Journal of Inequalities in Pure and
Applied Mathematics

AN INTEGRAL APPROXIMATION IN THREE VARIABLES

volume 4, issue 3, article 58,

A. SOFO 2003.

Receed 1 Nowmber, 200
PO Box 14428, MCMC 8001, accepted 25 August, 2003.
Victoria, Australia. Communicated by: C.E.M. Pearce

EMail: sofo@csm.vu.edu.au
URL: http://rgmia.vu.edu.au/sofo

Abstract

Contents

44
4

Home Page
Go Back

Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit
125-02


Please quote this number (125-02) in correspondence regarding this paper with the Editorial Office.

mailto:cpearce@maths.adelaide.edu.au
http://jipam.vu.edu.au/
mailto:sofo@csm.vu.edu.au
http://rgmia.vu.edu.au/sofo
http://www.vu.edu.au/

Abstract

In this paper we will investigate a method of approximating an integral in three
independent variables. The Ostrowski type inequality is established by the use
of Peano kernels and provides a generalisation of a result given by Pachpatte.
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The numerical estimation of the integral, or multiple integral of a function over
some specified interval is important in many scientific applications. Generally
speaking, the error bound for the midpoint rule is about one half of the trape-
zoidal rule and Stewart'{/] has a nice geometrical explanation of this gen-
erality. The speed of convergence of an integral is also important and Weide-
man [L5] has some pertinent examples illustrating perfect, algebraic, geometric,
super-geometric and sub-geometric convergence for periodic functions. o
. . . . . . . An Integral Approximation in
In particular, we shall establish an Ostrowski type inequality for a triple inte- Three Variables
gral which provides a generalisation or extension of a result given by Pachpatte

A. Sofo
[10].
In 1938 Ostrowski [] obtained a bound for the absolute value of the differ- _
ence of a function to its average over a finite interval. The following definitions Title Page
will be used in this exposition Contents
I <4« >
(1.1) M=y [ Fan
— 0 Ja < 4
Go Back
f)+ f(a
(1.2) Ir (f) = % Close
a+b Page 3 of 27
13) neln)=1 (50).
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Theorem 1.1.Let f : [a,b] — R be a differentiable mapping ofa, b) whose
derivativef’ : (a,b) — R is bounded orta, b) , that is,

1]l := sup |f' ()] < oo.
te(a,b)

Then we have the inequality

r — ot 2
@4 @ =M< (i +%) b=a) Il

forall x € [a,b].
The constanﬁ is the best possible.

Improvements of the resultL(4) has also been obtained by DedMatic
and Pearce’], Pearce, P&aric, Ujevic and VaroSanecl[], Dragomir [3] and
Sofo [17]. For a symmetrical point € [a, 2], very recently Guessab and
Schmeisser] studied the more general quadrature formula

flo)+ flatb—x)

M{(f) - .

=FE(f;x)

whereFE (f; x) is the remainder.
Forz = 2 and f defined ora, b] with Lipschitz constanfi/, then

M)~ 1 () < O
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Forz = a, then
M)~ 1 () < 28D,

The following result, which is a generalisation of Theorérm was given by
Milovanovic [6, p. 468] in 1975 concerning a functiofi, of several variables.

Theorem 1.2.Let f : R — R be a differentiable function defined dn =
(@1, om)|as < 2 < by, (i=1,...,m)} and Iet‘%‘ < M, (M; > 0,

i =1,...,m)in D. Furthermore, letz — p (z) be integrable ang (z) > 0
for everyz € D. Then for every: € D, we have the inequality:

oW F@)dy| X M pp () |7 — il dy
Jop(y)dy Jop(y)dy '

In 2001, Barnett and Dragomir] obtained the following Ostrowski type
inequality for double integrals.

