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Abstract

We develop two g-analogues of the previously defined poly-Stirling numbers of the
first and second kinds. We also develop the corresponding ¢-rook theory models to
give combinatorial interpretations to these numbers.

1 Introduction

Define N = {1,2,3,...} and N = N U {0}. Given any nonzero p(z) € N°z], Miceli [2]
defines generalizations of Stirling numbers, called poly-Stirling numbers with respect to p(x).

Poly-Stirling numbers of the first kind, sfbfi), are defined by the recursions

St = sy — p(n)sly 1)

where sg% )= 1 and sﬁfi) = 0 if either £ < 0 or k > n. Similarly, poly-Stirling numbers of

the second kind, Sﬁf,f), are defined by the recursions

il = Snily +p(k)Shy (2)

where S&%C) =1 and SZE,? = 0 if either k£ < 0 or k > n. If we let CZ(? = (—1)”"‘“525?, then

the cz(?’s satisfy the recursion

&= 4 p(n) ) (3)
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where cgfg) =1 and sz(i) = 0 if either K < 0 or k¥ > n. We can see that in the case where
p(z) = x, the generalized numbers reduce to the classical Stirling numbers. In the case
where p(z) = 22, these numbers are the triangle central factorial numbers, discussed in both
Riordan [5] and Stanley [6].

For any « € N we can define the g-analogue of = to be

T

I—q
1—q

2]y =1+q+q+-+¢" =

There now are two natural g-analogues of the poly-Stirling numbers, namely, we can take
the g-analogue of p(z) to be either p([z],) or [p(z)],. Accordingly, we define the Type I

g-analogues of sﬁfi) and Sﬁf,f) by the following recursions:

S0 ) = 85 (a) — p([n])sh) (q), and (4)
S @) = ST (a) + p(kl)SEY (q) (5)

if 0 <k <n+1 with s‘gfg)(q) = Sg’(g)(q) =1 and sfsi)(q) = SZEZ)((]) =0ifk<Oork>n.
(

)

We also define the Type IT g-analogues of s i) and Sﬁ’(,f) by the following recursions:

S = S5 — ) (), and ©)
SP (q) = S () + (k)57 () (7)

if 0 <k <n+1with Eg%)(q) = gg’(ox)(q) =1 and EZEi)(q) = Szf,f)(q) =0ifk<0ork>n.

The goal of this paper is to define two methods for ¢g-counting in the rook theory setting
of polyboards, and to use those methods to give combinatorial interpretations for Type I and
Type II poly-Stirling numbers of the first and second kind. In Section 2, we summarize the
results in Miceli [2], where the author describes the general setting of m-partition boards,
polyboards, poly-rook and file numbers, and poly-Stirling numbers. Section 2 is given for
completeness, and accordingly, a reader who is familiar with the results in Miceli [2] may
wish to begin with Section 3, where the two ¢-rook models are described. The first model
describes ¢-counting in polyboards when the g-analogue of p(z) is taken to be p([z],), and
the second rook model describes g-counting in polyboards when the g-analogue of p(z) is
taken to be [p(x)],.

2 Polyboards, rook placements, and poly-Stirling num-
bers

Let B = F(by,bs,...,b,) be a Ferrers board with column heights by, b, ..., b,, reading from
left to right, where 0 < b; < by < --- < b, are nonnegative integers. For any positive integer
m, we define B called the m-partition of B, to be the board B where each column is
partitioned into m subcolumns. We will define, for any board B, C’(j)(B(m)) to be the j**
column of B™) | reading from left to right and C’(ZJ)(B(m)) to be the I subcolumn, reading
from left to right, of the j** column of B. Finally, the cell which is in the #*" row from
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Figure 1: The board B®, with B = F(0,1,3,4,4).

the bottom of C(ZJ)(B(m)) will be denoted by c¢(t,1, 7). An example of these types of boards
can be seen in Figure 1, where B = F(0,1,3,4,4) and m = 2. We also define B©® to
be a degenerate board, that is, a board with n “special” columns of height 0; these will be
columns that, although they have height 0, can still have rooks placed into them, and further
descriptions will be given later.

2.1 m-Partition boards

Miceli [2] defines two kinds of rook placements in the board B(™) which mirror those found in
Garsia and Remmel [1]: nonattacking placements and file placements. We let Ny () (B™)
denote the set of placements of mk nonattacking rooks in B(). These are placements such
that the following three conditions hold.

(i.) If any subcolumn C(i,j)(B(m)) contains a rook, then for every 1 <[ < m, the subcolumn
C(.5(B™)) must contain a rook. That is, if any subcolumn of the j* column contains
a rook, then every subcolumn of the j** column must contain a rook.

(ii.) There is a most one rook in any one subcolumn of a given column.

(iii.) For any 1 <[ < m and any row t, there is at most one rook in row ¢ that lies in a
subcolumn of the form C(ljj)(B(m)). That is, there is at most one rook in cell ¢ of the
" subcolumn of any column.

Another way to think of nonattacking rook placements is that as you place rooks from
left to right, each rook r that lies in a cell ¢(¢,[, 7) cancels all the cells in the same row t
that lie in subcolumns corresponding to [ to its right. Then a placement of rooks satisfying
(i.) and (ii.) above is a placement of nonattacking rooks if it is the case that no rook lies in
a cell which is canceled by another rook to its left. For example, on the left in Figure 2 we
have pictured a nonattacking rook placement P & ./\/'k7(m)(B(m)) where B = F(0,1,3,4,4),
m = 2, and k = 2. Here we denote each rook by an X; and we have placed an ¢ in the cells
that are canceled by those rooks of the same subscript. Note that since rooks only cancel
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Figure 2: Nonattacking and file rook placements in the board B, with B = F(0,1, 3,4, 4).

cells that correspond to the same subcolumn, we do allow the possibility of having rooks in
the same row in a given column.

We let Fj (n)(B™) denote the set of placements of mk file rooks in B™). These are
placements such that the following two conditions hold.

(i.) If any subcolumn C(i,j)(B(m)) contains a rook, then for every 1 <[ < m, the subcolumn
C.;(B™) must contain a rook.

(ii.) There is at most one rook in any subcolumn of a given column.

For example, on the right in Figure 2 we have pictured a file placement F &€ fh(m)(B(m))
where B = F(0,1,3,4,4), m = 2, and k = 2.
We then define

Ty (B™) = [N (B™)| and
Frimy(BM™) = | Py (B,
and we call 7, () (B™) the k" m-rook number of B™ and fy, (n) (B™) the k™ m-file number

of B,
Defined in this way, it is shown in [2] that these numbers satisfy some simple recursions.

Theorem 1. Suppose that B = F(by,...,b,) and B = F(by, ..., by, byy1) are Ferrers boards.
Then for all 0 < k <n+1,

P,y (BU™) = 7 ) (B™™) + (b1 — (k = 1)) 741,y (B™) (8)

and B
fk,(m)(B(m)) = fk,(m)(B(m)> + b;nJrlfk—l,(m)(B(m))- (9)
From here, it is shown that when B = F(0,1,2,...,n—1), the m-rook and m-file numbers

of B correspond to poly-Stirling numbers with respect to p(z) = 2™. We call such poly-
Stirling number x™-Stirling numbers, and we have the following rook theory interpretation
for the x™-Stirling numbers.



