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Abstract
In this article we first prove a general theorem on integer sequences A, such that
the following asymptotic formula holds,
An

~ o ﬁ
An_l Cn f(n> Y

where f(x) is a function of slow increase, C' > 0, a > 0 and (3 is a real number.
We also obtain some results on the Bell numbers B, using well-known formulae.

We compare the Bell numbers with a” (a > 0) and (n!)" (0 < h < 1).
Finally, applying the general statements proved in the article we obtain the formula

1

Bpii~e (By)

Integer Sequences. A (General Theorem.

We shall need the following well-known lemmas [12, pp. 332, 294].

Lemma 1. If s, is a sequence of positive numbers with limit s then the sequence

n81$2...3n

has also limit s.
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Lemma 2. The following limit holds,

. vn! 1
lim — = —.
n—oo N e

We recall the definition of function of slow increase [7, Definition 1 |.
Definition 3. Let f(z) be a function defined on interval [a,0c0) such that f(z) > 0,

lim, .o f(z) = oo and with continuous derivative f’(z) > 0 . The function f(z) is of
slow increase if and only if the following condition holds

@) af(r)
i 6] = 1)

Typical functions of slow increase are f(z) = logx, f(x) = log”x and f(z) = loglog x.

Lemma 4. If f(x) is a function of slow increase on the interval [b,o00) then the following
asymptotic formula holds

VIO O +1) - f(n) ~ f(n), (2)
where b is a positive integer.

Proof. Note that we always can suppose that f(x) > 1 on the interval [b, 00).
Since log f(z) is increasing and positive in the interval [b, co) we find that

Zlogf =S (1 loe f(i) = | 108.(w) do + Oltog 7)) = g 7 )

N " e fi(a)
b f(x)

Note that the second equation in (3) is a sum of areas of rectangles of height log f(i) and
base 1. Consequently the third equation in (3) is immediate.
L’Hopital’s rule gives (see (1))

o logf@) L f@

z—00 T z—00 f(:)j)

+

dx + O(log f(n)). (3)

=0.

Therefore
O(log f(n)) = o(n). (4)

If the integral f v tf ) qt converges we obtain

:Etf(t) dt
lim ) L N—

r—00 X
On the other hand, if the integral fb tﬁ(ti) dt diverges we obtain from L’Hopital’s rule and
(1) that

z tf'(t) dt
lim fb Jo f@

T—00 x
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Therefore

vefe)
/b L do o) (5)

Equations (3), (4) and (5) give

Z log f(i) = nlog f(n) + o(n). (6)
That is,
%Zlog f(i) =log f(n) + o(1).
i=b
That is (2). O

Theorem 5. Let A, (n > 0) be a sequence of positive numbers (in particular integers) such
that
A

/4n—1
where f(z) is a function of slow increase on the interval [b,00), C' > 0, a > 0 and [ is a

real number. If 1 <n < b we put f(n) = 1.
The following formulae hold,

~ Cn f(n)?, (7)

n—1 1
Ll ®)
Ap-1
An+1 ~ 60(A:L+Z7 (9)
log A, = anlogn + fnlog f(n) + (—a + log C)n + o(n), (10)
log A,, ~ anlogn, (11)
(Cnf(n)?)"
An = e (12)
Proof. We have (see (7))
An
An_1
—_—r 1. 13
Cnf(n)? o

Consequently (13) and Lemma 1 give

n H A1 V i 35
k=1 ¢
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That is

(14
(15)
(16)
Equation (16) gives (8). Equation (16) and [7, Theorem 8] give
1 1
A ~ Al (17)
Equations (17) and (16) give
1
A, ~ eO‘A,l:’f_l
That is (9). Equation (16) gives
1 n 3
—log A, =log | C—f(n)” | + o(1).
n e”
That is (10). Equation (10) gives (11), since (from L’Hopital’s rule and (1))
l !/
gl el
z—oo  logw T—00 f( )
Finally, equation (12) is an immediate consequence of equation (10). O

