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Abstract

We give new results on exact divisibility by powers of the Fibonacci and Lucas
numbers. For example, we prove that if F¥ exactly divides m and n is not congruent
to 3 modulo 6, then F,’f“ exactly divides Fj,,,,. We also provide some examples and
open questions.

1 Introduction

Let (Fy,)n>0 be the Fibonacci sequence defined by Fy = 0, Fy = 1, and F,, = F,,_1 + F,,_»
for n > 2, and let (L,),>0 be the Lucas sequence given by Ly = 2, L; = 1 with the same
recursive pattern as the Fibonacci sequence.

The divisibility property of Fibonacci and Lucas numbers has always been a popular
area of research. In particular, the divisibility by powers of the Fibonacci numbers became
a popular topic when Matijasevic [10, 11, 12] proved in 1970 that

F2? | F,, if and only if F,, | m (1)

which led to the solution to Hilbert’s 10th Problem. Since (1) appeared, there have been
several results [2, 5, 9, 13, 14, 17] on divisibility by powers of the Fibonacci numbers in the
literature. However, exact divisibility by powers of the Fibonacci and Lucas numbers seems
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to be new. (Recall that for integers a, d > 2 and k > 1, we say that d* exactly divides a and
write d* || a if d* | @ and d*™ { a). Now let us consider the following divisibility:

Fytt | Fops. 2)

Marques [9, p. 241] mentioned that to the best of his knowledge, (2) was first proved by
Benjamin and Rouse [2], using a combinatorial approach, and a second proof of (2) is due

to Seibert and Trojovsky [16] by using mathematical induction together with an identity for

I;;L—:. Marques [9] himself also gave another proof of (2) by applying Lengyel’s theorem [8]

on the p-adic order of Fibonacci and Lucas numbers. However, there was an older result
which implied (2); it was proved in 1977 by Hoggatt and Bicknell-Johnson [5], as follows:

Theorem 1. [2, 5] Let k, m, and n be positive integers. If E¥ | m, then F*' | F,,,

Note that, from Theorem 1, we can easily obtain (2) by substituting m = F*, and obtain
one direction of (1) by substituting £ = 1. Now it is natural to ask if £+ 1 in Theorem 1 is
the largest exponent of F), such that F**1 divides F,,,. Our purpose is to give another proof
of Theorem 1, and generalize the result to include the divisibility and exact divisibility by
powers of the Fibonacci and Lucas numbers. Our results are as follows:

Theorem 2. Let k,m,n be positive integers and n > 3. Then
(i) if E¥ || m andn # 3 (mod 6), then F|| E,,.;
(ii) if E¥ || m, n =3 (mod 6), and £— F J[m then EFU || Frops
(iii) if F¥ || m, n =3 (mod 6), and f=— F " |'m, then F¥2 || F,.
Theorem 3. Let k,m,n be positive mtegers and m is odd. Then
(i) if L* | m, then LEYY | L,;
(ii) if n > 2 and L* || m, then LF* || Lyp,.

Theorem 4. Let k,m, and n be positive integers, m is even, and n > 2. Then the following
statements hold.

(i) If Lk | m, then LFYY | F,.;
(ii) If LE || m and n # 0 (mod 3), then LETY || Fppn;
(iii) If LK || m, n =0 (mod 6), and ﬁ Ym, then LETV || F,;

Lk+1

(iv) If L* || m, n =0 (mod 6), and | m, then LE*? | F,,,;

Lk+1

(v) If L¥ || m, n =3 (mod 6), and tm, then LFY || Fpn;

(vi) If LK || m, n =3 (mod 6), and Lk | m, then LE+2 || 4F,,,.

To prove the above theorems, we w111 need a number of lemmas given in the next section.
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2 Preliminaries and lemmas

In this section, we will give some auxiliary results that will be used in this article. Let m,n,
and r be positive integers. Then the following statements hold.

ng(FTm Fn) = Fgcd(m,n)' (3)

m m N

Jj=1

If m > 3, then F,, | F,, if and only if m | n. (5)
L,=F,1+ Fn+1- (6)

1, if 34 n;

dLan =
ged(Ln, Fr) {2, it3] n.