Figure 3: An example of the polyboard B(p(z)), with B = F(1,2,3,5,5) and p(x) = py +
LT + pox®.

Theorem 2. Let m € N and B = F(0,1,...,n—1). Then
Z; - Tn—k,(m)(B(m))a
o = Fokmy(B™), and

m

spie = (1" fack o (B™).

2.2 Polyboards

Fix a Ferrers board B = F'(by, by, ...,b,) and a polynomial p(x) = p,, % + pg, 2% + -+ +
ps,z* € Nlz], with 0 < s; < s; for all i < j. We define a set of y m-partition boards
B(p(z)) := {B®), BG2) . BG)Y We call B(p(z)) the polyboard associated with B and
p(z), and we refer to the board B2 as the z'* subboard of B(p(z)). In Figure 3, we
see an example of a polyboard where B = F(1,2,3,5,5) and p(z) € N[z] is of the form
po + p1x + pax®. Note that the coefficients of p(x) are irrelevant when constructing B(p(z)),
although the coefficients of p(z) are important in how we enumerate rook placements in this
setting.

We wish to consider rook placements in these polyboards, and so we first define Cf;) (B(p(z)))
to be the j column of B®=), and we refer to the collection of the j** columns of the y
boards in B(p(x)) to be the j™ column of B(p(z)), denoted by C;)(B(p(x))). We also let
Chj(B(p(z))) be the I subcolumn of the j% column of B®=). If a rook r is placed in
column CF ,,(B(p(x))) in the t" row from the bottom of B2) then we say that r lies in
the cell ¢(z,¢,1,j). As a convention, we will say that CF ;,(B(p(z))) lies to the right (left) of
C(Zli,j,)(B(p(x))) whenever j > j' (j < j'), and accordingly, we refer to the rook which lies in
the leftmost column of B(p(x)) as the leftmost rook in the board.

2.3 Poly-rook numbers, poly-file numbers, and poly-Stirling num-
bers

Given B(p(z)), we shall define both nonattacking and file rook placements in the polyboard.
Nonattacking rook placements in B(p(z)) are placements of rooks such that the following
two conditions hold.

(i.) If any rook is placed in the j* column of a subboard, then that may be the only
subboard which contains a rooks in its j** column.
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(ii.) Within any particular subboard, the nonattacking placement rules from Section 2.1
apply to that board.

We shall call such a placement of rooks into B(p(x)), in which k& columns total among all
of the subboards of B(p(z)) contain rooks, a k-placement of nonattacking rooks in B(p(z)).
In such a k-placement, cancellation will occur in the following manner:

(i.) Suppose a rook r is the leftmost rook placed in the C;)(B(p(z))).

a. If r is placed in the j%* column of the board B, it cancels no cells in B and it
cancels the lowest cell in each subcolumn to its right in each of the other boards.
It will also cancel every cell in the j column of every other subboard of B(p(z)).

b. If  is not placed in the board B, it cancels only the cell in the j** column in
B and r cancels as described in Section 2.1 within the z* subboard. Among
the remaining boards, r will cancel the lowest cell in each subcolumn to its right
in every other subboard in the board B(p(z)), and every cell in the j* column of
all other subboards.

(ii.) Suppose 7’ is any other rook which has been placed in the C})(B(p(z))).

a. If v’ is placed in the board B it cancels no cells in B® and it cancels the lowest
cell in each subcolumn to its right, which has yet to be canceled by a rook to its
left, in each of the other boards. It will also cancel every cell in the i** column
of every other subboard of B(p(x)) which has yet to be canceled by a rook to its
left.

b. If 7/ is not placed in the board B it cancels only the cell in the i*" column in
B and 7’ cancels as described in Section 2.1 within the w* subboard. Among
the remaining boards, ’ will cancel the lowest cell in each subcolumn to its right,
which has not yet been canceled by a rook to its left, in every other subboard in
the board B(p(r)), and every cell in the j* column of all other subboards which
has yet to be canceled by a rook to its left.

An example of such a placement and the corresponding cancellation can be seen in
Figure 4, where B = F(1,2,3,5,5), k = 3, and p(x) = po + p1z + psx>. In this figure, a cell
labeled with an ¢ has been canceled by the rook X;.

File rook placements in B(p(x)) are placements of rooks such that the following two
conditions hold.

(i.) If any rook is placed in the j* column of a subboard, then that may be the only
subboard which contains rooks in its 5% column.

(ii.) Within any particular subboard, the file placement rules from Section 2.1 apply to that
board.
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Figure 4: An example of a nonattacking k-placement in the polyboard B(p(x)), with B =
F(L 27 37 57 5)7 k= 37 and p(‘lj) = po+ 1T +p3373
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Figure 5: An example a file k-placement in the polyboard B(p(x)), with B = F'(1,2,3,5,5),
k=3, and p(x) = po + p1x + psa®.



For these placements, any rook which is placed in the j** column of a subboard will cancel
all cells in the j** columns of all other subboards. An example of this type of placement can
be seen in Figure 5, where again B = F(1,2,3,5,5), k = 3, and p(x) = po + p1x + p3z?.

Given any nonzero p(z) € N°[z], we let Ny ,)(B(p(z))) denote the set of colored nonat-
tacking k-placements in the polyboard B(p(z)) such that the following two conditions hold.

(i.) The rooks placed in the columns of B (52) are colored with distinct colors, ¢, . .. s Cps, -

(ii.) If any rook placed in the j* column of a subboard is colored with color c,,, then every
rook placed in the j** column must be colored with ¢, as well.

We also define Fy, ) (B(p(x))) to be the set of colored file placements with rooks in
k of the columns of B(p(z)) under the exact same coloring conditions as placements in

Nipz)(B(p(x))). We shall call such a placement of rooks a colored file k-placement.
We then define

Trp@) (B(0())) = [Nipw) (B(p(x)))| and
Jrp@ (B(p(2))) = [Frpa) (B(p(z)))],

and we call 7y ) (B(p(z))) the k™ poly-rook number of B(p(z)) with respect to p(z) and
frp@) (B(p(x))) the k™ poly-file number of B™ with respect to p(x).
Using these definitions, we have the following theorem.

Theorem 3. Suppose that B = F(by,...,b,) and B = F(by, ... by, b,y1) are Ferrers boards
and consider a nonzero p(z) € N°[z]. Then for all 0 <k <n+1,

Trp(@) (B(0(2)) = Thp(a)(B(p(2))) + p(bnpr — (k = 1))7k—1 p@) (B(p())) (10)
and
Jrp@ (B(0()) = frp@) (B(p(x))) + p(bni1) fr1p@) (B(p(x))). (11)

From here, it is shown that when B = F(0,1,2,...,n — 1), the poly-rook and poly-file
numbers of B(p(x)) with respect to p(x) correspond to poly-Stirling numbers with respect
to p(x) in the following way.

