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Abstract

We present techniques for obtaining a generating function for the central coefficients
of a triangle T (n, k), which is given by the expression [xH(x)]k =

∑

n>k T (n, k)x
n,

H(0) 6= 0. We also prove certain theorems for solving direct and inverse problems.

1 Introduction

In [1] the second author introduced the notion of the composita of a given ordinary generating
function G(x) =

∑

n>0 g(n)x
n.

Definition 1. The composita is the function of two variables defined by

G∆(n, k) =
∑

πk∈Cn

g(λ1)g(λ2) · · · g(λk), (1)

where Cn is the set of all compositions of an integer n, πk is the composition
∑k

i=1 λi = n

into k parts exactly.

Comtet [2, p. 141] considered similar objects and identities for exponential generating
functions, and called them potential polynomials. In this paper we consider the case of
ordinary generating functions.

The generating function of the composita is equal to

[G(x)]k =
∑

n>k

G∆(n, k)xn. (2)
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For instance, we obtain the composita of the generating function G(x, a, b) = ax+ bx2.
The binomial theorem yields

[G(x, a, b)]k = xk(a+ bx)k = xk
k

∑

m=0

(

k

m

)

ak−mbmxm.

Substituting n for m+ k, we get the following expression:

[G(x, a, b)]k =
2k
∑

n=k

(

k

n− k

)

a2k−nbn−kxn =
2k
∑

n=k

G∆(n, k, a, b)xn.

Therefore, the composita is

G∆(n, k, a, b) =

(

k

n− k

)

a2k−nbn−k. (3)

Now we show the compositae of several known generating functions [2, 3] in Table 1.

Generating function G(x) Composita G∆(n, k)

ax+ bx2 a2k−nbn−k
(

k

n−k

)

bx
1−ax

(

n−1
k−1

)

an−kbk

ln(1 + x) k!
n!

[

n

k

]

ex − 1 k!
n!

{

n

k

}

Table 1: Examples of generating functions and their compositae

The
[

n

k

]

are the Stirling numbers of the first kind (see [2, 4]). The Stirling numbers of
the first kind count the number of permutations of n elements with k disjoint cycles.

The Stirling numbers of the first kind are defined by the following generating function:

ψk(x) =
∑

n≥k

[

n

k

]

xn

n!
=

1

k!
lnk(1 + x).

The notation
{

n

k

}

are the Stirling numbers of the second kind (see [2, 4]). The Stirling
numbers of the second kind count the number of ways to partition a set of n elements into
k nonempty subsets.

A general formula for the Stirling numbers of the second kind is given as follows:

{

n

k

}

=
1

k!

k
∑

j=0

(−1)k−j

(

k

j

)

jn.

The Stirling numbers of the second kind are defined by the generating function

Φk(x) =
∑

n≥k

{

n

k

}

xn

n!
=

1

k!
(ex − 1)k.
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2 Main results

In this section we present the main results of the paper:

• The method of obtaining a generating function for central coefficients of the given
triangle (Theorem 3).

• Inverse problem. The method of obtaining a unique triangle, when we know only the
generating function for the central coefficients of this triangle (Theorem 9).

In tabular form, the composita is presented as a triangle as follows:

G∆
1,1

G∆
2,1 G∆

2,2

G∆
3,1 G∆

3,2 G∆
3,3

G∆
4,1 G∆

4,2 G∆
4,3 G∆

4,4

. . .
...

...
...

. . .

G∆
n,1 G∆

n,2 . . . . . . G∆
n,n−1 G∆

n,n

Considering the triangle, we see that the central coefficients are represented by the fol-
lowing sequence:

G∆
1,1, G

∆
3,2, . . . , G

∆
2n−1,n, . . .

The generating function for the central coefficients is given as follows:

F (x) = G∆
1,1 + G∆

3,2x
1 + · · · + G∆

2n−1,nx
n−1 + · · ·

In the following lemma we give the Lagrange inversion formula, which was proved by
Stanley [5].

Lemma 2 (The Lagrange inversion formula). Suppose H(x) =
∑

n≥0 h(n)x
n with h(0) 6= 0,

and let A(x) be defined by

A(x) = xH(A(x)). (4)

Then

n[xn]A(x)k = k[xn−k]H(x)n, (5)

where [xn]A(x)k is the coefficient of xn in A(x)k and [xn−k]H(x)n is the coefficient of xn−k

in H(x)n.

By using the above Lemma 2, we now give our main theorems.

Theorem 3. Suppose H(x) =
∑

n≥0 h(n)x
n is a generating function, where h(0) 6= 0, and

G(x) = xH(x) with [G(x)]k =
∑

n>kG
∆(n, k)xn, and A(x) =

∑

n>0 a(n)x
n is the generating

function, which is obtained from the functional equation A(x) = xH(A(x)). Then the gen-

erating function F (x) for the central coefficients of the triangle G∆(n, k) is equal to the first

derivative of the function A(x):

F (x) = A′(x) =
∑

n>1

G∆(2n− 1, n)xn−1. (6)
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Proof. According to Lemma 2, for the solution of the functional equation A(x) = xH(A(x)),
we can write

n[xn]A(x)k = k[xn−k]H(x)n.