For the reader’s convenience, let us give references for the above statements. Properties
(3) and (5) can be found in [7, pp. 196-198]. Property (4) can be found in several articles
such as [2, 4, 5]. Property (6) appears in [7, p. 80], and (7) can be proved by using (6), (3),
and (5). We refer the reader to [1, 3, 6, 7, 15, 18] for more details and additional references.
Next we give the following results, similar to (4).

L]
Ly - 2" =Y ( " )L;“J’Fj%j. (8)
J

— \m — 27
=5 .
E,,, -2m 1 = Z (m g 1) L7t 250 (9)
j=0

These are probably less well known, so we will give a proof for completeness.

Proof. Recall Binet’s formula that F, = O‘n:gn and L, = a" + ", where a = %5 and 8 =

«

5 Thn o7 (0 (0= 98) = (- VBR). w0 7 = (= 0= ) =
3 (Ln — V5F,). Then

1 m 1 m

m

— —



When k is odd, 1+ (—1)F = 0, so we replace k by 2j and obtain
5]

1 m o
Lypm = L2 2150
2m—1 J;O (m _ 2]) n n )

which gives (8). For (9), we write

1 1
VBE = (0 — B)Fpn = /™ — B = o (L + VBE,)™ — o (Ln — VBE,)™
1 — m
= — L R(VEE)F (1 — (1)) .
As in the previous case, we replace k by 2j + 1 to obtain (9). m

The next lemma is about the p-adic orders of Fibonacci and Lucas numbers given by
Lengyel [8]. Recall that the order of appearance of m and the period modulo m of the
Fibonacci sequence, respectively, is the smallest positive integer £ such that m | Fj, and the
smallest positive integer k such that F, 1, = F,, (mod m) for all n > 1.

Lemma 5. [§] For each m € N, let v,(m) be the p-adic order of m, z(m) the order of
appearance of m, and s(m) the period modulo m of the Fibonacci sequence. For n > 1, we
have

0, ifn=1,2 (mod 3);
vo(F,) =<1, ifn=3 (mod 6);
(2(n) +2, ifn=0 (mod6),
(0, ifn=1,2 (mod 3);

v(Ly,) =12, ifn=3 (mod 6);

1, ifn=0 (mod 6),

\ "’

vs(F,) = vs(n), vs(Ly,) =0, and if p is a prime, p # 2 and p # 5, then

vy (Fy) = {I/p(n) +1(Fup), ifn=0 (mod 2(p));

0, otherwise.

v (L) = {yp(n) +p(Fapy),  if s(p) # 4z(p) and n = Z(Qp) (mod z(p));

0, otherwise.

The next result given by Onphaeng and Pongsriiam [13] is an important tool for obtaining
the main results of this article.
Lemma 6. [15] Let k,{,m,s be positive integers and s* | m. Then s*+ | (?)sj for all
1 < j < m satisfying 2271 > 4. In particular, s**! | (?‘)sj for all1 < j < m, and
sk+2 | (?)sj for all 3 < j < m.



3 Proof of the main results

In this section, we will give the proof of Theorems 1, 2, 3, and 4.

Another proof of Theorem 1. Assume that F* | m. Then by Lemma 6, Ff*1 | (T) FJ for all
1 < j < m. Therefore FF1 | F,,, by (4). O

Proof of Theorem 2. Assume that F* || m. By Theorem 1, F**! | F,,.. So to show that
FK+1| F,,,, it is enough to show that F¥*2 4 F, .. First we write

m = FFc where c>1and F, {c. (10)

By Lemma 6, Ff+? | (7) F7 for all 3 < j < m. Then we obtain by (4) that

mm = 1) popm—2 (1poq Fre) (11)

anEanF;T:ll—i_ 9 ntn

Proof of (i):
Case 1 of (i): n =1,2,4,5 (mod 6). Then by Lemma 5, F), is odd. Since F¥ | 2 (W)
and F, is odd, we obtain that F* | M Therefore

Fh+2 Mpspﬁ—f . (12)
2

By (11) and (12), we obtain F,, = mE,F™ " (mod F¥*?). Since ged(F,, F,_1) = 1 with
respect to (3), we see that

FF2 | B, & FM2? |\ mFE,F™ ' < FFYYom. (13)

Since F¥ || m, Ff*1 ¥ m. So we obtain by (13) that FF24 F, .
Case 2 of (i): n =0 (mod 6). Then by Lemma 5 we have F,, =0 (mod 4). Let

Fy
Since F), is even,
F,
d is an integer and (7, d) =1 (14)

By (11) and (10), we obtain

-1
Fom = mF,F™ 2 (Fn1 + mTFn) = cF"E™2d  (mod FF).