Theorem 4. Let B = F(0,1,...,n— 1) and let p(x) = N[z]. Then

Y

S = e (B(p(2)))
EY = fakan(B(p())
S = (1) g (B(p(@))).

, and

To get generalized product formulae for the poly-Stirling numbers, two special types
of rooks boards are defined. For the first, consider the y-tuple of boards B,(p(x)) =

{Bésl), B;(fz)7 . Bg(csy)}, where given x € N, BY) is the board B®*) with x rows of n columns
appended below such that each column is partitioned into s, columns. We call this appended
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portion the x-part and the imaginary line that separates the original board from x-part is
called the bar. We define ¢, (t,1, ) to be the cell which is in the t** row, reading from bottom
to top, of the z-part in the I subcolumn of the j** column. If s; = 0, then the board BY
will be look like two copies of the board B, one which lies above the bar and one which lies
below. That is, the x-part of BY s also degenerate. We will refer to the upper parts of each
board as such, and if we talk about the upper part of B.(p(x)), then we are referring to the
set of upper parts of each board in B,(p(z)), and we use the same convention when talking
about the z-part of B.(p(x)). We then say that the upper part of B,(p(x)) is separated
from the a-part of B,(p(x)) by the bar of By(p(x)). Let F, i) (Bz(p(x))) denote the set of
colored placements in B,(p(z)) such that the following four conditions hold.

(i.) Every column of B,(p(z)) must contain a rook.

(ii.) If any rook is placed in the j column of a subboard of B,(p(z)), then that may be
the only subboard which contains rooks in its j** column.

(iii.) Within any particular subboard, if any of the m rooks placed in a given column lie
above the high bar, then all m rooks in that column must lie above the high bar, and
otherwise, all m rooks in that column lie in the xz-part. The same file placement rules
from Section 2.1 apply to the upper and z-parts, respectively.

(iv.) The same coloring rules apply as before.

We define that any rook placed in the upper part of the j* column of a subboard of
B, (p(x)) will cancel the upper parts of the j* columns of every other subboard in B, (p(z)),
and any rook placed in the z-part of the j* column of a subboard of B,(p(x)) will cancel
the z-parts of the j columns of every other subboard in B,(p(x)). An example of this
type of placement and the corresponding cancellation can be seen in Figure 6, where B =
F(1,2,3,5,5), p(z) = po + p1x + psz®, © = 6, and the rook denoted by X; cancels the cells
labeled with an .

By counting |F,, p(z)(Bz(p(x)))| in two different ways, we get the following theorem.

Theorem 5. Suppose n € N and p(z) = pg,°* + pe,x* + - + p,, 2 € N[z]. If B =
F(by,by,...,b,) is any Ferrers board, then

n

[L(@) +p0:)) =D famrat)(Bp(x) (p(2)". (12)

=1

Note that in the special case of Theorem 5 where B = F(0,1,...,n — 1), we see that
Equation (12) reduces to

n

[T +p6-1) =3 D), (13)

i=1

and if in Equation (13) we replace p(x) with —p(z) and multiply both sides by (—1)",
we obtain the following corollary:
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Figure 6: An example of a file rook placement in Bg(p(x)), with B = F(1,2,3,5,5) and
p(x) = po + pr1x + psz’.

Corollary 6. For n € N° and p(z) € N[z],

[L@) =i = 1) = 377 w))" (1)

Our second type of rook board allows us to obtain a product formula for poly-rook
numbers, which in turn gives a product formula for poly-Stirling number of the second kind.
Consider the board B2"™ [2], a modification of the augmented rook boards originally
defined by Miceli and Remmel [3]. To construct these boards, we first We Start with the
board BY™. Then B2 is formed by adding, below the z-part of BY™, columns of
heights 0,1.. -1, readlng from left to right, that consist of m subcolumns. We call
the extra cells that we added to B{™ to form B¢ the augmented part of B2"(™ and
call the line that separates the xz-part and the augmented part of B2*9™ the low bar. We
define c,(t,1,7) to be the cell which is in the t'* row, reading from top to bottom, of the
augmented part in the {** subcolumn of the j** column. For example, we have pictured such
an augmented board on the left in Figure 7, where B = F(0,1,3,3,4), m =2, and 2 = 3. In
particular, B2 will be similar to BY”, that is, B2 will consist of a degenerate board,
a degenerate z-part, and a degenerate augmented part.

We define a nonattacking rook placement P of mn rooks in B
such that the following three conditions hold.

@9:(m) 6 be a placement

ug,(m)

(i.) Every column of By must contain a rook.

(ii.) Rooks that are placed in either the z-part or the lower augmented part of By do
not cancel any cells.
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Figure 7: An example of the board Bg”g’(g), with B = F(0,1,3,3,4) along with a corre-
sponding example of a nonattacking rook placement.

aug,(m

(iii.) If r is a rook placed in the cell ¢(¢,1, j) in the upper part of By ), then r will cancel
all the cells in the upper part of the form c(¢, s, j) for s > [ plus the lowest cells in the
lower augmented part in the subcolumn C, ;) for s > [ that have not been canceled by
a rook that lies in subcolumn C, ;, of B to the left of r.

To better illustrate this cancellation, we have pictured an element of Nny(m)(Bgug’(m))
in the righthand side of Figure 7. We have placed dots in those cells that are canceled
by the rooks in column 2 and %’s in the cells that are canceled by the rooks in column
4. The other rooks do not cancel any cells. Finally, we define the weight of a placement
Pe Nm(m)(B;‘“g’(m)), w(P), to be (—1)"®) where la(P) equals the number of columns in P

which contain rooks which lie in the lower augmented part of B2"4™,

Now, consider the y-tuple of boards B*(p(z)) = {B;’““Sl), Bouts2) ,BZ“Q’(Sy)}, called
the augmented polyboard with respect to B and p(x). We will refer to the upper parts of each
board as such, and if we talk about the upper part of B¥9(p(x)), then we are referring to
the set of upper parts of each board in B*9(p(x)), and we use the same convention when
talking about the x-part of B,(p(x)) and the lower augmented part of B9 (p(x)). We then
say that the upper part of B{"(p(x)) is separated from the z-part of B9 (p(x)) by the high
bar of B&9(p(x)) and the z-part is separated from the lower augmented part by the low bar
of B¥9(p(x)). Next we define a nonattacking rook placement P in B*“9(p(x)) such that the
following three conditions hold.

(i.) Every column of B*9(p(x)) must contain a rook.

(ii.) If any rook is placed in the j column of a subboard of B,(p(z)), then that may be
the only subboard which contains rooks in its j** column.

11



(iii.) Within any particular subboard, the following rules are observed.

a. There is at most one rook in each subcolumn.
b. For any given column C(;)(Bs“"™), either all m rooks in that column are placed
aug,(m)

above the high bar, all below the low bar, or all in the z-part of B

c. No rook lies in a cell which is canceled by another rook.

[ ]
X.| - ]
i W B

11444444

2 X; 442 11 |495
TTITT

2 4 222444
“H

2 22 2

Figure 8: An example of a nonattacking rook placement in B3"(p(z)), with B =
F(1723575) and p(l’) = po +p1T +p35133

Here cancellation in this board is defined as follows.