In the left-hand side, there is the composita of the generating function A(x) multiplied
by n:

n[xn]A(x)k = nA∆(n, k).

We know that
(xH(x))k =

∑

n≥k

G∆(n, k)xn.

Then

(H(x))k =
∑

n≥k

G∆(n, k)xn−k.

If we replace n− k by m, we obtain the following expression:

(H(x))k =
∑

m≥0

G∆(m+ k, k)xm.

Substituting n for k and n− k for m, we get

[xn−k]H(x)n = G∆(2n− k, n).

Therefore, we get (cf. [1])

A∆(n, k) =
k

n
G∆(2n− k, n). (7)

Hence, for solutions of the functional equation A(x) = xH(A(x)), we can use the following
expression:

[A(x)]k =
∑

n>k

A∆(n, k)xn =
∑

n>k

k

n
G∆(2n− k, n)xn.

Therefore,

A(x) =
∑

n>1

1

n
G∆(2n− 1, n)xn.

Differentiating A(x) with respect to x, we obtain the required generating function:

F (x) = A′(x) =
∑

n>1

G∆(2n− 1, n)xn−1.

The theorem is proved.

For applications of Theorem 3 we give some examples.
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Example 4. Consider the expression that generates Pascal’s triangle

[xH(x)]k =

(

x

1− x

)k

=
∑

n>k

(

n− 1

k − 1

)

xn,

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1

Let us obtain a generating function for the well-known central binomial coefficients
A000984 in [6, 7]:

1, 2, 6, 20, 70, 252, 924, 3432, 12870, 48620, . . .

The nth central binomial coefficient is defined by

(

2n

n

)

.

The functional equation has the form

A(x) =
x

1− A(x)
.

The solution of this equation is

A(x) =
1−

√
1− 4x

2
.

Now we compute the derivative of A(x). Therefore, we obtain the generating function
for the central binomial coefficients:

A′(x) =
1√

1− 4x
(8)

See A000984 in [6].

Example 5. Let us consider the generating function H(x) = 1−x
1−2x

. Then

[xH(x)]k =
∑

n>k

G∆(n, k)xn,

where

G∆(n, k) =
n−k
∑

i=0

(−2)i
(

k

n− k − i

)(

k + i+ 1

k − 1

)

(−1)n−k−i
.
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The composita G∆(n, k) defines the following triangle A105306 [6]

1
1 1

2 2 1
4 5 3 1

8 12 9 4 1

Let us now compute the generating function for the central coefficients of this triangle.
For this purpose we solve the following functional equation:

A(x) = x
1− A(x)

1− 2A(x)
.

Therefore,

A(x) =
1 + x−

√
1− 6x+ x2

4

which generates the sequence A001003 in [6],

x+ x2 + 3x3 + 11x4 + 45x5 + 197x6 + 903x7 + · · ·

Now we compute the derivative of A(x). Therefore, we obtain the generating function
for the central coefficients:

A′(x) =
1

4
− x− 3

4
√
x2 − 6x+ 1

(9)

This is the sequence A176479 [6]

1 + 2x+ 9x2 + 44x3 + 225x4 + 1182x5 + · · ·

Example 6. Let us consider the generating function H(x) = x cot(x). Then [xH(x)]k =
[x2 cot(x)]k defines the following triangle A199542 [6]

G∆(n, k) = 2n−2 k (−1)
n−k

2

k
∑

l=0

2l l!

(

k

l

) n−2 k+l
∑

m=0

m!
[

l+m

l

] {

n−2k+l

m

}

(l +m)!(n− 2 k + l)!
,

1
0 1

−1
3

0 1
0 −2

3
0 1

− 1
45

0 −1 0 1

The functional equation has the form

A(x) = xA(x) cot(A(x)).

Then
A(x) = arctan(x).
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Therefore, the generating function for the central coefficients of the triangle A199542 [6]
is

A′(x) =
1

1 + x2
. (10)

Now we are ready to consider the inverse problem. We know the generating function for
the central coefficients, and we need to find a triangle with given central coefficients.

First we consider the notion of reciprocal generating functions [3].

Definition 7. Reciprocal generating functions are functions that satisfy the condition:

H(x)B(x) = 1.

In the following lemma we give the formula of the composita of a reciprocal function,
which was proved in the paper [1].

Lemma 8. Suppose H(x) =
∑

n≥0 h(n)x
n is a generating function, where h(0) = 1, and

B(x) =
∑

n≥0 b(n)x
n is the reciprocal generating function, where b(0) = 1, and B∆

x (n,m) is
the composita of xB(x). Then the composita of the function xH(x) is equal to

H∆
x (n, k) =











1, if n = k;
n−k
∑

m=1

(−1)m
(

k+m−1
k−1

)

m
∑

j=1

(−1)j
(

m

j

)

B∆
x (n− k + j, j), if n > k.

(11)

By using the above Lemma 8, we are now able to prove the following theorem.

