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Abstract

In this paper, we investigate impulse response sequences over the integers by pre-
senting their generating functions and expressions. We also establish some of the corre-
sponding identities. In addition, we give the relationship between an impulse response
sequence and all linear recurring sequences satisfying the same linear recurrence rela-
tion, which can be used to transfer the identities among different sequences. Finally,
we discuss some applications of impulse response sequences to the structure of Stirling
numbers of the second kind, the Wythoff array, and the Boustrophedon transform.

1 Introduction

Many number and polynomial sequences can be defined, characterized, evaluated, and clas-
sified by linear recurrence relations with certain orders. A number sequence {a,} is called a
sequence of order r if it satisfies the linear recurrence relation of order r

a, = ijan,j, n >, (1)
j=1
for some constants p;, j = 1,2,...,r, p, # 0, and initial conditions a; (j =0,1,...,r —1).

Linear recurrence relations with constant coefficients are important in subjects including
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combinatorics, pseudo-random number generation, circuit design, and cryptography, and
they have been studied extensively. To construct an explicit formula of the general term of
a number sequence of order r, one may use a generating function, a characteristic equation,
or a matrix method (See Comtet [4], Niven, Zuckerman, and Montgomery [12], Strang [15],
Wilf [16], etc.) Let A, be the set of all linear recurring sequences defined by the homogeneous

linear recurrence relation (1) with coefficient set E, = {p1, p2, ..., p.}. To study the structure
of A, with respect to E,., we consider the impulse response sequence (or, IRS for abbreviation)
in A,, which is a particular sequence in A, with initials a9 = a1 = -+ = a,_o = 0 and

a,—1 = 1. The study of impulse response sequences in a finite field has been considerably
active in the theory of finite fields. A summary work on this subject can be found in Lidl
and Niederreiter [10]. In this paper, we investigate the same concept in Z. If r = 2, the IRS
in Z is the well known Lucas sequence. In this sense, an IRS of order » > 2 is an extension
of a Lucas sequence in a high order setting.

In the next section, we will give the generating function and the expression of the IRS of
A, and find out the relationship between the IRS and other sequences in the set A,.. Several
examples of IRS in sets As and Az will be given in Section 3. The work shown in Sections
2 and 3 is partially motivated by Shiue and the author [8], which presented a method for
the construction of general term expressions and identities for the linear recurring sequences
of order r = 2 by using the reduction order method. However, the reduction method is too
complicated for the linear recurring sequences of order r» > 2, although our method can be
applied readily to linear recurring sequences with arbitrary order by using their relationship
with impulse response sequences. In Section 4, we shall give some applications of IRS in the
discussion of the structure of Stirling numbers of the second kind, the Wythoff array, and
the Boustrophedon transform.

2 Impulse response sequences

Among all the homogeneous linear recurring sequences satisfying rth order homogeneous
linear recurrence relation (1) with a nonzero p, and arbitrary initial conditions {a;}7=j, we
define the impulse response sequence (IRS) with respect to £, = {p;};_, as the sequence with
initial conditions ag = a,_o = 0 and a,_; = 1. In particular, when r» = 2, the homogeneous

linear recurring sequences with respect to Fy = {p1, po} satisfy
Un = Prln_1 + P2ln_2, N> 2, (2)

with arbitrary initial conditions ag and ay, or, initial vector (ag,a;). If the initial vector
(ap,a1) = (0,1), the corresponding sequence generated by using (2) is the IRS with respect
to Es, is called the Lucas sequence. For instance, the Fibonacci sequence {F,} is the IRS
with respect to {1,1}, the Pell number sequence { P,} is the IRS with respect to {2,1}, and
the Jacobsthal number sequence {.J,,} is the IRS with respect to {1,2}.

In the following, we will present the structure of the linear recurring sequences defined
by (1) using their characteristic polynomial. This structure provides a way to find the
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relationship between those sequences and the IRS.

Let A, be the set of all linear recurring sequences defined by the homogeneous linear
recurrence relation (1) with coefficient set E, = {p1,pa,...,p,}, and let Fj ™) be the IRS of
A,, namely, " satisfies (1) with initial conditions Fér) = F ) =0 and F (rl = 1.

Suppose {a,} € A,. Let B = |pi| + |po| + -+ + |pr\, and for n € Ny let M,, =
max{|ag|, |a1l,...,|an|}. Thus, for n > r, M, < BM,_;. By induction, |a,| < C'B™ for
some constant A and n = 0,1,2,.... A sequence satisfying a bound of this kind is called a
sequence having at most exponential growth (see [12]). Therefore, the generating function
> >0 a;t’ of such sequence has a positive radius of convergence, 0 < ¢ < 1/B. More pre-
cisely, if |t| < ¢, then by comparison with the convergent geometric series » >0 CB’¢’, the
series Y >0 a;t? converges absolutely. In the following, we always assume that {a,} has at
most exponential growth.

Proposition 1. Let {a,} € A,, i.e., let {a,} be the linear recurring sequence defined by (1).
Then its generating function P,(t) can be written as

H=fa+ S ( - ijan_j> O =D pit). (3)

Hence, the generating function for the IRS with respect to {p;} is
tr—l

1 - Z;=1 2

Proof. Multiplying " on the both sides of (1) and summing from n = r to infinity yields

Po(t) = (4)

D at" =) ptuit” Z%Zan it

n>r n>r j=1 n>r
r—1 r—1
7=1 n>j n=j n>r
— pr <tﬂ Z a,t" — Z an, ]tn> + pt" Z ant"™
n>0 n>0

Denote P.(t) = >, ~ant". Then the equation of the leftmost and the rightmost sides can
be written as

r—1 r—1 r—1

P(t) =) ant" = Zp]tj SN pjant" + pt"Pi(t),

n=0 =1 n=j



which implies
r r—1 r—1 n
o <1 - Zp"tj) =D ant" =} piast".
j=1 n=0 n=1 j=1
Therefore, (4) follows immediately. By substituting ag = -+ = a,_» = 0 and a,_; = 1 into

(3), we obtain (4). O

We now give the explicit expression of E™ in terms of the zeros of the characteristic
polynomial of recurrence relation shown in (1).