(1.5) f ()

Theorem 1.3.Let f : [a,b] X [c,d] — R be continuous ona,b] x [c,d],
y = % exist on(a, b) x (¢, d) and is bounded, that is,

Pf(x,y)

Oxdy = 0,

£l = sup
(z,y)€(a,b)x(c,d)

then we have the inequality:

(1.6) /ab/cdf(s,t)dsdt—(b—a)/cdf(x,t)dt
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Sy f(s,y)d8+(d—C)(b—a)f(rc,y)‘

§[<b_4a)2+($_&;b)2 (d;c)2+(y c+d)

forall (z,y) € [a,b] x [c,d].

17l

Pachpattet]], obtained an inequality in the vein of ©) but used elementary
analysis in his proof.

Pachpatte{] also obtains a discrete version of an inequality with two inde-
pendent variables. Hanna, Dragomir and Ceroagobtained a further com-
plementary result tol(6) and Sofo [ 7] further improved the resultl(6).
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In three independent variables Pachpatte obtains several results. For discrete
variables he obtains a result i@][and in [L] for continuous variables he ob-

tained the following.

Theorem 2.1. Let A := [a, k] %

%f (T,S,t) ) D2f (T,S,t) =

[b,m] x [e,n] for a,b,c,k,m,n € RT and
f (r, s, t) be differentiable on\. Denote the partial derivatives by, f (r s, t) =

%7 DSf (Tv Sat)

andDgDzD f=

Dsf, DsDy D, f exist and are continuous ah. For f € F'(A) we have

c)

8<k o
1 m=b)(n
+(h—a)(n-
ius a)(m—

——(k—a
L

r

[

<

b) (n - C) [f (a7 b? C) + f (kv mvn)]

m

b

[
[ s

[

f
f

(
(

a,s,c

)
)

(
+f(k,s,n
(

—c)/ [f(r,b,¢)+ f(r,m,n)+ f(r,m,c)+ f(r,b,n)]dr

)+ f(a,s,n)+ f(k, s, c)|ds

b)/n[ b, £) (s, £) (K, b, £)+ (@, m, )] dt
(a,s,t) + f(k,s,t)]dtds

r,b,t) + f (r,m,t)] dtdr

dt@sd’r
F (A) be the clan of continuous functiorfs: A — R for which D, f, D f,
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——n—c (r,s,c) + f(r,s,n)|dsdr
// £ (5,m)]

S// / |D3Dy Dy f (1, 5,1)| dtdsdr.
a b c

The following theorem establishes an Ostrowski type identity for an integral

in three independent variables.

Theorem 2.2.Let f : [ay, b1] X [ag, ba] X [as, bs] — R be a continuous mapplng

such that the following partial denvaﬂv%, i =
0,....m—1;k=0,...,p— 1exist and are continuous ql,bl] X

las, bs] . Also, let

(r_n#; r € lay, ),
(2.2) P, (x,r):= .

%; r € [x,bh],

(S_m#)m; s € [a2>y)7
23) CHURES S

STQIa s € [ya bQ] )
and

(t—;z!:s)p’ te [ag’ Z),
(2.4) Sy (z,t) == )

(t=ba)". o ¢ [z, 03],
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then for all(x, y, ) € [a1, b1] X [ag, ba] X [as, bs] we have the identity

by by pbs
(2.5) V::/ / f(r,s,t)dtdsdr

o lp 1 8i+j+kf (:ana Z)

- y Xi(:c)Yj(y)Zk(Z) Dri Oy 0=

3

=0 7=0 k=
nolm-l b JHITPf (2, y,1)
)Y X, / Sy (z,1) S0 g
prd o 0xtQyl otr
y ’ o (2,8, 2)
Xi(x m (Y, - d
;; Zi ( o @m (Y, 5) OxidsmOzk s
m—1 p— b n+j+k
1 8 +J+ f(T Y,z )
)" Y / P, (x,r) —=dr
; — i @ ornyl 0zk
n—1 b b3
)Y ( / O (4,5) S, (,1)
=0 a2
oML f (7,8, 1)
X oigsmom s