Remark 6. Note that: (i) The following limit holds Cn®f(n)? — oo (see(7)).
If 3 > 0 the proof is trivial. If 5 < 0 use [7, Theorem 2 and Theorem 4]|. Consequently
we have

I An—i—l o
11m = 0

n—00 An

(ii) This last limit implies the following formula (A,+1 — A,) ~ Api1.
(iii) Equation (7) implies the more general relation,

An o An Anfl Anferl m a a 38
Anfm B Anfl An72 Anfm ¢ H g f<k)

k=n—m+1



2 Introduction to Bell Numbers.

The n-th Bell number B, is the number of partitions of a set of n elements in disjoint subsets.
The Bell numbers satisfy the following recurrence relation [1, p. 216].

By =1,

Bpyi = i (Z) By. (18)

k=0
The first Bell numbers are BO = ]_, B1 = 17 B2 = 2, B3 = 5, B4 = ]_5, B5 = 527 B6 = 203,
By = 877, By = 4140, By = 21147, By = 115975,

N. G. de Bruijn [6, pp. 102-109] proved the following asymptotic formula,
log B, = nlogn — nloglogn —n + o(n). (19)

L. Lovasz [10, Ex. 9(b), p. 17] proved the following asymptotic formula

By ~n"% (A(n))™7 Xm-n-1, (20)
where
A(n) = % (21)

The function z = W(y) is the inverse function of y = xe” on the interval (0,00). The
function x = W(y) is called Lambert W-function.

The following results are well-known [5]. We establish these results in the next lemma.
For sake of completeness we give a proof of the lemma.

Lemma 7. The function x = W (y) is positive, strictly increasing on the interval (0,00) and
lim, o W(y) = oo.
The following formulae hold.

W(y) ~ logy, (22)
W(y)
W(y) = — 2 23
W W) )
Proof. The first statement is trivial.
We have (definition of z = W(y))
y=W(y)e"®. (24)
Consequently
L=W(y)e" W + W(y)e" WW'(y).
That is

1 W)

W'(y) = VO +W(y) y(l+W(y)




On the other hand (24) gives

logy =log W (y) + W(y).

Therefore - oo IV
logy logy
Also (from L’Hoépital’s rule and (23))
1 ! 1
i 28WW) o VW)L (26)
y—oo logy oo Wi(y) o wooe 1+ W(y)
Finally, equations (25) and (26) give (22). O

Remark 8. Note that the Lambert W-function W (y) is a function of slow increase since (see
(1) and (23))
yW'(y) 1

lim = lim ——— =0.

y—oo W(y) w1+ W(y)

3 Some Results on Bell Numbers.

The limit

is well-known [9, p. 64]. In the following Theorem we include it for sake of completeness.

Theorem 9. The following limits hold.

B,
. B,
nhi& (D) =00 (0<h<1), (28)
lim & =0
n—oo !

Proof. Equation (19) gives
B,
log <—> =log B,, — nloga = nlogn — nloga + o(nlogn).
a’n

Therefore

and consequently



That is (27).
The well-known Stirling formula is

n! ~ \/27Tn \n/ﬁ

e
Therefore
1
logn! =nlogn —n + 510gn+log\/27r+0(1) =nlogn —n + o(n),
and

log(n!)" = hnlogn — hn + o(n).
Consequently (see (19))

B,
log ((n')h) = (1 —h)nlogn —nloglogn —n + hn + o(n). (29)

If 0 < h < 1 equation (29) gives

That is,

. B,
Am oy = %0

On the other hand if A = 1 equation (29) gives

B,
lim log (—') = —00.
n—o0 n!