Theorem 2. Sequence {Eﬁ”}n is the IRS with respect to {p;} defined by (1) with Fér) =
Fl(r) — .= FT@Q =0 ane Fﬁl =1 if and only if

¢ ( n ) n—mj+1

I 5)

‘
j=1 szl,k;éj(aj — a)

forn > r, where ay, as,...,ap are the distinct real or complex zeros of characteristic poly-
nomial, p(t) = t" — pit™ ' — -+« — p,, of the recurrence relation (1) with the multiplicities
mi, Ma, ..., my, respectively, and my +mq + -+ +my =r. In particular, if all aq, s, ..., a,

are of multiplicity one, then (5) becomes to

) = zr: aj

e H2:1,k;éj(aj — o)’

n>r, (6)

Proof. First, we prove (6). Then we use it to prove the necessity of (5). Let a;, j =1,2,...,,
be ¢ zeros of the characteristic polynomial ™ — "7 p;t"~". Then from (4)

~ 2fr—l 1/t
A= S SV (Y= S RO

_ 1/t N tr=1

T ML /t—a) I 0-at) (7)

We now prove (6) from (7) by using mathematical induction for 7 under the assumption that

all solutions «a; are distinct. Because [t"]P,(t) = E{"| we need to show

tr—l r O/}
J n>r. (8)

[tn]pr(t) = [t"] ngl(l _ Ozjlf) - Z; HZ:l Kt (Olj — Ozk)7 o

(8) is obviously true for r = 1. Assume (8) holds for r = m. We find

[tn]pm-&-l(t) = [tn] m+1



which implies

m—1 m n—1
t Q;

[T (1 —ayt) - ; [Ths g (g — )

[tn](l - am+1t) ~m+1 (t) = [tn_l]

because of the induction assumption. Noting [t"] P, 1(t) = E™ | from the last equations
one may write
m n—1
~ ~ (e
TP (R p—" )

— H?:l,k;éj(aj — o)’

which has the solution
m—+1 n

~ (0%
Fygm—i-l) _ - J ] (10)
jzl ITx +1 k;é]< — a)

Indeed, we have

m a’?_l
Oém+1F(m+1) + j
szl,kyéj( ar,)
m~+1 Oé}l 1 m a/;zfl
= Omtl Z +1 m
j=1 Zn 1 k;é]( ) 1 Hk_l k;éj( )
- Z ’ (i1 + @) — Qyr) mtl
Jj=1 H?Jrllksﬁj( Q) " ! " [Tt (Qmgr — o)
+1
T P A——
- +1 - )
j=1 HZL 1 k;éj( )

and (10) is proved.

To prove (5), it is sufficient to show it holds for the case of one multiple zero, say «; with
the multiplicity m;. The formula of F\" in this case can be derived from (6) by using the
limit process. More precisely, let m; zeros of the characteristic polynomial, denoted by «;,
1 < j < m;, approach «;. Then (6) will be reduced to the corresponding (5) with respect to
;. Indeed, taking the limit as a;;, 1 < j < m;, approaches a; on both sides of (6), yields

lim 38
(ail,...,aimi)ﬁ(ai,...,ai)
= ! lim o, oy
- r—m;+1 mg o ]
Hk 1 k¢7l(a7j - Oék) (ai17~'~’aimi )_>(a177a7,) k:2(a11 azk) Hk’ 1 k#Q(OllQ Oézk)

Oé?’m_ r o
TE i + ; 2 : (11)
Hk 1 k;éml(alm Oéik)) j:%j:# Hk:l,k;ﬁj(aj — ag)



It is obvious that the summation in the parentheses of equation (11) is the expansion of
the divided difference of the function f(t) = t", denoted by flai,, vy, ..., s, ], at nodes
iy, Uiy, - - -, @, . Using the mean value theorem (see, for example, [13]) for divided difference
(see, for example, [2, Thm. 3.6]), one may obtain

f(mi_1)<05i) _ ( n )Ozn_mﬁ_l.

hm f[OéhaOé?é?"'?Oé’imi] = (m_l)l m_l d

(i ses Qi ) (et

Therefore, by taking the limit as o;, — a; for 1 < j < m; on both sides of (11), we obtain

n n—mi+1 r n
Y N 1 G o
(Qiy seees @iy )= (i syt no T_mﬁ_l(a» — ) HT ,(O{‘ — ak)’
P timy et k=1k#i\" k j=1,ji L Lk=Lk#j\7J

which implies the correctness of (5) for the multiple zero «; of multiplicity m;. Therefore, (5)
follows by taking the same argument for each multiple zero of the characteristic polynomial
P,(t) shown in Proposition 1.