- <—1>”*p§ Vi [ / Pa(,7) Sy (2,1)

ormQyi otr

dtdr
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e Z z) [ / Py (57) Qe (4, 5)

an-i—m—i-kf (T, s, Z)
Orndsmozk

. m/// (1) Qo (5.) S (2.1

TR (1) 8, 1)
OrmOsmotr dtdeT An Integral Approximation in
Three Variables

dsdr

where A Sofo
_ =) (D) (2 —a)™
(2.6) X (z) = (i+1) J Title Page
2.7) Y, (y) = (by — )™ + (=1) (y — ag)’ ™! Contents
: J T 9
U+ 1) « b
and < 4
(2 8) p (Z) _ (bg _ Z)kJrl + (_1)k (Z _ ag)kJrl Go Back
. e (k+1)! . Close
Proof. We have an identity, seé] Quit
Page 10 of 27
b1 n—1 ) b1
(2.9) / g (r)dr = ZXi (z) g@ (z) + (—l)n/ P, (z,7) g™ (r)dr.
al i=0 al J. Ineq. Pure and Appl. Math. 4(3) Art. 58, 2003
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Now for the partial mapping (-, s, t) , s € |as, bo] , we have

" Sy O . [ o"f
(2.10) f(r,s,t)dr = ;Xi (x) o + (—1) / P, (z,r) Bon dr

ai al

for everyr € [a1,b1], s € [ag, bo] andt € [ag, bs] .
Now integrate oves € [ay, by

b ba An Integral Approximation in
(2.11) / f (7‘, s, t) dsdr Three Variables
ai na_21 N ai . by o A. Sofo
:ZXi(:C) 8{d + (-1)" / Pn(:c,r)< 8fd)alt
i=0 ay O a1 az I Title Page
forall z € [al, bl] . . Contents
From @.9) for the partial mappin@;—{ on [az, bo] We have, PP 99
ba z' 4 | 4
(2.12) / (x,s,t)ds
Go Back
8J of 2 om [(O'f ) Close
z g () + 0 [ et 5 (5
m—1 b )
ot f 2 oitm Page 11 of 27
=Ny, nm m (Y, __ g
. J ( ) axzayj + ( ) o Q (y S) 81:1357” S
]:0 J. Ineq. Pure and Appl. Math. 4(3) Art. 58, 2003
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Also, from (2.9

m—1

b2 an n
(2.13) /gricds—ZY aﬁf +(—

oyl orn

n™ Qm(y, 8) o

From @.11) substitute .12 and ¢.13, so that

by
(214/ frstdsdr

— Z X; (z
=0

+(=1)"

b1

/p
a1

(2, 7)

Xi (‘T) Qm (y7

i+J
i k-

m—1

m

0 Qm (y7 )asm
@iJrjf
Y —

0z 0y

b

w [ P (2.1)

ZYj(y)

s)

b
D™ Qu(y,s)

aj-i-nf
oyl orn

o f
(71 a]

8i+m

. d
Oxtds™ °

ajJrnf
oyl orn

orm

i+m

oz

iasm

o (@”f) ds.

Os™

/ ds]
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dsdr
/ran

m b1 bo a”+m
[ R ) Qo 8)

Now integrate 2.14) for ¢ € [as, bs]

by
(2.15) / / f r,s,t) dtdsdr

n—1lm 1 b iy
3 aH—gf
“Y S @y [ gl
i=0 j=0 a3 Y

m n-l b2 bs 8z+mf
S X @) [ Qulns) ( AR ) i
=0

az as

m—! b1 by git+n
DY) [ e ([ prgmt)
b b bz bs an+mf
+(-1) / / P (,7) @ (3, 5) ( / asmarndt> dsdr.

