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Abstract

We present generalizations of some identities discussed earlier by Shevelev. More-
over, we introduce Ramanujan cubic polynomials of the second kind (RCP2). This
new type of cubic polynomial is closely related to the Ramanujan cubic polynomials
(RCP) defined by Shevelev. We also give many fundamental properties of RCP2’s.

1 Shevelev type identities

V. Shevelev [2] gave a trigonometric equality of the form

2 s
COS = COS &
>+ 2 = /5. (1)
COS 5 COS 5

The theorem, given below, shows that (1) is a special case of a large class of identities
for Fibonacci numbers F),:

Theorem 1. We have

Fn— r—1 n—1 __ Fn
K/ L7 +\T/¢ -5, mreN, 2)

(pn—l _ Fn anl(PT_l
where ¢ denotes the golden ratio (gp = %5)
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Proof. We note that (2) is a consequence of the following identities
o+ l=v5

and
Son - Fn§0+Fn—1

(which is proved by a simple induction) or, equivalently,

anlgOT_l
sOnfl _ Fn :

T

¥

In the next theorem we present identities (2) for the general Fibonacci sequences

Fy =0, F=1,
Fi = MF+\Fi,, nel,

where )\17 )\2 S (C, )\% + 4)\2 7& O, )\2 7& 0.
Let x1, x5 be two roots of the characteristic equation

5172—)\1.’1}—)\2:0.
We note that x; # x5. Then we have
Theorem 2. The following identities hold:

1) = Flag+ A F)

n—1

R e S \
' — Fr Fr, b
IE? — )\ZF,;:_]_ vV /\Q.F,;Lk . /\1

VA F wp—NFiy VA

b k
Ao F* - Mo F* n—1
( 24 n—1 + F,:) + (M + F’:) = )\1F];k + 2)\2F]:—1a
T T2

foranyl=1,2 and k,n € N.
Proof. (4). Equality (4) can be proven by induction with respect to n € N.

(5). From (4) we get
Mo F

n—1

T = 3 . — F*
Ty n

Next, we note that
:EZZ M —XA=0 & z- )\gxl_l = )\
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(6). From (4) we have

:U? — )\Qngl
="
I Fr
Hence, by (8) we obtain (6).
(7). From (4) we receive (I = 1,2):
Mo F* X EX
x?‘1:—2 "71+F;: = 1= 2n1—|—F*
) x

(the last one holds for the respective value of (n — 1)-th root of the number Aefany 4 F),
which implies the identity

k k
NFy T (MFr = 4

€ X2

Corollary 3. For any k,n € N the following identity holds:

F,\ k/n E, \k/n
(Fn-i-l + —> + (Fn+1 - ) =
@ p—1

- (f§p714—¢7fk> + (f%#ﬂ —-¢Q,F%> = Fk'+:25%71::<Lk7 (9>

where L;, denotes the k-th Lucas number.

Remark 4. Identities, similar to those discussed in the previous theorem, can be generated
for the elements of linear recurrence equations of any order. See in particular the relations
defining the so-called quasi-Fibonacci numbers [3 4,5, 8].

Remark 5. Shevelev’s intention in the paper [2] was, it seems, to investigate the sum

xz

SB1
X2
where 1, x5 € R are roots of the polynomial

22— Mz — o

and z;z9 < 0. Then we have

it ) I ot e 2 I (Y s )
T2 ]azle |21 22|
. (Z’l -+ $2)2 + 2‘x1$2| — 21‘1132 . )\% + 4)\2 (10)
’$1$2| A2 .



In the particular case of

9 T 2m
r4+r—1= x—|—2cosg J}—QCOS€ ,

the identity (1) follows from (10).

The extension of sums (10) to sums for roots of a given cubic polynomial is described in
the next section.