Finally, we prove sufficiency. For n > r,

—i—mj+1
r F(T) B ¢ Z::lpi(mjn—1>a/2 i—m;
dnF =) =0
i=1 j=1 Hk:l,k;éj(aj — )
‘ (mjnfl)o‘j " > o1 picy "

-5

Y4
j=1 Hk:l,k;ﬁj(aj — ay)
n—m;+1
‘ (m;—l) J ’ =~

= "),

n

3

¢
j=1 szl,k;éj(aj — ay)

where we have used off = Y7 pia?_i because of p(a;) = 0. Therefore, the sequence {F,Y)}
satisfies the linear recurrence relation (1) and is the IRS with respect to {p,}. O

The IRS of a set of linear recurring sequences is a kind of basis so that every sequence
in the set can be represented in terms of the IRS. For this purpose, we need to extend the
indices of IRS PN}(LT) of A, to the negative indices down to till n = —r + 1, where A, is the set
of all linear recurring sequences defined by the homogeneous linear recurrence relation (1)

with coefficient set E,. = {p1,p2,...,pr}, pr # 0. For instance, FETI) is defined by
Fr(i)l = plﬁ,@z —i—pQFT(Z)?) 4 .- +er£T1),

which implies FSTI) = 1/p, because Fo(r) == FT(Z)Q = 0 and ]:1(1)1 = 1. Similarly, we may
use ] ) ) ]
Fr(i)J - plFr(i)jfl +p2Fr(i)j,2 —+ . +er’J(T)

to define Fj(r), j=—=2,...,—r+1 successively. The following theorem shows how to represent

linear recurring sequences in terms of the extended IRS {F,Y)}nz_m.
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Theorem 3. Let A, be the set of all linear recurring sequences defined by the homogeneous
lénear recurrence relation (1) with coefficient set E, = {p1,ps,...,0}, pr # 0, and let
{F }n> ~+1 be the (extended) IRS of A,.. Then, for any a, € A,, one may write a, as

r—2 r—2

ap = ar—lﬁq—(f) + Z Z akpr—l—j—kﬁr(;;)lfj' (12)

=0 k=j

Proof. Considering the sequences on the both sides of (12), we find that both sequences
satisfy the same recurrence relation (1). Hence, to prove the equivalence of two sequences,
we only need to show that they have the same initial vector (ag,as,...,a,_1) because of
the uniqueness of the linear recurring sequence defined by (1) with fixed initial conditions.
First, for n = r — 1, the conditions F( N=...= F( ) =0 and F( ) = 1 are applied on the
right-hand side of (12) to obtain its Value as a,_1, Wthh shows (12) holds for n = r — 1.
Secondly, for all 0 < n < r — 2, one may write the right-hand side RHS of (12) as

where the Kronecker delta symbol 6y, is 1 when & = n and zero otherwise, and the following
formula is used:

k
Zpr-i—j—k:Fy(LC)l,j - 6k,n- (13)
=0

(13) can be proved by splitting it into three cases: n =, >, and < k, respectively. If n = k,
we have

ZpT+] Kk, ZPT+] ka 1—j

= er(T) + pT_lFO(T') _|_ pr—QFl( ) + . + pT_kﬁwk(:’r_')l
= p P =1,

where we use £} = 1/p, and the fact Fj(r) =0forallj=0,1,...,k—1duetok—1<r—-3
and the initial values of ﬁ}(f) being zero for all 0 <n <r — 2.
If n > k, we have

k
S pei kN =D A e B4 pe B =0

because Fj(r) =0forallj=n—k—1,n—Fk,...,n—1 due to the definition of EF") and the
conditionof —1<n—-k—-1<j<n—-1<r—-3.
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Finally, for 0 < n < k, we may find

k
Zpr-i—j—kFr(L er(T)k 1 T P 1F( )k +- +pr—kFT(Lr—)1

= er,E?k,1+"'+pT kF( )1+pr kB 4 p 2Fq§,+)1+"'+pFrE+r k—2

Fr(L:—)r—k—l - O’

where the inserted r — k — 1 terms ﬁ’j(r)

definition of 1375” and 0 <n<j<n+r—k—2<r—2. The last two steps of the above
equations are from the recurrence relation (1) and the assumptions of 0 < k < r — 2 and
1<n+1<n+r—k—1<r—1,respectively. This completes the proof of theorem.  [J

,j=n,n+1,...n+1r—k— 2, are zero due to the

By using Theorems 2 and 3, we immediately obtain

Corollary 4. Let A, be the set of all linear recurring sequences defined by the homogeneous

linear recurrence relation (1) with coefficient set E, = {p1,p2,...,pr}, pr # 0, and let

ai,Qa, ..., be the zeros of characteristic polynomial, p(t) = t" — pit"™t — -+ — p,, of the

recurrence relation (1) with the multiplicities my, ma, ..., my, respectively, and my + my +
-+ +my =r. Then, for any {a,} € A,, we have

¢ ( n 1>O/}—mj+1 r—2r—2 / (n J= l)aﬁ—j—ma‘
mj— m;—1 J
ap = Qpr-1 E 7 : + E E § AkPr+j—k - (14)
j=1 Hk:l,k;éj(a] - Qp =0 k=j j=1 Hk:l,k;é](aj )

We now establish the relationship between a sequence in A, and the IRS of A, by using
Toeplitz matrices. A Toeplitz matrix may be defined as a n X n matrix A with entries
a; j = ¢;—j;, for constants ¢;_,, ..., c,—1. A m x n block Toeplitz matrix is a matrix that can
be partitioned into m X n blocks and every block is a Toeplitz matrix.