From 2.9),

b giti f p1 oF [ ot f
2.1 ——dt=» Z — ——
(2.16) /a3 axlayfdt kZ:O e(2) 0zF (8:{;18347)

ba or [ oty
_1\P
+ 1)/ Sy (2:t) (axlay]>dt,

as
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b3 6z+mf k 8z+mf
(2.17) / gt = sz M( xzasm)

b3 a az+mf
1\P
+(=1) / 5 (20 5 ((%”83’”) at,

b3 9j+n
0 . / dt
8y1 orm

ok aj+nf , b3 op ajJrnf
ZZ’f 92k (@yjﬁr”) +(=1) u S (2, )atp (8yﬂ87‘") d,

3

as

and
b3 n+mf p—1 ok an—f—mf
2.1 = VA i
(2.18) / dsmarn ™ ; t(2) g (8r"85m)
b3 or [ ontmf
_1\P
+(=1) / 5 (20 5 (arnasm) dt

Putting .16, (2.17) and .19 into (2.15 we arrive at the identityd.5). [

At the midpoint of the interval

_ ay+b _ as+by _ ag+bs
T=— = z=

2 72
we have the following corollary.
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Corollary 2.3. Under the assumptions of Theorén?, we have the identity

bi by b
(2.19) V::/ / / f(r,s,t)dtdsdr

1m—1p-—1 s _
OHTRf (2,7, 2)
Z Xl ) 2:(2) Dxidyi D
=0 j5=0 k
n—1 m—1 b iy _
3 — 81+J+pf (:L‘7 y7t)
)P ZXZ / S, (z,1) 9510y 0tF dt
=0 j= as
n—1 p—1 b
+ (D)"Y D X (1) Zk(2) | Qm(@9)
i=0 k=0 a2
al+m+k’f (,f" S, 2)
0xt0s™Ozk ds
m—1 p—1 by
A0 4E) [ P
j=0 k=0 a1
IR (r,9, 2)
orndyi0zk

bs

~Cr Y x@ [ e, G

oI f (T, 8, 1)
Oxt0s™OtP

dtds
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- <—1>"+p§m o [ / Pu(.7) Sy (2.1

QIR f (1,7, t)

- dtd
dredgior
p—1 b1 ba
- (_1)n+mZZk (Z)/ / Pn (Ev"n) Qm (ga 3)
8"+m+kf (7“ S Z) dsd An Integral Approximation in
Orrosmozk r Three Variables

by b2 b3 A. Sofi
— n+m+p/ / / (g’ S) Sp (2’ t) e
al as Jaz

otTMEP f (1, s t)dtd dr Title Page
Orrdsmotp Contents
The identity ¢.5) will now be utilised to establish an inequality for a function pp >
of three independent variables which will furnish a refinement for the inequality
(2.1) given by Pachpatte. 4 d
Theorem 2.4.Let f : [ay, by] x [az, ba] X a3, bs] — R be continuous ofu,, by) x Go Back
(ag,be) X (as, bs) and the conditions of Theoret2 apply. Then we have the Close
inequality Quit
|V| < Page 16 of 27
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( |:(a:7a1)n+1+(blfx)”+l (y—ag)™ 4 (bg—y)" !
(n+1)! (m+1)!
y [(z—a3)p+1+(b3—z)p+1] ’ gntmtpf

Ornos™otp
0

(p+1)!

Irnds™motp

. [<z—a1>”f’“+<b1—m>“ﬂ“}5 [<y—a2>’"ﬂ“+<b2—y>mﬁ“}é

n!mlp! nB+1 mB+1
1
% (z_a3)Pﬂ+1+(b3_Z)Pﬁ+1 B an+m+pf
< pB+1 ornosmotr ||

orn9s™otP i f
a>1l, at+07 =

s (@ = a1)" + (b — )" + (2 — a1)" — (b — 2)"]]
X [(y = a2)™ + (b2 =)™ + [(y —a2)™ — (b — )"

(
X [(2 = ag)? + (bs = 2)" + (2 = az)" = (b = 2)"]] |

f 8n+m+p

an+m+pf

forall (z,y,2) € a1, b1] X [ag, ba] x [as, bs] , where

gntm+p f gntm+p f
|05 .. = s 70| <
and
(2.20) H oy (/b1 /b2 /b3 dtdsdr) ’ < 0.
ornosmotr ||, Arndsmotr

if 2" € Lo (Jar, bi] X [ag, b) X [ag, bs]) ;

if 2 e ([a1,b1] X [ag,bs] X [as, bs]),
1.