Remark 6. We note that (see formula (7)):
)\1F;+2)\2F;71:F]:Jrl—f—)\gF,;il:Lz, (11)
where L denotes the generalized Lucas sequence

Ly=2 L=\,
Ly =ML+ ML

n—1

n € N. (12)

2 Cubic Shevelev sums

Let us assume that &, &, &3 are complex roots of the following polynomial with complex
coefficients
f(z)=2+p2*+qz+r

The symbols /&1, /&, /& will denote any of the third complex roots of the numbers &,
& and &3, respectively (only in the case that &, & and &3 are real numbers we will assume
that /&, /& and /&3 also denote the respective real roots).

Let us set 5
A= (Vo +Va+Ve)
and

Bi= (VavVa+Va e+ Ve vE).

Thus, the numbers

Va+e+ye and YaYe+aVe+Yevs

belong to the sets of the third complex roots of A and B, respectively, which, for the
conciseness of notation, will be denoted by the symbols v/A and v/B, respectively. In other

words, we have
Va+ Vet Veeva
Vaa+VaVs+ Ve é e VB,

Then we can deduce the relation

and

27TAB = (A+p—33/r)> (13)
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We note that

1/3 1/3,1/3 ¢ 1/3 1/3 1/3 1/3 1/3
1 2 3 1 3 _
2 53 (51/3 + 51/3 + 1/3 + 51/3 + 1/3 + 1/3)

51/3 1/3( 1/3+€1/3) 51/3 1/3( 1/3+£1/3> 51/3 1/3< 1/3+€1/3) _
_( 1/3+§1/3+€1/3)( 1/3 1/3+£1/3 1/3+£1/3 1/3) 351/3 ;/3 1/3‘

Hence and from (13), for the respective values of v/A, VB and /1 we get

1/3 1/3 1/3 1/3 1/3 1/3
1 2 2 3 1 3
+ Xt st s s+ =
1/3 1/3 1/3 1/3 1/3 1/3
&° 6’ & P & ¢

\/_\/_ —-3= ! (A+p)—2
I =3/ P
(from the formula (3.5) in [6])
1 3 3
1 ‘
where
S:rSl, ’7':7“27'1,
pq
Sy :—+2—/3(q+p\/_+3\/_) -9,
7 3
T = (]E> —4—2—4]9——1-18@—27:
r r r r
24
(pq + 9) - ﬁ(q3 + p’r 4 27r%).
In consequence, if f(z) is the RCP polynomial (see [2, 7]), then
pri/? 4328 g =0, (14)

which implies
2
S;=21 9 and 7= (pq+9) — 362 = (@—9> ,
r r r

since
a®+ b+ = (a+b+c)(a® + b+ — ab— ac — be) + 3abe, (15)

for a,b,c € C. Hence, we get the Shevelev formula

6", " " 6" et 6" (g_gyw
1/3 1/3 1/3 1/3 1/3 1/3 ’
2 1 3 2 3 &
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However, if we assume that
¢ +pPr+27mr? =0, (16)

then we obtain
pq 6
\/T1 = 7+9‘, S1—7—9_ 2/3(q+p\3/F),
2 6 .
Sl‘i‘@-i-g: ﬂ—l—Q—/g(q—i-p\a/F—i-?)\/&’l"Q).
T T T

Hence, we get the formula

1/3 1/3 1/3 1/3 1/3 1/3
1 2 2 3 1 3

+X st S+t s o+ =
1/3 1/3 1/3 1/3 1/3 1/3
&° 6’ & P & ¢

=€/T2—?}?,(q+p€’/?)+\/iq+ 2/3((1+pf+3\/_)

For example, let us set
f(2) =2 +322 - 3V2z + 1. (17)

Then the condition (16) is satisfied and the roots &1, & and &3 of f(z) are real: & = 0.56048,
& = 0.445392 and &3 = —4.00587. Furthermore, the following equality holds

51/3 51/3 ;/3 51/3 1 1/3

/3
1/3 + 1/3 T 1/3 T 1/3 + 1/3 1/3 \/9 I + \/18 1-— =
52 1 3 52
=1/9(1 = V2)(1+V2)=-3. (18)

We note that condition (16), by (15), is a condition of a type different from the condition
(14).

