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Abstract

We study the set of those integers k such that n2 +k is powerful for infinitely many

positive integers n. We prove that most integers k have this property.

1 Introduction

Given an arbitrary integer k 6= 0, Mollin and Walsh [1] have shown that there exist infinitely
many ways of writing k as a difference of two nonsquare powerful numbers. A positive integer
n is said to be powerful if p2 |n for each prime divisor p of n. For instance, 17 has two such
representations below 109, namely 17 = 125 − 108 and 17 = 173881809 − 173881792. But
what about representations 17 = P − n2, where P is a powerful number? It turns out that
there are no such representation with P < 109. However, in view of Theorem 1 (below) we
believe that infinitely many such representations should exist, even though the smallest is
probably very large (see Table 1 in Section 3). In general, identifying all those integers k 6= 0
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such that n2 + k is a powerful number for infinitely many positive integers n seems to be a
very difficult problem. Indeed, already showing that one such n exists is not obvious.

Now, for a given k 6= 0, if one can find an integer n0 such that n2
0+k is a powerful number

which is not a perfect square, that is if

n2
0 + k = m2

0b
3, (1)

for some integer m0, with b > 1 squarefree, then (1) can be written as

n2
0 − Dm2

0 = −k, (2)

where D > 1 is a cube but not a square. Now since x2 − Dy2 = −k is a generalized Pell
equation with a given solution (see, for instance, Robertson [4]), it must have infinitely many
solutions, thus providing infinitely many n’s for which n2 + k is powerful. However, given
an arbitrary integer k, finding a minimal solution (n0,m0) of (2) for an appropriate D is not
easily achieved.

In this note, we use a different approach and show that for almost all integers k, there
exist infinitely many positive integers n such that n2 + k is powerful. In fact, we prove the
following result.

Theorem 1. For any positive real number x, let P(x) be the set of integers k with |k| ≤ x
such that n2 +k is powerful for infinitely many positive integers n. Then 2x−#P(x) = o(x).

Throughout this paper we use the Landau symbols O and o as well as the Vinogradov
symbols ≫ and ≪ with their usual meaning. We let log1 x = max{1, log x}, where log stands
for the natural logarithm, and for i > 1 we define logi x = log1

(

logi−1 x
)

. When i = 1 we
omit the subscript and thus understand that all the logarithms that will appear are ≥ 1.
For a positive integer n we write φ(n) for the Euler function of n.

2 The Proof

For the proof, we first give a sufficient algebraic criterion on k which insures that n2 + k is
powerful for infinitely many n. We then show that most integers k satisfy this condition.

We shall prove this only when k > 0, but the argument extends without any major
modification to the case k < 0.

Proposition 2. Assume that there exist positive integers y1 and d | ky2
1 + 1 such that

u =
1

2y1

(

ky2
1 + 1

d
− d

)

is a positive integer coprime to k. Let D = u2 + k and assume further that y1 is coprime to

D. Then there exist infinitely many positive integers n such that n2 + k is powerful.
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Proof. Since u is an integer, it follows that d and (ky2
1 +1)/d are integers of the same parity.

Put

x1 =
1

2

(

ky2
1 + 1

d
+ d

)

.

One checks immediately that x2
1 − (uy1)

2 = ky2
1 + 1, which can be rewritten as

x2
1 − Dy2

1 = 1. (3)

Define the sequences (xm)m≥1 and (ym)m≥1 as

xm + ym

√
D = (x1 + y1

√
D)m

for all m ≥ 1. Then, for all m ≥ 1,

x2
m − Dy2

m = (xm + ym

√
D)(xm − ym

√
D) (4)

= (x1 + y1

√
D)m(x1 − y1

√
D)m

= (x2
1 − Dy2

1)
m = 1

We now search for positive integers n such that n2 + k = Dℓ2 holds with some positive
integer ℓ such that D | ℓ. It is clear that such numbers n have the property that n2 + k is
powerful. We rewrite this equation as

n2 − Dℓ2 = −k. (5)

Noting that u2 − D · 12 = −k and using (4), if

n +
√

Dℓ = (u +
√

D)(xm +
√

Dym),

one checks by multiplying each side by its conjugate that the pair (n, ℓ) satisfies (5). Ex-
panding we get

n = uxm + Dym and ℓ = uym + xm.