Theorem 5. Let A, be the set of all linear recurring sequences defined by the homo eEneous
linear recurrence relation (1) with coefficient set E, = {p1,p2,...,pr}, and let E") be the
IRS of A,.. Then, for even r, we may write

(3r/2)—

F(r Z CiQpir— ]+ Z Cilptr—j—1, (15)

j=r/2

where the coefficients ¢;, /2 < j < (3r/2) — 1, satisfy



i Ay /2 Ar/2)—1 - I a_1 a_9 T Gp)2
A(r/2)+1  Ar/2 T Q2 ao a1 T A (r/2)4+1
Ar—1 Qr—2 T Qpy2 A(r/2)—2 A@r/2)-3 -+ G- C=¢€
Qr Qr—1 o Qry2)+1 Q(r/2)-1 Q(rj2)-2 ccc 0 Qo
L @3r/2)-1 @(3r/2)-2 “°° Qr Qr—2 Ar_3 T A(r/2)—1
(16)
With € = (Cr/2,Cr/2)—1s - - - s Cry Crg1, Crg2, - - -, Carj2)—1)" and e, = (0,0,...,0,1)T € R". For
odd r, we have
3(r—1)/2
75” = Z Cjlntr—j—1, (17)
j=(r-1)/2
where ¢;, (r—1)/2 < j < 3(r —1)/2, satisfy
A,c =
A(r—1)/2 a((r-1)/2)—=1 -+ @1 Qg a_q a_(r-1)/2
A((r-1)/2)+1 Q(r—1)/2 o G2 g Qo A_(r—1)/2+1 C e
a@3(r-1)/2)  A@B@r-1)/2)-1 " Qr Qr_1 Ap_2 - Q(r-1)/2
(18)

with ¢ = (C(r,l)/Q, Cl(r=1)/2)=1y+ > Cr—1,Cry Cry1, - - ,C(g(r,l)/g))T and e, = (0, 0, N ,0, 1)T c
R". If the 2 x 2 block Toeplitz matriz A. and Toeplitz matrixz A, are invertible, then we have
unique expressions (15) and (17), respectively.

Proof. Since the operator L : Z X Z +— Z, L(ap_1,0n-2,..,0n—y) = P1ap_1 + P2Gp_2 +
oo+ Ppp_p = Gy, is linear, sequence {a,} is uniquely determined by L from a given initial
vector (ag, ai,...,a,—1). We may extend {a,},>0 to a sequence with negative indices using
the technique we applied in Theorem 3. For instance, by defining a_; from a, 1 = p,a_1 +
DPr—10g + Pr—2a1 + - -+ + pra,_2), we obtain

1

a-1 = —(ap-1 = Pr-1G0 — Pr—2a1 — *++ — P1a,—2), pr # 0.

T
Thus, the initial vector (a_i,ao,...,a,—2) generates {a,}n>—1 or {a,—1}n>0 by using the
operator L. Since both sequences {a,} and {FTST)} satisfy the recurrence relation (1), they

)

are generated by the same operator L. Hence, for even r, we may write F") as a linear
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combination of a,4,—j, 7/2 < j <r—1,and apy,—j_1, 7 < j < (3r/2) — 1, as shown in (15),
provided the initial vectors of the sequences on the two sides are the same. Here, we mention
again that the initial values with negative indices have been defined by using (1). Therefore,
we substitute the initial values of {a,} with their negative extensions to the right-hand side
of (15) and enforce the resulting linear combination equal to the initials of the left-hand side
of (15), i.e., €., which derives (16). Under the assumption of the invertibility of A., Toeplitz
system (16) has a unique solution of ¢ = (¢, /2, Cr/2)—1, - - -, Cry Crp1, Cryas - - - c(gT/Q),l)T, which
shows the uniqueness of the expression of (15). (17) can be proved similarly. O

Remark 6. It can be seen that not every Toeplitz matrix generated from the linear recurring
sequence (1) is invertible. For example, consider the sequence {a,} generated by the linear

recurrence relation a, = a,_1 + 3a,—o + a,_3 with a9 = 1, a1 = 0, as = 1, there hold
a3 =ag+3a; +ay =2 and a_; = ay — a; — 3ag = —2. From (17) :
0 1 2
A, =11 0 1|,
-2 10

which is not invertible. If p; = 1,1 < j <7, and r > 2, the corresponding IRS is a higher-
order Fibonacci sequence. For instance, }3’,&3), }7%4), F,&"’% F,&“, F,i”, etc. are Tribonacci
numbers (A000073), Tetranacci numbers (A000078), Pentanacci numbers (A001591), Hep-
tanacci numbers (A122189), Octanacci numbers (A079262), etc., respectively.

3 Examples

We now give some examples of IRS for » = 2 and 3. Let Ay be the set of all linear recurring
sequences defined by the homogeneous linear recurrence relation (2) with coefficient set
Ey = {p1,p2}. Hence, from Theorems 2 and 3 and the definition of the impulse response
sequence of A, with respect to Ey, we obtain

Corollary 7. Let Ay be the set of all linear recurring sequences defined by the homogeneous
linear recurrence relation (2) with coefficient set By = {py,pa}, and let {F\7} be the IRS (i.e.,
the Lucas sequence) of Ay. Suppose o and B are two zeros of the characteristic polynomial
of As, which do not need to be distinct. Then

ﬁ,T(LQ) _ {a;:g"’ ZfOé 7£ 67 (19)

na™ 1, ifa=p.
In addition, every {a,} € Ay can be written as

a, = a B — afaoFY), (20)

) (2

— a2agF, when o = B.

~ (2
and a,, reduces to alF,g .
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Conversely, there is an expression for E® in terms of {a,} as

FTEZ) = C10n+1 + Colly, 1, (21)

where
a1 — app1 a1P2
C = — 5 22
’ p1(a% — Qpa1pP1 — a%pg) ( )

C1 =
2 2 ?
pi(ai — apaip — aop2)

provided that p; # 0, and a} — agayp; — a2py # 0.

