt v, (Fapy), if £ #0,—1 (mod z(p)) and a is odd.

It remains to calculate v,(m,) when ¢ =0 (mod z(p)). In this case, we have

vy(m,) = v W =v v,(p"™) — v, (2 =b—a+v
pm) =i (20) =10+ l6) =y olp)) = b= 0+ 0

This implies the desired result. O

27



Example 18. Substituting £ = 1 in Example 17, we see that for p # 2,5, we have

) 0, if p==+1 (mod 5) or a = b (mod 2);
Vp ((pa) ) =493, if p=+2 (mod 5), a Z b (mod 2), and a is even; (25)
P L4 vy(Flp), if p==£2 (mod 5), a # b (mod 2), and a is odd.
Our example also implies that (25) still holds for the p-adic valuations of (bHC)F and

((z(p);;l).pb)F‘ Similarly, for p # 2,5, we have

if p=+1 (mod 5);

2p° 0,
Vp <( ZZ) ) =449, if p=+2 (mod 5) and a is even; (26)
P rr L+ v, (Fyp), if p==42 (mod 5) and a is odd.
) is replaced by ( ) for £ # 0,£1 (mod z(p)) and

In addition, (26) also holds when ( P’
]fl) ( Z(p) l)p ) , the formula becomes

p # 2,5. Furthermore, replacing (

if p= =1 (mod 5) or a # b (mod 2);
if p=42 (mod 5), a = b (mod 2), and a is even;
+ vp(Fop)), if p=242 (mod 5), a =b (mod 2), and a is odd.

2 e O
ol - -
—_

Example 19. We know that the 5-adic valuations of Fibonomial coefficients are the same
as those of binomial coefficients. For example, by Theorem 11(ii) and Kummer’s theorem,

we obtain /. 5b /5
() () e

for every a,b,¢ € N with b > a. Similarly, vs ((f;)F) =b—a—vs5({) for every a,b,{ € N
such that 5° > ¢ - 5%,

b—a

3

Example 20. Let a, b, and ¢ be positive integers and 2° > ¢ - 2% Let my = V
ko = L%J Then

(2 () (2] ) 5  em

where 1 = [a = b (mod 2)], g2 = [ = 2 (mod 3)|, e3 = [a Z b (mod 2)], and g4, = [{ =
1 (mod 3)].

J and

Proof. Similar to Example 15, this follows from the application of Theorem 13. So we leave
the details to the reader.
O
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Example 21. Let k > 2. We observe that

LZ’“J B 2k3’1, if k is even;
3] |2 if ks odd,

which implies,

2k:
vy ({§J> = [k =1 (mod 2)]. (28)
By a similar reason, we also see that for k£ > 3,
2k
Vo ({gJ - 1) = 2[k =0 (mod 2)]. (29)

From (27), (28), and (29), we obtain the following results:
. . b
(i) if b —a > 2, then vy ((3?2(1)}7) = [a £ b (mod 2)],
(i) if b —a > 3, then vy ((52;)F> is equal to

a+2

la £ b (mod 2)] + ([ W +2[a = b (mod 2)}) la=b (mod 2)]

- [a;ﬂ la=b (mod 2)],

(iii) if b —a > 3, then vy ((6?;)F) = [a = b (mod 2)],

(iv) if b —a > 4, then 1y ((72;)F> = [a =b (mod 2)] + [“}] [a # b (mod 2)].

Example 22. Let p # 5 be an odd prime and let a, b, and ¢ be positive integers, p® > £p®,
b—a

m, = B ®) J, and k, = L%J. Then the following statements hold.

(i) If p = +1 (mod 5), then
i (1)) = @ v my =)+ sy ) 201 (o 2]+, ( (7)),

(ii) If p = £2 (mod 5), then v, <(£’;Z)F) is equal to
o (7)) rercaes ([5] + sotimy = ) + a0 eereatizeo) (5] + o 00)

(30)
where 1 = [( Z 0 (mod z(p))], e2 = [¢ Z 1 (mod z(p))], e3 = [0 = 0 (mod 2)],
gg = [l # —1 (mod z(p))], and €5 = [a = b (mod 2)].
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Proof. Similar to Example 17, this follows from the application of Lemma 1 and Theorem
13. Since (i) is easily verified, we only give the proof of (ii). The calculation is done in two

cases. If p = £2 (mod 5) and a = b (mod 2), then v, <(£}Z)F> is equal to

Vp((i;f)) ; if £=0,1 (mod z(p));
5+ p(Fap) + vp(my — k) + 1, ((ZZ’)) , if£#£0,1 (mod z(p)) and a is even;
S+ vp(my — k) + 1y ((?}f’)) ; if £#£0,1 (mod z(p)) and a is odd,
m a
=V <(k‘:)) + €169 <’V§-‘ + I/p( ]C + €3I/p

where e = [( Z 0 (mod 2(p))], e2 = [¢ # 1 (mod z(p))], and ¢35 = [b = 0 (mod 2)]. If
p = %2 (mod 5) and a # b (mod 2), then

AT e

%1 + vp(Fapy) + 1p ((’Zﬁ) , if£#£0,—1 (mod z(p)) and a is odd,

=, ((Z:)) +e1eq QgJ + €3Vp(Fz(p))) :

where e1, g9, 3 are as above and g4 = [( Z —1 (mod z(p))]. Let €5 = [a = b (mod 2)]. Then
both cases can be combined to obtain (ii). O

Example 23. Let & > 2. We observe that z(7) = 8 and
V’“J B 7k8_1, if k is even;
8] | MU if ks odd,

o ([2]) ==t monzt wt (| 1)

From (30) and (31), we obtain the following results:
(i) if b—a > 2, then vy ((8_7;)F> — [a 2 b (mod 2)],

Therefore

(ii) if b —a > 2, then v, ((;;)F,) = (|22] + b= 0 (mod 2)]) [a # b (mod 2)],

(if) if b~ a > 2, then vy ((,];

15-7“)F) is equal to

[a Z b (mod 2)] + (EW + [0 =0 (mod 2)]) [a =0 (mod 2)].

To keep this article not too lengthy, we plan to give more applications of our main results
in the next article.
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