That is,

]

M. Klazar [8, Proposition 2.6] and D. E. Knuth [9, eq. (30), p. 69] proved the following

asymptotic formula
Bn+1 n

B, logn’
This formula is derived as a consequence of the asymptotic formula obtained in the classical
paper [11].
In the following Theorem we derive this formula from the Lovész’s formula (20). We also
use the well-known properties of the Lambert W-function established in Lemma 7.

Theorem 10. The following asymptotic formula holds,

Bn+1 n

~ ) 30
B, logn (30)



Proof. Substituting (21) into (20) we obtain

Bn - n . eW?n) n—1
W(n)n+§
Consequently
Bn+1 N n+1 W(TL) W(n) ne(w?:il),%)
B, Wn+1)\ Wn+1) \W(n+1) '

Equation (22) gives
W(n+1) ~W(n).
Equations (32) and (22) give
n+1 n
W(n+1) logn

Equation (32) gives

W)
Wi(n+1)
Let us consider the function % The derivative of % is (see (23))
W(y)
W) —yW'y) WO -mwy 1
Wi(y)? Wi(y)? 1+ W(y)

Consequently we have (Lagrange’s Theorem)

n+1 no 1
Wn+1) W(n) 1+W(n+e(n))

— 0,

where 0 < ¢(n) < 1.
We have Wn+1)\"
< W—(n) > = exp (n (log W(TL + 1) — log W(n))) .

Let us consider the function log W (y). The derivative of log W (y) is (see (23))
W'(y) 1

W(y)  y(1+W(y))

Consequently we have (Lagrange’s Theorem)

1

n (log W(n + i) — log W<n)) = n(n I €(n>)(1 + W(n + e(n)))
_ — 0,

(14 )14+ W(n+e(n)))

n

where 0 < ¢(n) < 1.

(31)

(32)

(33)

(36)

(37)



Equations (36) and (37) give

W(n) \"
(W(n—i—l)> — 1. (38)
Finally, equations (31), (33), (34), (35) and (38) give (30). O

The asymptotic formula (30) implies that the Bell numbers satisfy condition (7). In this
case C =1, a=1,3=—1and f(n) =logn. Consequently we have the following Corollary.

Corollary 11. The following formulae hold,

lim B = 00
B

n—oo

Y
n

(Bn+1 - Bn) ~ Bn-‘,—l;

n/B1BaBs By
\/ By B1 B Bn_1 VB, 1
By =B,
Bn—l Bn—l

1

Bpi1~e (By)' .
Proof. Tt is an immediate consequence of Theorem 5 and Remark 6. [

The following Theorem is well-known [4, Ex. 1(2), p. 291] [2, Corollary 5 |. We give a
short proof using equation (18).

Theorem 12. The sequence B, 1 — B, is strictly increasing.
Proof. We have (see (18))

" /n+1
Bn+2—Bn+1=Z( N )Bk, Bui1— By
k=0

I
B 3
1M1
VR
> 3
~_

oy

¥

Consequently

(Bny2 — Bny1) — (Buy1 — By)

I
= 3
™ML
VN
N
3
= +
—_
N———
|
N\
>~ 3
N—
N———
Sy
=
_l’_
=
_|_
=
Sy
3
V
uO

since

]

In closing the article we give one more property of the Bell numbers but before prove the
following general statement.



Theorem 13. Let F,, be a strictly increasing sequence of positive integers such that
log F,, ~ Cnlogn (C >0).
Let w(x) be the number of F,, that do not exceed x. The following asymptotic formula holds.

log x

w(z) ~ Cloglogx’

Proof. Let «, be a strictly increasing sequence of positive numbers and let «(z) be the
number of a, that do not exceed z. It is well-known [3, p. 129] that

a, ~ Cnlogn & a(x) ~ C’lgoch'
Now,
F,<zsa,=logF, <logx.
Consequently
log
=l
w(z) = aflogz) C'loglog x

]

Example 14. If F,, = B, is the n-th Bell number and w(z) is the number of Bell numbers
that do not exceed x then (see (19))

log

w(x)

~ loglogx”
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