(i.) Suppose r is a rook placed in the first column of B2 (p(z)).

a. If r is placed above the high bar in the subboard B2"**)_ then above the high bar,
r will cancel within the upper part of B2 (p(z)) as described previously (that is,
as if there is no z-part or lower augmented part). It will also cancel the lowest cell
to its right in each subcolumn of the lower augmented part in each of the other
remaining subboards.
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aug,(sw)
T

b. If r is placed in the z-part in the subboard B , then r will cancel the z-parts
in the first column of every other subboard in B (p(z)).

(ii.) Suppose 1’ is any other rook which has been placed in the j* column of B9 (p(x)).

a. If 7' is placed above the high bar in the subboard B2*"**) then again, r’ cancels
above the high bar in all boards as it would if there were no x-part or lower
augmented part. It will also cancel the lowest remaining uncanceled cells to its
right in each subcolumn of the lower augmented part in the remaining subboards
which have yet to be canceled by a rook to their left.

b. If 7' is placed in the z-part, then 7' will cancel the z-parts in the j* column of
every other subboard in B%9(p(x)).

c. If r" is placed in the lower augmented part, then 7’ cancels all uncanceled cells in
the lower augmented parts of the j* columns of the remaining subboards.

Now for any nonzero p(z) € N°[z], we then let N,y (B2 (p(x))) denote the set of
colored placements in B%9(p(x)) such that the above placement and cancellation rules hold
as do the same coloring rules as before. An example of these placement and cancellation
rules is illustrated in Figure 8, where B = F(1,2,3,5,5), p(z) = po + p1x + p3z®, and x = 3.
Finally, we assign to each colored placement of rooks P € N, ,)(B3"(p(x))) a weight of
(—=1)LA®)  where LA(P) is the number of columns in IP that contain rooks which lie in the
lower augmented part of B39(p(x)). This model, combined with Theorem 4, gives the
following result.

Theorem 7. Suppose n € N and p(x) = pg,°* + pe,2* + - + pg, 2% € N[z]. If B =
F(0,1,...,n—1) is any Ferrers board, then

n

@) = > Tk (B(@) [ [ (o) = p(G = 1)) (15)

k=0 j=1
n k

= Y SO () - p(i - 1)).
k=0 j=1

3 Two g-analogues

To begin, we recall that [0], = 0 and for any n € N,
ly=1+q+q+ - +¢7" =

Now, assume that we have the single-column Ferrers board B = F(b;) and that p(z) = =.
Then we can define, for any placement P of a single rook in this board, the statistic w(P) =

13
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Figure 9: g-counting, where the sum over all placements in K(B) with B = F(5) is ¢* +¢* +
2. 1., .0_
¢*+q' +4q° = [5],.

¢"™®) | where v(IP) is the number of cells which lie above the rook in P. If we set K(B) to be
the set of all rook placements in B, then

W(B)= Y w(P)=[bl,

Pek(B)

An example of this can be seen in Figure 9, where by = 5. This method of g-counting
generalizes further, where if B = F(b;) and p(z) = ca™ € N[z| with m > 1, then W(B) =
c[bn]g = p([b1g)-

3.1 Type I g-counting in polyboards

In this section we describe the first of our two g-analogues. Here, given a nonzero p(x) €
NO[z], we define the type I g-analogue of p(z) to be p([z],). Suppose that we are given a
placement P € Fj, o) (B(p(2))), and let r denote the collection of rooks which have been
placed in the j column of the board s,. We then write » = r*7%:) and we define the
g-weight of r by

g(r,q) == ¢*",

where a(r) is the number of cells in B(p(z)) that lie directly above the rooks of r. We
then define the ¢-weight of P to be

G(P,q) := [ 9(r.a)-

relP

An illustration of this type of g-counting can be seen in Figure 10, where the same
placement is used as in Figure 5. Here we see that, when looking at rooks from left to right,
P has a g-weight of

G(P,q) = g(r@’lvl),q) g(r(3’3’2),q) 9(7”(1’4’1),q)

14



L X X

Figure 10: g-counting in the board B(p(z)), with the same placement as in Figure 5. Here
the g-weight is (1)(q)(1) = q.

We then define the k™ type I q-poly-file number of B(p(z)) to be

Srp)(B(p(x)), q) = > G(P,q). (16)

]P)Efk:,p(x) (B(p(l‘)))

Now suppose that we are given a placement P € F,, ) (Bx(p(x))). We write r = (=)
denote the collection of rooks which have been placed the z-part in the j* column of the
board s, and we will define, for each rook r € P, the ¢-weight of r by

ag(r)

Gx(7,q) = ¢*\",

where

(i.) a,(r) is the number if uncanceled cells which lie directly above r if r is not in the x-part

of B,(p(x)), and

(ii.) ay(r) is the number if uncanceled cells which lie directly above r but below the bar if
7 is in the z-part of B,(p(x)).

The g-weight of PP is then defined to be

G.(P,q) = [[ 9.(r, ).

relP

This g-counting in the board B,(p(x)) is pictured in Figure 11, where the placement
shown has, when looking at the rooks from left to right, a ¢g-weight of

G.(P,q) = g,(r®"Y

I
~—
8
—~
=
=
N
=
8
K
~—
)
8
—~
3
w
et
=
=
~—
Q
—~
3
=
=~
=
')
~—
Q
8
—~
3
w
ot
=
8
()
~—

15



Figure 11: g-counting in the board B,(p(x)), with the same placement as in Figure 6. Here
the g-weight is (1)(1)(¢)(1)(¢") = ¢".

Theorem 8. Suppose z,n € N and p(z) = a,z% + ag,z™ + - + a5,2% € Nlz|. If
B = F(by,by,...,b,) is any Ferrers board, then

n

[Tl +p() = D Fakpiw (B0(2)),0) (p([2]y))" (17)

i=1
Proof. Given p(x) and a Ferrers board B = F(by,bs,...,b,), define

S(Bp@) = S GuPa).

]P)e]:n,p(z) (Bm(p(it)))

We first consider the number of ways that we can place rooks in each column of B, (p(x)),
starting with the leftmost column and working to the right. In the first column of B, (p(z))
there will be x + x% + ... + 2% ways to place rooks in the z-part, and there will be
b3t +b3% + - - - + b} ways to place rooks in the upper part. The total g-weight for all of these
placements would be

(23 + 213+ + []) + ()3 + [D]3 - + [0a]g)
if these placements were uncolored. Coloring the placements leads to the total ¢-weight of
(as, [37];1 + s, [x]Zz Tt tag, [2]q7™) + (ag, [bl]zl + s, [bl]zz +eootas, [bl]zy) = p([z]g) +p([b1]g)

in the first column of B,(p(z)). In general, since no rook cancels to its right, the j* column
of the B, (p(x)) will get a total g-weight of p([z],) + p([b;],), giving that

Su(Bo(p(x))) = [ [ (e(]y + p([bi]))-

i=1
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Figure 12: g-counting in the board B(p(zx)), with the same placement as in Figure 4. Here
the g-weight is (1)(1)(¢®) = ¢>.