It suffices to argue that there exist infinitely many m such that D | ℓ. Since

xm =
1

2

(

(x1 + y1

√
D)m + (x1 − y1

√
D)m

)

≡ xm
1 (mod D),

and

ym =
1

2
√

D

(

(x1 + y1

√
D)m − (x1 − y1

√
D)m

)

≡ mxm−1
1 y1 (mod D),

the relation D | (uym +xm) is equivalent to D |xm−1
1 (umy1 +x1). Since D and x1 are coprime

(in light of (3)), the above divisibility relation holds if and only if muy1 ≡ −x1 (mod D).
Since both u and y1 are coprime to D, it follows that their product is invertible modulo D.
Hence, if m ≡ −x1(uy1)

−1 (mod D), then

n = uxm + Dym

has the property that n2 + k is powerful. This completes the proof of the proposition. ⊓⊔
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It now remains to show that for most positive integers k one can choose integers y1 and
d such that the conditions from Proposition 2 are fulfilled. It is clear that for the purpose of
making n2 + k powerful, we may assume that k is squarefree. Indeed, if p2 | k, we may then
take n = pn′ and note that

n2 + k = p2(n′2 + (k/p2)),

so we may replace k by k/p2.

Theorem 3. The set of squarefree positive integers k for which there exist positive integers

y1 and d | ky2
1 + 1 such that the conditions of Proposition 2 are satisfied is of density 1.

Proof. We let x be a large positive real number and we assume that k ≤ x is a positive
integer. We choose y1 = 12.

The number d will always be a prime number in a certain arithmetical progression modulo
144, as follows. If gcd(k, 6) = 1, we then take d ≡ 1 (mod 144). If gcd(k, 6) = 2, then d ≡ 91
(mod 144). If gcd(k, 6) = 3, we put d ≡ 65 (mod 144), and finally if 6 | k, we then put d ≡ 11
(mod 144).

We first show that y1 and D are coprime, from which it will follow that 6 and D are
coprime.

If gcd(k, 6) = 1, then since d ≡ 1 (mod 144), we get that (144k + 1)/d ≡ 1 (mod 144).
Hence, (144k + 1)/d− d ≡ 0 (mod 144), which shows that 6 |u. Since k is coprime to 6, we
get that 6 is coprime to D.

If gcd(k, 6) = 2, then d ≡ 91 (mod 144). In particular, d ≡ 11 (mod 16) and d ≡
1 (mod 9). Hence, (144k + 1)/d ≡ 3 (mod 16) and (144k + 1)/d ≡ 1 (mod 9). Thus,
(144k+1)/d−d is congruent to 8 modulo 16 and to 0 modulo 9. Hence, u is an odd multiple
of 3. Since 2 divides k but 3 doesn’t, we get that 6 is coprime to D.

It is easily seen that the other two cases, namely gcd(k, 6) = 3 and gcd(k, 6) = 6, can be
treated similarly.

Moreover, since gcd(u2 + k, 12) = gcd(D, y) = 1 there is no prime p ∈ {2, 3} such that
p | gcd(k, u).

Thus, it remains to show that for all positive integers k ≤ x except o(x) of them such a
prime d can be chosen in such a way that there is no prime p > 3 dividing both u and k. Note
that if p > 3 divides both u and k, then (144k + 1)/d ≡ d (mod p), so that 144k + 1 ≡ d2

(mod p), in which case d2 ≡ 1 (mod p). Thus, d ≡ ±1 (mod p). We can reverse the
argument to show that if d ≡ ±1 (mod p), then p | 2y1u and p | k. Since p > 3 and the
largest prime factor of y1 is 3, the condition d ≡ ±1 (mod p) guarantees that p | gcd(u, k).

For coprime positive integers a, b we write

S(x; a, b) =
∑

p≡a (mod b)

1

p
− log2 x

φ(b)
.

A result of Pomerance (see Theorem 1 and Remark 1 in [3]) shows that, uniformly for all
a < b ≤ x,

S(x; a, b) =
1

p(a, b)
+ O

(

log 2b

φ(b)

)

,
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where p(a, b) is the smallest prime number in the arithmetical progression a (mod b).