Irndsmotr ||
L | m ey ([al,bl] X [ag,bg] X [ag,bg]);
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Proof.

VI=

have that

@2y [ / / 1P (227) Qun (1:5) Sy (2.1

(@,7) Qu (y,5) S

(

VAN

\

gntm+p f

drnds™otp

8n+m+pf

Orndsmotr

an+m+pf

Orndsmotp

L
(g

sup
1 (r,s,t)€la1,b1] x[az,b2] x [a3,b3]

From (2.21) and using 2.2), (2.3) and @.4)
L

b2 b3
= [t [t slas [, Gol

(z,7) Qm (y,8) Sp (2,

O"TMAP f (1, s, t)
ormds™motp

OTMIPf (1) 8, 1)
ormdsmotp

b (2,1)| dtdsdr,

|P (,7) Qm (y,5) Sy (2,1)] .

t)| dtdsdr

b1 pb2 b ontm+p r,s,t
/ / / P, (x,1) Qm (y,5) Sy (2,t) 37”"8{;758151) )dtdsdr

<[ / / 1P (2.7) Qun (1:5) Sy (2.1

Using Hdlder’s inequality and property of the modulus and integral, then we

1

(x,7) Qum (v, 5) S, (2,1)]° dtdsdr)ﬁ
a>1, al+p8 =1

’ dtdsdr.

' dtdsdr

9

An Integral Approximation in
Three Variables

A. Sofo

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 18 of 27

J. Ineq. Pure and Appl. Math. 4(3) Art. 58, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sofo@csm.vu.edu.au
http://jipam.vu.edu.au/

X {/{:%ds%—/yb2 %ds}
([t [ ot

(=)™ + b =) [y — @)™ + (b =)™

- CESVICE I
p+1 p+1
% [(Z - a3) + (b3 — Z) ] A. Sofo
(p+ 1)
giving the first inequality inZ.20). Title Page
Now, if we again use4.21) we have Contents

b by rbs 3 <« >
([ ] [ 180 @ 09) 5, ot avasar —1—
al a2 as
1

by AN , 5/ rbs ) 5 Go Back
= (/ | P, (z,7)] dr) (/ |Qum (v, 5)] ds) (/ |Sp (2, 1)] dt)
a1 az as Close

z b1 % .
/ (r — al)”ﬁ dr —i—/ (by — 7")"’8 dr] Quit

a z Page 19 of 27

1
Y b2 B
mp mp
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z bs %
X [/ (t—ag)pﬁdw/ (b — 1)’ dt}

1
B 1 (ZZ' - al)nﬁ—i-l + (bl N x)nﬁ-i-l 8
~ nlmlp! nB+1

_ 1
=)™ =y ]
mp+1
- 1 An Integral Approximation in
i 3 Three Variabl
y (Z _ CLS)P@‘H + (b3 _ Z)pﬁ-H 8 ree Variables
pﬁ +1 A. Sofo
producing the second inequality iA.20). Title Page
Finally, we have
Contents
sup | Po (2,7) Qm (y,5) Sp (2, 1)] « »
(r,s,t)€la1,b1]x [az2,b2] X [as,bs]
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x {(y_@)m* (b2 —y)" | ‘(y—az)’” — (b —y)mH

2 2
y [(2’—@3)p;(b3—2)p+ (Z—ag)p;(bg—z)l’],

giving us the third inequality inA.20) and we have used the fact that for> 0,
B > 0then

max {A, B} =

A+ B N A-B

2 2 '

Hence the theorem is completely solved. O
The following corollary is a consequence of Theor2m

Corollary 2.5. Under the assumptions of Corollagy3, we have the inequality
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where||-||, (o € [1,00)) are the Lebesgue norms @n, b1] x [as, bo] X [as, bs] .

The following two corollaries concern the estimationloft the end points.
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Corollary 2.6. Under the assumptions of Theorél we have, forr = a4,
y = as andz = ag, the inequality
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Corollary 2.7. Under the assumptions of Theorehat we have, forr = by,
y = by andz = b3, the inequality
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