Proof. (19) is a special case of (5) and (6) and can be found from (5) and (6) by using the
substitution 7 = 2, ap = 0 and a; = 1. Again from (12) and (14)

ap = G,an + aOpQFn—l - aan - O5Ba017n—1
n_gn n—1_gn—1 .
{alaag —&5%%7 if a # f3;

. 23

ai(na™ ) —a?((n—1)a™?), ifa=7 (23)

By using (15) and (16), we now prove (21) and (22), respectively. Denote by L : ZXZ — Z

the operator L(a,_1,a,-2) := p1an_1 + p2a,—2 = a,. As presented before, L is linear, and

the sequence {a,} is uniquely determined by L from a given initial vector (ag, a1). Define

a_1 = (a1 — p1ag)/pa, then (a_1,a0) is the initial vector that generates {a,_1}n,>0 by L.

Similarly, the vector (ay,pia; + paag) generates sequence {a,11},> by using L. Note the

initial vector of F\* is (0,1). Thus (21) holds if and only if the initial vectors on the two
sides are equal:

a; — pra
(0,1) = c1(ay, prag + paag) + co (%, Go) ) (24)
2
which yields the solutions (22) for ¢; and ¢ and completes the proof of the corollary. O]

Recall that [8] presented the following result.

Proposition 8. [8] Let {a,} be a sequence of order 2 satisfying linear recurrence relation
(2), and let « and B be two zeros of the characteristic polynomial x* — pyx — py = 0 of the
relation (2). Then

{<—“a—%“°)a“— (2752) o, a2 s )
naja" ' — (n — 1)aga™, if o = B.

The paper [8] also gives a method for finding the expressions of the linear recurring
sequences of order 2 and the interrelationship among those sequences. However, [8] also
pointed out “the method presented in this paper (i.e., Proposition 8) cannot be extended to
the higher order setting.” In Section 2, we have shown our method based on the IRS can
be extended to the higher setting. Here, Proposition 8 is an application of our method in a
particular case. In addition, it can be easily seen that (25) can be derived from (23).

Corollary 7 presents the interrelationship between a linear recurring sequence with respect
to By = {p1,p2) and its IRS, which can be used to transfer the identities of one sequence to
the identities of other sequences in the same set.
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Example 9. Let us consider A,, the set of all linear recurring sequences defined by the
homogeneous linear recurrence relation (2) with coefficient set Fy = {p1,p2}. If Ey =
{1,1}, then the corresponding characteristic polynomial has zeros o = (1 + v/5)/2 and
B = (1 —+/5)/2, and (21) gives the expression of the IRS of Ay, which is the Fibonacci

sequence {F),}: . .
no_ ] 1+5 1-5

The sequence in A, with the initial vector (2,1) is the Lucas number sequence (which is
different from the Lucas sequence) {L,}. From (20) and (21) and noting a5 = —1, we have
the well-known formulas (see, for example, [9]):

1 1
Ln:Fn+2Fn—1:Fn+1+Fn—1; Fn:gLn—1+gLn+1-

By using the above formulas, one may transfer identities of Fibonacci number sequence to
those of Lucas number sequence and vice versa. For instance, the above relationship can be
used to prove that the following two identities are equivalent:

Fn+1Fn+2 - Fn—an - F2n+1
LZH + Li = Loy + Lopo.

It is clear that both of the identities are equivalent to the Carlitz identity, Fj, 1L, o —
Fn+2Ln = F2n+17 shown in [3]

Example 10. Let us consider As, the set of all linear recurring sequences defined by the
homogeneous linear recurrence relation (2) with coefficient set Ey = {p; = p, p2 = 1}. Then
(25) tell us that {a,} € A, satisfies

" 2\/4 + p? 2\/4 + p? o

where « is defined by

\/4 2 1 — /4 2
a—%andﬁ————%. (27)
(6%

Similarly, let Ey = {1,¢}. Then

2a1—(1—+/1+4q)a 2a1 —(14++/1+4q)a, . 1.
a, = : 2./1+4q oy = = 2y/1+4q tay, ifg# s
2%(271@1 — (n — 1)ayp), if ¢ = _%7

where o = %(1 ++/1+4q) and g = %(1 — /1 + 4q) are solutions of equation 22 —x — ¢ = 0.
The first special case (26) was studied by Falbo [5]. If p = 1, the sequence is clearly the

12



Fibonacci sequence. If p = 2 (resp., ¢ = 1), the corresponding sequence is the sequence
of numerators (when two initial conditions are 1 and 3) or denominators (when two initial
conditions are 1 and 2) of the convergent of a continued fraction to v/2: {%, %, %, %, ‘21—; o
called the closest rational approximation sequence to v/2. The second special case is for the
case of ¢ = 2 (resp., p = 1), the resulting {a, } is the Jacobsthal type sequences (See Bergum,

Bennett, Horadam, and Moore [1]).
By using Corollary 7, for Ey = {p, 1}, the IRS of Ay with respect to Fs is

PO _ 1 p+VA4+p*\  [(p— A+

In particular, the IRS for £y = {2,1} is the well-known Pell number sequence {P,} =
{0,1,2,5,12,29, ...} with the expression

Pn:2—\1/§{(1+\/§)"—(1—\/§)n}-

Similarly, for Ey = {1, ¢}, the IRS of Ay with respect to Fy is

e () ()

a 2 2

F
" V1+4q
In particular, the IRS for Fy = {1,2} is the well-known Jacobsthal number sequence {.J,,} =
{0,1,1,3,5,11,21, ...} with the expression