Let ω(k; a, b) be the number of prime factors p of k which are congruent to a (mod b).
We let b = 144, a = 1, 91, 65, 11 according to whether gcd(k, 6) = 1, 2, 3, 6, respectively. By
a classical result of Turán [5], the estimate

ω(144k + 1; a, b) =
log2 x

φ(b)
+ O

(

(

log2 x

φ(b)

)2/3
)

holds for all k ≤ x, with at most

O

(

x

(log2 x)1/6

)

= o(x)

exceptions. From now on, we work only with such positive integers k. Note that ω(144k +
1; a, b) gives the number of admissible values for d.

We now put y = log2 x, z = x1/3 and show that the number of such k ≤ x for which
there exists a prime factor p ∈ [y, z] dividing both u and k is o(x). Indeed, let us fix p and d.
Then k ≡ 0 (mod p) and 144k +1 ≡ 0 (mod d). This puts k ≤ x into a certain arithmetical
progression modulo pd.

Assume first that pd ≤ x. Clearly, the number of such positive integers k ≤ x is ≤
x/(pd) + 1 ≪ x/(pd). Summing up this inequality for all p ≥ y and all d ≡ ±1 (mod p), we
get that the number of such numbers k is

≪ x
∑

p≥y

1

p

∑

d≤x
d≡±1 (mod p)

1

d
≪ x log2 x

∑

p≥y

1

p2
≪ x log2 x

y log y
= o(x).

We now look at those positive integers k ≤ x such that pd > x. Write 144k+1 = dm, and
note that m ≤ 288x/d < 288p ≪ p. Since p | k and d ≡ ±1 (mod p), we get that m ≡ ±1
(mod p). Fix m. Then k/p is in a certain residue class modulo m depending on p. Write
k/p = v + mℓ. Then

dm = 144p(k/p) + 1 = (144pv + 1) + 144pmℓ,

so that
d = w + 144pℓ,

where w = (144pv + 1)/m. Furthermore, d ≤ 288x/m. Hence, by a result of Montgomery
and Vaughan [2], the number of such primes d does not exceed

4 · 144x

mφ(144p) log(288x/(mp))
≪ x

mp log x
, (6)

where we used the fact that m ≤ 288p ≤ 288x1/3, and therefore

288x

mp
≫ x1/3.
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Summing up inequality (6) over all the possible values of m ≤ 288p ≤ 288x1/3, and then
afterwards over all p ∈ [y, z], we get that the number of such k’s is

≪ x

log x

∑

y≤p

1

p

∑

m≤x
m≡±1 (mod p)

1

m
≪ x

∑

y≤p

1

p2
≪ x

y log y
= o(x).

From now on, we consider only those k such that if d ≡ a (mod b) is a prime factor of
144k + 1, with the pair (a, b) being the appropriate one depending on the value of gcd(k, 6),
then there exists a prime p ∈ [5, y]∪ [x1/3, x] such that p | gcd(k, u). First observe that k has
at most 3 prime factors in [x1/3, x].

Moreover, for each prime p > x1/3, there are at most 3 values of d such that d ≡ ±1
(mod p). Indeed, if there were 4 or more, let d1, d2, d3 and d4 be 4 of them. We would then
have

144x + 1 ≥ 144k + 1 ≥ d1d2d3d4 ≥ (x1/3 − 1)4,

which is impossible for large x. Hence, there are at most 9 values of d which might be

congruent to ±1 modulo some prime factor p > x1/3 of k. Since we have (1 + o(1))
log2 x

φ(b)

such primes d, it follows that we also have (1 + o(1))
log2 x

φ(b)
such prime factors d of 144k + 1

with the property that each of them is congruent to ±1 modulo a prime factor p of k in the
interval [5, y]. We apply Turán’s inequality from [5] again to conclude that all k ≤ x have
at most 1.5 log2 y < 2 log4 x prime factors p < y with at most o(x) exceptions.