Suppose, in order to get a contradiction, that F**2 | F,,,,. Then F¥*?2 | cF*1F™ 2d which
implies that F), | cd. By F,, =0 (mod 4), F, | cd, and (14) we obtain that d is odd, ¢ is even,
and £» | £d. This and (14) imply that F, | ¢, which contradicts (10). Hence F¥*2{ F,,.

Proof of (ii):

Assume that n = 3 (mod 6) and F J( m. Then by Lemma 5 and (10), respectively,
we obtain vo(F,) =1 and £ { c. We can follow the argument in Case 2 of (i) to see that
Fm = cFF1E™ 2d (mod F’“”) and that F*2 | £, if and only if F, | cd. But if F), | cd,
then £ | cd Wthh implies by (14) that £* | ¢, a contradiction. So F, { c¢d and therefore
FF2 4 F,,,.. Hence F**1 || F,,,.

Proof of (iii):

Assume that n = 3 (mod 6) and F -
can still follow the argument in Case 2 of (i) and the proof of (ii) to obtain an = cFMIF™ 2d
(mod F¥*2) and F¥*2 | F,,, if and only if F), | cd. Since n = 3 (mod 6), F, is even and F"
is odd. Therefore F,, ; and m — 1 are odd and d is even. Since m = F¥c and F | m, we
obtain F, | 2c. Since 2¢ | cd, we obtain F), | c¢d and therefore F**2 | F,,,. Tt remalns to show
that F*3 1 F,,,,. Suppose for a contradiction that F*™3 | F,,,. So for every prime p dividing
Fy, v,(FF3) < v, (F,,,). By Lemma 5, we obtain the following inequalities:

2+ vy (FF) = 1y (FF3) < 1y (Fum) = ta(nm) + 2 = 1a(m) + 2,
2w5(n) + vs(FFY = v (FF3) < v5(Fum) = vs(n) 4 vs(m),
and for every prime p ¢ {2,5} and p | F},, we have
2vp(F) + Vp(F:H) = VP(F:JFS) < Vp(Fam)
= vp(nm) + vp(Fip)) = vp(m) + vp(n) + vp(Fip)
= vp(m) +vp(Fy).

From the above inequalities, we obtain that v,(m) > v,(F¥*!) for every prime p dividing
F,. Therefore F**' | m which contradicts F¥ || m. This gives (iii). Hence the proof is
complete. O

Proof of Theorem 3. Proof of (i):

Assume that L* | m. Since m is odd and L, | m, L, is odd too. By Lemma 6,
LEL ( )Li for each 1 < j < m. Then LET | (™ j)LZL*Qj for all 0 < j < =1, Then by
(8), we see that LE*1 | L,,,, - 2™~1. Hence LF! | L,,,,,. This proves (i).

Proof of (ii):

Next assume that n > 2 and L* || m. Then m > 3 and by Lemma 6, L5*? | ( )Li

all 3 < j < m. This implies that LE? | (
see that

J
7 for

L 2J)Lm % for all 0 < j < =2, Then by (8), we

Lum - 2" ' = mL, F™ 5" (mod LF+?) (15)



Since L, is odd, we obtain

LF2 | Ly < LEY2 | Ly, - 2™
& LM | mE™ 15" | by (15)
< LM 'm, by (7) and Lemma 5.

Now L || m, so LE*1 y m and thus LEt2 { L,,,,,. Hence LET! || L, as desired. O

Proof of Theorem /. Assume that L | m. Since n > 2, we have m > 4. Then by Lemma 6,
L”“rl \ ( )LJ for every 1 < j < m. Therefore LI | (m 2 L @) for every 0 < j <

Then by (9), we obtain F,, -2™ ' =0 (mod LF*1). From this point on, p-adic orders
Will be used and we sometimes apply Lemma 5 without referring to it explicitly.