The Jacobsthal-Lucas numbers {j,} in Ay with respect to Fy = {1,2} satisfying jo = 2 and
j1 = 1 has the first few elements as {2,1,5,7,17,31,...}. From (20), one may deduce

jn = Jn + 4Jn71 =2"+ (_1)n

In addition, the above formula can transform all identities of the Jacobsthal-Lucas number
sequence to those of Jacobsthal number sequence and vice-versa. For example, we have

JZ+4dy 1y = Jop,
ImIn-1 — JnJm_1 = (=1)"2" T,
Imdn + 2T -1+ 2Jpdm—1 = Jmin
from
Jndn = Jan,
Tondn = Jnjm = (=1)"2" oy,
Indn — Injm = 2Jmin,
respectively. Similarly, we can show that the following two identities are equivalent:

jn = Jn+1 + 2Jn—1a Jn-i—l - Jn + 2Jn—1-

13



Remark 11. Corollary 7 can be extended to the linear nonhomogeneous recurrence relations
of order 2 with the form: a, = pa,_1 + qa,_o+ ¢, ¢ # 0, for p+ q # 1. It can be seen that
the above recurrence relation is equivalent to the homogeneous form (2) b,, = pb,_1 + ¢b,_2,
where b, = a, — k and k = 1_2_(1.

Example 12. An obvious example of Remark 11 is the Mersenne number M, = 2" — 1,
n > 0, which satisfies the linear recurrence relation of order 2: M, = 3M,_1 — 2M,,_»
( with My = 0 and M; = 1) and the non-homogeneous recurrence relation of order 1:
M, = 2M, 1 + 1 (with My = 0). It is easy to check that sequence M,, = (k" — 1)/(k — 1)
satisfies both the homogeneous recurrence relation of order 2, M,, = (k + 1)M,,_y — kM, _»,
and the non-homogeneous recurrence relation of order 1, M,, = kM, _1 + 1, where My = 0
and M; = 1. Here, M, is the IRS with respect to Ey = {3, —2}. Another example is Pell
number sequence that satisfies both homogeneous recurrence relation P, = 2P, | + P, _»
and the non-homogeneous relation P, = 2P, 1 + P,_o + 1, where P, = P, + 1 /2.

Remark 13. Niven, Zuckerman, and Montgomery [12] studied some properties of two se-
quences, {Gp}n>0 and {H,},>0, defined respectively by the linear recurrence relations of
order 2:

Gn - pGn—l + an—2 and Hn - pHn—l + an—Q
with initial conditions Go = 0 and G; = 1 and Hy = 2 and H; = p, respectively. Clearly,
G, = FT(LQ), the IRS of Ay with respect to Fy = {p1 = p, p2 = ¢}. Using Corollary 7, we may
rebuild the relationship between the sequences {G,} and {H,}:
H, = pGn + 2an717
q 1

—H, 1 +——H,
PHag " P g

We now give more examples of higher order IRS in As.

+1-

n =

Example 14. Consider set Aj of all linear recurring sequences defined by (1) with coefficient
set B3 = {p1 = 1,p2 = 1,p3 = 1}. The IRS of Aj is the tribonacci number sequence
{0,0,1,1,2,4,7,13,24,44,...} (A000073). From Proposition 1, the generating function of
the tribonacci sequence is

- 2
Ps(t) = .
O =T
Theorem 2 gives the expression of the general term of tribonacci sequence as
PO — af i ay i oy ’
" (1 —ag)(ar —az) (@ —ay)(az —a3) (a3 —ap)(az — )
where
1 C n 2
o = —— — — _
T3 3 3
1 C
Qo = g g(l‘i‘l\/_)——(l—Z\/_)
1 C

14
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in which C' = ((6v/33—34)/2)'/3. The tribonacci-like sequence {a, } = {2,1,1,4,6,11,21,...}
(A141036) is in the set A3. From Theorem 3 and its corollary 4, a,, can be presented as

1 1
o 3
a?’L — _'_ ak ] 1

J=0 k=j
- +(ag + a)ED) + a B, (28)

Using (17) and (18) in Theorem 5, we may obtain the expression

- 6 4 1
m_ 0, 4, 1 >0 20
n 19an+1 19an 19an—17 n =v, ( )
where a_; := —2 due to the linear recurrence relation a,, = a,—1 + Gp—2 + Ap_3.
It is easy to see the identity
~7§):2F7§?l)1 Fr(bg—)m n =>4,
because the right hand side is equal to F (3)1 + F, (%) o+ F (3)3 after substituting into 7537)1 =

F’ﬁ)? + F( : 3+ F . Thus, by using (29) we have an identity for {a,}:

6a,+1 — 16a, + 7a,_1 + 2a,_2 + 6a,_3 —4a, 4 — a,_5 =0

for all n > 5. Similarly from the identity a,, = 2a,_1 — a,_4, n > 4, and relation (28), we
have the identity

E® 4 B 559, —2F® 4 BY 4 38, + EYg =0
for all n > 6.