Next, suppose that we first fix a colored n — k-file placement W € F,,_j p2)(B(p(2))).
Then the g-weight of W is G(W,q). We wish to extend W to a colored placement P in
Fop)(Bz(p(x))), that is, PN B(p(z)) = W. To do this, we will place rooks in the remaining
columns of the xz-part of B,(p(x)) which do not already contain rooks from W. In each of
these columns there will be z°* 4+ %2 4 - .- + 2° ways to place rooks, each with a ¢g-weight
of p([z],). As there are k such empty columns, we have

Sy(Bo(p(x)) = D > G gp([a],)*

k=0 WeF, _j () (B(p(x)))

= > pllz]y)" > G

WEF i p(a) (B(p(x)))

= > 0([#]0)* farkpta)(B(p(2)), ),

which is the desired result.
]

Suppose that we are given a placement P € N ) (B(p(z))). We define the g-weight of
r by

hr.q) == q"*),

where ((r) is the number of uncanceled cells which lie above the rooks of r.
We then define the ¢-weight of P to be

H(P,q) := H h(r,q).

relP

In Figure 12, which is the identical placement to Figure 4, we see that the placement
shown has a ¢g-weight, when looking at rooks from left to right, of

17



H(P,q) = h(r®" q) h(r"30 q) h(r®2 q)
1)(1)(¢*)

(
q.
We then define the k™ type I g-poly-rook number of B(p(z)) to be

Thp() (B(p(2)), q) = > H(P,q). (18)

PENk,p(z) (B(p(z)))

Now suppose that we are given a colored placement P € N, (B¢ (p(z))). We define
r = r(#3%2)a to denote that the rooks lie in the augmented part of the board, and we set, for
each r € P, the ¢g-weight of r to be

ha(r,q) = ¢%" ™),

where
(i.) /2%9(r) is equal to S(r) if r is above the high bar in B9 (p(z)),

(ii.) B29(r) is equal to the number of uncanceled cells directly above the rooks in r but
below the high bar if 7 is in the xz-part of B¢ (p(z)), and

(iii.) (£9%9(r) is equal to the number of uncanceled cell directly above a rook in r but below
the low bar if 7 is in the augmented part of B2 (p(z)).

Using this weighting scheme we set the g-weight of PP to be

H,(P,q) = (—1)FC Hh r,q),

relP

where again, LA(PP) is the number of columns of B“9(p(x)) which contain rooks from P
below the low bar. This type of g-counting in the board B9 (p(x)) can be seen in Figure 13,
where the placement shown has g-weight

HoBg) = (IO, g) k220, q) hy(rO9%, ) by (124D, ) by (152, g)
= (-D'(1)(9)(*)(*)(q)

Theorem 9. Suppose x,n € N° and p(z) = a,2™ + an,2™ + - + a2 € Nlz|. If
B=F(0,1,...,n—1), then

n k

(p([2])" = D1 o (Bp(@), @) [ [(e((ely) — p(li = 1]))- (19)

k=0 =1

18
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Figure 13: g-counting in the board B3™(p(x)), with the same placement as in Figure 8. Here
the g-weight is —q°.

Proof. Given p(z) and the Ferrers board B = F/(0,1,...,n — 1), define

Ty(B" (p(x))) = > H,(P, q).

PENn,p(m) (Bgug(p(x)))

We see that in the first column of B*9(p(x)) there are z* + %2 + --- 4+ 2% ways to
place uncolored rooks in the x-part, and so once we color the rooks and assign a g¢-weight,
these placements contribute a total g-weight of p([z],) to T,(B2*(p(x))). By construction,
rooks not placed in the z-part of the first column may only be placed in a degenerate board
(if there is one), and so there are always p(0) possible ways to place colored rooks both
above the high bar and in the augmented part of B{"(p(xz)). These both contribute a total
g-weight of p(0) = p([0],) to T,(B*9(p(x))), although the rooks placed below the low bar
are weight by LA(IP). Thus, the total g-weight over all placements in the first column of
B&(p(x)) is p([x],) + p([0]y) — p([0]4) = p([x],). In general, if we have placed rooks in the
first t — 1 columns of B (p(x)) such that exactly s of the columns have rooks above the
high bar, then there will be ¢ — 1 — s uncanceled cells above the high bar and ¢t — 1 — s
uncanceled cells below the low bar in every subcolumn of column ¢. That is, in column ¢
there are a;(t —1 —5)" +as(t =1 —5)2+ -+ ay(t —1—5)% = p(t —1—s) ways to

19



place colored rooks above the high bar, p(z) ways to place colored rooks in the z-part, and
a(t—1—98)"4a(t—1—5)2+---4a,(t—1—5) =p(t—1—s) ways to place colored
rooks below the low bar. In such a case, the g-weights over all possible placements in the
" column of B2 (p(z)) will contribute p([z],) + p([t — 1 — s]q) — p([t — 1 — s]4) = p([z],) to
T,(B39(p(z))). It then follows that

Tq(B[zmg (p(z))) = (p([x]q))n

Now suppose that we fix a colored (n — k)-nonattacking rook placement V' in the upper
part of B¥9(p(x)). Then we want to count the number of ways extend V' to a placement
in N @) (B2 (p(x))). Let Cp,)(B29(p(x))) be the i column of B (p(z)), reading left to
right, which has no rooks from V' in that column. Then for 1 < i < k, there will be t; — ¢
columns to the left of C,)(B2"(p(x))) which have rooks above the high bar and these rooks
will cancel ¢; — 4 cells in each subcolumn of C,)(B$"(p(x))) in the lower augmented part
of the B®(p(x)). Thus, there will be t; — 1 — (¢; — i) = (i — 1) uncanceled cells in each
subcolumn of C,) (B3 (p(x))) in the lower augmented part of the BS"9(p(x)), contributing
a total g-weight of —p([i —1],) to T,(B$*(p(x))). Moreover, the rooks from V will not cancel
any cells in the z-part of this column, and so the colored rook placements from rooks placed
in the z-part contribute a total g-weight of p([z],) to T,(B*(p(x))). We then see that if
we sum the weights over all possible ways to place colored rooks in column C,) (B3 (p(x)))
will get p([z], — p([i — 1],). It follows that

T,(By(p(x) = ) > HV.a) ] p([i = 1y))

k=0 VGNn kp () (B(p(z ))) i=1

S [eH - si-1) Y HV.)

k=0 1=1 VEank,p(z) (B(p(x))))
n k
- <H Z o 1]‘1))) rzqigk,p(x)<B(p<x))7 Q),
k=0 \i=1
which is the desired result.
m
3.2 Type I g-poly-Stirling numbers
In this section we will study the polynomials defined by the recursions
Sg((‘f)( )=1and SZSZ)(q) =0ifk<0ork>nand (20)

SH) (a) = S (@) + (k) )SP(q) iE0 < k< n+1andn>0.