We now write
M =

∏

5≤p<(log3 x)/2

p,

and look at those d such that d ≡ 2 (mod M). Note that such d are in a certain arithmetical
progression A (mod B), where B = bM = (log2 x)1/2+o(1). We apply again the results from
[3] and [5] to infer that all positive integers k ≤ x have ω(k; A,B) factors in the interval

[

log2 x

2φ(B)
,

2 log2 x

φ(B)

]

,

with o(x) possible exceptions. Because d ≡ 2 (mod M), we have that d 6≡ ±1 (mod p) for
all p < (log3 x)/2. Hence, there exist at least

µ := ⌊(log2 x)/(4 log4 xφ(B))⌋ > (log2 x)1/3

such primes d which furthermore are congruent to either 1 or −1 modulo p for the same
prime p > (log3 x)/2.

We now count how many such k’s can there can be. Because of the above argument, we
can write 144k + 1 = d1d2 · · · dµQ < 288x (for some positive integer Q), where each dj ≡ ±1
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(mod p). Thus, the number of such k’s is at most

∑

p>(log3 x)/2

288x

µ!













∑

d≤x
d≡A (mod B)
d≡±1 (mod p)

1

d













µ

≪ x
∑

p>(log3 x)/2

(

2e log2 x + O(1)

µφ(B)(p − 1)

)µ

≪ x
∑

p>(log
3

x)/2

(

O(log4 x)

p

)(log2 x)1/3

= o(x),

which completes the proof of Theorem 3. ⊓⊔

3 Comments and Numerical Results

Although we proved that n2 + k is powerful for infinitely many n’s only for most integers
k, we do conjecture that this is actually true for all integers k. Indeed, fixing a squarefree
integer k, the probability that n2 + k is powerful is of the order 1√

n2+k
≈ 1

n
for large n. This

means that we should expect that

#{n ≤ x : n2 + k is powerful} ∼
∑

n≤x

1

n
∼ log x → ∞ as x → ∞ (7)

for any squarefree k. From our proof it follows indeed that if #{n : n2 + k is powerful} > 1,
then #{n ≤ x : n2 + k is powerful} ≫ log x.

Table 1 (resp. Table 2) provides, for each integer 1 ≤ k ≤ 50, the smallest known value of
n for which n2 +k (resp. n2−k) is a powerful number without being a perfect square. These
values of n were obtained by finding the minimal solution of x2 − Dy2 = ±k by considering
various cubefull D’s. Those n > 109 may not be the smallest n for which n2 ± k is powerful.

Given three integers a, b, c, one could ask if the polynomial an2 + bn + c is powerful for
infinitely many integers n. Assuming that an2 + bn + c is a powerful number which is not a
square, we can then write an2 + bn + c = Dm2 with D > 1 squarefree and D |m. We then
have

n =
−b ±

√
4aDm2 + b2 − 4ac

2a
.

Since n is an integer, there exists an integer y such that 4aDm2 + b2 − 4ac = y2, or,
equivalently, y2 − aD(2m)2 = b2 − 4ac with y ≡ ±b (mod 2a). But then the existence of
one solution implies the existence of infinitely many. On the other hand, we also get that if
there is an infinity of integers y for which y2− b2 +4ac = Dx2 where D > 1 is squarefree and
2aD |x, then there exist infinitely many n’s for which an2 + bn + c is a powerful number.

The prediction (7) may at first seem at odd with the fact that some of the smallest
n’s obtained in Tables 1 and 2 are huge. However, the statement “n2 + k is powerful” is
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equivalent to “n2 + k = dm2 with d squarefree and d |m”. Now for any fixed d, this last
equation is a generalized Pell equation. While a solution may not exist for some values of d,
when it does for a particular d, it is well known that the smallest solution can be surprisingly
large. When solutions exist, it is still possible that none of them will be such that d |m. The
size of the smallest solution such that d |m can also be quite large. There are thus three
possible reasons for the huge value of the smallest solution: a large value of d, a large value
of the smallest solution to n2 + k = dm2 or a large value of the smallest solution such that
d |m. We investigated this in Table 3, where n = n0 is the smallest solution to n2 +k = dm2

not taking into account the restriction d |m. It turns out that the surprisingly large values
of the smallest n in Table 1 are not due to a very large value of d but rather to a large value
of n0 (see for instance k = 33), or to the large size of the smallest solution n0 for which d |m
(see for instance k = 17).