3 RCP of the second kind

Shevelev in paper [1] (see also [7]) distinguished polynomials f € R[z] of the form
f(z)=2+p2®>+qz+r, (19)

having real roots and satisfying the condition (14), and called them Ramanujan cubic poly-
nomials (shortly RCP).

Now we introduce a new family of cubic polynomials of the form (19), having real roots
and satisfying the condition (16). We will call them Ramanujan cubic polynomials of the
second kind (shortly RCP2). The polynomial (17) is an example of RCP2 which is not RCP.
On the other hand, the polynomials (see [7]):

3 3 1
3_— 2_— p— _ - —_—
-5 2z—|—1—(2 2>(z+1)(z 2),

2 4
B2 —2z-1= (z—2cos77r> (2—2008%) (z—2008877r>,



belong to the set RCP\RCP2. The polynomial

2 4 8
A —3z41= (z—?cos—ﬂ> (z—QCos—W) (z—2cos—7r>
9 9 9

belongs to the common part of families of RCP’s and RCP2’s (see [7] and Theorem 7 a)
written below). The polynomial

2 4 8
23—32—1—\/5: (z—2sin?7r> <z+2sin§> (z—281n§>

is neither RCP nor RCP2.
In the next theorem we present the basic properties of RCP2’s.

Theorem 7. Let f(z) € R[z] and be of the form (19). Then the following facts hold.

a) If f(z) is either RCP or RCP2 and pqr = 0, then f(z) must be RCP and RCP2
simultaneously. Conversely, if f(z) belongs to the intersection of the sets RCP and
RCP2 then pqr # 0.

b) If f(z) satisfies (16), then f(z) is RCP2. In other words, the condition (16) implies that
all the roots of f(z) are real. Only in the case of pq = =91 polynomial f(z) possesses
double root. In this case we have

1 V-1 1-+/5

g(Z)ZIEfQ)Z)IZg—FZZ—F 5 z+ T (20)

Moreover, if & & and & = & are roots of g(2), then we obtain (see formula (25) below):

\3/5_1+2\3/€_2=3—1+2f/\/52_1 6#%3(\/521)2—%\3/(%21)4 (21)
and
{’/‘/__1 \3/27; i/gj 5_1) _1 (22)

Next, whenever f(z) satisfies the condition (14), then f(z) is RCP if and only if r > 0.

c) If f(z) is RCP2, then we have

pyq 9
0 = —<—. 23
T% r \3/1 ( )
If f(z) is RCP, then we have (see [1]):
pqg _9
- < —.
r#0 = - <3 (24)



d) If f(z) is RCP, then
P’ = 12q,

whereas, if f(z) is RCP2, then
p* = 3V4q.

e) Let f(z) belong to family of RCP2’s and let &, &, & be roots of f(z). Then we have
Ve + Ve + Ve =
= i/—p—6\?/7_"—3<’/3%(q+p%) —3{’/(p+3€/F) (¢+3Vr?). (25)
For example, for the polynomial (17) we obtain
Va + &+ & =o.

f) Let f(z) belong to the family of RCP2’s and a,b € R. Suppose that &, &, & are roots
of f(2). If a&1 4+ b, a&s + b, a&s + b are also roots of some RCP2, then

b(96* —9abp+a® (p*+64q)) (90> —9ab’p+a’b(p’ +6q) —a’ (pg+97) =0. (26)
g) If a,ap,a0®> € R are roots of some RCP2, then
2V20=—V2-3+/3(3+2V2- Va).

Moreover, for a = 2 /2 we have

ag2=6—\3/§+%$(1+%) \/3<3+2€’f—€/71).

h) If f(z) is RCP2, then

f(z) =2+ (a—%’Z)rz)—f’/ (oz—l—%?)r?z—i-r, (27)

for any a,r € R. We note that if g(z) is RCP then from (18) in [7] we have

3 3
_ .3 9\ 13 2 9\ 9/3
g(2) z+<ﬁ 2)@ 2 <ﬁ+2>g z+0
for some 3,0 € R.