We will call these numbers the Type I q-poly Stirling numbers of the second kind. We
then define the numbers
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sg(g)(q) =1 and sﬁfi)(q) =0ifk<O0ork>nand (21)
smitr(@) = snila (@) = plnlg)si(a) 0 <k <t 1and 0 > 0.

We will call these numbers the Type I g-poly Stirling numbers of the first kind. If we now

replace SZE?(‘J) with (—1)("_’“)62%)(@, then we have the numbers which satisfy the recursion

cs(g)(q) =1 and cz(i)(q) =0ifk<0or k>nand (22)
i w@) = 450 (@) +p(nl) 3 (@) 10 < k< nt Tand n >0,

and we will call these numbers the signless Type I q-poly Stirling numbers of the first
kind.

Theorem 10. Let n € N° and consider a nonzero p(x) € N°[x]. If B= F(0,1,...,n —1),
then, for every 0 < k < n,

ED(G) = Farp) (B(p(2)), ). (23)

Proof. We see that fo_o ) (B(p(2)),q) = fopa) (B@(x)),q) =1= cgfg)(q). Now, we proceed
by induction and consider the boards B = F(0,1,...,n — 1) and B = F(0,1,...,n — 1,n).
Then fo,11-kp@) (B(p(x)),q) gives the total g-weight over all possible colored (n + 1 — k)-
placements of file rooks in the board B(p(z)). Now, all rooks could be placed in the first
n columns, and the total g-weight over those placements is given by fy 11—k ) (B(p(2)), ).
Otherwise, there is a rook placed in the last column of B(p(z)). In this case, there are rooks
placed in n — k of the first n columns of B(p(x)), and those rooks contribute a total g-weight
of fr—tp)(B(p(x)),q). Since the rooks placed in the last column of B(p(z)) can be placed
in any of the subboards, each of which has a last column with height n (except possibly a
degenerate board), those rooks will contribute a g-weight of p([n],) to the total weight of
these placements. Thus,

Furiokpe) B(2)),0) = fusi—rpto)(B(p(x)), > P([)g) Faipte) (B(p(x)), q)
= 5% 1(0) + p(Inly) ¥ (q), by induction
= AN

n+1,k

Combining this result with Theorem 8, we have the product formula

TTo(01,) + ol — 11, zczz) ) (24)

=1
If we then replace p([z],) in the above equatlon Wlth —p([z],) and multiply both sides by
(—1)", we get

[Te(1ela) — p(li = 11, Zs o))" (25)
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Now, we can apply Milne Inversion [4] to show that the matrices HSZ,(Z)((]) || and ||si€i)(q) I
are inverses of one another, which also leads to the product formula

(1) = > shd (@) [T(laly) = ol = 11,)), (26)

although this formula also arises as a corollary to Theorem 9 and the following theorem.

Theorem 11. Let n € N° and consider a nonzero p(x) € N°[x]. If B= F(0,1,...,n —1),
then, for every 0 < k < n,

SE(q) =2 (Bp(x), 9). (27)

Proof. We see that ri") (B(p(x)),q) = 150, (B(p(z)),q) = 1 = Sg’@(q). Now, we pro-
ceed by induction and consider the boards B = F(0,1,...,n — 1) and B = F(0,1,...,n —
L,n). Then r\% (B(p(x)), q) gives the total g-weight over all possible colored (n +
1 — k)-placements of nonattacking rooks in the board B(p(z)). Now, all rooks could be
placed in the first n columns, and the total g-weight over those placements is given by

Tl k(@) (B(p(2)), q). Otherwise, there is a rook placed in the last column of B(p(z)). In

this case, there are nonattacking rooks placed in n — k of the first n columns of B(p(z)), and
those rooks contribute a total g-weight of rf;igk’p(x) (B(p(z)),q). Then, the last column in each
of the subboards of B(p(x)) has height n (except possibly a degenerate board), and n — k
cells have been canceled in each subcolumn of the last column of each board in B(p(z)). So,
there are n — (n — k) = k available cells in each subcolumn of the final column of B(p(x)),
giving that the rooks placed in the last column of B(p(x)) will contribute a g-weight of p([k],)

to the total weight of our (n + 1 — k)-placement. Thus,
Tttt (B(()),0) = 3y 0 (B(@)), @) + p([klg)ry™ o) (B(p(2)), @)
= S" (q) + p([K])S"% (), by induction
= S
[

Using the recursions given above, the following is a generalization of a well-known gen-
erating function for the Stirling numbers of the second kind.

Theorem 12. For any k > 1,

p(x) [ Nyn _ tk
Z S OV = 00— o0 (= p(E)D) (28)
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Proof. Let ¢x(t,q) = >, 5x Sﬁf,f)(q)t”. From our combinatorial interpretation we see that
the only way to have an n-placement in B¥(p(z)), where B = F(0,1,...,n— 1), is to place
every rook at the top of its column. So, for all n € N, Ssz)(q) = p(1) = p([1],), giving

o1(t,q) = m Using our recursion for S*(g) we obtain
— ({1, ,
ou(tq) = > SH (gt

n>k

= D821 (@) + P[RS (@)t
n>k

= > S @+ > p((H) S (o)t
n>k n>k

= top_1(t,q) + tp([K]y)ox(t, q).

ThU.S, ¢k(t,Q) = (

¢r—1(t,q), and our result follows by induction.

t
(1—M%M®>

3.3 Type II ¢g-counting in polyboards

Here, given a nonzero p(z) € N°[z], we define the type IT g-analogue of p(z) to be [p(x)],.
We can express the polynomial [p(x)], in various forms. Recall that for nonnegative integers
x and a, we have the identity [z + a], = [z], + ¢"[a],- As an example, consider the type II
g-analogue of the polynomial p(z) = 2% + 2z + 4. We rewrite [p()], as

[x3 +2x+4), = [x3 + 2z, + q$3+2$ 4],
= [ﬁs]q + qu [23@]!1 + qm3+2r [4]q
= [+ ¢ (L + )l + ¢ 21+ g+ ¢+ )1,

So, we see that the g-analogue of p(z) is a weighted sum of g-analogues of monomials.
Using this fact, we can ¢-count both non-attacking and file placements of rooks in the
polyboard if we can determine how to modify our g-counting techniques for m-partition
boards, then we can extend those results to polyboards by appropriately weighting the cells
in each of the boards of B(p(x)) with extra factors of q. We call this type-1I g-counting,
and this alternative way of g-counting rook and file placements is best explained by through
an example. For the purposes of this section, as we will primarily be dealing with single
m-partition boards, we will denote C;) (B (m)) by C, as no confusion should arise as to which
column we are referring.

Suppose we have a Ferrers board B = F(1,2,2,4,5) and a placement P € N5 3)(B®),
as in Figure 14, where the rooks are placed in columns C;, = C5 and C;, = C}.

Step 1: We remove all of the rooks of P from B, and we number each subcolumn of
B from top to bottom, with the digits 0,1,2,...,b, — 1, as in Figure 15.
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Figure 14: A placement of non-attacking rooks in two columns of B®) with B =
F(1,2,2,4,5).

Figure 15: Step 1: A numbering of the blank board B® with B = F(1,2,2,4,5).