Proof of (i):
Case 1 of (i): n =1,2 (mod 3). Then ged(2, L,) = 1. Since LY | B, - 2™~ 1 LEHL | F,,,,.

Case 2 of (i): n =0 (mod 6). Then v5(L,) = 1. Since LF | m, va(m) > vy(LF) = k. Since
n =0 (mod 6), nm =0 (mod 6) and therefore

Vo(Fom) = va(nm) + 2 = va(n) + va(m) + 2 > k + 2.

k+1 | Frm

Since LIt | F,, - 2™71 and 1n(L,) = 1, we obtain (£) s - 2™ 1 which implies

(LQ")ICH | £ Therefore LET | F,y,,.

Case 3 of (i): n = 3 (mod 6). Then vy(L,) = 2 and vy(F,) = 1. Since L¥ | m, v(m)
vo(LE) = 2k. Therefore nm = 0 (mod 6) and vy (F) = va(nm) + 2 = va(n) + va(m) + 2
2k + 2. Since LMY | F,,, - 271 15(L,) = 2, and VQ(F m) > 2k + 2, we obtain

>
>

Li-ﬁ-l an m—1
(22)k+1| 22k+2 ’

which implies that ( EiEaE | 5. Therefore LET | F,,
In any case, we obtam that L1 | F,,,. This proves ()

Proof of (ii):
Next assume that LF || m. Recall that m > 4. By Lemma 6, Lk+2 | ( )L for every

3 < j < m. Therefore LEF2 | (7 i L ~@I for every 0 < j < m=2. Then by (9),

Fm - 2" = mL,F™ 15" (mod LEH?). (16)
Assume that n = 1,2 (mod 3). Then by Lemma 5, (16), and (7), we obtain that

m—2
L2 B < LF2 | E,,, -2 o LM | mL, F 7572 & LA | m.



But Lk || m, so LF** ¥ m and thus L**2{ F,,,,. Then L**! || F,,,. This proves (ii).

Proof of (iii) and (iv):

Assume that LF || m and n = 0 (mod 6). In analogy with the proof of Case 2 of (i), we
see that

k+2 k+2
L2 Fom oy Ltz o

k+2 L om—1 . “n_ | Znm
Ln | Frp - 2 A 9k+2 | 9k+2 9k+2 | 9k+2

& L2 B, (17)

Let m = L¥c where ¢ > 1 and L,, { ¢. Then by (17), (16), and Lemma 5, we obtain that
LFY2 | Fpy & LM | ML, P75 & Ly, | eF L (18)
Now ged(Ly, Fy,) = 2 and vo(L,,) = 1, so ged (&, F,) = 1, and therefore

Ly,
L, | CF7T_1<=>7

Lk-i—l
2

| c | c &

Fmt L,

2
By (18) and (19), we see that L2 | F,,, < # | m. This proves (iii) and (iv).

Proof of (v) and (vi):

Assume that LF || m and n = 3 (mod 6). In analogy with the proof of Case 3 of (i), we
obtain that

L2 g 2ml

22(Z+2) | 92k+2 92

Lk+2 an

a2y | o

& LA AF,,. (20)

LE | o - 2" &

=

Next, we write m = L¥ec, use (16), and use the similar idea in the proof of (iii) and (iv) to
obtain that

m— L, Fm™1
LFY2 | Fp - 277V & L2 | mL, F 5™ & L, | P e - e
Ln Lk+1

Lkt

From (20) and (21), we conclude that LE*? | 4F,,, < #2— | m. This gives (v) and to prove
(vi), it suffices to show that LE+3 ¥ 4F,,, .. Suppose for a contradiction that LE+3 | 4F;,,,. Then
for every prime p dividing L, v,(LF3) < v,(4F,,,). Consider the following inequalities:

44+ vy (LEY) = 1 (LF) < 15(4F,) = 2 + va(nm) + 2 = 4 + vy(m),



where we use that mn =0 (mod 6), and for every prime p ¢ {2,5} and p | L,,, we have

Up(LETY) + 20, (L) = v (LEY) < 0, (4F,) < vp(nm) + vp(Flp)
= vp(m) + vp(n) + vp(Fep) = vp(m) + vp(Ly).
From the above inequalities, we obtain that v,(m) > v, (LE+1) for every prime p dividing L,,.