It is easy to see there exists r number sequences, denoted by {ag )}, j=1,2,...,r,in A,
with respect to E, such that for any {a,} € A, we have

E:an, —7

where ¢ = (¢y, ¢a, ..., ¢.) can be found from the system consisting of the above equations for
n=0,1,...,r—1. In this sense, we may call {a } 7 =1,2,...,r, abasis of A, with respect
to E,. For 1nstance, for r =2, let {an } be {F,}, the IRS of Az with respect to Fy = {1, 1}

(i.e., the Fibonacci sequence), and let {ag)} be the Lucas number sequence {L,}. Then
{{F.},{L,}} is a basis of Ay because. Thus, for any {a,} € Ay with respect to Fy = {1, 1}
and the initial vector (ag, a;), we have

1 1
ap, = (a1 — §ao> F, + §aOLm

15
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where the coefficients of the above linear combination are found from the system

0 2 C1 . ao
1 1 Co o ay '
Obviously, if {L,} is replaced by any sequence {a 2% in A, with respect to By = {1,1},
provided the initial vector (a(() ), (2)) of {an } satisfies

1

0 o
det | "0 | #0, (30)

then {{F,}, {a,(f)}} is a basis of Ay with respect to Ey = {1,1}. However, if a((f) =1 and
a§2) = 0, then the corresponding alt) = F,_;, and the corresponding basis {{Fn}, {ag) =

F,_1}} is called a trivial basis. Thus, for Ay with respect to EZ {p1,p2}, {{F } {a (2)}}
forms a non-trivial basis, if the initial vector (aé ) al? ) of {(z } satisfies (30) and ao ) £ 1/ps
when a( ) =
(2) _ F(z)

an n—1-

= 0. The second condition guarantees that the basis is not trivial, otherwise

4 Applications

In this section, we will give the applications of IRS to the Stirling numbers of the second
kind, Wythoff array, and the Boustrophedon transform. Let A, be the set of all linear
recurring sequences defined by the homogeneous linear recurrence relation (1) with coefficient

set B, = {p1,p2,...,pr}, and let EF") be the IRS of A,. Theorems 3 gives expressions of
{a,} € A, and the IRS of A, in terms of each other. We will give a different expression
of {a,} € A, in terms of £\ using the generating functions of {a,} and {#"} shown in
Proposition 1. More precisely, let {a,} € A,. Then Proposition 1 shows that its generating
function P(t) can be written as (3). In particular, the generating function for the IRS with
respect to {p;} is presented as (4). Comparing the coefficients of P(t) and P(t), one finds

Proposition 15. Let {a,} be an element of A,, and let {F } be the IRS of A,. Then

1
I Zr‘ﬂ pjtj

_CL()F n+r— 1+Z ak_zp]ak —J n—i—r k—1- (32)

FT(LT) _ [tn—r+1] (31>

Proof. Eq. (31) comes from

1
1- 25:1 p;t? .

E = [t)P(t) = [t

16



Hence,

r—1 k
1 D k1 <ak =D a1 Pﬂk—j) t
+ [t"]

= [t"]P(t) = ao[t"]

1= ipit! 1= pity
1
= aE 0+ 3 (= pay | [
S S S T
which implies (31). O
Proposition 16. If
tr—l
9(t) = —=—7 (33)
1-— Zj:l pjtj
is the generating function of a sequence {b,}, then {b,} satisfies
0, ifn=0,1,...,r—2;
b, =<1, ifn=r—1;
> i1 Pibug, ifn >
Proof. 1t is clear that
. , 1
by =[Hlg(t) = [ o
’ 1- Z] lpjtj
if0<j<r—2
- (zp] ) :{ f0<j<r-2
>0 1 ifj=r—1.
For n > r,
ijbn—j = ij 1" ]g(t)
D;t
— tT’L t’l” 1 .]
Z 1 — z lpztl
1
= [t")¢! (— - 1)
& 1= i pit!
= [t"]g(t) = [t"]t"" = by,
which completes the proof. O

The Stirling numbers of the second kind S(n, k) count the number of ways to partition
a set of n labelled objects into k& unlabeled subsets. We now prove that the sequence {b, =
S(n+1,k)}n>o is the IRS of Ay for any k£ € Ny by using the structure of the triangle of the
Stirling numbers of the second kind shown in Table 1.

17



n\k|0 1 2 3 4 56
0 |1

1 101

2 101 1

3101 3 1

4 101 7 6 1

5 |0 1 15 25 10 1
6 [0 1 31 90 65 15 1

Table 1. Triangle of

—+

he Stirling numbers of the second kind

Theorem 17. Let S(n,k) be the Stirling numbers of the second kind. Then, for any fized
integer k >0, S(n+ 1,k) is the IRS of Ay, i.e.,

S(n+1,k) = F), (34)

where Ay, is the set of linear recurring sequences {a,} generated by

k
(n = ijan—ja (35)
j=1

which has characteristic polynomaial

P(t) =tF — ipjt’” = ﬁ(l — jit). (36)
i=1 i=1
Thus, the generating function of {S(n+ 1,k)} is
- tk
_mﬂ_ﬁiIijg. (37)
Proof. {S(n, k)}o<k<n obeys the recurrence relation
Sn+1,k) =kS(n, k) +Sn,k—1), 0<k<n, (38)

which can be explained by using the definition of S(n, k) shown above. A partition of the
n+ 1 objects into k nonempty subsets either contains the subset {n+ 1} or it does not. The
number of ways that {n + 1} is one of the subsets is given by S(n,k — 1), since we must
partition the remaining n objects into the available k — 1 subsets. The number of ways that
{n-+1} is not one of the subsets is given by kS(n, k) because we partition all elements other
than n + 1 into k subsets with k choices for inserting the element n 4+ 1. Summing these two
values yields (38). Write (38) as

S(nk—1)=Sn+1,k) —kS(n,k), 0<k<n.