Step 2: We will place the rooks which were in column C;, = C5 of the original placement
in B back into the numbered board, and cancel in the normal way. We will then note
which numbers were in the cells now filled by these m rooks. Supposing the numbers are,
reading from left to right, a;, as, . .., an,, we will assign these rooks a g-weight of v (Cj,, q) =

(araz-amlv, where (aras -+ ay), is the p-ary digit ai(p" ') + as(p"2) + -+ + a,(p?). In
this case, the rooks placed in column Cj, give us a g-weight of vo(Cj,,q) = 12 =
g OO+ — 44 We will then renumber the remaining uncanceled cells in the columns to
the right of C;, as we did in Step 1. This step can be seen in Figure 16.

Step 3: Now we will place the rooks back into column Cj,, which here is the fourth
column of B, We then assign those rooks a g-weight of v¢(C,,q) = q(alaz""a’")%*l, again
reading the a; from left to right. Here the rooks in the fourth column of B will be assigned
a g-weight of v (Cy,, q) = q(1021-1 = (1023 — ¢1(O+0B)+2(1) — 411 This step can be seen in
Figure 17.

Step 4: In general, we will, after replacing the rooks in a given column C; , give those
rooks a g-weight of vo(C;,, q) = g\®192 7 @m)bi, =1 We will then define the type-1I g-weight
of the original placement P € Nj, (n)(B™) to be

v(P,q) = H ve(Ci, q)-

Thus, the placement in Figure 14 has a type-1I g-weight of
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Figure 16: Step 2: We begin to place the original rooks back into the board B, and we
keep track of the numbers in those cells, which are, reading from left to right: 1, 0, 0. We
then assign a ¢-weight to those rooks, and renumber uncanceled cells to the right of those
rooks.

Figure 17: Step 3: We repeat Step 2 for the rooks in column Cj.

2
v(P,q) = [ ve(Ci.q) = ve(Ca, qve(Caq) = ¢*q" = ¢"°.
w=1
We now define the k" type-1I gm-rook number of B to be

PeN, (m) (B(M)

There are also analogous file numbers, which can be defined in a very similar way to the
rook numbers. Given an m-file placement in the board B(™) with rooks placed in the cells
clay, 1,iy), c(ag, 2,iy), ..., ¢(@m, m,i,) of the column C; , we define

q(a1a2”'a’”)bz‘w )

/"LC<Ciw7 Q) =
Then, given any placement P € fh(m)(B(m)), we define the type-II ¢-weight of P to be

w(P,q) =[] re(Ci,.q)-

We then define the k™ type II-gm-file number of B to be

]P’E]'—ky(m) (B<m> )
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Figure 18: An example of a ¢-count for a file rook placement P &€ ]—‘kv(m)(B(m)), where
B =(0,1,2,4,5,5). This placement has a g-weight of ¢'%.

An example of this g-weighting can be seen in Figure 18, and the placement shown has
a type-II g-weight of

u(P,q) = q(101)2q(221)5q(204)5 _ q5q61q54 _ q120.

Using these definitions, one could prove that these type-II ¢gm-rook and file numbers
satisfy some simple recursions, much like in Theorem 1.

Theorem 13. Suppose that B = F(by,...,b,) and B = F(by,...,b,,bys1) are Ferrers
boards. Then for all0 < k <n+1,

Tre(my (B, @) = T oy (B™, @) + [(by — (k — 1))™]Frmr,0m) (B™, q) (31)
and

From(B™.q) = Fro oy (B, @) + [(b2) ™o fr—1.0my (B™. ), (32)

where To,(my(B™, q) = foy(m)(B(m),q) =1 and Ty, (m)(B™, q) = ?k,(m)(B(m),q) =0ifk<0

or 'k >n.

We now further generalize this notion of type-II g-counting to include rook placements
in our more generalized boards. To begin, suppose that P € Fnﬁ(m)(Bg(cm)) and define

MBQ(EW) (]P)a Q) = H MC,BQ(Em> (Cj> Q),

J=1

where we define M c Bg(cm(C'j, q) as follows.

(i.) Ifthe mrooksin Cj liein the cells c(aq, 1, 7), c(az, 2,7), . . ., c(am, m, j), then M, gom (Cj,q) =

(araz--am)s,

pe(Cj,q) =q

(ii.) If the m rooks in C; lie in the cells ¢;(a1,1,7), cz(a2,2,5), ..., cz(@m,m,j), then
B(m>(C q) = q(dld?"dm)gﬂ, where d; = a; — 1.
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Figure 19: An example of a g-count for a file rook placement P € Fg 3 (83(63)), where B =
(0,1,2,4,5,5) and # = 5. This placement has a ¢-weight of ¢*™.

An example of this type of g-weighting can be seen in Figure 19, where the same board
and placement as in Figure 18 is used above the bar. Here,

6
My (P,q) = 1_[1%1073§3>(CJ7Q)
]:

_ q(232)5q(m2)5q(101)2q(304)5q(221)5q(204)5

— q67q7q5q79q61q54

— 2B
Theorem 14. Suppose x,n € N°. If B = F(by, by, ...,by,) is any Ferrers board, then

LT + B0 = D Faeoy(B™, @) ([2™])". (33)

Proof. Given a Ferrers board B = F'(by, by, ... ,b,), define

Se(BI) = > My (P,q).

]P)efn(m)(B:E‘M))
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We first consider the number of ways that we can place m rooks in each column of B
starting with the leftmost column and working to the right. In the first column of B;" (m there
will be 2™ ways to place rooks in the z-part with a total g-weight of [z™],. Slmllarly, there
are b" ways to place rooks above the bar, with a total g-weight of [b7*],. So, the g-weight
over all possible placements of m rooks in Cy is M, yom (C1,q) = [z™]g + [b7"]4. Since rooks
do not cancel to their right in this board, if we place m rooks in C}, then the total g-weight
over all placements of rooks in this column will be M, on (C}, q) = [2™]q + [b]"]4, and thus,

Sy(BI) = [ (12™]g + [b7,).

i=1
Next, suppose we first fix a file placement Z € F,,_j () (B™). Then the g-weight of Z

is u(Z,q). We wish to extend Z to a placement P € fn,(m)(Bém)) such that PN B™ = Z.
Each such P arises by placing m rooks in the z-part in each column which does not contain
a rook of Z. In each such column there will be 2™ ways of placing these m rooks, which will
give a total g-weight of [2™], for each such column. As there are k such empty columns, we
have

S(BY) = > > wZa)(a"y)t

= > (") Y wZa

k=0

]

We would now like to prove a similar product formula for the type-II gm-rook numbers,
and to do so, we must first define how to type-1I g-count in augmented boards. To begin,
suppose that P € N, () (B (m )) with rooks placed, from left to right in columns Cj, ..., C,
and define

|74 Bous (m) (P q H Claq

where we define 7¢(Cj, q) as follows.
(i.) If the m rooks in O lie in board B™), then c(C}, q) = v (Cy, q).

(ii.) If the m rooks in C} lie in the z-part of B3 then vc(Cy,q) = M, pom (Cy,q), that
is, these rooks have the same ¢-weight as if they were in a file placement in Bém).