Therefore L**! | m which contradicts the fact that L* || m. Hence LF*3 { 4F,,,. This proves
(vi) and the proof is complete. O

4 Examples

In this section, we give some examples to clarify the results in Theorems 3 and 4. Then we
give some open questions at the end of this article. First we will show that the assumption
that m is odd in Theorem 3 and that m is even in Theorem 4 cannot be omitted.

Example 7. Let n = 0 (mod 3), ¥ > 1, and m = LF. Then m is even, L* | m, but
vo(LE Yy > k+1 > 1 = vu(Ly,). Therefore LEFY f L,,,,. This shows that Theorem 3 does
not hold if m is not odd.

Example 8. Let n > 2, n = 1,2 (mod 3), & > 1, and m = L. Then m is odd and
LE |'m. As in the argument used in beginning of the proof of Theorem 4(i), we see that
LE (L )L for every 0 < j < 252 and F,, - 270 = F'5"5 (mod LEH).
Sincen = 1,2 (mod 3), we obtain by (7) that ged(L,,, F;,) = 1. As L,, > 3 and ged(L,,,5) =1
with respect to Lemma 5, we obtain LFt! { Fm5"2 . Hence LEHL + F,,,.. This shows that
Theorem 4 does not hold if m is not even.

The conclusion LF*2 | F,,,, in Theorem 4(iv) may or may not be L*™2 || F,,, as shown in
the next example.

Example 9. Let k > 1, { > 2k + 2, n = 6, and m = 2*3*. Then m is even, n = 0 (mod 6),

L, =18, Lk || m, and L%H

| m. Then we obtain

Vo(Ep) = va(nm) +2 =k + 3 = (k + 3)vy(L,) = vo(LF™),
vs(Fom) = vs(nm) + v3(Fy) =+ 2, and
vy(LET3) = 15(18%3) = 2k + 6.
From this we see that if ¢ > 2k + 4, then LF*3 | F,,, and if 2k +2 < ¢ < 2k + 4, then

LEF3 4 F,,.. This shows that the conclusion in Theorem 4(iv) may or may not be replaced
by an exact divisibility.

In view of Theorems 2, 3, and 4, the reader may expect to see the result concerning the
divisibility of Lucas numbers by powers of the Fibonacci numbers. But this is not possible
in general. For example, let n >3, n =0 (mod 3), k > 1, m = F¥ then vp(F*) > k+1 >
2 > vy( L) and therefore F¥ || m but F¥1 4 L,,,. Even though we assume n # 0 (mod 3),
the desired result is still false as shown in the next example.
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Example 10. Let n > 3 and n 2 0 (mod 3). Let k,m > 1 and F* | m. Then by Lemma 6,
I an (;’L)Fgﬂ forevery 1 < 5 < L%J By (8), we obtain

J

Lym - 2" =) (;") FHLm=%5] = [™  (mod FF+Y).
j

J=0

As ged(F,, L,) = 1 by (7), we have E¥ 4 L™ Therefore F*1t L.

5 Open questions

It is natural to ask if the converse of each theorem holds. Marques [9, Corollary 3] shows
that a partial converse of Theorem 1 holds. More precisely, he shows that if £ | F,,, and
m is odd, then F¥ | m. Whether or not the converse of Theorem 1 holds when m is even is
still open. Similar questions are the following.

6

Q1
Q2

Q3

Q4

Q5

Assume that F*! || F,,, and m is odd. Can we conclude that E¥ || m?

Assume that L5 || L,,,, and m is odd (or any other assumption). Can we conclude
that LE || m?

Assume that LEt1 || F,,, and m is even (or any other assumption). Can we conclude
that LF || m?

Suppose that Q1, Q2, or Q3 has a negative answer. Can we say something about the
divisibility of m by powers of the Fibonacci and Lucas numbers?

Benjamin and Rouse [2] show that Theorem 1 holds if the Fibonacci numbers are
replaced by the generalized Lucas numbers of the first kind (given by uy = 0, u; = 1,
and u, = au,_1 + bu,_o for n > 2). Does Theorem 1 hold for other sequences? Can
we extend the results to include exact divisibility by powers of the generalized Lucas
numbers of the first kind?
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