Table 1

k n n2 + k

1 682 53 · 612

2 5 33

3 37 22 · 73

4 11 53

5 1879706 35 · 72 · 233 · 293

6 463 54 · 73

7 11 27

8 10 22 · 33

9 2046 32 · 53 · 612

10 341881 113 · 93712

11 31 22 · 35

12 74 24 · 73

13 70 173

14 5519 33 · 55 · 192

15 793 27 · 173

16 22 22 · 53

17 n17 f17

18 57 33 · 112

19 559 22 · 57

20 338 23 · 33 · 232

21 n21 f21

22 503259461 473 · 4912 · 31812

23 45 211

24 926 22 · 54 · 73

25 190 53 · 172

k n n2 + k

26 109 35 · 72

27 36 33 · 72

28 62 25 · 112

29 436 32 · 53 · 132

30 832836278711 312 · 592 · 672 · 793 · 96792

31 63 25 · 53

32 88 25 · 35

33 n33 f33

34 7037029 55 · 75 · 9712

35 36 113

36 33 32 · 53

37 n37 f37

38 5945 32 · 73 · 1072

39 31 23 · 53

40 52 23 · 73

41 78 53 · 72

42 720025 133 · 313 · 892

43 22364 113 · 6132

44 62 24 · 35

45 96 33 · 73

46 50927 55 · 112 · 193

47 39 25 · 72

48 148 26 · 73

49 524 53 · 133

50 1325 35 · 52 · 172

Here, n17 = 1952785824219551870 with f17 = 32 · 133 · 3672 · 74872 · 50541070132;

n21 = 4580728614212333152148 with f21 = 52 · 312 · 373 · 416112 · 31556739554932;

n33 = 2451448196948930 with f33 = 72 · 173 · 293 · 319929510412;

n37 = 18651116694721032166213875246076 with f37 = 3173 ·102191590572 ·3233707896825984072.
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Table 2

k n n2 − k

1 3 23

2 11427 73 · 6172

3 n3 f3

4 6 25

5 73 22 · 113

6 62531004125 193 · 148312 · 509092

7 n7 f7

8 20 23 · 72

9 15 23 · 33

10 n10 f10

11 56 55

12 47 133

13 16 35

14 33017 52 · 113 · 1812

15 1138 1093

16 68 29 · 32

17 23 29

18 19 73

19 762488 32 · 53 · 1272 · 1792

20 146 24 · 113

21 1552808 433 · 55072

22 47 37

23 6234 72 · 133 · 192

24 32 23 · 53

25 45 24 · 53

k n n2 − k

26 2537 235

27 51700 133 · 11032

28 54 23 · 192

29 426 73 · 232

30 83 193

31 34 32 · 53

32 40 25 · 72

33 3601 28 · 373

34 948281 36 · 473 · 1092

35 531783519104 293 · 9972 · 34154092

36 42 26 · 33

37 73 22 · 33 · 72

38 16493 112 · 1313

39 n39 f39

40 632 23 · 33 · 432

41 71 23 · 54

42 691888331 132 · 793 · 757972

43 5016 132 · 533

44 112 22 · 55

45 219 22 · 32 · 113

46 847 33 · 1632

47 180190 533 · 4672

48 94 22 · 133

49 56 32 · 73

50 57135 52 · 73 · 6172

Here, n3 = 15503069909027 with f3 = 133 · 2392 · 648664012932;

n7 = 85227106679780 with f7 = 33 · 593 · 361924385392;

n10 = 71457130044805582612325294634331 with f10 = 33·133·432·68230759154947770915403535112;

n39 = 82716851195974 with f39 = 72 · 3733 · 292872 · 560092.
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Table 3

k d n0

1 5 2

2 3 2

3 7 2

4 5 1

5 3 · 23 · 29 26258

6 7 1

7 2 1

8 3 2

9 5 6

10 11 1

11 3 1

12 7 4

13 17 2

14 15 1

15 34 11

16 5 2

17 13 10

18 3 3

19 5 1

20 6 2

21 37 4

22 47 5

23 2 3

24 7 2

25 5 10

k d n0

26 3 1

27 3 9

28 2 2

29 5 4

30 79 7

31 10 3

32 6 8

33 17 · 29 1310

34 35 1

35 11 3

36 5 3

37 317 61016

38 7 5

39 10 1

40 14 4

41 5 2

42 31 · 13 19

43 11 1

44 3 2

45 21 12

46 95 7

47 2 5

48 7 8

49 65 4

50 3 5
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