Proof. a) Both conclusions follow from (14), (15) and (16).

b) Suppose that f(z) satisfies (16). Then

ri = (s4 P23 m) (s 2Ep =i @)
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and

f —p+ VP> =3¢ (== P’ —34q <1:6)_i(pq+9r)2
3 3 27 ’
which means that all the roots of f(z) are real.
Now let pg = —9r. Then from (16) we get
3 1
2 2 4
2 S
q + 9 pq 9 p )
which implies
VE—1 , 4 1-5
= an r=
q 6 p 54 P,
and the relation (20) follows.
The equality (21) can be deduced from formula (25).
c¢) From (16) we get
33 6 3
pq p p
_E o7
73 r2 r’
which implies
3 3 3\ 2
&_(m) _ (2_7 7Y 2o,
4 r 2 r
ie.,
rqg _ 9
g,
ro Vi

d) From (16) we obtain
272 +p°r+¢* =0,

A =p°—4-27-¢ >0,
ie,
p* = 3Viq.

Similarly, if we have

3\3/7“_2—1-]?\3/;4—(]:0

and p,q,r € R, then
Nyp=p"—12¢20 & p*>12¢

e) We have the formula (see formula (3.5) in [6]):

%+%+%:€/—p—6w_%<m+ﬁ>’

(28)

(29)



where

S:=pq+6q/r+6pVr2+9r,

T =p*¢ —4¢ —4p>r +18pqr —27r%
Hence, by (16) we get
2

T:p2q2—|—18pqr—|—817’2:r2<m+9> (30)
T

which implies
{(SEVT}={S=+(pq+97)},
S=pqg=9r=06r(q+pVr),
S+pq+97“:2pq+6q\3/?+6p\3/§+18r:
:2q(p—|—3\3/7_")+6\3/ﬁ(p+3\3/77) =2(p+3r) (q+3\3/r_2)

and, at last, the formula (25) follows.
In consequence, if f(z) = 2%+ 322 =322+ 1, then p = 3, ¢ = —3+v/2, r = 1 and
from (25) we get

<€/§_1+€’/5_2+ 353)32—9—36/9(1—\‘75)—3{’/18(1_\3/5):

—9-3{01-v2)(V2+1) P 94 9-0.

f) We have
(:v—a{l—b) (x—agg—b) (:E—af’g—b) =34 p g+,
where

pr=ap—3b,
@ =a*q+3b*—2abp,
m=ar—abqg—0+abp.

If this polynomial is also RCP2, then ¢} + piry + 27rf = 0, which (with assistance of
Mathematica) implies the equation (26).

g) Suppose that a # 0 and
P Aapltqgztr=(2—a)(z—ao)(z—ao).
Then we have the relations

r=—(ap)’
p=—a(l+ o0+ 0,
qg=a’(o+ 0"+ 0%,

10



and the condition (16) has now the form
o+ +0) +21 +* (1 +0+0°)*=0
or
2(1+0+4+ 0% +270°=0.
Hence
V2(1+0+0") = =30,

3
—)o+1=0,
7)°

92+<1—|—

which implies

2920=—V2-3+/3(3+2V2- V4).

h) Let us set

4 2/ r?
ie.,
9 2 (a- 2_> ¢
4 2/ r?
3 27N o
¢=-(a+5)r
From (31) we obtain
P = (a — g) r
2

The following theorem, proved by Shevelev for RCP’s [1], holds also for RCP2’s.

Theorem 8. If for two RCP2’s of the form
YAy taytrn, 2 Ap ezt

the following condition holds (ryre #0):

P1aa ZPQQ2
1 ) 7

then for their roots y1, ys ys and z1, 2o, z3, respectively, the sequence of numbers
Yi Y2 Y1 Y3 Y2 Y3

1 a permutation of the sequence

b ) ) ) ) *
Z2 21 R3 21 R3 22
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Proof. The proof runs like Shevelev’s proof of Theorem 5 in [1]. Only one change is needed,
for the case of RCP2 in formula (38) we have

4

p°r+q° (16)
A

27.

r
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