(iii.) If the m rooks in Cj lie in the cells ¢,(a1,1,7), ca(az, 2, j), ..., ca(@m,m,j) in the aug-
mented part of By (m , and if there are ¢ columns to the right of C'; which contain rooks

above the high bar, then v(C;, q) = glerezemle where ¢; = a; — 1, and a = j — 1 — t.
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Figure 20: An example of a g-weighting of a placement of non-attacking rooks in the board
B3P with B = F(1,2,2,4,5).

An example of this type-II g-weighting can be seen in Figure 20, where the same board
and placement as in Figure 14 are used above the high bar. Here,

5
Voo (Brq) = (=) O] 7(Ci,q)

=1
— (*1)161(112 3q(IOO)gq(101);;q(102)3q(101)2

= (-Dd"¢"¢’¢"'¢

—
Theorem 15. Suppose x,n € N°. If B= F(0,1,...,n— 1), then

(&™) = > Fnk ) (B™, )

k=0 J

([2™]q =[G = 1)"]q)- (34)

n k
=1

Proof. Let B = F(0,1,...,n—1) and define
Tq(Bgug,(m)) = Z VB;ug,(m) (P, q),
PeNn,(m) (B;ugﬁ(”n))
guyv(m)

We first consider the number of ways to places rooks in the first column of B
starting with the leftmost column and working right. In the fist column of Bzug’(m), there

I
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are x' possible rook placement, and by our weighting scheme, these come with a total ¢-
weight of 7(C1, q) = [2™],. Now suppose that we are placing rooks in column C; with j > 1,
and further suppose that we have placed rooks above the high bar in s of the columns to the
right of C;. Then above the high bar we will have ((j — 1) — s)™ ways to place rooks, and
similarly, we will have ((j—1)—s)™ ways to place rooks in the augmented part. Since we still
have 2™ ways to place rooks in the z-part, the total ¢-weight over all such placement is, when
considering the sign contributed by LA(P), [™],+[((j —1)—9)"],—[((j —1)—9)"], = [z™]
Thus,

q-

Ty(Bg o™ = ([a™],)".

Next, suppose we first fix an (n — k)-nonattacking rook placement U € Nn_kj(m)(B(m)),
Then the g-weight of U is v(U, q). We wish to extend U to a placement P € Nn,(m)(Bﬁug’(m))
such that PN B = U. Each such P arises by placing m rooks below the high bar in each
column which does not contain a rook of U. In the first such column, reading from left to
right, there will be ™ ways to place rooks in the z-part and 0 ways to place rooks in the
augmented part, contributing a total ¢-weight of [2™], = [, — [0™],. In general, suppose
we are placing rooks in the i such column below the high bar. Then there will still be
™ ways to place rooks in the z-part, and there will be (i — 1)™ ways to place rooks in the
augments part, giving a total g-weight of [x™], — [(i — 1)"],. As there are k such empty
columns, we have

T (Byot™) = > v(U,q) H([xm]q =G =1")

_ z(nuxm]q—[o—nm]q)) S g

UeNn—k,(m)(B(m))

n k
= > (H([wm]q - - 1)m]q)> Tt (m) (B™, ),
which is the desired result.

]

Using these notions of g-counting in m-partition boards, we could extend these results
to obtain type-II g-poly rook and file numbers, which would yield the following corollary to
Theorem 13.

Corollary 16. Suppose that B = F(by,...,b,) and B = F(by,...,b,, b,y1) are Ferrers
boards and let p(x) € N[z]. Then for all0 <k <n+1,

Trp() (B(0(2)), @) = Thp@) (B(p(2)), @) + [p(bn — (B = D)lgTe-1p) (B(p(2)), q)  (35)

and

Ty (B(0(2)), @) = Fipiay (B0(2)), @) + [P(bn)]of k-1 pa) (B(p()), ), (36)
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where

Top@) (B(0(2)), @) = fopw) (Blp(z)),q) =1
and
Trp(e)(B(0(2)): @) = Frp) (B(p(x)),q) =0 if k <0 or k > n.

3.4 Type II g-poly-Stirling numbers

Consider the numbers defined by the recursions

gg,(g)(Q) =1 and gi(z)(q) =0ifk<0ork>nand (37)
S0 (@) = 5o (@) + (k)5 () i 0 < k < + 1 and n > 0.

We will call these numbers the Type II q-poly Stirling numbers of the second kind. We
then define the numbers

ggfg)(q) =1 and EZEi)(q) =0if k< 0or k> n and (38)
2 @) =75 (@) = [p()]5h5 () if 0 <k <n+1andn > 0.

We Wil(l )call these numbers the Type II g-poly Stirling numbers of the first kind. If we now

replace 5, (¢q) with (—1)(”_’“)(_351%)((]), then we have the numbers which satisfy the recursion
cgg()—1andEflfz)(q):Oifk<00rk:>nand (39)
&0 () =2 (¢) + [p(n Ep @)if0<k<n+1landn >0,
n+1,k n,k—1 n,k

and we will call these numbers the signless Type II q-poly Stirling numbers of the first
kind.

Theorem 17. Let n € N and consider a nonzero p(z) € N°[z]. If B = F(0,1,...,n — 1),
then, for every 0 < k <n,

@) = Tacipiy(B0(2)), 9) (40)
and
(@) = Tucrpn (B(p(x)), q). (41)

We omit the proof of this theorem, as it again shows that the respective polynomials
satisfy the same recursions.
Combining this result with Theorem 14, we have the product formula

[ L)+ [pG = 1) Zcii? )" (42)
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If we then replace [p(x)], in the above equation with —[p(x)], and multiply both sides by
(—1)", then we get

n n

[L(p@)l, = ol = 1)1)) = 50 (@) (p()],)" (43)

1=1 k=0

Now, we can apply Milne Inversion [4] to show that the matrices Hgi(z)(q) || and ||§Zfi)(q) I
are inverses of one another, which also leads to the product formula

(b)) = Y-S0k (@) p(i = 1)l (44)
k=0
although this formula also arises as a corollary to Theorems 15 and 17.
Finally, using the recursions given above, the following is a generalization of a well-known
generating function for the Stirling numbers of the second kind, the proof of which is similar
to that of Theorem 12.

IISw

Theorem 18. For any k > 1,

tk:
> SO = T TR (45)

n>k

4 Concluding remarks

We have given two different g-analogues of the generalizations of the poly-Stirling numbers
defined by Miceli [2]. It is the case that Type I and Type II p, g-analogues of poly-Stirling
numbers may be defined in a similar fashion, where the p, g-analogue of n € N is given by

[n]p,q _ pnfl =+ qpn72 S qn72p 4 qnfl

Most of the results of this paper have p, g-analogue counterparts, and the proofs are similar
once a combinatorial interpretation has been given. Miceli and Remmel [3] provide some
insight into how to p, g-count in this rook setting.

For future work, it may be interesting to see if exponential generating functions can be
found for poly-Stirling numbers in general. While Riordan [5] provides a result for p(z) = 22,
it would be nice to have results for a general p(x).
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