Theorem 9. Suppose F (x) =
∑

n≥0 f(n)x
n is a generating function, where F (0) 6= 0.

Then there exists a unique generating function H(x) =
∑

n≥0 h(n)x
n such that the triangle

G∆(n, k) defined below has the central coefficients f(n),

[xH(x)]k =
∑

n>k

G∆(n, k)xn.

Proof. To prove this theorem, we consider the proof of Theorem 3 in the reverse order.
Integrating F (x) in x, we obtain the generating function A(x)

A(x) =

∫

F (x)dx =
∑

n>0

f(n− 1)
xn

n
,

where a(0) = 0.
To find H(x), we solve the following inverse functional equation

A(x) = xH(A(x)). (12)

Suppose A(x) = t, then x = A−1(t). And we get

t = A−1(t)H(t)
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or

H(t) =
t

A−1(t)
. (13)

We solve this equation using the notion of compositae.

The generating function B(x) = A−1(t)
t

is the reciprocal generating function with respect
to H(t)

H(t)
A−1(t)

t
= 1.

According to Lemma 8, the composita of tH(t) is equal to

G∆(n, k) =











1, if n = k;
n−k
∑

m=1

(−1)m
(

k+m−1
k−1

)

m
∑

j=1

(−1)j
(

m

j

)

B∆
t (n− k + j, j), if n > k.

In our case, the composita B∆
t (n, k) is equal to the composita of A−1(t).

For obtaining the composita of A−1(t), we use the following algorithm:

1. calculate the composita A∆(n, k) of the generating function A(x);

2. using formula (11), calculate the reciprocal composita A∆
R(n, k) of the composita of

A∆(x);

3. using the reciprocal composita A∆
R(n, k), calculate the composita of the inverse function

A−1(t)

A∆
Inv(n, k) =

k

n
A∆

R(2n− k, n).

Therefore,

H(x) =
∑

n>1

G∆(n, 1)xn−1.

The theorem is proved.

Using Theorem 9, we can obtain a triangle T (n, k) given by the generating function H(x),
h(0) 6= 0 such that

[xH(x))]k =
∑

n>k

T (n, k)xn,

when we know only the central coefficients of the triangle.
Now we give the following example. We find a triangle T (n, k) such that a central

coefficients are the Catalan numbers.

Example 10. The generating function for the Catalan numbers is defined by A000108 in
[6],

F (x) =
1−

√
1− 4x

2x
.
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Let us obtain the required triangle and its expression. First we compute the integral of
F (x)

∫

1−
√
1− 4x

2x
dx = log

(√
1− 4x+ 1

)

−
√
1− 4x.

The first elements of the obtained generating function are shown below:

−1 + log 2 + x+
x2

2
+

2x3

3
+

5x4

4
+

14x5

5
+ 7x6 +

132x7

7
+ · · ·

Since a(0) = 0, we have

A(x) = 1− log(2) + log
(√

1− 4x+ 1
)

−
√
1− 4x =

= log

(

1− 1−
√
1− 4x

2

)

+ 2

(

1−
√
1− 4x

2

)

.

Now we obtain the composita of A(x).

A(x) = log(1− C(x)) + 2C(x),

where

C(x) =
1−

√
1− 4x

2
.

The composita of log(1− x) + 2x is

k
∑

j=0

(−1)n−j 2j
(

k

j

)

(k − j)!

(n− j)!

[

n− j

k − j

]

.

The composita of C(x) is
k

n

(

2n− k − 1

n− 1

)

.

Therefore, the composita of A(x) is equal to the product of compositae C(x) and log(1−
x) + 2x

A∆(n, k) =
n

∑

m=k

m

n

(

2n−m− 1

n− 1

) k
∑

j=0

(−1)m−j 2j
(

k

j

)

(k − j)!

(m− j)!

[

m− j

k − j

]

.

Using formula (11), the reciprocal composita of the composita of A(x) is

A∆
R(n, k) =











1, if n = k;
n−k
∑

m=1

(

k+m−1
k−1

)

m
∑

j=1

(−1)j
(

m

j

)

A∆(n− k + j, j), if n > k.

Using the reciprocal composita A∆
R(n, k), we obtain the composita of the inverse function

[A(x)]−1

A∆
Inv(n, k) =

k

n
A∆(2n− k, n).
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Therefore, we obtain the reciprocal composita of the composita of the inverse function

G∆(n, k) =











1, if n = k;
n−k
∑

m=1

(

k+m−1
k−1

)

m
∑

j=1

(−1)j
(

m

j

)

A∆
Inv(n− k + j, j), if n > k.

This is the required composita.
The required triangle has the following form

1
1
2

1
5
12

1 1
1
2

13
12

3
2

1
551
720

17
12

2 2 1
11
8

529
240

23
8

19
6

5
2

1
16657
6048

2831
720

1111
240

5 55
12

3 1
4289
720

46999
6048

1329
160

6059
720

95
12

25
4

7
2

1
16491599
1209600

501353
30240

246787
15120

1841
120

14 47
4

49
6

4 1
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