18



Denote by gr_1(t) and gx(t) the generating functions of k — 1st and kth columns of the
Stirling triangle shown in Table 2. Then the above equation means

[t")gr—1(t) = S(n,k—1) = S(n+1,k)~kS(n, k) = [t" ] gu(t) —k[t"]gr(t) = [t"T)(1—kt)gi(t)
for 0 < k < n. Therefore, we have

t
1—kt

gr(t) = gr—1(t).

Since ¢1(t) = t/(1 —t), we obtain the generating function of {S(n,k)} for k > 0

"
gi(t) = m (39)
Denote b, = S(n + 1, k) and the generating function of {b,} by B(t). Then
by = [t"|B(t) = S(n+ 1,k) = [t"Mgr(t), 0<k<n,
which implies the generating function of {b,} is
B() = Lult) = (40
! [T (1 - jt)

Using Proposition 16, we immediately know that {S(n+ 1, k)} is the IRS of A, that has the
generating function (37), where Ay is the set of linear recurring sequences {a,} generated
by recurrence relation (35) with the characteristic polynomial (36). O

Example 18. Since the second column of the Stirling triangle, {S(n + 1,2)}, has the gen-

erating function
t 1

Po(t) = (1—t)(1—2t) 1-—3t+22

we have the recurrence relation
S(n+1,2) = 35(n,2) — 2S(n — 1,2)
with the initial S(1,2) = 0 and S(2,2) = 1. Thus we have S(3,2) = 3, S(4,2) = 7,
S(5,2) =15, 5(6,2) = 31, etc.
Similarly, {S(n + 1,3)} is a linear recurring sequence generated by
S(n+1,3) =65(n,3) —115(n,2) + 6S(n, 1)
with initials S(1,3) = S(2,3) = 0 and S(3,3) = 1. From the recurrence relation one may
find S(4,3) = 6, S(5,3) = 25, S(6,3) = 90, etc.
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If we transfer the entries in the array shown in Table 1 to d,, , = k!S(n+1,k+1)/n!, then
the array (d,, x)o<k<n is a Riordan array. The structure and computation of the Riordan array
of the generalized Stirling numbers can be found from [6], while the sequence characterization
of the Riordan array is shown in [7].

We now consider the Wythoff array shown in Table 2, in which the two columns to the left
of the vertical line consist respectively of the nonnegative integers n, and the lower Wythoff
sequence (A201), whose nth term is [(n + 1)a], where a = (1 + \/_)/2 The rows are linear
recurring sequences generated by the Fibonacci rule that each term is the sum of the two
previous terms.

0 1 1 3 5 8 13

3 4 11 18 29 47
2 4 6 10 16 26 42 68
3 6 9 15 24 39 63 102
4 8 1220 32 52 84 136
5 9 14 23 37 60 97 157
6 11 17 28 45 73 118 191
7 12 19 31 50 81 131 212

Table 2. the Wythoff array

The first row sequence in Table 2 is Flbonacm sequence, i.e., the IRS in Ay with respect
to Ey = {1,1}. The jth row sequence {anj }n>0 are linear recurring sequences in A, with
respect to By = {1,1} with initials (5, [(j + 1)a]), j = 1,2,..., where a = (1 ++/5)/2. From

(23) or (25), the expression of ¥’ can be written as

o - [lornss] - (ﬁ)
G+ DEE] =B\
i) (57

(41)

Since every integer in Ny appears exactly once (see [14]), the collection {an 0,7 =0,1,...,
gives a partition of Ny. [(j + 1)a], o = (1 + v/5)/2, can be considered as the representative

of the equivalence class {a%j) :n=0,1,...}.



0 1 2 5 12 29 70 169
3 7 17 41 99 239 57T

2 6 14 34 82 198 470 1154

3 8 19 46 111 268 647 1562

4 11 26 63 152 367 886 2139

Table 3. the Pell-Wythoff array

ag = bo
a — b1 = ag + a
bgza1+a2+b1 <—a2~|—b1 — Qo
as — a3+b2—> a2+a3+b1+b2—> 63:2a2+a3+b1—|—b2

Table 4. Triangle of the boustrophedon transform

The Wythoff array can be extended to similar arrays associated with different linear
recurrence relations. For instance, one may define the Pell-Wythoff array shown in Table 3.
The first row sequence in Table 2 is the Pell sequence, which is also the IRS in A, with
respect to Fy = {2,1}. The jth row sequence {b%] )}nZO are linear recurring sequences in As
with respect to By = {2, 1} with initials (5, [(j + 1)r] — 1), 5 = 1,2,..., where r = 1+ /2.
Noting (23) or (25), we obtain the expression of b5’ as

G ([m D0 +v2)] - J(1 - V3 - 1) (1+v2)'

_([<j+1><1+¢§>}—j<1+¢§>—1) (1-va)" (42

2v/2

Millar, Sloane, and Young [11] showed that the boustrophedon transform of a given
sequence {a, },>o0 is the sequence produced by the triangle shown in Table 4.
Formally, the entries 7T}, 5, n > k > 0, of the above triangle are defined by

Tn,O =a, n=> 07
Tn—i—l,k—l—l - Tn—i—l,k + Tn,n—k n Z k Z 07 (43)

and then b, = T,,,, for all n > 0. Denote the (exponential) generating functions of sequences
{a,} and {b,} by A(t) and B(t). Then Theorem 1 of [11] gives

B(t) = (sect + tant)A(t),
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which implies a relationship of the generating function P,(t) of the IRS {Fj&”} of A, and the
generating function (BP,)(t) of the boustrophedon transform sequence of {]:1(/")}:

tT—l

BP,)(t) = (sect + tant)P.(t) = (sect + tant) ————.
(BP:)(t) = ( )P () = ( )1_Zj:1pjtj

(44)
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